PROOFS: SOME EXAMPLES

This document contains miscellaneous examples of proofs. They are
collected together in similar topics and are arranged roughly in increas-
ing order of difficulty. If you want to improve your skill in finding and
writing proofs, the best way to use it is the following:

1. Read the result, and see if you can prove it yourself.

2. Read through the proof given and compare it with your own. If it is
similar, note any differences. If your proof is completely different, it
may well still be correct — there are frequently many different ways
to prove a stated result.

3. Read the “things to learn from this proof”. These comments are
designed to draw your attention to logical points illustrated in the
proof, and to give you some hints that may be useful in constructing
your proofs.

Important! Please note the following.

1. The subject matter of the examples given here is usually not very
important: it is techniques of proof which we aim to teach.

2. Being able to write down a proof clearly and logically is just as
important as being able to do the algebra, arithmetic, geometry or
whatever. Always take the point of view that you are writing a
proof for someone else to read: you should explain what you are
doing and give reasons for your conclusions. Normally, a proof with
no words is a very poor proof!

3. We shall generally take as known anything you have done in school.
This should include basic arithmetic, algebra, calculus, geometry
and trigonometry. We also assume a small number of topics from
first year mathematics, including set theory, divisibility and modu-
lar arithmetic.

4. Only the final complete proofs are presented here. But you cannot
expect to just think up a proof and write it down! You will usually
need to do a lot of preliminary exploration, trial and error, making
mistakes, crossing them out and starting again. There are no
definitive rules for doing proofs, and the only way to succeed
is to do all the practice you can.
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AN ELEMENTARY PROOF

Example. V8!l < V9!
Proof. Clearly 1 < 9,2<9, ... and 8 <9, so

I1Xx2x---x8 <9IX9x---x9
N——

8 times

that is,
I1x2x---x8<98.

Multiplying both sides by (1 x 2 x --- x 8)% gives
(Ix2x-x8)?<(Ix2x---x8)°%x9%.

Rearranging terms,
(Ix2x--x8)?<(Ix2x--x8x9)%,

or in factorial notation

(81)% < (918 .

Taking the positive 72nd root of both sides,
V8! < Vol ,
which is the required result.

Things to learn from this proof.
e Go back to definitions (expand the definitions).
e Simplify!

e A proof is often discovered by working backwards; but it must be
written forwards.

e Explain logical and technical steps in words (with punctuation!)
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GENERALISATION

The result which we have just proved is of very little interest in itself,
mainly because it refers only to specific numbers. However, it seems

clear that in proving
V3! < V9!

we did not use any special properties of the numbers 8 and 9, other than
that they are consecutive positive integers. Thus we should expect a
similar result to hold if 8 is replaced by any n € Z* and 9 by n + 1.

Theorem. For all positive integers n we have
Vnl < "/(n+1)! .

Proof. Let n be a positive integer. Clearly 1 <n+1 and 2 <n+1 and
.andn<n+1,so

n times

Ix2x---xn < (n+)x(n+1)x---x(n+1),

that is,
Ix2x--xn < (n+1)".

Multiplying both sides by (1 X 2 x -+ x n)™ gives
(Ix2x--xn)" T <(Ix2x---xn)"x n+1)".
Rearranging terms,
(Ix2x-xn)" < (Ix2x--xnx(@n+1)",
or in factorial notation
()" < ((n+1))" .
Taking the positive n(n + 1)th root of both sides,
Vnl< "R/ (n+ 1)1,

which is what we wanted to show.

Things to learn from this proof.

e An “all” statement cannot be proved by listing examples (unless it
is actually possible to check all examples).

e A common proof pattern for “for all z € A, property B holds” is
“Let z € A.

Therefore z has property B.”

EXHAUSTION OF CASES, or DIVISION INTO CASES

Example. For all real numbers = we have
lx—3|<a2? -3z +4.

Proof. Let x € R. Then either £ > 3 or z < 3.

Case 1, z > 3. Then 0 < (z — 2)? + 3, that is, 0 < 2% — 42 + 7. Adding
x — 3 to both sides,
r—3<2®>-3x+4.

But |z — 3| =« — 3 since z — 3 > 0; so
lz 3| <a2? -3 +4.

Case 2, v < 3. Here 0 < (x — 1)?, that is, 0 < 2? — 2z + 1. Hence
3—ax<a2*-3z+4.

In this case  — 3 < 0, so

lt -3 = —(z—3) =3—2 < 2°-3x+4.

Since the two cases exhaust all possibilities, we have shown that

o —3| <a2? -3z +4

for all real z.



Example. For all integers n we have n® = n (mod 6).

Proof. Let n € Z. There are six possible cases:
n=0,1,2,3,4,5 (mod 6) .
In these cases we have, respectively,
n®=0,1,8,27,64,125 (mod 6) .

Simplifying,
n®=0,1,2,3,4,5 (mod 6)

respectively. Clearly in every case n® = n (mod 6).

Things to learn from these proofs.

e Proof by exhaustion of cases is often useful where there is a “nat-
ural” division of the problem into a small number of cases; for ex-
ample, in questions involving absolute values, congruences or divis-
ibility.

o (Clearly state the separate cases, and be sure all cases really are
covered!

e In the first example we began with the inequality 0 < (z — 2)? + 3.
Now it is obvious that this is true, but how did I know it was going
to be useful? The answer is that before writing down the proof I
worked it all out “backwards”, that is, I started with the conclusion
and tried to find where it comes from. Logically this is all wrong,
and you cannot write a proof this way — but you can often discover
a proof this way.

e Explain what you're doing!

e Since these are “all” statements, the outline of the proof is as before.

Example. Let f: R — R. If f is an odd function, then f(0) = 0.
Proof. Let f: R — R be an odd function. Then

for all x € R. In particular this is true when x = 0:

that is,

Therefore 2f(0) = 0, and so

f(0)=0.

Things to learn from this proof.
e A frequent proof pattern for “if A then B” is
“Suppose that A is true.

Therefore B is true.”
e Expand the definition.

e Keep the aim in mind! Here we have information about general
values of f(x), and we want to know something in particular about
£(0). So it is a natural step to substitute x = 0.

CONVERSES

The converse of the statement
“f A then B”

is the statement
“if B then A”.

Similarly, the converse of “every A is a B” is “every B is an A”, the
converse of “for all z € A, z € B” is “for all x € B, x € A”, and so on.

Important. The converse of a true statement may or may not be true.
So if you wish to prove some statement, it is completely useless to
prove its converse instead. To do so is called the converse error.
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Example. Let f: R — R. Write the converse of
“if f is an odd function, then f(0) = 0”.

Is the converse true or false?

Solution. The converse is
“f £(0) =0 then f is an odd function”.

which is false.

Proof. If f has graph as shown, then f(0) = 0, but f is not an odd
function.

YN

y = f(x)

Things to learn from this proof

e To disprove an “all” statement only one example is needed. Like-
wise, to disprove “if A then B” we need only produce one example
where A is true but B is false.

IF AND ONLY IF

When a statement “if A then B” and its converse “if B then A” are
both true we often combine the two statements and write

“A if and only if B”,

sometimes abbreviated to
“Aiff B”.

Theorem. Let n € Z. Then

6 | n if and only if both 2 |n and 3 | n.

Proof. Firstly, let 6 | n. That is, n = 6k for some k € Z. Therefore
n=2x3k,

and 3k € Z, so 2 | n. Similarly 3 | n.

Conversely, let 2 | n and 3 | n. Since 3 | n we have n = 3! for some
integer {. Now 2 | 3l, so 3! is even; and obviously 2! is even; so 3] — 2[ is
even. That is, [ is even. Therefore [ = 2m for some m € Z and we have

n=6m

with m € Z. Hence 6 | n.
Both parts of the theorem have been proved.

Things to learn from this proof.

e An “if and only if” statement really consists of two statements, and
its proof should therefore consist of two parts. Occasionally these
can be combined, but this is not recommended. For “x is an A if
and only if z is a B”, a common proof pattern is:

“Firstly, let = be an A.

Therefore z is a B.

Conversely, let « be a B.

Therefore x is an A.”

e Make the logical subdivision clear by writing “Firstly ...” and
“Conversely ...”.
e Each part follows the normal format for an “if ... then” proof.

e Expand definitions!!

e “Similarly” saves work for the reader, not the writer!
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Theorem. In AABC, let M be the midpoint of BC'. Then /BAC is
a right angle if and only if AM = BM.

Proof. Firstly, suppose that AM = BM.

Then ZMBA = ZM AB (base angles of an A
isosceles triangle), and for the same reason
LMCA =2ZMAC. Hence
LBAC = ZMAB + ZMAC " |
— /MBA+ /MCA , B oM ¢

S0
2/BAC = Z/BAC + ZMBA+ ZMCA = 180°

(angle sum of a triangle) and therefore ZBAC' is a right angle.

Conversely, suppose that /BAC is a right

A angle. Draw a line through M perpendic-

ular to AB, meeting AB at N. In ABNM

and ABAC the angle at B is common,

while ZBNM and ZBAC' are both right

B H A7 i C angles; so these triangles are similar (two
equal angles) and we have

AN/BN = CM/BM =1 .

Now in AANM and ABNM we have AN = BN (just proved), M N is
common and ZANM = ZBNM (right angles). So these triangles are

congruent (two sides and included angle), AM = BM, and the proof is
finished.

Things to learn from this proof.

e A good diagram is very useful for working out a proof and for il-
lustration, but explanations should be given in words too. A proof
should (usually!) not rely totally on a diagram.

e The two parts of an “if and only if” statement sometimes require
quite different methods of proof.

e Yet again we have used the standard “suppose A is true. .. therefore
B is true” format for proving an implication.
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“SOME” STATEMENTS

An existential generalisation, or “some” statement, asserts that there
exists something which satisfies a certain condition.
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Note. “There exists something such that ...” means that there is one
object or more with the given property. For example,

“there exists = € R such that 2 = 2”

is true; the fact that there are two different such x is irrelevant.

To prove a “some” statement, the most concise method is to produce a
specific object having the desired property.

Theorem. There exists a function f : R — R which equals its own
derivative.

Proof. Let f: R — R be defined by f(z) = €. Then for each x € R

Thus f' = f.

Example. The vector (4,—1, —6) is a linear combination of (1,1, 1) and
(1,2,3).

Proof. By definition of a linear combination, we must show that
(4,—1,-6) = a(1,1,1) + 5(1,2,3)
for some «, 8 € R. In fact, let « =9 and 6 = —5. Then

RHS = (9,9,9) — (5,10,15) = LHS .

Things to learn from these proofs.

e As in many previous examples, we discover the proof by working
backwards; but as always we must write the proof in the correct
order.
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e The real work here is all “behind the scenes”, and it requires much
more knowledge of calculus and algebra than the actual proof.

e The first example exhibits a “some” statement with an “all” state-
ment embedded in the proof.

Sometimes it is possible to prove a “some” statement without producing
any particular object.

Theorem. Let f(x) = 2° + 2z — 2. Then f(z) = 0 for some z € [0, 1].
Proof. We have f(0) = —2, which is negative, while f(1) = 1, which
is positive. So the graph of f, being a continuous curve, must cross the
x-axis somewhere between 0 and 1; and at this crossing point we have

f@)=o.
Theorem. There exist x,y € R such that

209x — 432y = —1
168z + 746y = 3 .

Proof. The determinant of the system is
(209 x 746) 4 (432 x 168)

which is clearly not zero. Therefore the system has a solution.

Things to learn from these proofs.

e For both of these results we assume a lot of background knowledge:
(1) continuity and the Intermediate Value Theorem; (2) determi-
nants.

e It would be tedious to find actual values of z and y to prove (2),
and in a sense impossible to find the actual solution in (1).

e “Clearly” does not mean you don’t have to check the following state-
ment!

A statement of the form

“there exists a unique x € S such that ...”

11

asserts that there is one and only one object having the given property.
The proof of such a statement will normally consist of two parts:

e show that there exists an object with the property;

e show that there cannot be two different objects with the property.
A common proof pattern for this part is

“Suppose that 1 and x5 both have the property.

Therefore x1 = x5.”

Theorem. Let a and b be positive integers. Then there exists a unique
pair of integers ¢, r such that

a=bg+r and 0<r<b.

Proof. Existence. Take ¢ = |a/b|] and r = a — bgq. Then clearly
a = bq + r; also
a

5 <1 = 0<r<b.

q§%<q+1 = 0<

Uniqueness. Suppose that
a=bgi+ry, 0<r;<b and a=bg+rs, 0<ry<b.

Then
o —T1 = b(Ql - (J2) .

Since ro < b and r; > 0 we have ro — r1 < b; similarly, ro — r; > —b.
But 7o — 71 is a multiple of b and therefore must be zero. Thus r; = ro
and consequently g1 = gq2. Hence there is a unique pair of integers with
the required properties.

Things to learn from this proof.

e (Clearly distinguish the “existence” and “uniqueness” parts of the
proof.

e Pattern of the uniqueness proof.
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“NOT” and CONTRADICTION
The negation of a statement is the assertion that the statement is false.

Example. Is the statement
8 4+ 31v15 = 20v41

true or false? Prove your answer.
Answer. The statement is false.
Proof. Suppose that the statement is true. Squaring both sides,

14479 + 496V 15 = 16400 ,

SO
49615 = 1921 .

Squaring both sides again,
3690240 = 3690241 .

But this is false. Hence our original supposition was false; that is,

8 + 3115 # 20V/41 .

Things to learn from this proof.
e This is called proof by contradiction or reductio ad absurdum.

e To decide whether a statement is true or false, work out the conse-
quences until you find something which is known to be true or false.
If it is false you have a proof by contradiction. If it is true and all
the steps are reversible you have a direct proof.

e Be very careful to distinguish the following formats:

“Suppose A is true. “Suppose A is true.

Therefore B.
But B is true.
Therefore A is true.”

Therefore B.
But B is false.
Therefore A is false.”

VALID INVALID
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e A proof by contradiction of a statement A will look like this:
“Suppose that A is false.

Therefore ...

But this is false.

So the initial assumption was false.
That is, A is true.”

Similarly, a statement “if A then B” may be proved using the pat-
tern

“Suppose that A is true but B is false.

Therefore ...
But this is a contradiction.
So, if A is true then B is true.”

Theorem. /2 is irrational.

Proof by contradiction. Suppose that /2 is not irrational. Then we

can write m
\/§ =
n
where m and n are integers with no common factor. Squaring both sides
leads to
m? = 2n? .

Hence m? is even, so m is even and we can write m = 2k. Substituting

into the previous equation,
4k* = 2n? |

SO
n? = 2k? .

Therefore n? is even; hence, n is even. So m and n have a common
factor, namely, 2. But this is false. Therefore our original assumption

(that v/2 is not irrational) must be false; that is,

V/2 is irrational .
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Things to learn from this proof.

e A proof by contradiction begins by assuming the negation of the
statement to be proved.

e Be extremely careful with the logic and setting out of a proof by
contradiction.

e Proving that a number is irrational will nearly always involve proof
by contradiction.

Theorem. There are infinitely many primes.

Proof. Suppose that there are only finitely many primes, and let
P1,P2,--.,Pn be a complete list of primes. Consider the number

N=pip2---pn+1.

Now N is an integer, N > 1, and therefore has a prime factor p. However
p # p1, for otherwise we would have

p|N and p|pip2---pn,

so p | 1, which is impossible; and similarly p # pa, ..., p,. Therefore our
initial set of primes was not a complete list after all. This contradiction
completes the proof.

Things to learn from this proof.
e The proof begins by assuming that the given statement is false.

e Make the proof easier to read by introducing suitable notation. (Eu-
clid couldn’t do this!!)

e Here we have a “sub—proof” by contradiction within the main proof
by contradiction.

e Justifiable use of “similarly”.

The contrapositive of a statement
“if A then B”

is the statement
“if not B then not A”.
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Similarly, the contrapositive of “every A is a B” is “every ‘non—B’ is a
‘non—A’", or, in better English, “anything which is not a B is not an
A7,

Unlike the converse, the contrapositive of a statement is logically
equivalent to the original. So if you wish to prove a statement, it is
permissible (and may well be easier) to prove the contrapositive instead.
Therefore another possible proof pattern for “if A then B” is

“Suppose that B is false.
Therefore, A is false.”

Theorem. Let n € Z. If n? is even, then n is even.

Proof. We shall prove the contrapositive,
“if n is odd, then n? is odd”.

Let n be odd. Then
n=2k+1

for some k € Z. Hence
n? = 4k® +4k+1 = 2(2k* +2k) + 1,
and 2k? 4 2k is an integer. Thus n? is odd.

Things to learn from this proof.

e The contrapositive is valuable here since “n is odd” gives more
direct information about n than “n? is even”.

e If you're going to use the contrapositive, it’s a good idea to say so
at the beginning.

e Standard “if ... then” proof.
e Definitions!!

e Remember the goalll
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MORE EXAMPLES OF NEGATION

The negation of
“forall x €U, ...”

is
“for some z € U, not (...)",

while the negation of
“for some z € U, ...”

is
“for all z € U, not (...)".
Hence, to disprove an “all” statement we must prove a “some” state-

ment, which may be done by producing one example: this is often re-
ferred to as a counterexample.

Likewise, to disprove a “some” statement, we prove an “all” state-
ment. In practice, it is often easier to prove the “some” statement false
using proof by contradiction than to directly prove the “all” statement
true.

Example. Prove or disprove: no prime is congruent to 14 modulo 25.
Answer. The statement is false.

Note. This is an “all” statement,
“for all primes p we have p # 14 (mod 25)”.
To disprove it, we prove the negation
“there exists a prime p such that p = 14 (mod 25)”

by producing one example.

Proof. It is simple to check (or already known!) that 89 is a prime; and
since 89 = 3 x 25 + 14, we have 89 = 14 (mod 25).
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Things to learn from this proof.

e Since it is not obvious whether the statement is true or false, and
since there is no obvious way of “working backwards”, try a few
examples. This might reveal a counterexample, or it might suggest
a pattern which could be used to prove the statement true.

e In looking at examples, remember that (initially) primes are more
numerous than numbers congruent to 14 modulo 25.

Negation of multiple quantifiers. The above equivalences can be
used repeatedly to simplify the negation of statements containing mul-
tiple quantifiers.

Example. Simplify the negation of

Ve Vy 3dz

Solution. The negation is

—|(Vx Yy dz ),

that is,

Jx ﬂ(Vy Jz ),
or

Jxr Jy —\(Elz ),
or finally

dx dy Vz —|()

Definition. A set S C R is called open if
VreS JFe>0 VyeR if |[x—y|<e then yeS.

(Roughly, a set is open if it contains no part of its “boundary”.)

Example. Is [1,2) open? Prove your answer.
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Answer. [1,2) is not open. We shall prove that
dre[l,2) Ve>0 JyeR |z—y|<ecandy¢[l,2).

Proof. Choose z = 1.
Let € > 0.
Choose y =1 — %5.
Then
[z —yl=13e| <e;

but y < 1, so clearly y ¢ [1,2).

Things to learn from this proof.
e Draw pictures to assist your intuition.
e The negation of “if A then B” can be expressed “A and not B”.

e The first three lines of the proof deal (in the correct order!) with
the three quantifiers in the statement to be proved.
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