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Abstract

Suppose we observe a geometrically ergodic Markov chain with a parametric model for
the marginal, but no (further) information about the transition distribution. Then the
empirical estimator for a linear functional of the joint law of two successive observations is
no longer efficient. We construct an improved estimator and show that it is efficient. The
construction is similar to a recent one for bivariate models with parametric marginals. The
result applies to discretely observed parametric continuous-time processes.
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1. Introduction

Let Xp,..., X, be observations from a geometrically ergodic Markov chain with arbitrary
state space. We want to estimate a linear functional E[h(Xo, X1)] of the joint stationary
law of two successive observations. If nothing is known about the distribution of the chain,
then the empirical estimator H = %2221 h(Xj—1,Xk) is efficient; see Penev (1990, 1991),
Bickel (1993), and Greenwood and Wefelmeyer (1995). Suppose now that we have a finite-
dimensional parametric model Fy, ¥ € O, for the marginal stationary law of the chain. Then
we can construct better estimators for E[h(Xo, X1)].

Our results apply in particular to parametric continuous-time Markov processes that are

discretely observed at fixed time intervals. Under such an observation scheme, estimators for
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the parameter ¥ were constructed in parametric diffusion processes by Pedersen (1995a,b),
Bibby and Sgrensen (1995, 1996, 1997, 2001), Kessler and Sgrensen (1999) and Kessler (2000),
and in general parametric continuous-time processes by Kessler and Sgrensen (2002). These
estimators could be used to estimate the coefficients of the diffusion and then linear functionals
E[h(Xo,X1)] as considered here. If the diffusion model is correctly specified, and if the esti-
mators for ¥ are efficient (or nearly so), this would lead to better estimators for E[h(Xg, X1)]
than ours. However, the marginals of a discretely observed process can be modeled much bet-
ter than the dynamics. Estimators of E[h(Xo, X1)] based on a misspecified continuous-time
model will usually be inconsistent. In contrast, our estimator uses only the information in

the parametric model for the marginal law and is always n'/2

-consistent and asymptotically
normal unless the marginals are misspecified.

Our results are closely related to results for bivariate models, which we recall first. Let
Y1, 21),...,(Yn, Zy) beiid. bivariate random variables with joint law (). We want to estimate
a linear functional E[h(Y, Z)] = [ hdQ for a fixed function h € Ly(Q). A natural estimator is
the empirical estimator Hy;y = % > peq h(Yx, Zi). If additional structural assumptions on the
joint law hold, this estimator can be improved.

Assume first that the marginals F' and G of @) are known. In this case there is a large class

of unbiased estimators. Indeed,

Hyio(a,0) = = > (h(Yk, Z1) — a(Ye) — b(Z4))
i

:\H

is unbiased for each a € Lo o(F') and b € Lo o(G). Here, for any measure y,

Lao() = {h € La(u /hdu—o}

The smallest variance is achieved by ﬁbiv(aQ, bg), where ag and by minimize E[(h(Y,Z) —
a(Y)—b(Z))? over a € Ly o(F) and b € Lo o(G). Bickel, Ritov and Wellner (1991) have shown
that any estimator equivalent to ]:Ibiv(aQ, bg) is efficient, and have obtained such an estimator
using the modified minimum chi-square estimator of Deming and Stephan (1940). Peng and
Schick (2002) give a more direct construction, estimating ag and by by a series estimator in
terms of orthonormal bases vy, v, ... of Ly o(F) and wy,ws, ... of Ly o(G). Their estimator is
of the form

n Mn Nn
;kz (COEARD SERITCARD SEMHIEN)]
=1 i=1 j=

where M, and N, are integers that tend slowly to infinity with the sample size n, and

Qnl, .- Qs Buls - - -, Bnn,, are chosen to minimize
n Ny, 9
§ ( (Yy, Zy) — g ;v (Yy) — § 5jwj(Zk)) :
k=1 j=1



Of course, api, ..., 0np, s Bnl, ceey BnNn are simply least squares estimators for the response
vector H = (h(Y1, Z1), ... h(Yn, Zn))—r and the design matrix with k-th row formed by

(Ul(Yk), c. ,UMn(Yk),wl(Zk), . 7wNn(Zk))-

The assumption of known marginals is not always justifiable. A more realistic assumption
is that the marginals depend on some unknown parameter ¥, i.e., F' = Fy and G = Gy. This
model is considered by Peng and Schick (2003). They replace, in the above construction, v; by
(-, 9) and w; by w;(-, 9), where vy (-, 9), va(-,9), ... is a basis for Lo o(Fy); wi(-,0),wa(-,9),...

1/2

is a basis for Lgo(Gy); and 9 is a nl/2-consistent estimator of ¥. They show under mild

assumptions on the bases that the resulting estimator flﬁiv has an expansion

n

. 1 R -
(1) iy =3 (Y Z) — ag(V) — b( k) + Dy (0 — ) + 0,(n /%)
k=1
if the parametric models for the marginals are Hellinger differentiable at 1 with derivatives ¢y
and -y, say. Here
Dyiv = Elaq(Y)¢s(Y)] + Elbq(Z)19(Z)].

Bickel and Kwon (2001) have suggested that results on efficient estimation for bivariate
models carry over to geometrically ergodic Markov chains. They point out that the calculation
of efficient influence functions is identical if one parametrizes the Markov chain by the joint law
of two successive observations, which corresponds to the description of the bivariate model by
the joint law of (Y, Z). See also the discussion of Greenwood, Schick and Wefelmeyer (2001).
Bickel and Kwon also suggest that the construction of efficient estimators for bivariate models
should carry over to corresponding Markov chain models. In this paper we carry out this
program for Markov chains with a parametric model Fy, 9 € ©, for the marginal stationary
law. For the corresponding bivariate model we have Gy = Fy. Recall that the observations
for the Markov chain are Xy, ..., X,. The Markov chain analog H* of ﬁ]’;iv is obtained by
replacing the pairs (Yy, Zi) by pairs (Xj—_1, Xj) of successive observations. We show in Section
2 that the analog of (1.1) is

S R T3 —1/2
(12)  H == (h(Xpm1, Xp) — aQ(Xp—1) — bo(Xx)) + DT (9 —0) + 0y (n~/?)

n
k=1

under the assumption that the parametric model for the marginal stationary law is Hellinger
differentiable at ¥ with derivative ¢y. Now ag and bg are minimizers of E[(h(Xo, X1)—a(Xo)—
b(X1))?] over a and b in Lo (Fy), and

D = El(aq(Xo) + bq(Xo))ds(Xo)]-

Kessler, Schick and Wefelmeyer (2001) have constructed an efficient estimator 9 of 9. If such
an estimator is used, H* is also efficient, as shown in Section 3.



If the chain is known to be reversible, then @ is symmetric, Q(dx,dy) = Q(dy, dz), and we
can improve the empirical estimator H = % > peq h(Xjk—1, Xi) by symmetrization,

n

> (X1, Xi) + (X, X—1)).
k=1

- 1
sym:%

If @ is completely unknown, f[sym is efficient; see Greenwood and Wefelmeyer (1999) and, for a
simpler argument, Greenwood, Schick and Wefelmeyer (2001). If we have a parametric model
Fy for the marginal, it is natural to consider the symmetric improvement

n My
Hs*ym: sym* Zzanz (% Xk; 1,’19)+’U1'(Xk,’l9)),
k 1:i=1
where Gn1,...,a&p), are chosen to minimize
n My, . . 9
<h(Xk717 Xp) + M X, Xp—1) — Y 0 (v (Xp—1,9) + 03 (X, 19))) :
k=1 i=1
If 9 is efficient, so is H . Efficient estimators for 9 in reversible Markov chain models with

parametric marginals are constructed in Kessler, Schick and Wefelmeyer (2001). We note that

the diffusion models referred to above are reversible.

2. Stochastic expansion of the estimator

Let Xp,..., X, be observations from a stationary Markov chain on an arbitrary state space S
with countably generated o-field, transition distribution K (z,dy), and marginal law Fy(dz),
with ¢ in an open subset of R". Let Q(dxz,dy) denote the law of two successive observations.
We want to estimate an expectation E[h(Xo,X1)] = [ hdQ for a fixed Q-square-integrable
function h.

Let vi(-,9),v2(-,9), ... be an orthonormal basis for Ly o(Fy), and let U be a n'/2-consistent
estimator of 1. Our estimator for f hd@ is

n

N,
o1 L )
A" = =37 (h(Xk-1, Xa) Zamw Xi1,0) = 3 B (X 9))
k=1 7j=1
where M,, and N,, are integers, and &1, ... ,olnMn,Bnl, .. ,BnNn are chosen to minimize
n My, . N, A\ 2
> (h(Xk—h Xi) = Y awi(Xpo1,0) = Y B (Xx, 19)) :
k=1 i=1 j=1

We prove a stochastic expansion for H* for a fixed parameter ¥ under the following assump-
tions on the Markov chain, the parametric model, and the basis.



Assumption 1. The chain is geometrically ergodic in the Lo sense: There is a A < 1 such
that for all f € Lo o(Fy,),

([ tean ) Fotan) < [ 52 ara,

Assumption 2. The chain fulfills the following minorization criterion: There is an > 0
such that for Fy -a.a. x and all measurable B,

K(x,B) > nkFy,(B).

Assumption 3. The parametric model is Hellinger differentiable at 9Jy: There is a function
¢ € Lyo(Fy,)" such that

1 2
[ (VaFagss = s, = 57 e\/ao,)” = ollP)

Moreover, the Fisher information matrix [ oo dFy, is positive definite.
Assumption 4. The basis elements are bounded: For each i =1,2,... and each ¢ € O,

sup |v;(z,9)| < oo.
z€S

Assumption 5. The basis elements are locally Lipschitz: There are a neighborhood of g
and constants L1, Lo, ... such that, for all s and ¢ in the neighborhood,

sup |’Ui((I,',t) - ’Ui(x73>‘ < Ll”t - S”
zeS

Assumption 1 was used in Kessler, Schick and Wefelmeyer (2001). Assumption 2 is equiv-
alent to
Q(A X B) > nFﬂo(A)Fﬂo(B)

for all measurable A and B. This version was used for corresponding bivariate models in Bickel,
Ritov and Wellner (1991) and Peng and Schick (2002, 2003). Assumption 2 is used by Glynn
and Ormoneit (2002) to prove a Hoeffding inequality for Markov chains that will be applied
in the proof of our result. Assumptions 4 to 5 are as in Peng and Schick (2003).

To state our result, set m,, = M,, V N, and let

Mmn Mn
A, = Zsup lvi(z,00)|*> and T, = Z L2
i—1 €S i=1



Theorem 1. Let Assumptions 1 to 5 hold, and let U be a n'/2-consistent estimator for vg.
Assume that M, and N, tend to infinity, and

m2(8+Ta) . Tulog(1+Ty)
n n

(2.1) — 0.

Then H* has the stochastic eTpansion
= Z ( (Xp-1, Xp) — ag(Xp—1) — bQ(Xk)) + DT () = o) + op(n1?),

where ag and bg minimize

/ (hz, ) — alx) — b)) Q(dz, dy)

over a,b € La(Fy,), and
D= /(QQ + bQ)ga dF190'

A specific basis with these properties in the case of real state space and continuous dis-
tribution functions Fy is given in Peng and Schick (2003). It is of the form v;(z,9) =
V2 cos(imFy(x)). For this basis, Assumption 4 holds, and Assumption 5, with L; = ci, follows
from Assumption 3. In this case the rate conditions (2.1) are equivalent to m3 /n — 0.

Suppose now that J is asymptotically linear, i.e.,

n!2(0 = 9g) =02 " T (X1, Xp) + 0p(1)
k=1

for some J € L5(Q) with E(J(Xo,X1) | Xo) = 0. Then H* is asymptotically normal. We
show in Section 3 that H* is also efficient if ¥ is efficient.
Our proof is similar to that for the bivariate model in Peng and Schick (2003). Their

exponential inequality, Lemma 2, must be replaced by an appropriate version for Markov

chains, which we state first.

Lemma 1. Let B = {t € RY: ||t|]| < C} be the closed ball of radius C' in RY. Let ut, t € B, be
a family of functions on S such that ug = 0 and, for some L > 0,

lug(z) —us(x)| < Lt —s||, =€8; s,teB.

Suppose Assumption 2 holds. Then

n

Unlt) =

(ut(Xk) —/ut dFﬂo), t e B,

k=1



fulfills, for each € > 0 and ne > 2LC/n,

2¢'/2LC\q n*(ne — 2LC /n)?
P n <214+ —— — .
<§gg'U ()] > 3¢) < ( + = ) exp( B )

This result was proved as Lemma 2 in Peng and Schick (2003). Instead of the classical

Hoeffding inequality we now use the Markovian extension given by Glynn and Ormoneit (2002).

Proof of Theorem 1. It suffices to show

n M,

(2.2) %Z Z (Gmivi(Xp-1,9) — ag(Xp-1)) + /anoT dFy, (9 —9g) = o,(n~Y?),
k=1 i=1
LN (5 9 T 0 ~1/2
(2.3) - DY (Bujvi (X, 0) — bo(Xi)) + /chp dFyg, (0 —99) = op(n~/?).
k=1 j=1

We only show (2.2); (2.3) is similar. Let V}, denote the linear span of vy (-, ), ..., vm(,J).
Let a,, = Zf\iﬁ anivi(-, %) and b, = Zjvznl Bnjvi (-, 90) be chosen to minimize [(h(z,y)—a(z)—
b(z))? Q(dx,dy) over a € Vyy, and b € Vi, . As shown in Peng and Schick (2002), a,, and b,
are uniquely determined, and a,, — ag and b, — bg in La(Fy,). By Assumption 1 there is a
C such that

(2.4) E[(;if(thXk))? <
=1

Q

EE[f(XmXﬁQ] for f € Lao(Q).
This immediately gives

n

S an(Xi1) = = 3 ag(Xe 1) +0p(1).

k=1 k=1

As in Peng and Schick (2003) we have

SRS

> ani [ v d) Foy(de) + [ agi” dF(0 = ) = 0,(0).
=1
Thus it suffices to show
1 n M,
- Ao Ny J) — —-1/2
(2.5) n Z Z(am Olm)vz(Xk—lv 19) = Op(n )7
k=1 1i=1
1 n M, R ~
(26) E Z Z (67%Y (vi (Xk—la 19) - /U’L'(Xk—lu 790) - /’Ui(il?, 19) F’L90 (dSU)) = Op(n_1/2)'
k=1 i=1

As in Peng and Schick (2003) one can show

(2.7) %(an —am)? = Op(Mn(anJFAn)>
i=1



The proof is essentially the same, but now using (2.4) to deal with the appropriate averages.
It is shown in Peng and Schick (2003) that

2
(2.8) nZ(/ z,9 Fﬂo(dx)) = 0,(M,).
It follows from (2.4) that
" 2
(2.9) nZ( i (X 1,190)) = 0,(M,).
1=1 =1
In view of (2.7), (2.8) and (2.9), statement (2.5) is equivalent to
n Mn
(2.10) ZZ i = o) (06(Xo-1,9) = 03(Xe 1, d0) - /vi(x,ﬁo)F,go(dx)) = 0,(n"1/2),
k 1i=1

Relations (2.5) and (2.6) are verified as in Peng and Schick (2003), but now using the above
Lemma 1 instead of their Lemma 2. O

3. Efficiency of the estimator

Let us now prove that H* is efficient if an efficient estimator J for ¥y is used. We need
the following notation. Let K (y,dr) denote the transition distribution of the reversed chain,
defined by Fy,(dz)K (z, dy) = K(y,dz)Fy,(dy). For a function g € Loo(Q) write Kg(z) =
[ K(z,dy)g(z,y) and Kg(y) = [ K(y,dx)g(x,y). Let K/ and K’ be the operators on Lo o(Fy,)
defined by K7 f(Xo) = E (f(X;) | Xo) and KIf(X;) = E(f(Xo) | X;), j = 1,2,.... Let
U=3%7, K7 and U = >0 K7 be the corresponding potentials. Let now

T = {te Ly(Q): Kt =0},

and let A be the operator from Lo o(Fy,) into 7 defined by Af(z,y) = Uf(y) — KU f(x). As
shown in Kessler, Schick and Wefelmeyer (2001), the tangent space for our model is

T.={teT:UKte[s]},

where [¢] is the linear span of the Hellinger derivative ¢. Moreover, the influence function of
an efficient estimator 9 of ¥y is

-1 _
g«(z,y) = (/e*ng dF%) Ae. with e, = (UKA)™!

Note that UK corresponds to V in Kessler, Schick and Wefelmeyer (2001). If an efficient
estimator ¥ is used, then by Theorem 1 the influence function of our estimator H* is

h*(l',y) = ho(l’,y) - CLQ(.%') - bQ(:l/) + DTg*(.%,y),



where hg = h — f hdQ. Efficiency of H* follows if we show that h. is in 7, and equals the
projection of the influence function of the empirical estimator H , which is

h(xhy) = ho(CC,y) - KhO(‘r) + AKho(l’,y)

by Greenwood and Wefelmeyer (1995). Showing these two properties amounts to showing that
Khy =0and [htdQ = [ h.tdQ for all t € T..

By definition of ag and bg we have that hg(Xo, X1) = ho(Xo, X1) — ag(Xo) — bo(X1)
is orthogonal to a(Xo) + b(X) for all a,b € L o(Fy,). Thus E(hg(Xo,X1) | Xo) = 0 and
E(hg(Xo,X1) | X1) = 0. The former shows that Kh, = Khg + D' Kg, = 0. It also gives
Kho —ag — Kbg = 0, which implies

(3.1) aQ+bQ:(I—K)bQ+Kh0.

Now fix t € 7,. Then UKt = ¢ ' u for some u € R. We have

/iud@:/hotdQ+/AKho-tdQ:/thdQ+/(A(I—K)bQ+AKhO)tdQ.

Here we have used that b = U(I — K)b and that Kt = 0. It was shown in Kessler, Schick and
Wefelmeyer (2001) that [ g.t dQ = u and

/tAfdQ:/UKt.deﬂo :/fcpTungO.

In particular, if f = ag + bg, we get from (3.1) that
/ (A(I = K)bg + AKho)tdQ =D u=D" /g*t dQ.

Hence we get [ htdQ = [ hitdQ.
For the case r = 1, Kessler, Schick and Wefelmeyer (2001) construct an efficient estimator
¥ of ¥y under the additional assumption of continuous Hellinger differentiability of Fg. The

construction carries over to r-dimensional 9.
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