MARKET MODEL
OF STOCHASTIC IMPLIED VOLATILITY
WITH APPLICATION TO THE BGM MODEL

ALAN BRACE, BEN GOLDYS, FIMA KLEBANER, AND ROB WOMERSLEY

ABSTRACT. Using a stochastic implied volatility method we show how to introduce smiles
and skews into the BGM interest rate model.
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1. INTRODUCTION

The aim of this paper is to present a new model for implied volatility. The main results
and some properties of the model are announced without proofs. Those will be contained in
the second part of this work, currently under preparation.

Suppose, as in [1], there are a full spectrum of zero coupon bonds P (t,7) maturing at
all times T" up to a finite horizon 7%, and let Wy (¢) be Brownian motion under the forward
measure Py located at maturity 7' (with corresponding numeraire P (¢,7")). Recall that the
forwards L (t,T') over the interval [T,T1], where T3 = T + §, are related to zero coupons via

the relation
1[P(tT)
Lt,T)==|———0c«—-1].
(*7) ) [P(t,Tl) ]
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From the arbitrage free dynamics of the zero coupon bonds, L (t,7) must be a positive
martingale under the forward measure Pp, located at the end of [T, T1], so model it with the
SDE

dL (t,T)
L(t,T)

where in general the volatility function 6; = 6 (t,T) is stochastic. The form of the SDE (1.1)
under Pp, is similar to that of a stock under the spot measure [P in the standard Black-Scholes
(BS) model when interest rates are zero. So to clarify ideas, first consider modelling stochastic
implied volatility for a stock.

Following the notation and approach of Carr [4] but assuming interest rates are zero, under
the spot arbitrage free measure P, the numeraire will be unity and the underlying stock S; is
a martingale which we may assume satisfies the SDE

— 0" (t,T) dWr, (1), (1.1)

dS; = S; O, dw V. (1.2)

where 6, is stochastic and dW; is multi-dimensional Brownian motion under IP. Note that,
with no loss of generality, we are taking all components of the instantaneous volatility vector
0; to be zero except the first.

The BS implied volatility convention says that if the time ¢ (stochastic) implied volatility
of an option exercising at time T with strike K is

Ot :Jt(T,K) :O'(t,T,K),

then the time ¢ price of a call option will be

Ct:C(t,T,K)ZE(St,O't(T,K),T—t;K), (13)
where
t=1(S,0,7;K)= SN (h1) — KN (hg), (1.4)
S
ln—
hl + = U\/_ h2:h1—0'\/F.

\F

If the implied volatility is also a diffusion satisfying an SDE like
dO't e (T, K, St, 915, O't) dt + (%7 (T, K, St, 915, O't)* th == mtdt + ’U?th, (15)

then because the calls C; must also be martingales under P, it follows that the drift m; and
“yolvol” vy cannot be arbitrary, but must satisfy certain extra conditions. Those conditions
will lead naturally to a system of SDEs for the implied volatility o;. The dependence of the
volvol v (T, K, S, 04, 04) on o will be specified to get rid of some troublesome singularities.

We also suppose there are a full spectrum of call options available for all strikes K and
all maturities T" up to some horizon T*. This assumption leads to two critical feedback
conditions:

e The implied volatility o (T, K) of the T-maturing call must remain finite at maturity,
that is for t < T

o2 (T,K)(T —t) >0 and tli_)rr%af (T,K) (T —t) =0. (1.6)
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e The instantaneous volatility ; of the underlying stock S; must equal the implied volatil-
ity of the at-the-money option maturing immediately, that is

c9t = O¢ (t, St) . (17)

Let us emphasise importance of condition (1.6). It imposes a very severe restriction on the
volvol process (v;). It becomes even more striking if we rewrite the SDE for the process
((o4) in terms of a new process & = (T — t)o? (see Section 3 for details). In that case we
end up with a stochastic differential equation for the process (&) with the initial condition
&(T,K) = f(T,K) (say) and the terminal condition {7 (T, K) = 0. It is well known (see for
example [5], that stochastic differential equations of this type need not have adapted solutions,
unless the coefficients of this equation satisfy certain conditions. In our case, this fact is a
source of mathematical difficulties but on the other hand it allows to obtain a closed system
of equations with the coefficients which are determined intrinsically.

Returning to caps and caplets, two additional problems that must be tackled to integrate
the above approach into the interest rate area are:

e How to approach a spectrum of caplets maturing at 7" and paying at 77 when the
dynamics of each is specified under its own forward measure Pr,.

e How to use correlation to transfer feedback information from the immediately maturing
caplet to later caplets.

1.1. Derivative formulae. Here are some formulae that will be required later, for the first
and second partial derivatives (0, stands for 8% etc) of the BS call with respect to the
underlying stock, strike and implied volatility. Starting with

t=10(S,0,7;K) = SN (h1) — KN (hg),

S
ln—
hy = O'\/_+ U\/_ hg—hl—g\/_
1
Ishy = Oshy = Sa—\/F’ Oxhi = Oxhy = “Kovr
_h h
aah2 = 80'h1 \/_ a hl 2 ath = _;15

where N (o) is the standard normal cumulative density function, and using
1
KN’ (hy) = KN’ (hy) exp <h10\/F — 5027> = SN (h),

the first partial derivatives of ¢ with respect to S,o and K are respectively

Osf =N (hl) + SN’ (hl) Oshy — KN’ (hg) Oshy = N (hl) ,
8,0 = SN’ (h1) Oyl — KN (ha) Ooho = VTEN' (ha) = VTSN’ (h1),
Ol = SN’ (h1) Oxchi — N (hs) — KN (he) Ocha = —N (ha).
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Then, recalling that N” (z) = —2IN’ (z), the second partial derivatives are

Ohy
=N’ = N’
03¢ (1) 5o Sa\/_ (h1),

oh 1 S

20— _N/ (hy) 22 — N (hy) = —— N/
Ot (h2) 0K Koyt (h2) K207 (1),
520 = TSN () M _ Sf

5 hihoN’ (hy),
Ohq
— N/ — N/

050t = (h1) == K KO'\/_ (h1),
h h

850, = N (hy) 8801 = 2N’ (hy),

OO0yl = =N (hy) = Ohy _ h1 — N (hp) = CEOSNY (hy).
do Ko

In addition we have the relation
1 oS
87-6 = 50252('9%6 = FN, (hl)

which comes from the BS partial differential equation, and holds for any option in the BS
world.

FEzercise 1.1. Show that in the normal Bachelier model where

dSt:thWt(l), Ct:E{[ST_K]+‘ft}:0'\/1—'—_]fq) <S't%[{t>7

with @ (z / N (u) du = N’ (x) + 2N (z),

an = o,T; =0T :7(5—1()
d (=0(S0,1;K) VT® (h), h or

the equivalent expressions for the first and second derivatives of £ with respect to .S and o are

sl = =0kl =N (h), 9,4 =+/7®(h) —/ThN (h) = VTN’ (h),
O3 = — 050Kl = 034 = %N’ (h), 020 = —/TN"(h) h_ ﬁhQN’
O/ T g g

D500l = — Dy Oyl — —SN’ (h), Ob— %UQ 9% —

(h),

1o
iﬁN (h).
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2. DYNAMICS OF THE IMPLIED VOLATILITY SURFACE

Assuming that the drift m (-) and volvol v (-) in (1.5) are well behaved functions, applying
Ito to (1.3) produces the following SDE for a call option:

1 1
dCy = 9, Cydt + d5CydS; + 5a?gctd (S), + 0, Cydoy + 5830@ (o), + 050,Cyd (S, 0),,

oSt 1 1

=" N'(hy)dt+N(h1)dS; + ~————N' (hy) d (S
2m ( 1) ( 1) t 2St0't\/m ( 1) < >t
1SVT — 1t h
+ VT — SN’ (hy) doy + itaihlth’ (h1)d (o), — U—QN’ (h1)d(S,0),,
t t
= N (h1) S,0,dW" + VT —tS,N’ (hy) v}dW, (2.1)
02 o hiho |ve? ooV
VT — 1SN (h R 12 L | dt.
* N ) et S S T ST =0 T 20, o/T 1

For this to be a martingale under the arbitrage free measure P, its drift must be zero, and so

m = m [0? — 02 — (T — t) hihs e + 2VT — tthtvt(l)} , (2.2)
( In? 5
of =07 + | 707 (T —1)* — afSt Jor|?
1
T 20, (T—1) LK ;
— | =0y (T — t) + J‘tgt 20{{))51)

and the arbitrage free dynamics of C; becomes

dCy = N (hy) S0:dW + VT — tS,N' (hy) v}dW,. (2.3)

The only reasonable choice for the dependence of the volvol v4 on the implied volatility oy
is now seen to be linear because that removes the troublesome singularities in (2.2). Setting

UVt = Ut (T7 K, Sy, 9t70t) = 0t Ut (T7 K, St) = Ot Ut,

from (1.4), (1.5) and (2.2) the dynamics of S;,0; and o, are therefore determined by the
non-linear set of equations

s, = S0,dw), 0, =0 (t,1,5)), lim o, (T, K) < 0, (2.4)
1 ot + jot (T =) fuf* — o7 (T — ) O
doy = ——— K dt + oy dWy,
" 20, (T — 1) —0t+ut1n§ dt e
t

and we now analyse this system further.
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3. DIFFERENT FORMULATIONS

Our aim in this section is to list four different formulations of the stochastic implied volatil-
ity problem, so as to have the flexibility of choosing one that is most convenient to the problem
at hand. In (2.4) we derived SDEs for the implied volatility o; (T, K') expressed in terms of
the “absolute parameters” 7' and K. But implied volatility can also be expressed “ relatively”
as follows.

For given constants z > 0 and y, define n by the equations

K
me () = 00 (t + 2, €V8,), mmKﬁw(r%m§>
t

The correct interpretation of this transformation is that n; (-, -) is the relative volatility surface
at time t as seen by an observer moving with the stock. The parameters

K
r=T—1t>0, =In—,
are, respectively, relative maturity (z becomes zero as options mature) and log-moneyness (y

is zero at-the-money and negative for out-of-the-money puts or in-the-money calls), and the
relative surface at time ¢ is obtained by plotting 7, (z,y) against « and y. Note that because

0 = (0,0)

a system of SDEs for 7, will also include one for the spot volatility 6;.
To get SDEs for 1 = n; (z,y) we need to make the parameters 7' and K in oy = oy (T, K)
into stochastic variables T; and K; like

Tt:t+$, th:dt
K, =e'S,, dK; = e¥dS; = ¢V Sy0,dW,V,

and then rewrite the SDE (2.4) for oy using the Ito-Venttsel formula described in Appendix-
A.As we shall see, that will require the following partial derivatives:

K
oro (T, K) = dpny (T —t,In E) = Oyt (2, Y) ; (3.1)

K 1 1
ooy (T, K) = Oxne (T —t,In E) = annt (x,y) = ey—Staym (,y);

K 1 K
8%(O—t (T7K) :a%(nt (T_t71n§t> :aK{?aynt (T_t71n§t>}7

1 1
= K2 {357% (z,y) — Oyme (x,y)} = 2y g2 {557% (z,y) — Oyt (x7y)} .
t

We are now in a position to obtain four systems of SDEs describing the evolution of the
stochastic implied volatility surface in terms of:

e The absolute implied volatility oy = oy (T, K) as in (2.4).

e The square of the absolute implied volatility multiplied by time to maturity.
& =& (T, K) =0} (T —t) = o} (T, K) (T — 1).

e The relative implied volatility n, = n; (x,y).

e The square of the relative implied volatility multiplied by relative maturity

G =G (z,y) =nfx =07 (z,y) .
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Repeating (2.4), the o4~ formulation is

ds; = S,0,dw " (spot SDE)

1
doy= ——— |o? —
ot 20 (T — 1) ["t

g7 (T — 1) |ug|?

9t+utln—

t

—%Uthut
oo (T, K) specified (initial condition),
Ht =0 (t, t, St) and
{ limy 10, (T, K) < oo (feedback).

K2
dt
S ]

1) dt + O'turth,

Multiplying the SDE (3.2) by 20, (T' — t) and using

dé; = d [0} (T —t)] = (T — t) 20¢doy + (T — t) o} |we|* dt — o,

produces the &-formulation

& =& (T,K) =02 (T —t) (definition)
dS; = S,;0,dwW"  (spot SDE)
(
t

K2
&, = & { (1416 Jus? — Gpu 1)} dt — |6, +un | dt + 26 ujdW,;
t
& (T,K) specified (initial condition)
t, K)=0 and
{ g%(: 3T)ft (t, K) (feedback).
In the SDE (3.2) for o; set

Tt:t-l—ZC, th:dt,

Kt = eySt, th = edet = eySthth(l),
and apply the Ito-Venttsel TheoremA to get

doy (T, Ky) = doy (t + x,eYSy) = dn (v, y)
ds; = S,0,dw,

1
th

1 1
+ [gag’ (T —t) |ug|* — §Ut¢9tu§1)] dt + opuy dWy

+ [am (T,K) + %8%(0,5 (T, K) €V S202 + 9 (Utv(l)

+Oxoy (T, K) e’ Sy0,dw V.

Ht = 0t (ta St) ) tlLIr’]l“O-t (T’ K) < o0,

S

K K
2 1
- m [UtZ - ‘9t2 — |vy] In? 5 26?tu§ ) In —J dt

t ) eySth] dt

(3.3)

To express these equations solely in terms of 7, (z,y) and x, y, assume wu; is expressed in

terms of x and y rather than T" and K, substitute

K
r=T—-t y=In—,

by 1
g dns) = 0, — Soidt,
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and apply the change of variable formulae (3.1). The o-formulation then becomes the 7-
formulation

ds, = S,0,aw", (spot SDE)

1
dn, = —217 " {77t2 — |6 + yvt|2} dt + {%77?55 |ut|2 - %mQtugl)} dt + neui dWy
t

+{ 00 + 302020 + 0,0, (muf) } b+ 0,md (i 5)) (3.4)
no (x,y) specified (initial condition)

. 60 = m (0,0) (feedback).
hmz—>0 Up ((L‘, y) <0

Similarly, applying Ito-Venttsel to the {-formulation (3.3) produces the (-formulation

Ct = Ct (:Ca y) = 7712 (‘T’ y) Z (deﬁnition)

ds, = S,0,dw " (spot SDE)

dCt = Ct |:(1 + %Ct) ’ut‘Q _ Htugl) dt — ‘(9,5 + yut‘Q dt
(0060 + 36302+ 20,0, () | dt + 26 dWy + 9,Gid (1n 51) (35)

Co(x,y) specified (initial condition)

{ C(gtéoz’ya)xz (()O, g)nd (feedback).

Ezercise 3.1. In the Bachelier model define moneyness by
y=K -8,
and also take the volvol vy to be linear in the implied volatility, that is
Vg = Uyoy.

Show that the equivalent formulations for oy, &, n: and ( have

1 .
do‘t ey m |:O—t2 - ’0t + (K - St) ut‘2:| dt + O_tutth’
dey = &lwl*dt — |0+ (K — Sy) wg|* dt + 26w dWy,
1
dny = o [77? — 16 + yut|2] dt + nyuy dWy
T

1
+ | Qe+ S0705m: + 640, (muﬁ”)] dt + 9,mdS;,

d¢, = G lwl*dt — |0, + yue|* dt + 2CuldW;
[ 1
+ |0:G: + 502036 + 2010, (gtugl))] dt + 9,,dS,.

Remark 3.2. Considering the &-formulations in the Bachelier and Black-Scholes models

dey = & |wl*dt — |0, + (K — Sy) w|* dt + 2&,uldW, (Bachelier)
1 2
&t { [1 + th} Jug|* — Htugl)} dt —

K
0 In —
=+ U IlSt
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one is struck by the similarity between the two models. The main difference is the unpleasant
non-linear term

1
thz |Ut|2 dt
in the drift of the Black-Scholes equation.that will cause us some problems.

Remark 3.3. Let us comment on the feedback condition which was introduced in Section 3.
Note that on the boundary x = 0, the condition

C(1,0,9) = 0= 9,6 (0,) = 026 (0,) = 9, (Gef”) = 0
for all y, so that the SDE for (; (0,y) on the “leading edge” = = 0 reduces to
dG (0,y) = — |0; + yue|* dt + 9:¢, (0, y) dt.
But for (; (0,y) to remain zero V¢t > 0 the increment d¢; (0,y) itself must also be zero, which
means
0:Ge (0,9) = 16 +yue|*, V.
In terms of n;, the boundary conditions at z = 0 are
0t (0,y) = [0 + yue| < oo,

which we might have obtained directly by asking that the drift in (3.4) not have a singularity
at x = 0. Various skews and smiles of the familiar “upward hook” type can be obtained
by changing the correlation which shifts the vertex of the underlying parabola. The initial
volatility surface must of course satisfy this equation, which gives useful information about
how w; varies with y near the boundary z = 0 (remember also that wu; (0,y) can depend on

Y)-
4. SOME PROPERTIES OF SOLUTIONS

Let (Q,F,(F),P) be a filtered probability space with the filtration satisfying the usual
conditions. We assume that this space carries a two-dimensional Wiener process (W;) =

(Wt(l), t(2)). In this section we will consider the equation

d¢e = G (|Ut|2 - 9tu,§1)> dt + 2GuydW; — (|‘9t + yut|2 + %‘9?) dt

0 (e e 1
t 1), 22
oy dt + 6, 2y aw,”’ + 4@ dt, (4.1)

G | 1,,9°G
+ Ox + 29t Oy? + 26

where 02 = 9,,(0,0),

Co(xvy) = f(xvy)v and Ct((),y) =0.

This equation has a solution only if the process (u;) = (ugl),u?)) is chosen in a special

way. We will start with a simpler problem. Namely, we will study equation (4.1) without the
boundary condition (¢(0,y) = 0 and with the process (u;) given in advance and such that
Hypothesis 4.1. The process (uy) = (ui(x,y)) is adapted for each (x,y), continuous in

(t,x,y)). Moreover, we assume that the process 8yut1)(x,y) is well defined and continuous in
(t,z,y).
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By a local solution to (4.1) we mean a process {(;(z,y) : © > 0,y € R} and a stopping time
7 such that the following holds.

1. The process ((¢(x,y)) is continuous in (¢, z,y) € [0,7) X Ry x R.

2. For each t < 7 the function (;(-,-) € C1? (Ry x R) and the processes

9 a¢? 9¢s
5 &) ayQ(:v,y) and ay(w,y)

are continuous in s < 7 for each (z,y) € Ry x R.
3. For each f € C12(Ry x R) and (z,y) € Ry x R we have for t < 7

t t t
G=f+ / (s Gcs + Jus |? —esugU) ds + / 0,0, CedW D) + / 2t dW
0 0 0

t 1 t 1
+/O (azgs + 50207C, + 26,0, (gsugl))) ds — /0 (108 + yugl? + 503) ds,

where the dependence on (z,y) is suppressed, wherever possible.

Theorem 4.2. Assume Hypothesis 4.1. Then for each f € CY2(Ry x R) there exists a
unique local solution to (4.1).

Lemma 4.3. Assume Hypothesis 4.1. Let

t
M, = / 0sdW M,

0
and
t t
N;(:Cay):2/ u:(m—f—t—r,y—Mr)dWr—/ |ur(x+t_r’y_5r)|2dr
tr1
+/ (ZQ(:c+t—r,y—Mr)—9ru£1)(x+t—r,y—Mr)>dr.
Then
Gz, y) = X¢ (z,y + My) ,
where

t 1
Xy(z,y) = M@ f(t 4 2, y) — / eNe(@y) (\03 +(y—Ss)us (x+t— s,y — Ss)* + 503) .
0
FEzxercise 4.4. In the Bachelier Model denote
t t
Ny = / 2udWs — / |ug|? ds.
0 0
Show that the process ¢ if exists, must satisfy an integral equation
T
& = eNtf(T, K)— eVt / e Ns |0s — (K — Ss)us|2ds,
t
and therefore the feedback condition takes the form

T
J(TK) = / N 16, — (K — S4)uy [ ds.
0
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Finally, show that the process (&) exists for all times provided the process (u;) is locally
bounded in t,T, K > 0,

Proposition 4.5. Assume Hypothesis 4.1. Moreover, assume that the process (ui) is chosen
in such a way that (;(0,y) =0 for allt < T and y € R. Then the unique local solution ((;) is
strictly positive: for each x >0, y € R and t < 7 we have ((x,y) > 0.

Proof. Let (¢;) be a local solution to (4.1) and let
s, = 0,5, awV, t<r.
It follows from Section 3 that for ¢t < 7

Ct(t, II,') = ft (t +x, eySt) s
and therefore it is enough to show that (7T, K) > 0 for t < 7. Let

t t 1
Li=L(T,K) = / 2urdW, — / (<1 — ng> ug|® + esugU) ds.
0 0

Then
T K2
&(T,K) :eLtf(T,K)—eLt/ e Ls 93—|—usln5— ds.
0 s
Since &7 (T, K) = 0 we find that
t K 2 T K 2
f(T,K)—/eLS 05 + ugln — ds:/ e Lo |0, + ugIn —| ds.
0 S . S
Hence
T K12
&(T,K) = eLi/ e e ls |0y + ugln —| ds > 0,
¢ Ss
for all t < 7. O

5. TOYy MODEL

Start with the ¢-formulation in the Bachelier model (see Exercises 1.1 and 3.1), and assume
the volvol u; is stochastic but independent of both x and y:

¢y = Gy |ugl® dt — 10, + yue|? dt + 0,0, AWV + 2¢urd W, (5.1)
1
+ | 9aGe + 5070, + 26,9, (gtu,ﬁnﬂ dt,
Co(z,y) = f(z,y), (initial condition)

0:C (0,y) = [0 + yut]2. (feedback)

If the initial implied volatility surface {y (z,y) = f (x,y) is quadratic in y then clearly (; (z,y)
will remain quadratic in y because all terms in the SDE and both initial and feedback condi-
tions appearing in (5.1) are linear in ¢ or quadratic in y.

So suppose the initial implied volatility surface is given by

—2\x
2 2 _(1_6 ) 2
mn = Uo(fﬂ,y)—iﬂx 100 + yuol”,
1 — X
or G = Glay)=flay) =g (1) 1o+ yuol
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For values of 6y around 20%, ug between 20% and 40% and A about .2, such initial surfaces
are semi-believable. Setting

t t t
Mt = / thWt(l), Nt = / QUZdWS - / ‘uS‘Q d87
0 0 0

a solution to (5.1) for all z > 0 and y € R is

t
G(z,y) =N f (t+a,y + M) — e / e N0, + (y + My — M) ug*ds.  (5.2)
0

Differentiating with respect to x
0 0 _
aQ(fﬂay) = eNta—mf (t+,y + M) = eNe 220 160+ (y + My) ol
and so the feedback condition at x = 0 gives
0

%Q(O,y) = 0; + yue|* = 7200 + (y + M) uol?,

or
2 (1) 2 3 r2
9 1), 2, 2 _ Ny—2x (90 + 200ug Mg + |ug| Mt)
O+ 2ybru -yl = e W) 4 oy 2 2 2
+2y (90% + [uo Mt) + y* |uo|

Comparing coeflicients of powers of y yields

1
ug] = exNe M gl (5.3)
Ht = Q%Nt_kt ‘(90 + Mt’U,Q‘ s
(1) 2 )
|60 + Myuo|

Ly t ! (1)
ezt = & (/ u:dWs> s Mt == / Qtth .
0 0

Re-expressing the equation for |u| as

t
lug| = |uol& (/ [ugdWy — )\dt]) ,
0

dluy| = |ug| [uzdWs — Adt],
and introducing the new Brownian motion Wt = g u:‘,;m‘/s’ gives

= —
d|ut| = |Ut| |:|Ut| th — )\dt} = |Ut|2 |:th — mdt:| s
t

which in turn, after applying Girsanov (th = dW, — A dt), has form

[
d Jug| = |ue]® AW,

which does not explode in finite time.

In this example it is relatively easy to simulate the equations (5.3): simply increment the

processes M; and Ny, calculate the values of 0; and u; = (ugl),ugz))* from the feedback

equations, and increment again.
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6. APPLICATION TO BGM

To apply the above results to interest rates, first focus on what will be martingales and
under what measures in a stochastic volatility version of BGM. As mentioned in the intro-
duction, from [1] the Libor forward rates L (t,T) must be positive martingales under Pz, and
can be taken to satisfy SDEs like

dL (t,T

T =0 D)W, (1),
where the 0; (T') are stochastic. We emphasise that here the maturity dependent volatilities
0, (T) are vectors, unlike the spot volatility 6; used for stocks above.

The Black convention for quoting cap prices in the presence of a volatility smile or skew
is similar to that for stocks. The volatility in the Black cap formula, which adds component
caplet values, is adjusted to produce the correct price. To analyse further, return to the
standard lognormal BGM model in which 6, (T") is deterministic. The present value Cpl, (T")
of a caplet struck at k, maturing at 7', and paying at 77 = T + ¢ is given by the Black caplet
formula

Cpl, (T) = P((t,Ty) ¢{L(t,T),0¢(T,k),T —t;K}, (6.1)

T
o (T,k) = \/ﬁ/t 0, (T)|? ds.

Suppose we can break the cap skew down into a caplet skew by distributing the cap prices at
different strikes into Black caplet prices in such a way that the corresponding caplet volatility
profile o, (T, k) plotted against T" and k, is reasonably smooth (this step could very well
involve some heroic numerical work). Then (after interpolation, if neccessary) we can assume
that for all maturities 7" we have an initial implied volatility surface oy = o (T, k) which can
be input as a start parameter.

Now suppose, following on from our work on stocks above, that the implied volatilities
oy = o4 (T, k) satisfy SDEs of the form

dUt = ny (T7 R, L (tv T) ) Htv Jt) dt + ot uy (T7 R, L (tv T) 70t)* dWTl (t) )
= mudt + o ufdWry (t)

under the forward measures Pz, and that caplet values are given by (6.1) with oy = o (T, k)
now stochastic. Because the caplets Cpl, (T) are assets, their present values divided by the
numeraire P (t,77) must be martingales under the forward measure Pp,. That is, for all
positive T' and k, the expression

C{L(t,T),0¢(T,K),T —t; K}

must be a martingale under the P7, forward measure. Similarly to (3.3), that leads to the
system

& =6 (T k) =02 (T—t), dL(t,T)=L(tT)6"(t,T)dWy, (1), (6.2)
2

1 1 K *
&, = & { [1 + th} g |? — Oyul )} dt — |6, + u; In AN dt + 26, widWr, (),

& (T,x)=Top (T,k) = f(T,k) specified (initial condition),
&r(T,k) =0 VT (feedback).
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The Libor forward rate volatility ; (T') and the implied volvol u; (T, k) must now be linked
into a feedback loop, otherwise the system (6.2) for L (¢,T") and its derivative caplet volatilities
will be under-specified. Assuming 60; (T") and wu; (T, k) are well defined, a formal solution to
(6.2) is
2

K
05 + Uug (T’ F.',) lnm

S,

t
& (Tk) = eNi(T”“)f(T,n)_eNt(Tw)/ o~ Na(ToR)
0

Ni(T,r) = /0 9wt (T, k) AW, (s) — { [1 - igs (T, m)] g (T, )% + 050l (T, m)} ds.

The feedback condition &7 (T, k) = 0 for all maturities 7" implies

T
f(T,k) = / e N (TR N9 (T) + uy (T, k) In _
0

d d
ACNS s, an

K
0 T k)In ————
7+ ur ( ’K)HL(T,T)

2

Orf (T, k) = e~ N(Tx)

t
/ aTe—NS(T,H)
0

8T§t (T, KJ) = gt (T, KJ) 6TNt (T, /<L)

t
+€N1(T”’“)8T {f (T,k) — / e Ns(T'x)
0

Os + us (T, k) In—"

+ L(s,T)

t=T
which means

K
0s + us (T, k) In ———
+ us ( K)HL(S,T)

2
K — K R
and  [0r& (T, K)),—p = eNT (ToK) {e Nt (T's) Or + ur (T, k) In LT } ,
2
= T k)1
HT—l—uT( ,KV) nL(T,T)
In other words
2
&r (T, k) = 0= [0r& (T, K)]j—p = |07 (T) + ur (T, k) In LT (6.3)

Putting kK = L (T,T) in (6.3) yields the Libor volatility link
07 (T)]* = [0r& (T, L(T,T))l,—p or |6 (t)] = o¢ (t, L (1,1)), (6.4)

which can be extended to include 6; (T').at later maturities using correlation information.
Suppose that from historical data analysis with a standard BGM model, we have constructed
a deterministic vector volatility function ~; (T").which reflects the correlation structure we
would like our model to exhibit. Namely, that the instantaneous correlation at time ¢ between
the T; and T); Libor forward rates is

i (1) v (T5)
[lve (T e (THI

Pt (TZ’ TJ) =
For the forward rate volatility vector try

00 (T) = (T) (6.5)
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where 1), is a scalar stochastic variable free to be determined by feedback (the deterministic
vector 7y (T') is of course already fully specified from the historical data analysis). From (6.4)

_ 0@ _ ot L))

Tl T e
and so
Ot (t, L (t, t))
Moreover
T = 0@ = e an,

d <L (.,T%) aL (.’TJ)>
L(t,T;) L (t,T})

L= 07(T) 0, (Ty) dt = ity (Th) w (1)) dt,

which returns the required instantaneous correlation

07 (T) 0: (T5)
16 ()1 110 ()]

The volvol link for u; (T, k) can be specified in a similar, but somewhat looser, fashion..
The spot volvol u; (¢, k) is largely determined by the feedback condition (6.3), although (as in
the stock case) there is still considerable freedom to engineer its dependence on the strike &,
and its distribution into components. For later maturities, u; (T, k) can be specified in term
of its spot value u; (¢, k) so as to exhibit the same sort of decay with respect to maturity 7'
that is seen in historical data.

Hence the BGM ¢-formulation

& =& (T,K) =02 (T —t) (definition &)
0, (T) =y v (T)  (volatility of forwards)
dL (t,T)=L(t,T)0; (T)dWr, (t) (forward dynamics)
2
e, = & { [1+ 6] jusl® - etup)} dt — # dt + 26, uidWr, (1)
& (T,k) =Toj (T,k) = f(T,k) specified (initial condition)
¢&r(Tyk) =0

078 (T, K)]i—p =

Ht + Uy In

(6.6)

2
feedback).
00 (T) + up (T, 1) In ——— | (feedback)

L(T,T)

7. MARGINAL DISTRIBUTIONS

Let p*(S,T') denote the marginal distribution, so the price C' of a European Call with strike
K and expiry T can be written as

C(K,T) = /OOO max (S — K)p*(S,T)dS.
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Following Breeden and Litzenberger [3] the marginal distribution can be recovered by

C(K,T) = / (S = K)pH(8,T)ds

K
% = —/K p*(S,T)dS
2
%}I((Q’T) = p"(K,T).
7.1. Bachelier Model. In the Bachelier model
C(o,K,t,T) = o/(T — t)®(h) (7.1)
where
b= S—K
oT —t

B(u) = / " N(u)du = 2N(z) + N'(z),
—00
and N is the standard normal cumulative density function.

If 0 does not depend on the strike K then

0?C N'(h)

K® ~ oyT—1
In our model 0 = o(K,T') depends on the strike K (and other variables). Noting that

¢=0*(T-1),

the initial form for o is implied by the initial volatility surface {(z,y) = f(x,y) where z = T'—t
is the maturity and y = K — S is the moneyness.

7.2. Derivatives. To use the Breeden and Litzenberger result we need
0?°C(0(K), K,0,T)

OK?
As K = S +y it does not matter if we differentiate w.r.t y or K. Using ¢ = o2 and
do 1 of
dy — 20Vzdy
&0 ~1 (9f\*, 1 &%
o = e (a) Y
Also
oh -1 y Oo

By~ ovE REdy
Writing C for C(o(K),y,z,T) the Bachelier formula (7.1) eventually gives
oC C +yN(h)\ do
- N AL ANEAR R
0K (k) + ( o dy
d*C N'(h) 2yN'(h) 8o  2N'(h) [0\ [(C+yN(h)\ 8%
oK ) T\ o

OK?2 — oz oz 8_y+ o3\

2
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The marginal distribution implied by the initial volatility surface is then obtained by setting
t=0,s0x=T,and y =K — 5.

7.3. Numerical results. In the simulations the initial volatility surface is given by
1— 672/\:13

flz,y) = )

q(y)
where
q(y) = 03 + 2pbovy + vy,

where v is the volvol, A controls the flattening out as maturity = increases, and p is the
correlation in the quadratic dependence of the surface on moneyness y. Thus initially at
t=20

1 [1—e 2T

o?(K) = T Tﬂg + 2p0v (K — Sp) + v*(K — Sp)?

The Bachelier model was simulated over 5 years using 400 time steps. The parameters in
the initial volatility surface were v = 20%, A = 0.25, 6y = 2% and different values for the
correlation p. Figures 1, 2 and 3 show the initial volatility surface and the empirical (using
100,000 simulations) and analytic marginal distributions at 2.5 and 5 years for p = 0, —0.7,0.5
respectively. The agreement in all cases is remarkable.

APPENDIX A. ITO-VENTTSEL FORMULA

To write down an SDE for n; = n(¢,z,y) we will need a generalization of the Ito-Venttsel
formula as derived in [6] and [8].

Theorem A.1. Let W; be multi-dimensional Brownian motion. Suppose F (t,u) is twice
differentiable with respect to the parameter u and satisfies the SDE

dF (t,u) = A(t,u)dt + B* (t,u) dW;.
If uy satisfies the SDE
duy = C (t,uy) dt + D™ (t,ug) dWr,
then an SDE for F (t,uy) is
dF (t,ut) = A(t,us) dt + B* (¢, ur) dWy

%) 102
+ %F (t,up) dug + 5002

0
+ %B* (t, ut) D (t, ut) dt.

F (t,ur) | D (t,ug)|* di
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Initial volatiltiy surface, v = 20%, p = -0.7, A = 0.25
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