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1 Introduction
Ramanujan [17] made the conjectures that
p(bn+4) =0 (mod 5), p(7n+5)=0 (mod 7) and p(11n+6) =0 (mod 11),

where p(n) denotes the number of partitions of n (see [7], Chapter 19). He gave
(loc. cit.) simple proofs of the mod 5 and mod 7 congruences, and these proofs
are reproduced in [7]. They involve showing that if the a,(n) are defined by

(@ = Y ar(n)g”, where (g)oe = [[(1 /),

n>0 Jj=1

then

as(5n +4) =0 (mod 5),
and

ag(7n+5) =0 (mod 7).

Winquist [18] much later gave a similar proof of the mod 11 congruence by
showing that
a10(11n+6) =0 (mod 11).

Indeed, much more is true. As we shall see,

(1) as(5n+4) = =5 a (%),

(2) ag(Tn +5) =49 ag (n_;l)
and

(3) aro(11n + 6) = 114 ayo <n1_14> .



In these and all subsequent formulas, n is assumed to be an integer and a,.(m/p)
is taken to be zero whenever m/p is not an integer.

These results can be generalised further. For example, it can be shown that
if p=5 (mod 6) is prime,

() as (pn+p26‘1)=—pa4 (2).

if p=3 (mod 4) is prime,

() (2)

while if p =11 (mod 12) is prime,

5p? — 5 4 n
6 aio (anr ) =p aio (—) .

(1) is simply the case p = 5 of (4); (2) follows from (5) by taking p=7 and re-
placing n with n — 1, while (3) follows from (6) by taking p = 11 and replacing
n with n — 4.

Newman [13] generalised equations (4) — (6) and proved the following result.

Theorem (Newman) Suppose that r is one of the numbers 2, 4, 6, 8, 10, 14, 26.
Let p be a prime > 3 such that r(p+1) =0 (mod 24). Let A = (p*> —1)/24,
and define a,(a) = 0 if a is not a non-negative integer. Then

ar(np+ TA) = (_p)(T/Q)_lar (%) .

Furthermore, there are no other values of v for which the theorem is true.
Newman'’s proof of this theorem uses the theory of elliptic modular functions.

The purposes of this paper are as follows. First, we give an explicit, elementary
proof of Newman’s theorem for all cases except = 26. Our proofs are explicit in
the sense that they utilise explicit series expansions for certain infinite products
which arise from Macdonald identities of ranks 1 and 2. They are elementary in
that they avoid the theory of elliptic modular functions. Our proof also shows
that more is true than Newman claimed for the cases » = 2,10 and 14, and we
also obtain results for » = 1 and 3. We have not been able to use our methods
to prove the case r = 26.

Second, we obtain new results for infinite products of the types (q)%,(q¢?)3

oo oo



(q)7.(¢)3, and (q)% (g*)3, for various integers r and s. These results arise out

of considering all of the Macdonald identities of ranks 1 and 2. Results for anal-
ogous infinite products arising from Macdonald identities of ranks higher than
2 appear not to exist.

Newman [14, 15] also considered products of the form (q)”_(¢?)3,, although his
results are different. There has also been work on classifying eta-products whose
Fourier coefficients are multiplicative. See, for example, [2], [4, pp. 77-85], [5],
[6], [11] and [12]; some of these eta products arise in Conway and Norton’s [1]
“monstrous moonshine”.

We conclude with a list of conjectures that were suggested by computer search.

2 Statement of Results

Define the ceiling function by

[z] = min k

where the minimum is taken over all integers k.
Theorem 1. Suppose r is an integer and p is prime. Let A = (p* —1)/24, let

j=1[r/2] —1 and let ()5, = Z a(n)q™. Then the coefficients a(n) satisfy
n>0

alpn +rA) = epla (ﬁ>
p

for the following values of r,p and e:

e}

rop
1 ifp=lorll (mod12),
L p>3 ~1 ifp=5o0r7 (mod 12)
1 ifp=Torll (mod 12),
—1 ifp=5 (mod 12)

1 ifp=1 (mod4),

2 p=5,Torll (mod 12)

3 p>2 -1 ifp=3 (mod4)
4 p=5 (mod 6) -1
6 p=3 (mod4) 1
8 p=2 (mod 3) -1
10 p=T7orll (mod 12) 1

. 1 if p=11 (mod 12),
14 p=5 (mod6) { -1 ifp=5 (r(nod 12))



Theorem 2. Suppose r and s are integers and p is prime. Let A = (p? —1)/24,
let j = [(r+5)/2] — 1 and let (¢)"(¢°)% = Z a(n)q™. Then the coefficients

n>0
a(n) satisfy

alpn + (r + 25)A) = epa <g>

for the following values of r, s, p and e:

(r,s) p
_ 1 ifp=5or7 (mod38)
(L1) p=3,50r7 (mod8) -1 ifp=3 (mod )
(2,2) p=3 (mod 4) 1
(3,3) p=5or7 (mod8)
_ 1 ifp=7 (mod38)
(5,5) p=3 (mod 4) -1 ifp=3 (mod )
(4,2), (2,4) p=T7orll (mod 12)
_ 1 ifp=130or19 (mod 24)
(3,1), (1,3) p=13,17,190r 23 (mod 24) 1 ifp=170r23 (mod 24)
_ 1 ifp=13or 23 (mod 24)
(5,1), (1,5) p=13,17,19 or 23 (mod 24) 1 ifp=170r19 (mod 24)
(25_1)5 (_152) p>2
if p=13 or 23 (mod 24)

(3,-1), (-1,3) p=13,17,19 or 23 (mod 24) if p=17 or 19

(
b5 mod
B ifp=5 (mod 8
p=b5or7 (mod ) ifp=7 (mod 8)
p=3 (mod 4)

(5,-1), (=1,5)
(4,-2), (=2,4)
(5,-2), (-2,5) p>3
(6,-2), (=2,6)
(8,-2), (=2,8)

—_

ifp=1 (mod 6)
ifp=5 (mod 6)

|
—_

p=Torll (mod 12)
p=5 (mod 6)

—_
—_

ifp=11 (mod 12)
ifp=5 (mod 12)
ifp=130r19 (mod 24)

=
—_

(7,-3), (-3,7) p=13,17,19 0r 23 (mod 24)

-1 ifp=17o0r23 (mod 24)
_ 1 ifp=7 (mod38)
(9,-3), (-3,9) p=3 (mod4) “1 ifp=3 (mod 8)
(10,—4), (—4,10) p=T7or 11l (mod 12)
(14,—4), (—4,14) p=3 (mod 4)
(11,-5), (=5,11) p=Tor1l (mod 12) L ifp=T7 (mods8)

— A | — AP AR A A0
=1 =
— —

-1 ifp=3 (mod8)

Theorem 3. Suppose r and s are integers and p is prime. Let A = (p? —1)/24,
let j = [(r+5)/2] — 1 and let (¢)"(¢*)% = Z a(n)q"™. Then the coefficients

n>0



a(n) satisfy
a(pn + (r +3s)A) = epla (%)

for the following values of 7, s, p and e:

(r,s) »p €
(1,1) p=5 (mod 6) 1
(3,3) p=5 (mod 6) 1
(7,7 p=5 (mod 6) 1 .
(3,1), (1,3) p=Torll (mod 12) { ' gg _ L (r(nn(igdlg)

Theorem 4. Suppose r and s are integers and p is prime. Let A = (p? —1)/24,
let j = [(r+5)/2] — 1 and let (¢)7%(¢")3 = Z a(n)q™. Then the coefficients

n>0
a(n) satisfy

alpn + (r + 4s)A) = epa <g>

for the following values of 7, s, p and e:

(r,s) p €

(1,1) p=T7orll (mod12) 1

(2,2) p=Torll (mod12) -1

(3,3) p=3 (mod4) 1

(3,1), (1,3) p=5 (mod 6) -1
(5,-1), (-1,5) p=5 (mod 6) -1

3 Proofs

The following specialisations of Macdonald identities, listed in the appendix of
[10], will be used. Each formula below is stated together with its associated
root system. Thus, for example, the first formula is Macdonald’s specialisation
(c) for the root system BC}.



fi(@) = (@) = 3 (—1)(@-D/6g(a>~1)/24

2
fi(d) = (%)@ = Yoo gt
a=1 (mod 4)
2
f5la) = @)%/ ()3 = ST agletua
a=1 (mod 6)
2
fo(q) == (¢%)3./(9)% = Z (—1)2 " Lage®—D/3
a=1 (mod 3)
1 - .
fr(q) = (Q)c8>o = 5 Z (a+ B)(2a — B)(28 — a)q(o‘ af+B2-1)/3
a=1 (mod 3)
B=1 (mod 3)
fs(@) = (@)X _ S aBla® - B)glet I
a=2 (mod 6)
1[351 (mod 6)
H@) = @%@ = 57 3 aflat - g
a=3 (mod 8)
g B=1 (mod 8)
fr0(q) = (@2/ (s = 3 Z af(a? — B7)qe’+0°~10)/40
a=3 (mod 10)
B=1 (mod 10)
1
M@ =@ = ¢ Y D) - )T Is
a=2 (mod 5)
B=1 (mod 5)

- Z af(a+ B)(a—F)(2a+ B)(a+ 25)q(&2+a6+62—21)/3s

4 (mod 12)
1 (mod 12)

(@5 (@*)%
= — Y apla+B)a-B)20+f)(a+28)q@ T D0

Formulas for fi,---, f4 are classical consequences of the Jacobi triple product
identity. Formulas for f; and fs are consequences of the quintuple product
identity, and are stated explicitly by Ramanujan [16] and Macdonald [10]. As
noted by Dyson [3], the identity for f7 goes back to Klein and Fricke [9, p. 373].
The series for fs is originally due to Winquist [18]; also see [8]. The one for fi2
is due to Atkin (unpublished), and Dyson [3, p. 651] gives Atkin’s formula for
some of the coefficients ass(n) in the expansion of (q)28.

BC(c)
Ax
Bi(c)
Bi(b)
BC)(a)

BCy(d)

B2 (a)

B3 (a)

BCQ (a)

BC5(d)

G



All of Theorems 1 — 4 may be proved either by appealing directly to one of the
specialisations of Macdonald’s identities above, or by combining two of the sin-
gle series identities fi,- - -, f¢. The following four proofs illustrate our procedure
in detail. The proof of the case r =2, p =5 (mod 12) of Theorem 1 is more
complicated than the others, so is given at the end of this section.

Proof of Theorem 1 in the case r = 1.

We have .
(@ = fil) = D (=D D/Eglermb2,
a=1 (mod 6)
Thus
a(n) = Z (—1)@=1/6 = Z (—1)(a=1)/6,
a=1 (mod 6) a=1 (mod 6)
(a?—1)/24=n a?=24n+1
Therefore
Pl (a=1)/6
a(pn—l—A):a(pn—i— 51 ): Z (-1) .
a=1 (mod 6)
a?=24pn+p?

The condition o = 24pn +p? implies o> =0 (mod p) andso « =0 (mod p).

Let
Nt ifp=1 (mod 6)
1 -1 ifp=-1 (mod 6)

Let a = Apa/. Then o is an integer. Also, o/ = 1 (mod 6) since A\p = 1
(mod 6) and =1 (mod 6).
Next, modulo 2,

a—1 Apa’ — 1

6 6

o =1 (Ap—1D
6 + 6

o —1 p—A
6 %
o -1 p—2A , p—A
o T Tl

-1 - A
LA

6 6

Oé,

Furthermore, the condition a? = 24pn + p? becomes o’ 2 = 24n /p+ 1. Therefore

p-1 (a=1)/6
_ 1\ (a—
o(m+Bt) = X
a=1 (mod 6)
a?=24pn+p?




= (=1)N/6 Z (—1)’=1/6

a’=1 (mod 6)
a'2:24n/p+1

_(C1)eNs, (g)
)

1 ifp=1lorll (mod 12)
‘71 -1 ifp=5o0r7 (mod 12).

This completes the proof of Theorem 1 in the case r = 1.

where

Proof of Theorem 1 in the case r =4

We have
2 2
(@3 = (@)oe (@) = f1(a) f2(a) = > (—1)l@m /6 ggler 8 —4)/24,
a=1 (mod 6), =1 (mod 4)

Thus
a(n) = Z (_1)((171)/65: Z (_1)((1—1)/65.

a=1 (mod 6), =1 (mod 4) a=1 (mod 6), B=1 (mod 4)

(a?438%—-4)/24=n a?+438%=24n+4
Therefore
p-1 (a-1)/6
a(pn +4A) =a <pn+ 5 ) = > (1) B.

a=1 (mod 6), B=1 (mod 4)
a?+362=24pn+4p>

The condition o? + 3% = 24pn + 4p? implies a? +33? =0 (mod p). Since

=3 = —1 [7, Theorem 96], this implies o, § = 0 (modp). If p =5
p
(mod 12), let « = —pa’, B = pf’, while if p = 11  (mod 12), let o = —pa’,
B = —p@. Then o, 3 are integers and &/ =1 (mod 6), §' = (mod 4).
Ifp=5 (mod 12) then, modulo 2,

a—lz—po/—lzo/—l o/p+1:0/_1_|_0/:a/_1

6 6 6 6 6

and /
(_1)(&—1)/65 — _(_1)(a _1)/6296/,

while if p =11 (mod 12),

a—1 —po/ =1 o -1 2+l o =1
= = -« =
6 6 6 6 6




and once again,

(_1)((y—1)/6ﬁ — _(_1)(0/_1)/62761-

Furthermore, the condition a?+36% = 24pn—+4p? becomes 0/2—1—36’2 = 24n/p+
4. Therefore

Pl (a-1)/6
— a—
o(m+T5) - ) (—1)@D/5g
a=1 (mod 6), =1 (mod 4)
a?+3B%=24pn+4p?

= —p Z (_1)(a’71)/6ﬂ/

a’=1 (mod 6), 8'=1 (mod 4)
a'?+38'%=24n/p+4

(3)

This completes the proof of the case r = 4 of Theorem 1.

Proof of Theorem 1 in the case r = 8§
We have

(@5 = fr(a) = % S (2a-B)20 - a)(a+B)gl> s,

a,f=1 (mod 3)

Therefore ]
a(n) = 5 Z (2a— 6)(28 — a)(a+ )
a,8=1 (mod 3)
a27aﬁ+ﬁ2:3n+1
and so

21 1

a(pn+8A)=a<pn+p 3 ) =3 Z (20— B)(26 — a)(a + B).
a,f=1 (mod 3)

a®—af+B°=3pn+p”

Consider first the case p = 2. The right hand side of a? — a8 + 3% = 3pn + p? is
even, and this implies « and § are both even. Let o = —2a/, 8 = —23’. Then

o and @ are integers, o/, 3 = (mod 3) and o —o/B +p% = 3n/2+ 1.
Therefore
o 1 / / / / ’ /
a@n+1) = 3 > —8(2a/ — ) (26’ — /) (! 4+ ')

o’,'=1 (mod 3)
0/2—0/[3/-}-[3/2:3”/2-‘1-1

a(3).

Now consider the case p = 2 (mod 3), p > 2, p prime. The equation a* —
af + 32 = 3pn + p? is equivalent to (a + ) + 3(a — 8)? = 12pn + 4p? and so



(a+B)2+3(a—B)2=0 (mod p). Since <?> = —1, [7, Theorem 96] this
impliess«+ 3 =0 (mod p) and a — =0 (mod p). Consequently a, 5 =0

(mod p). Let @« = —pa’, 3 = —pB’. Then o, B are integers, o/, f =1
(mod 3) and o’> — o/ 4+ #'° = 3n/p + 1. Therefore
p2 —1 1 3 / / / / / /
omtP52) = 5 X P -0 )+
o’,8'=1 (mod 3)
a'zfa'ﬁ'Jrﬁ'z:?m/erl

- ()

Combining the two cases, we see that if p=2 (mod 3) is prime, then

21
3 D

This completes the proof of Theorem 1 in the case r = 8.

Proof of Theorem 2 in the case (r,s) = (1,5)
We have

2\5 0 2 2
@)% = %= = @i = X ap(-1) g
1oo a=1 (mod 4)
B=1 (mod 3)
Thus
a(n) = > af(—1)"71
a=1 (mod 4), B=1 (mod 3)
3a2488%=24n+11
Therefore
11p% - 11 a1
alpn +11A) =a (pn + T) = Z afB(—1)P~".

a=1 (mod 4), =1 (mod 3)
3a2488%=24pn+11p?

The condition 3a? + 83% = 24pn + 11p? implies 3o + 842 = 0 (mod p),
therefore 602 + (43)2 =0 (mod p). By [7, Theorems 85, 93 and 96|, we have

=6\ _(2\(=3\_ [ 1 ifp=1,5Torll (mod24)
p ) \p)\p )" -1 iftp=13,17,19 0r 23 (mod 24).

Therefore p = 13,17,19 or 23 (mod 24) implies &« = 0 (mod p) and 45 =0
(mod p), and consequently 5 =0 (mod p). Let

[ po/ ifp=1 (mod4) 5= pf ifp=1 (mod 6)
T\ —pd ifp=-—1 (mod 4) "7 | —pB ifp=-1 (mod 6)

10



Then o/ =1 (mod 4), /=1 (mod 6) and 30 +837% = 24n/p 4+ 11. Fur-
thermore 3= 3 (mod 2), so aB(—1)?~! = ep?a/ ' (=1)? ~1, where

|1 ifp=13o0r23 (mod 24)
‘T -1 ifp=170r19 (mod 24)

Therefore
11p2—11 o ' o g-1_ o n
a<pn+T)ep / Z o' B (-1) =epa o)

a’=1 (mod 4), 8'=1 (mod 3)
3a’2488'2=24n/p+11

This completes the proof of the case (r,s) = (1,5) of Theorem 2.

Proof of Theorem 1 in the case r = 2

We have
@%=hla= 3 (c)lreRegete,
a, =1 (mod 6)
thus
(7 am= Y (e

a, =1 (mod 6)
a?4+B8%2=24n+2

and therefore

21
a(pn +2A) =a (pn + 2 ) = Z (—1)(@tB=2/6,

12
a, =1 (mod 6)
a?4B3%=24pn+2p?

The condition a2 + 32 = 24pn + 2p? implies a? + 32 =0 (mod p).

Case 1 )

If p=7or 11 (mod 12), then (_—) = —1 [7, Theorem 82]. Consequently,
p

a, 3 =0 (modp). If p =7 (mod12), let a« = pa/, f = pp’, while if

p =11 (mod 12), let « = —pa/, 3 = —pfB’. Then o and (' are integers,

o, f'=1 (mod6)and (—1)@+F=2)/6 — (_1)(@'+6'=2)/6 " Furthermore, the

condition a? + 3% = 24pn + 2p? becomes o+ p? = 24n/p + 2. Therefore

p’—1 (a+8-2)/6
= _104 -
) -y

a, =1 (mod 6)
a®+B°=24pn+2p>

= Z (—1)@+6"=2)/6

o', B'=1 (mod 6)
o' 43?2 =24n/p+2

<)

11




Case 2 )
Ifp=5 (mod 12), then <_—> = +1, and the condition a?+ 3% =0 (mod p)
p

does not imply o, 5 =0 (mod p). Therefore a different method is required.
Case 2 is a corollary of the following Lemma.

Lemma Suppose p = 5 (mod 12) is prime, let Ay = (p?* — 1)/24, and let
()% = Z a(n)q™. Then the coefficients a(n) satisfy
n>0
(i) a(p**n +2A1) = (=1)*a(n) if12n+120 (mod p),
(ii) a(p*'n +2A,41) =0 if nZ0 (mod p).

Theorem (Case 2) With p =5 (mod 12), A = A; = b

> a(n)g",

n>0

p

alpn + 2A) = —a (ﬁ> .

Proof of Theorem

If p Jn then by part (ii) of the Lemma, a(pn +2A) =0= —a <ﬁ>
p
If p|n, we can write n = pn’. We are then trying to show

a(p®n’ +2A) = —a(n)).

We can write 12n’ +1 = p"m with m 20 (mod p) for some r > 0.
Suppose r = 2k. Then m =1 (mod 12) and

a(p®n’ +2A) = a( (

=)
- (=)
(o)
(el
= (-1 <m121>

) = o(Em)

12

+ 2A>

-1
S22
p2k+2 )

+ 2Ak+1>

[\
_|_

l\D

while



On the other hand, if » = 2k + 1 then m =p (mod 12) and

2k+1 2
p m—1 p°—1
a(an’ t24) = a (p2 ( 12 ) * 12 )

s m—p +p2k+4_1
12 12
— o pts m-p 20440
12
=0
PRl 1
alf———"— -
12
- p2k+1 m-—-p +p2k+2_1
12 12
m—
= a (P%H <—12 p> + 2Ak+1>

= 0.

and

S
—~

3\
~

I

This completes the proof of the Theorem.

Proof of Lemma

We have
a(n) = > (—1)lertea=2)/6,

ai1=1, a2=1 (mod 6)
(a3 +a3—2)/24=n

Now let the Gaussian integer o be defined by o = aq + iag and let N(a) =
a2 + a3 = aa, tr(a) = a; + ag and g(a) = (—1)t(@)=2)/6,

Then
a(n) = Z e(a).
a=1+4: (mod 6)
N(o)=24n+2
Also,
a(p®n 4+ 2A}) = Z e(a)

a=1+:¢ (mod 6)
N(e)=p**(24n+2)

13



since

24(p%n + 20,) + 2 = 24(p*n + L

So now we must consider the equation
N(a) = p**(24n + 2),
or,
aa = p*F(24n + 2).
Now it can be shown that p =5 (mod 12) can be uniquely factored
pP=TT
with 7 =14 2¢ (mod 6).
Thus we have to consider
aa = p*F(24n + 2) = 7**7%k (24n + 2)

with 12n+1 £ 0 (mod p). There are just three possibilities, since factorisation
is (essentially) unique in Z[i]. They are: both 7 and 7|, T fa and 7 J a.

In the first case, p|a, so write « = —pa’. Then o/ =1+1i (mod 6), N(¢/) =
p?*=2(24n + 2) and £(a) = (o).

In the second, we have 72¥|a, so write

a = —itldy, o) = —ir?al, - ah_, = —iTd .
Then o}, af, --- ,a;_,, &’ =147 (mod 6), N(o) =24n+ 2,7 fo' and
(@) = —e(a)) = - = (=1)fe(a).

Note that since 12n4+1# 0 (mod p), the restriction T J o’ is superfluous.
Similarly in the third case, 72*|a, so write

a =7, o) =iTah, - a)_, =7l
Then of, of, -+ ,a)_;, @’ =1+4 (mod6), N(¢/) =24n+2, 7w fo/, again
superfluous, and
e(a) = —e(ay) = - = (=D)e(a).

Thus we have

a(p®n 4+ 2A})

D el@)+ ) e(@)+ > ela)

pla T fo 7 fou
= Z e(a) +2(=1)F Z e(a)
a’=1+i (mod 6) a’=1+i (mod 6)
N(a')=p**~2(24n+2) N(a')=24n+2

= a(** Vn+2A,_ 1) +2(=1)ka(n).

14



It now follows by induction on k that a(p®*n + 2Ax) = (—=1)*a(n).

A similar argument shows that if n 20 (mod p),
a(P?in + 20511) = a(P?*F V0 £ 2A,) + (=D)Fa(pn + 24),
and hence by induction on k,

L+ (=1

a(P*tn + 20, 41) = ( 5

) a(pn + 2A).

Now,

a(pn + 2A) = Z g(a)
a=1+i (mod 6)
N(a)=p(24n+2p)

p’-1

12

since 24(pn + 2A) + 2 = 24(pn +

we need to consider

) + 2 = 24pn + 2p* = p(24n + 2p). So

N(a) = p(24n + 2p),

or,
aa = p(24n + 2p).

If n 2 0 (mod p) then w|a or T|a, but not both. In the first case, write

a = md/, in the second o = —ima/. In either case, &/ = 3+1i¢ (mod 6) and
N(/) = 24n + 2p.
So
a(lpn 4+ 2A) = Z e(a) + Z e(a)
| |
= > emd)+ Y e(—imd)
a’=3+i (mod 6) a’=3+i (mod 6)
N(a')=24n+2p N(a')=24n+2p
= 0.

(To see this, consider o/ = a + ib in both sums.) This completes the proof of
the lemma.

Much the same argument as the one given here, with the ring Z[v/—2] (also

a unique factorisation domain) in place of Z[i], may be used to prove the case
r=s=1,p=3 (mod 8) of theorem 2.

4 Remaining Proofs

The remaining cases of Theorems 1 — 4 can be proved in a similar fashion to
the previous section, using f1, - -, fi3 and various combinations of f1,-- -, fg as
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For Theorem 1, use
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For Theorem 3, use



For Theorem 4, use

(@)oo (@M)oe = frla)f1(q")

(@22 = fi(d*)fe(—q)

(@33 = faq)f2(q")
(0% (@) = fild)f2(0) (D@D = fi(9)fa(q?)
(0% /(@Yo = [3(®)fs(0) (%)@ = [fa(a)fs(q?)

5 Conjectures

The following conjectures were suggested by computer search.

Conjecture 1. Theorem 2 holds for the following additional values of r, s, p
and €:

(rs) p €
(9,9) p=7 (mod ) 1
B 1 ifp=7 (mod8)
(7,3), (3,7 p=Torll (mod 12) { 1 ifp=3 (mod 8)
(7,1, (1,7) p=31 -1
B 1 ifp=7 (mod 24)
(3,-1), (-1,3) p=Torll (mod 24) 1 ifp=11 (mod 24)
(7.-1), (-1,7) p=Torll (mod 12) 1_1 gg i; Eﬁgj 2;
(13,-5), (=5,13) p=31 ~1
(15,-5), (=5,15) p=19 or 23 (mod 24) { 1_1 iii i ?g Eigg ;2
(16,—6), (—6,16) p=11 (mod 12) 1
(17,=7), (=7,17) p=7 (mod 8) 1
(18,-8), (—8,18) p=11 (mod 12) 1
B 1 ifp=23 (mod 24)
(19,9), (=9,19) p=190r 23 (mod 24) { 1 ifp=19 (mod 24)
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Conjecture 2. Theorem 3 holds for the following additional values of v, s, p
and €:

(r,s) p €
(2,2) p=5 (mod 6) -1 ‘
(5,3), (3,5) p=5 (mod 6) { 1_1 gzii (rglncigdlg)
(3,-1), (-1,3) p=5 (mod 6) 1 .
0, (1) p=s mede) {1 PR G
(9,-1), (-1,9) p=11 (mod 12) -1
(10,-2), (=2,10) p=5 (mod 6) -1
(11,-3), (=3,11) p=11 (mod 12) -1

Conjecture 3. Theorem 4 holds for the following additional values of v, s, p
and €:

(’I“, S) p €
(5,5) p=19o0r 23 (mod 24) 1
(7,-1), (-1,7) p=7 (mod 8) 1

Remark. Since this paper was written, Robin Chapman has proved the cases
(r,s) =(3,—1) and (r,s) = (—1,3) of Conjecture 1.

This investigation was partially supported by a grant to the second author
from the ARC.
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