A PROBLEM IN DYNAMICS

MICHAEL D. HIRSCHHORN

1. The problem
Three masses, m1, mso, mg are placed in line on a smooth horizontal surface. Initially,
m1 and mg are at rest, and ms is moving towards mgs with speed v. Assuming elastic
collisions between masses, determine the final velocities of the three masses.
This problem was posed in a first-year Physics course at UNSW, and the students were

asked to consider the case in which mj, mg >> ms. The given solution,

mamg mime

v = vy ———————, —_—
' my(my + ms) mg(my + ms3)

was unsatisfactory to me, particularly because it was counter-intuitive that we should have
ve = v3. So it seemed desirable to solve the general problem exactly, and that is what I

have done.

2. The solution
Let (v1)n, (v2)n, (vs)n be the velocities of the masses mq, ma, mg after n collisions,
and let

Vi = (UQ )n
(v3)n
Then
0
Vo = (%
0
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change, and the changes are governed by

of energy.

From the odd-numbered collisions (those between mg and ms) (v1)2n+1, (V2)2n+1, (V3)2n+1

are determined by
(U1)2n+1
m2(v2)2n+1 + m3(v3)ant1

m2(v2)3, 41 + M3(vs)3, 11

It follows that

(v2)2n41 + (v2)2n =

(Ul)Qm

ma(v2)an + M3 (v3)2n,

ma(v2)3, + ms3(v3)3,.-

(v3)2n+1 + (V3)2n,

mz m3 (U2)2n+1 _ (M2 M3 (Uz)zn
1 -1 (v3)2n+1 -1 1 (v3)2n
and
mo — M3 2m3
(v2)2nt1 ) _ | mo+ms  ma+ms (v2)2n
(v3)2n+1 2my m3 — ma (v3)an )
mo +m3  mo + ms3
Thus
Vont1 = Rva,
where
1 0 0
mo — M3 2m3
0
R= mg + m3 mo + ms3
0 2m2 _ mo — M3
mo + ms mo + M3

Similarly, from the even-numbered collisions

(those between mg and myq),

Vont2 = Lvant
where
mi — Mo 2m2
mi + mo mi + meo
L= 2ma mi — mso
mi1 + mo m1 + ms
0
Observe that if we write
ms/ma =1, mi/mg =1
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then
0 0 =t 2
r-1 or I+1 I1+1
R = r+1 r+1]|, L= 2_l _l—_l 0
2 r—1 I+ I+1
r+1 r+1 0 o 1

It thus becomes clear from the mathematics (if it was not already so from the physics)

that the behaviour of the velocities depends not on the masses, but on their ratios.
It follows that
van = (LR)"vo,
Vont1 = R(LR)"vq
Now,

-1 2%r—1) Ay

i1  (+)r+1) (+1)(r+1)
A  (I-1)(r—1) 20— 1)r
! )(

I+1  (+1D)(r+1) _(l+1)({+1)
0 i

LR =

r—l—l r+1

The characteristic polynomial of LR is

(A=1) <A2—2<%>>\+1>.

_ _ (l—i—?“—l—l)
SO =TI+ l+1 7~+1 o=\ T e

then the characteristic polynomial of LR becomes

If ¢ is defined by

(A =1)(A% = 2cos 20\ +1).

Thus the eigenvalues of LR are

1, et297,
If p1, p2, p3 are defined by
1 1 r(l+r+1)/1
pi=|1], po=|-(+7) ], Ps= 0

1 1 —Iil+r+1)/r
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then
LRp1 = p1,
LRps = cos2¢ ps2 + sin2¢ ps,
LRps = —sin2¢ ps + cos2¢ ps.
Thus, if P is the matrix whose columns are {p1, p2, p3} and M is the matrix
1 0 0

M= |0 cos2¢ —sin2¢
0 sin2¢ cos2¢

then
LR=PMP .
It follows that
0
Vo, = (LR)"vo = PM"P 'vy = PM"P~ ' | v
0

and

Von41 = Rv2n .

It is clear that we need only the central column of P~!, and that is easily verified to be

/(I +7+1)
“1/(I+r+1)
0

It follows that
0 v/(l+7r+1)
Plvo=P v |=|-v/(l+r+1)
0 0

and
1 0 0
M" =10 cos2n¢ —sin2n¢
0 sin2n¢ cos2n¢

SO
v

I+7+1
v

M"P~ vy = cos 2n¢

ltr+1
v

—— 7 &in?2
l+r+1sm ne
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and
v v r(l+r+1) .
- 2 —————sin2 )
T l_'_r_'_l(cos(nd)—i—) ; sin 2n¢
- I+r)v
w=PM"P vy = v 9
V2 Vo I+r+1 l—|—7"—|—1coS ng

v v (+r+1) .
2n¢ — cos2n9)
l+r+1+l—|—r—|—1< sin 2n¢ — cos 2n¢

If we write
v Mo

l+r+1 :m1+m2+m3

v =

then v is the velocity of the centre of mass of the system (this velocity is constant), and
(1)
l 1
(v1)on =T {1 — (cos 2ne + w sin 2n¢> }

E{l + (I +7)cos 2nq§}

(UQ)Qn

(v3)2n =T {1 + < M sin 2n¢ — cos 2n¢)> }

and from vo, 11 = Rvoy,

(V1)2n41 =T {1 — <cos 2n¢ + w sin 2n¢)> }

o Ir+r?+r—1 2/lr(l+r+1) .
(v2)2n+1 =7 {1 - (7"—1-—1 cos2n¢ — S — sin 2n¢

2l 1 -1 Ji{ 1
(v3)2n+1 —5{14— <%cos2n¢)+ :+1 ( +:+ )sin2n¢>}.

These results can be recast as

—
<
i
~—
[)
3
Il
S

{1 — Mﬂsin@mﬁ—i—e)}

—
<
v
~
)
3
Il

6{1 + (I+7)cos 2n¢)}
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—6{1—1— \/ (+Di+r) 1)74(1—’—7”) sin(2n¢—e’)}
(v1)2n41 —v{l —4/ Mﬂsin@mﬁ—i—e)}

(v2)ont1 = 1 (I + 1) cos (2ng + e")}

(v3)2n+1 v{1+ A/ (l—'—l)rﬂsin@nqﬁ—i—e'")}

where
COS € = (Z+T+1 1116_
N+ (I+r)(r+
(l )r+1)’ l 1)
cos el — l(l+r+1
TN G+ D)1 +7) l—i—r
cose”—lr—’_r +r—1 Sing,,_ lrl+r+1
I+ r)(r+1) (I+7r)(r+1) "
cose” == L[ itr+1) sine” = A+r+l " )
I+ +7)’ r+1 (I+1)(1+7)
and

6= 6= l+r+1
in =
o l+1 r+1 i (+ D +1)

Expansion of cos 2e, sin2e, cos(¢ + €), sin(¢ + €), cos(e + €), sin(e + ¢') shows that

' =2, "=¢p+¢e, p=c+¢.

M,

Thus, the results may be recast solely in terms of €, € as follows.

(2)

If n is even,

_{1 sin((n+ 1)€+ne’)}

(Ul)n - sine
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!/ !/
__{1+cos(e+e)cos(ne+ne)}

sin e sin €’

| sin(ne+ (n - 1)6')}

sin €’

while if n is odd,

~sin (ne + (n— 1)¢) }

sin €

{1 _ cos(e+€)cos((n+1)e+ (n— 1>6,)}

sin e sin €’

sin ((n + 1) + ne')
e }

sin €’

where

T =vtanetane’.
Now define “catch-up” velocities d,, by

don+1 = (V2)2n — (V3)2n, O2nt2 = (V1)2nt1 — (V2)2n+1-

From the formulae (1)

l .
52n+1 = {COS 27’l¢ — m Sin 27’l¢}

I Ght)) cos (2n¢ + €
N Tt (@né +¢)
_ 2)cos((Qn + 1)e+ 2ne’)

COs €

Y

-1 l 1
Oonta = v{r+ ] cos2n¢ — (2l +r+1) WSiHQnd)}
T

_ D +r) m
= mCOS(2TL¢+E )

B Ucos((2n +2)e+ (2n+ 1)¢)

cos €
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Thus
8n = Cpvcos (ne+ (n —1)€)

where
{ sece if n is odd
C, =

sec e’ if n is even.

The number N of collisions is given by
(51,~'~ ,(5]\7 >0, 5N+1 <0,

that is,
cose, -+, cos(Ne+ (N —1)¢') >0, cos((N +1)e+ N¢)
, T 7r

€,

(N—l)(e+e')<g—e, N(e—i—e)zg

N—1<(§—e)/(e—|—e')§N,

T
N=[(5—e/le+e)]
1) 1
{tam [r l+r+ / (+r+ )W
Ir
and the final velocities are given by (2) with n = N.

3. Two numerical examples

If [ = 64, r = 16, then

2 1
€= tan*1(§) ~0.218669, ¢ = tan*l(E) ~ 0.055499

<0,
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1 sin(5e + 4€’)
=37 1——— 7 =~ —-0.04271
(v1)s 81“{ — 0.042718v,
1 ! Ge + 4€
(va)s = —wv 41— COS(H.E)CO.S( crad)l | —0.023981v,
81 sin e sin €

1 sin(6e + 5¢’)
(1)3)5 = gv {1 + T} ~ (0.234872v.

The exact values for the final velocities, calculated from

vs = RLRLRv,
are
(01)s = 177344 (02)s = — 99555 (03)s = 975066
VST 151485 0 V2 T T 4151485 0 2P T 4151485

If I =16, r = 64, then

1 2
€= tan_l(l—g) ~ 0.055499, ¢ = tan_l(g) ~ 0.218669

_ 1
U= Y
1 sin(7e + 6¢)
(1)1)6 g’l} {1 — T} ~ —0208350’0,
1 / /
(va)s = v {1 4 S8 Deose £ 6D | 608790,
81 sin e sin €’
1 sin(6e 4 5¢’)
— 14+ —— 2% ~0. 4v.
(v3)e 81“{ +— } 0.068664v
The exact values are
( ) _ 281112126 ( ) _ 82140335 ( ) _ 92643234
U6 T 7349232625 20 T T 1349232625 270 T 1349232625
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4. Asymptotic analysis

We can show that if [, r > 1, that is, my, ms > msy, then

(1)w = —v mams { < me mz)}
1 - —_ )
mi(my + ms) mi 3

(v3)n = v, | — 2 {+ 92( =2 @>}

ms (m1 +ms3)

3

4 5
where—1—3<91<1, —— <0y < 1.

12
We have
(2)1)]\7 =-T+7v
where
T— Esin((N —|—.1)e + N€') or Esin(Ne —|— (N —1)¢
sin € sin e

Now,

Ne+ (N —-1)€ < g < (N +1)e+ N¢€.
So

g (N+1)e+ Né' < 2—|—(e—|—e) and g—(6+6/)§N6+(N—1)6/<g.
It follows that

1 >sin((N + 1)e + Ne¢') > cos(e +€') and cos(e + €) <sin(Ne+ (N —1)¢') <

Thus
/ —
ECOS(,G+€)§T§ T
sin e sine’
Now,
T flr+r? 4+l
- =v
sine l
_Jr(l+r+1) l
= _ 1 _
! l +r(l—|—r+1)

r l
TS R (S S))

=
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_”\/lair)\/%/v”z%r

T 1, /1 1,1
= L+ 20s(~) ) (1—-50 05 <1 0, <1
’ l(l+r)< +23<7«)>< 24l+r>’ 0<fs<1, 0<bs<
T 1, /1 1 1, /1 1
= L+ 50s5( 7+~ N 1 1
l(l+r)( +295(l+r)>( 896(l+r)>’ 0 <5 <1, 0<6 <
T 1, /1 1 1
= 1+ o07( -+~ —— < <1
v l(l+r)<+27<l+r)>’ g <0<
Also,
cos ¢ = 11 11
1+ - 4/1+=
l r
1, /1 1, /1
(1—598(7)><1—599(;)>, 0<fs<1,0<by<1
1, /1 1
(1_5910(74‘;)), 0 <6 <.
So

_cosd)_ T 1 1 1 1 1 1
Usine VT (H 307+ r)) (1 Lue +7~)>

T 5 1 1 4
= 1—- -+ - —= 1.
! l(l—i—r)( 8911(l+r)>’ 5 <01 <
It follows that
T ) 1 1 4
T= 1— b5+~ —= 1.
v l(l—i—r)( 8912(l+r))’ 5 <tz <
Also,
_ v 7 l
v = =
l+r+1 W+r+ D)\ r(l+r+1)
r I+ 1
= — 1
Y l(l+r)\/l+r+1913(ﬁ)’ 0 < s <
T 1 1
- —= T = 1.
v l(l+r)914( P =) 0 < b <
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Therefore

o =T +7= =0 s (1= (G4 52) - (5 1))
T (el e ) e
=—v ﬁ(l—§elﬁ(%+%)>7 —%<916<1,

as claimed. The proof of the result for (vs)y is similar. W



