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Abstract

This thesis studies the phenomenon of rigidity of Carnot groups and is based
in part on the author’s publications. One of the main results is the expansion
of the class of known nonrigid Carnot groups. This expansion is achieved by
realising the generic jet spaces, denoted J*(R™,R"), as Carnot groups and
using prolongation to show that they are nonrigid. This result encapsulates all
the previously known examples of nonrigid Carnot groups.

Using the analytic definition of quasiconformality, we apply Bécklund’s
theorem on J*(R,R), where k& > 2, to obtain a Liouville type theorem for
1-quasiconformal maps, and an explicit characterisation of the quasiconformal
automorphism group in the group of diffeomorphisms.

Carnot groups are in some sense a generalisation of the Heisenberg group,
for which the theory is well developed. The jet space model gives a new ap-
proach to theory of the Heisenberg group, and the thesis presents some estab-
lished results in terms of the jet space model. The complexified Heisenberg
group is also considered and understood in the context of internal and external
symmetry.

Every Carnot group has a growth vector which records the strata dimen-
sions of the group. The thesis finishes with examples which demonstrate that

the growth vector is not a rigidity invariant.
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Chapter 1

Introduction

A Carnot group G is a connected, simply connected, stratified nilpotent Lie
group, equipped with a left-invariant subriemannian metric, defined on a left-
invariant subbundle of the tangent bundle. The subbundle is called the hori-
zontal bundle and the metric is called the Carnot—Carathéodory metric. Dif-
feomorphisms which preserve the horizontal bundle are called contact maps,
and G is said to be rigid when the space of contact maps is finite-dimensional.
Quasiconformal maps are defined with respect to the Carnot—Carathéodory
metric, which in a weak sense, implies they must also be contact maps. Carnot
groups are naturally equipped with dilations. Together with left translations,
dilations provide trivial examples of contact maps. In the rigid case, these tend
to be the only examples.

Quasiconformal mappings on Carnot groups were first considered by Mostow
[18]. In the proof of his celebrated rigidity theorem, Carnot groups arise as
the boundaries of noncompact rank one symmetric spaces with negative sec-
tional curvature, i.e., the hyperbolic spaces H}:, where K = R, C or H and the
16-dimensional Cayley hyperbolic plane HY’. A homeomorphism h : M — N
between negatively curved locally symmetric spaces of rank one lifts to a home-
omorphism £ : Hy — H}2, equivariant with respect to the action of the fun-
damental groups of M and N, which implies that h induces a quasiconformal

map of the spheres at infinity. The rigidity theorem follows by showing that



the induced quasiconformal map is conformal, implying & is equivalent to an
isometry, K1 = Ky and n; = na.

For HE, the boundary is the one point compactification of R"! hence the
quasiconformal theory is relative to the euclidean metric, and it is well known
that euclidean spaces are not rigid. For H{ the boundary is the is the one
point compactification of the Heisenberg group H,. In this setting Koranyi
and Reimann [15, 16] showed that the spaces of contact and quasiconformal
maps are also infinite-dimensional, and furthermore, Reimann and Ricci [24]
proved similar results for the complexified Heisenberg group C @ Hg.

Pansu [22] established the rigidity of the remaining cases Hj: where K = H,
and HY. These cases are particular examples of Heisenberg-type groups, and
Reimann [23] established the rigidity of all Heisenberg-type groups with center
of dimension at least 3. Pansu’s crucial observation in [22] was that contact
and quasiconformal mappings are differentiable in a certain sense, and that
the derivative must be an isomorphism of the group. Nilpotent Lie groups
usually have few automorphisms and so Carnot groups are usually expected to
be rigid.

The work of [18, 15, 22, 16, 14] gives rise to a general theory of quasicon-
formal mapping on Carnot groups. However rigidity could possibly make such
a general theory redundant except in a handful of known nonrigid cases, thus
motivating the search for nonrigid groups. The possibility of a general theory
being redundant was pointed out by Heinonen in [13], and more recently Tyson
[30] asks the question: Are there Carnot groups of step 3 or higher which are
nonrigid? The answer is yes, the simplest examples being the model filiform
groups treated in [32] and first observed in [9)].

The Heisenberg and model filiform groups are related by the fact that they
are the generic jet spaces J'(R™ R") and J*(R,R). This suggests that all
generic jet spaces might be nonrigid Carnot groups. This is in fact the case
and published in [33].

Jet spaces usually arise as examples of a more general situation where in-



stead of a Carnot group, we have a manifold and a distribution given by a
frame of vector fields which generate the tangent space at each point by Lie
brackets. Again, a transformation of the manifold is a contact transformation
if it preserves the distribution and the question of rigidity applies. Such struc-
tures are called subriemannian or Carnot—Carathéodory manifolds and they
arise in various branches of mathematics, e.g., differential equations, calculus
of variations, and control theory. In particular, jet spaces are fundamental to

the geometric study of partial differential equations.

A contact map on the jet space J¥(R™ R") can always be extended or
prolonged to a contact map of the jet space J**1(R™ R"). The prolongation
process gives rise to two types of contact map on J*(R™, R"), known as point
transformations and Lie tangent transformations. Point transformations arise
as the k-fold prolongation of a diffeomorphism of J°(R™, R") = R™ x R" and a
Lie tangent transformation arises as the (k — 1)-fold prolongation of a contact
map on J!(R™,R"). Consequently the jet spaces are nonrigid, however there
is a classical rigidity theorem of Béacklund [3] which shows that every contact
transformation is either a point or Lie tangent transformation. The theorem
of Béacklund has a long history with varying statements and proofs in various
contexts, see for example [3, 2, 27, 20, 21, 28]. A development of quasiconformal
mapping for jet spaces requires a good understanding of Béacklund’s theorem,

so a proof based on Cauchy characteristics is given.

In this thesis we show that the jet spaces are Carnot groups, thus providing
a large family of nonrigid Carnot groups supporting a nontrivial quasiconformal
mapping theory and giving a positive answer to [30]. This result appears in [33].
The difficulty in determining the multiplication arises from the complexity of
the Baker—-Campbell-Hausdorff formula. The theory of external and internal
symmetry sheds light on the rigidity of Carnot subgroups of the jet spaces, in
particular we treat the case of the complexified Heisenberg group, which was
previously treated in [24]. The jet spaces fall short of being a typical model

of Carnot groups, particularly in the role that Cauchy characteristics play. In



particular, the example due to Cartan, in [34], of a Carnot group with strata
dimensions (2, 1,2, 1) gives clear contrast.

The folklore rule of thumb is that noncommutativity should reflect rigidity
in the sense that a high degree of noncommutativity should imply more rigidity.
The problem here is that we don’t know what the measure of noncommutativ-
ity should be. An obvious consideration is that a measure of noncommutativity
should be the step and the dimensions of the strata. However, examples show
that such data tells us almost nothing. We consider the Carnot group associ-
ated with the Hilbert Cartan equation (see [34]), and the jet space J*(R,R).
Both groups have strata dimensions (2, 1,1, 1, 1) but opposite rigidity. Another
example is constructed by using Grassmanian prolongation to produce a non-
rigid group with strata dimensions (3,2, 1). The rigid example is the group of

4 x 4 unipotent real upper triangular matrices.



Chapter 2

Carnot Groups

2.1 Introduction

A nilpotent Lie algebra g is said to admit an n-step stratification if

929169@97“

such that g;41 = [g1,9;], where j = 1,...,n — 1, and g, is contained in the
center Z(g). A connected, simply connected nilpotent Lie group G, with strat-
ified Lie algebra g, equipped with an inner product ( , )g, such that g; L g;
when ¢ # 7, is called a Carnot group.

A left invariant vector field X € I'(T'G) has the form g — (7,).(V'), where
V € g =T.G, and it follows that the left invariant vector fields inherit the
stratification of g. In particular, if L; is the subbundle of T'G' defined by
Li(g) = (75)«(gi), then L;11(g) = [L1, L;](g) where i =1,...,n — 1. The inner

product of g induces an inner product on T,G by setting

(ViW)g = ((13-1)«(V), (1g-1)« (W) g ,

and it follows that L;(g) L L;(g) when i # j. The horizontal tangent space
at g € G is the subspace Li(g) C T,G, and a curve v : [ — G, is said to
be horizontal if 4(t) € Li(v(t)) for all t € I. If H(g1,g2) denotes the set of
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horizontal curves joining g; to go, then the Carnot—Carathéodory distance is

dlgr ) — inf / 5@l dt,

v€H(g1.92)

where ||9(t)]] = \/{¥(t), ()@ - The theorem of Chow, see [8], implies that
G is path connected via horizontal curves, and that d is a metric. By definition
d is left-invariant, i.e., d(7,(g1), 74(g2)) = d(g1, g2).

For simply connected nilpotent Lie groups, the exponential map exp : g —
G, is a diffeomorphism. Moreover, the exponential map is an isomorphism
(g,x) — G when we define X xY = exp !(exp(X)exp(Y)). The dilation
0 € Aut(g) is defined by 8,(X) = 37 #/X;, where X = 7", X; and
X; € g;. Dilation of ¢ € G is defined by g — expod; o exp~*(g), and
where no confusion arises, we denote dilation on G by d,(g). By definition,
the Carnot—Carathéodory distance is homogeneous with respect to dilation,
that is d(0:(g1), 0:(92)) = td(g1, g2)-

If G; and G5 are Carnot groups, isomorphic as Lie groups, with isomor-
phism h : G; — Gs, then there exists a Lie algebra isomorphism & : g1 — go,

such that
exp, oh = h o exp,, (2.1.1)

However, Lie algebra isomorphisms i : g; — go do not always respect the
stratifications, for example Y — Y, L (ad X)*(Y) always defines a Lie algebra
automorphism of g, but does not preserve the stratification of g. By definition,
dilations preserve stratification and a Lie algebra isomorphism h g1 — g
respects stratification if and only if it intertwines dilations. Furthermore, h is
an isometry if and only if & is an isometry.

The Baker—Campbell-Hausdorff formula, see [26], is the explicit expression

n+1 1

XY = Z > o T(XPL Y XY,
n>0 0<pi+q; g
1<i<n’

where

n
Copg=plai! ..pal @l D pi+a
=1



and

T(XP Y0, X,y
(ad X)Pr(ad V)% ... (ad X )P (ad Y)Y if ¢, > 1 (212)
(ad X)P*(ad V)% ... (ad X )P~ X if ¢, =0.

The expansion to order 4 takes the form

X*xY :X—FY—F%[X,Y] + 11—2([X, (X, Y]]+ [V, [Y, X]])
- 4_18 (Y (X [V X = (XY (XY + -

By construction, the pair (g, ) is a Lie group with Lie algebra g such that
Aut(g,*) = Aut(g). Furthermore, any Carnot group G with Lie algebra g
is group isomorphic to (g, *) via a stratification preserving isomorphism, and
when an inner product ( , )g4is given, the isomorphism becomes an isometry

when we define

(VW) = (T )« (V), (T )« (W))g -

It follows from these observations that the theory of Carnot groups can be
developed in the context of the model (g, ).

Choosing an orthonormal basis, say B, identifies g with RY™8 and X « Y
becomes polynomial in the coordinates X and Y of degree < n — 1. The triple
(g,*, B) is said to be a normal model of the first kind.

Let

{ei,a | izl,...,n, azl,,dzzdlmg,}
denote a basis of g such that
g, =span{e;, |a=1,...,d; = dimg,},

and let



denote the corresponding dual basis such that

1 ifi=jand f=a
)‘i,ﬁ(ejva) =
0 otherwise.

The vector fields X, ,, defined by X; o(X) = (7, )«(€ia), form a basis for the
left-invariant vector fields of (g, x), and the corresponding dual forms on g are
Oialy = (T ) Niar-

If f:Q — Q is a diffeomorphism between open sets 2,2 C g, and
V €T, g, where X € (), then

USEDIINY ; NalFes ) Nis(Vid)eia (2.1.3)
=22 Z ;@,am (£4(X;5(X))0;,5(Vi) X (F(X))
- Z > i ; 0r.0(£:X.8)0.8(Vie) Xia(£(X)) (2.1.4)
We use the notation Jf and Df to denote the matrices with block form

Ifij = (Nalfeesp)), 5 and Dfi; = (0ia(fiXj5)), 4 -

Note that the substitutions

and

show that

Df(X) = J(T;j{) o for,)(0). (2.1.5)

2.2 Contact maps

A local C! diffeomorphism f : G — G that preserves horizontal curves is called

a contact map. If f is a contact map, then f,(L1(g)) = L1(f(g)), moreover the
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contact maps of G correspond with contact maps of (g, *) via the exponential
map. The trivial examples are left translations and dilations.

Let f be a contact map of Q C (g, ), then 6;1(f.X13) =0 when ¢ > 1 and
1 < 8 < dy. However more is true, in fact 6, ,(f.X;3) = 0 when 1 < j < 4,
and D f(X) is block upper triangular. We can give two proofs, the first is in

some sense classical and assumes that f is C? for the validity of the formula

(L VWD) gy = LV fW ),

where V' and W are vector fields. The second proof uses the Pansu derivative
and only requires that f is C', and demonstrates some of the significance of

the Pansu derivative.

The first proof proceeds by observing that, because f.(L;(X)) = Li1(f(X)),
fLi(X) @ - @ Li(X)) C Li(f(X)) ® - @ L;(f(X)), (2.2.1)

since for any pair of smooth vector fields V' and W we have
(L VWD rx) = LAV W ). (2.2.2)

For example, if VW € I'(Ly), then [V,W] € I'(L; & Ls), and it follows that
f:V, W € I'(Ly) implying that [f.V, f.W] € I'(L, & Ls). From (2.2.2),

If D;j = (0;,0(f:X;3)), then Df has the following block form:

Dll D12 R Dln
0 Diy ... Dy,
0 Dsy ... Ds,
0 Dp2 ... Dpy

Since

(S VW) gy = DFX)O(V, W]x),



(2.2.3) implies that for all VW € I'(L,),
Dabs([V,W]x) =0 i=3,....n.

In particular, if V = X; , and W = X, then

n2
_E : o
[Xl,aa Xl,b]x = Cag,Xz,y,

y=1
where ny = dim go, and
9i,1(f*X2,1) Hi,l(f*XZnQ) Ccll,b
D0 ([ X140, X1plx) = : ' :
Oin (feX21) - Oin, (feXom,) Cub

where n; = dimg;. It follows that each row in D,y is orthogonal to all the

vectors (CZ,b)y By the bracket generating property,

dimspan{(c;b),y a,b=1,... ,nl} = Ngy
forcing D;o =0 for 1 = 3,...,n, and
fo(L1(X) © La(X)) C Li(f(X)) ® La(f(X)).
Next assume that
LX) @@ LX) CLi(f(X)® - @ L(f(X)), =1,....,k—1,
that is, D;; =0 when 1 < j <i < k. Let V € I'(L;) and

WeT(L @& L)

Then
V,W]el(L1®---® Ly)

and
LIVW] =V, W] eT(Li® - ® Ly). (2.2.4)

10



Since

(flV:W]) 500 = DFXOO(V, W]x),

(2.2.4) implies that for all V € I'(Ly) and W € T'(L1 & - - - & Ly—1),

Again, the bracket generating property implies Dy, = 0 fori = k+1,...,n

and

f(Li(X) @ - @ Li(X)) € Li(f(X) @ -+ @ L (f(X)).

Hence induction gives (2.2.1), and it follows that, if f is a contact diffeomor-

phism, then

ei,a(f*Xj,,B) = 0, 1 S] < 1. (225)

2.3 Cauchy characteristics

A vector field V € I'(Ly & - - - @ L;) is called a Cauchy characteristic of order
g if
[V,W]EF(Ll@EBLJ) forall WGF(Ll@@LJ>

We denote the set of Cauchy characteristics of order j by C;. It follows from

(2.2.1) that a contact map must also preserve each C;, since

G, DLy @ -+ @ Ly)] = [£.C5, LT (L1 @ -+ - @ Ly)]
Cfi(lie---aLj)

CT(Li @@Ly (2.3.1)

Note that the case where j = n is trivial in the sense that every vector field is
a characteristic of order n and the case where 7 = 1 is trivial in the sense that

there are no nonzero characteristics of order 1.

11



2.4 Pansu differentiability

Let f be a map of some open set 2 C (g, ) into (g, *), and let
Yy = Tf_&) ofor,.
Then f is said to be Pansu differentiable on € if for every X € €, the limit
1i_r)% Si00%, 00(Z) (2.4.1)
converges locally uniformly with respect to Z € (g, ), and the map

¢X(Z) = 11_{% 61/t © Q/)X © 5t(Z)>

called the Pansu derivative of f at X, is an element of Aut(g, *). The topology
of the convergence is the metric topology induced by the Euclidean norm, the
Carnot—Carathéodory distance, or the gauge metric of Nagel-Stein—Wainger

[19].

Theorem 2.4.1 Let Q C g be an open set and let f : Q — g be C*. Then f

s a contact map if and only if it is Pansu differentiable at every X € Q.

Proof. Suppose f is Pansu differentiable at X € €. Since

1

E)\i’a o wx (tjej,ﬁ) = )\i,a © 51/t o wX © 6t(6j76)’

it follows that
lim %Ai,a ot (tej ) = Aia © by (€jp).

In particular, if f is C' in a neighborhood of X, then D f(X) = Ji . (0) is block
upper triangular, and ¢, is given by the diagonal part of D f(X). Moreover f
is a contact map since Df(X);; = 0 when ¢ > 1, i.e., f preserves horizontal
curves.

In the rest of this section we first outline the proof that a C' contact map
f:Q — (g,) is Pansu differentiable at every X € Q, and then provide the
details. The proof uses Lemma 1.40 of [11], which states that there exists a

12



constant C' > 0, an integer m, and a map ¢ : {1,...,m} — {1,...,d;}, such

that every W € (g,*) has the form
W = W1€1,4(1) RO ¢ Wme1,g(m); (242)

where |w;| < C|[W|V/".
The proof proceeds first by observing that for every C! horizontal curve v

such that v(0) = 0, we have

lim 811 0 () = 7(0).

Next we observe that since f preserves horizontal curves, the curve y(t) =

¥, (tZ) is horizontal when Z € g;, and v(0) = 0. It follows that
lim b1 0 ©8,(2) = 74 (0).

and the smoothness of f implies that the convergence is uniform when 7 €
Dr={Z € g, ||Z] < R}. Next we use Pansu’s decomposition [22], i.e., if Y,
Z € g then

Sujpoth, 08 (Y % Z) = (51/t<f(X)‘1 o F(X %0,(Y) *@(Z)))
- (51/t(f(X)‘1 x F(X % 8,(Y)) % F(X % 8,(Y)) " £ (X 5 0,(Y) *5t(2)))
_ (51 0Tt oforeo 6t(Y)> X (51 T 0 f 0Ty O 5t(2)).
Now assume that the limit

zlfi—r>r0151/t OTJ;;) ofor, oY)

converges uniformly when Y is an element of the j — 1 fold product D%{l =

Dpg* -+ -x Dpg. Assume further that Z € Dpg, and that

lim 6y, 0 T sy O © Txusn © 0(Z) = lim 61/, 04 0 04(Z),

and the convergence is uniform when Y € nggl and Z € Dpg. Then Pansu’s

decomposition shows that
P_{%él/t © ,lva © 5t(Y*Z) = ¢X(Y) *¢X(Z)

13



and the limit converges uniformly when YV € D{{l and Z € Dg. By induction

on j and (2.4.2), it then follows that

P—%l 51/t o ¢X © 5t(W) = w1¢X(€1,g(1)) Koo *wm¢x(€1,g(m))

uniformly when |W| < R, and consequently ¢, € Aut (g, *).

Now we come to the details.
Lemma 2.4.2 If v is a C' horizontal curve such that v(0) = 0, then
lim 31/, 0 1(s) = 71(0).

Proof. By definition, 7 is horizontal if and only if

7/(3) = (7—7(8) )

J(v(s)) (2.4.3)

for some v(s) € g;. If V€ g = Tog, then (2.1.2) shows that there are constants
C);, such that

n—1

J(V) =D Crlad X)*(V). (2.4.4)

k=0

For example, Cy =1, C; = 1/2, Cy = 1/12 and C3 = 0. Together, (2.4.3) and
(2.4.4) show that

=v(s) + ) Crlad(s))"(v(s))

k=1
which implies v(s) = 7 (s). It follows that

V() = 3 Culad () (2 (5))

k=0

Since (ad(s))¥ (7 (s)) is a weighted sum of terms

e (), [ D (s), m(s)] -]y

14



and
N (b)), 7)) ) = 0

unless /5 + ---+ {1 = j — 1, it follows that

s (ad () (34 (5))

By ((adél/s ov(s))k(vi(S))) flsk<j-1 (2.4.5)

0 otherwise.

In particular,

1

e =J o (s (n 4 4940)) Gie)) . 249

=1

When j = 2, (2.4.6) implies that

7a(s) = Crim(s), m(s)],

and it follows that

lim 2200 _ lim C [%t(t),%(t)] —0.

t—0 t t—
Furthermore,
Ya(s) Cy [?
el B NGO

<5 0]
= |C4] [%T(C),v{(c)} : (2.4.7)

where the existence of ¢ € (0, s) in the the last line is guaranteed by the Mean

Value Theorem. It follows that

lim 72(2 s) =0.
s—0 S
- Yelt) B : L
If we assume lim; .o —> = 0 when £ =2,...,j — 1, then (2.4.6) implies

/
(¢

lim %,( ) =0.

t—0 ti—1

15



Furthermore, we have

fyj(s) _ 1 ° /
s / t
SE/ %O
s Jo [ t77T
7;(c)
i (2.4.8)

where the existence of ¢ € (0, s) in the the last line is guaranteed by the Mean

Value Theorem. It follows that

and we conclude that

as required. O

For Z € gy, let ((t) = tZ, then

n—1

o(G(0) =D Cuadt2)!(2) = Z = (),

k=0

(7))

hence ( is horizontal. It follows that v(¢) = v, (tZ) is a C! horizontal curve
such that v(0) = 0, since 1, is a C* contact map which fixes 0. Moreover, the

previous lemma shows that
lim by 0 0 0,(2) = T, (DOA(Z) = DF(XONZ),  (249)

where A\(Z) is the coordinate expression of Z relative to the basis {e; »}.

Since f € O, it follows that
(V. X) = [[JY (V) = Df (X))l

and

(V: X) = [T (V)] oo

16



are both continuous function of g x g into R, see [25, p. 188]. For a compact

subset U C g, we define
Ni(R,U) = max{ [|Jx (V) = Df(X)ll« | VISR, XeU}
and
No(R,U) = max{ [|JYx (V|| | [VI<R, X €U}
Lemma 2.4.3 Let Z € Dg, X € U, and v(t) =, (tZ). Then
71(s) = 1(0)] < P(R)N:(sR,U)
and

7123) _ 71(0)' < P(R)N1(sR,U)

where P(R) = Rzzlzl A1 00-

Proof. For the first inequality,

71(s) =7(0)] = ‘ Y Mu(JUx (sZ)N(Z) = DF(X)ANZ))er,

<3 Il s (s2)M(2) — DFXONZ)|

pn=1
d1
< RY A wullsoll T8 (52) = DF(X)]|oo-

p=1

For the second inequality we apply the Mean Value Theorem, that is, there

exists 0 < t;, < s such that

fyluu(s) / (0)

S L

= ‘717;1(1:1,#) - 71,;/,(0)}

= | AL (JU (L1, Z)NZ) — DF(X)NZ))]
< M llos BRI, (t1uZ) — DF(X)] oo,

and it follows that

dq
<R |Aulloo 1705 (t1,,2) = D (X)] oo, (2.4.10)

p=1

S

o)

as claimed. O
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Lemma 2.4.4 Let Z € Dg, X € U, and y(t) = (tZ). Then for each k > 2
there is a positive constant Qi(R,U) such that

s >' < QuR,U)N\(sR,U).

Proof. From (2.4.7), there is ¢ € (0, s) such that

Ya(s)

< |Cy| ' [%C(C),v{(c)} ' (2.4.11)

Since there is a constant M > 0 such that |[X,Y]| < M|X]| |Y|,

H%(C),%(c)” < H%C(C) — A0, 4. (¢ ” + | [1(0),71(c) = m(0)]| (2.4.12)

C <o (|29 )| a1+ o i - o).

Furthermore, since ¢ < s <1,

()] = [M(JYy(c2)Z)]
P(R)|| Yy (cZ)]]oo
< P(R)Ny(R,U). (2.4.13)

From (2.4.13), (2.4. 12) and Lemma 2.4.4,

[

and Ni(cR,U) < Ny(sR,U), s

H < 2M P(R)* No(R,U) Ny(cR,U),

< 2|Cy| M P(R)? Ny(R,U) Ni(sR,U),

72( )

thus
Q2(R,U) = 2|C1| M P(R)*> Ny(R,U).
Similarly, by (2.4.8) there is ¢ € (0, s) such that

75(s) 7;(c)

< 2 (2.4.14)
and by (2.4.6)
%) _ 1(c) RGN
s;\cj\ % lle [ (ad 52 44 252 ()] (2405)

18



say, and use the inequality |[X,Y]| < M|X]| |Y] to obtain

(o 4+ B 10| < @ 3 () 14P-15

=0

+ BBy, ()] | M
Furthermore, if we write B; = }(0) 4+ B;, then

[Bj, m ()]l = 11(0), m ()] + [Bj, v ()]l
<M 0), (N + M|By| i (e)]

_ ‘ W) 1 e >} } + MIB,| i (e)
< MIA| ()] + MIB,| (o))

hence

k—1

(od At By (h(0D)] < PN RO S (7)1
+ P(R)NA(R, U)M¥|B,(14] + 1)

From Lemma 2.4.3,

Al < P(R)N\(sR,U),
and assuming inductively that

Ye(s)

st

< Qu(R,U)Ny(sR,U)

for ¢ =2,...,7 — 1, we deduce that

j—1
|BJ| < RN2(R7 U) + NI(R7 U) Z QZ(Rv U)
=1

19
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and

j—1

|Bj| < Ni(sR,U) Y Qul(R,U).

/=1

These estimates, together with (2.4.16), (2.4.15) and (2.4.14), show that
there is a constant ();(R,U) such that

5 (s)

sJ

< Q;(R,U)N,(sR,U),

as stated. O

By Lemma (2.4.3) and Lemma (2.4.4), the following result holds.

Corollary 2.4.5 If Z € Dg, then for each X € g, the limit
lir%51/8 o, 00s(Z) = Df(X)NZ)

converges uniformly with respect to Z.

Lemma 2.4.6 Let Xy, Y € g and Z € gy1. Assume that Y, Z € Bg(0). Then
li_r%él/s © wXO*JS(Y) 00,(Z) = l,ii%(sl/s © wxo 005(Z) = D f(Xo)A(2),
and the convergence is uniform with respect to Z.

Proof. Let U be the compact set given by

U={X|X=Xo+xW, W e Bp(0)}.
For X € U let vX2(t) = ¢, (tZ), then

B1/s 07207 (8) = 8170 0 73 (5)| < |66 0707 (5) = (170) (0)
Buys 0 7%%(s5) = () (0)]

FI2)(0) = (Y (0)],  (24.17)

_|_
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By Lemma 2.4.3 and Lemma 2.4.4,

77 (s)
sk

w0 742(s) — (Y ()| < [ (v + 3

S

< <P(R) + Z Qk(R7 U)) N1(3R7 U),
k=2

and (2.4.17) gives

|01/5 0 7¥0%(5) = 015 0 y¥#(s)| < 2H(R, U)N1(sR,U) + R||Df(Xo) = Df (X)||oc,

where H(R,U) = P(R)+ Y ;_, Qx(R,U).
Letting X = X+ 05(Y") in the previous estimate shows that

lim 81, 0 7505002 (5) = y%0'(0) = D (Xo)A(Z),

and the convergence is uniform with respect to Y and Z. a

The proof of Theorem 2.4.1 is now complete.

2.5 Quasiconformal maps

The metric definition of quasiconformality is as follows. Let €2; and 25 be open

subsets of g, let f : {1 — 2y be a homeomorphism and define

s {d(f (), S(V) (X, Y) = 1)
Hy(X) = lmsup S (3) J(00) - d(X.Y) = 1)

Then f is said to be K-quasiconformal if Hy is bounded and

ess supyeq, | Hy(X)| = [[Hylloo < K.

The trivial examples are dilations and left translations which are 1-quasiconformal.
The analytic definition, due to Pansu [22], is as follows. A homeomorphism

f €y — €y is K-quasiconformal if and only if the horizontal distributional
Q

loc

derivatives exist and belong to L (£1), f is P-differentiable almost everywhere

with the P-differential satisfying
|65 1|% < K| det J f(X)]
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where ) = ), idim g, is the homogeneous dimension of g,

ol = sup{llox (Y)llg | Y € g1, |[[V[g =1}

and det Jf(X) is the generalised Jacobian determinant of f. This definition
uses the fact that in a first kind model, Aut(g,*) = Aut(g). In particular, if
G is any Carnot group, then replacing ¢, with the Lie derivative of ¢, in the

definition above, gives the general definition.

2.6 Second kind coordinates

When studying Carnot groups, it suffices to work with a normal model of the
first kind, however such models do not always lead to the simplest expressions
as they do not exploit the commutativity that is present. In some sense, second
kind models do exploit the commutativity that is present.

Let {e; o} be a basis for g with dual basis \;, so that X € g has the form
X =z1e110 4+ Tpd,Cnd,
where z; , = A\; o(X). The map ® : g — G, given by

O(X) = exp(xy1€11) exp(z12€12) - .. exp(Tp a, €n.d,)

= exp(T11€11 * T12€12 % * -+ * T d,Cndy ) (2.6.1)

is a diffeomorphism, see [31, p. 86], and an isomorphism (g, ®) — G when we
define
XoY=04o(X)2(Y)).

Relative to the chosen basis, X ® Y becomes polynomial in the coordinates of
X and Y of degree < n — 1. The triple (g, ®, {e;}) is said to be a normal
model of the second kind.

We have the natural isomorphism p : (g, ®,{e;a}) — (8, %, {€ia}), given by

p=exp lod.
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In particular

p(X) = @i1€1,1 %+ * Ty g, End (2.6.2)

n

which shows that p commutes with dilation and Jp(0) = I. It follows that the
classes of Pansu differentiable maps, contact maps, and quasiconformal maps

on (g,®), are intertwined by p with those of (g, ).
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Chapter 3

Jet Spaces

3.1 Introduction

In this section we establish the standard apparatus of jet spaces, see for example
[4, 27, 20, 21, 28].
A function f : R™ — R has d(m, k) = (m+:_1) distinct k-th order partial

derivatives
B oFf
0zt . Ozim ¥

where the k-index I = (iy,...,4y), satisfies |I| = i; + - - - + i, = k. We denote

orf (p)

the set of k-indexes by I(k), and let

For I € I(k) and t € R™, we define
I'=idylig) .y and ¢ = ($HR (D)2 (™),

moreover the k-th order Taylor polynomial of f at p is given by

e = Y afm 2L

Iei(k)

If D C R™ is open and p € D, then two functions f;, f, € C*(D,R) are defined
to be equivalent at p, denoted f; ~, fy, if and only if TF(f;) = T)(fy). The
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k-jet space over D is given by
J¥(D,R) = UpepC*(D,R)/ ~, (3.1.1)

where elements are denoted j;j(f). It comes equipped with the following pro-

jections
z:J"D,R) - D and 7} : J*(D,R) — J*/(D,R), j=1,...,k,
where
2(jy(F) =p and 7} (55(F) = j, 7 (F).
Global coordinates are given by ¥*) = (z,u®) where
u® = {u; | I € I(k)}

and

wr(Gy(F) = arf(p), I € I(k).
It follows that

J¥(D,R) = D x RU™0) 5 RIAM™D 5 ... 5 RI™E),

If f = (f',...,f*) is amap f : D — R" then we apply the jet apparatus
to the coordinate functions f¢. Thus global coordinates are denoted by ¢*) =

(z,u®), where
z(jE(f) =p and uj(j5(F) =o' (p), I€l(k), ¢=1,....n,

and

u® ={ub | Tel(k), t=1,... n}
It follows that
Jk(D, Rn) =D x Rnd(m,O) % Rnd(m,l) Ko X Rnd(m’k),

When making comparisons between jet spaces of different orders, we add
the superscript (¢) to coordinate expressions on J'(R™,R™). In particular we

replace x by z® and we use
u =W Tel), =1,... n}.

26



This notation expresses the compatibility of the coordinates with the projec-

tions 7%, that is:

2 =29 oxt and uf,t)é = uf, Mo nt when |J| <t—s. (3.1.2)

ER

We also use the notation

ﬁ‘t _ ¢(t—s) o ﬂ_z o (w(t))—l‘

3.2 Contact structure

The k-jet of a map f € C*(D,R") is the section p — jk(f) of the bundle
x: J¥(D,R") — D. A contact form 6 on J*(D,R) is a one-form satisfying
s*0 = 0 for all k-jets s. By the chain rule, the contact forms are framed by the
set

{wf —duf =S b, dad | T€l(k—1), (=1,... n} (3.2.1)

j=1
and, see [12], a section s of z : J¥(D,R™) — D is a k-jet if and only if s*wf =0
forall € [(k—1)and ¢=1,...,n
The horizontal tangent bundle H* is defined pointwise by

He={ve LI (D.R") |wj(v) =0, Tel(k-1), (=1..n}.

In coordinates,

v:;dmj( +Z Zdul 0uI

=1 rel(k)

Z 01’3 + Z Z (Z u§+ejd$j(v)> %
j=1 )

l= 1IeI(k 1) \J=1

+Z Z dub(v

(=1 Iel(k

= 8
— Zdlj v 8;[‘] + Z Z I+eJ 6u1 —+ Z Z dUI a—§

j=1 =1 rel(k—1) (=1 Iel(k

X(k +Z Z dub(v

(=1 IeI(k)

I
TMS
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where

X = ax]+z Z ”%8” j=1....m,

and it follows that
k k) | 9
H :span{Xj |j:1,...,m}@span W|[EI(k),€:1,...,n )
Uy

The nontrivial commutators are

o w0

I+ej

If Ly = H* and
L—span{ |]€I(k j), t=1,...,n},
where j > 1, then L; = [Lg, Lj_1], where j =1,... k. It follows that
Xr=Lo® - -@L

is a (k + 1)-step stratified nilpotent Lie algebra of vector fields which span
TJ*(D,R") pointwise.

Note: The use of 0,...,k to index the strata rather than 1,... k + 1,
which is the convention for Carnot groups, is chosen to coincide with the order

of derivatives. In particular the homogeneous dimension takes the form

k

Q=> (i+1)dimL;.

i=1

Corresponding to the abstract Lie algebra defined by X*, there is a Carnot
group G (m,n), unique up to isomorphism, constructed via the Baker-Camp-
bell-Hausdorff formula. As is shown later, in the case D = R™, we can ex-
plicitly determine a multiplication ® on J*(R™ R") such that (J*(R™, R"), ®)
is a Carnot group isomorphic with G*)(m,n) and the group induced contact

structure agrees with the jet contact structure.
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3.3 Contact transformations

A diffeomorphism f : D; — D of domains Dy, Dy C J*(R™,R") is called a
contact transformation if f, Hk HE o) Equivalently, f is a contact transfor-
mation if it preserves contact forms, i.e., if # is a contact form then f*6 is a

contact form.

Let v € H} and

o fo @)z, u®) = (€(z,u™),n®(z,uV)),

where
7% (2, u®) = {nﬁ(g;,uﬂﬂ) Jel(k), £=1,... n} .
Then
4 (fo0) = AW P0) = Y (X Vet () + 3 Z 08
i q Iel(k
and

duy(fov) = dny(vPv) =3 (XPnh)dat (v) +> Z 87”d

( q Iel(k

If foo € HE | then duf(f.v) = Zj(uf}Jrej o f(p))dzj(f*v), hence a contact

f()
diffeomorphism satisfies the contact conditions:

x®pt = an] Weiy Jellk—1), €=1,...,n, (3.3.1)

J -
%:an il Jelk—1), ITelk), (=1,...,n (332

q J+e; q>
ouf 7 0u]

In the case n = 1 we drop the superscript /.

3.4 Prolongation

From a contact transformation f on Q C J*(R™ R") we can construct a do-
main ; C J¥1(R™ R") and a map pr(f) : & — pr(f)(Q) C JFL(R™ R"),
called the first prolongation of f, uniquely determined by the following condi-

tions:
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1. pr(f) is a contact transformation
2. T opr(f) = fontt.
Let 78+ = (R o 71 o (4(*k+1)=1 and
¢(k+1) o pl"(f) o (¢(k+1))—1 _ (f(k+l),77(k+1)),

then (2) and the compatibility conditions (3.1.2) imply

gRHDT = () o ghtl (3.4.1)
and
k+1),¢ k)l _
nfD! = gt o abe (3.42)

when |J| < k. When |J| = k + 1, the definition of the coordinate functions

n5k+1)’z is given by the contact conditions

W (), XY =0, || =k (=1,...,n, i=1,...,m. (3.4.3)
In coordinates, these conditions give the matrix equation

[Xi(kﬂ)(nyf),é o 7—T11~c+1)] = [Xi(k+1)(£(k)’j o ﬁf+1>:| B [nﬁtl)g] . (3.4.4)
i v v

which serves to define the coordinate functions n§k+1)’z, where |J| = k + 1,

uniquely on Q; = (*+1))~1(IW) where
W = {(x(’fﬂ), u(k+1)) c w(k+1) ((7.(1164-1)—1(9)) ‘ det [Xi(kJrl)(f(k)’j o 7—Ti~c+1)} ) 4 0} '
ij

It remains to be checked that pr(f) is a contact transformation. To this

end, note that the compatibility conditions (3.1.2), imply that

dxF T8 = (gt qpk)i — qa ()i o (ghtl) (3.4.5)
and, when |J| < k, that

du = (7P = duP o (rh ), (3.4.6)
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It follows that

= (AP <o (e, 347

when |J| < k — 1. It follows from (3.4.5), (3.4.6) and (3.4.7 that (7F™1), :

HF*Y — H*. In particular

9
o s <k
(W]f+1)* (k—i—l),@ = ? 1 (348)
duy 0 I =k+1
and
0
(ﬂ.llf-l-l)*X(k-i-l X(k n Z Z dul® ( k1 X(k+1)> e (349)
¢ |I=k Quyp”
From (2) and (3.4.7), we have
Wi M o pr(f)e = Wi o fuo (rf ), (3.4.10)

when |J| < k — 1, hence (3.4.9) and (3.4.10), together with the fact that f is

a contact transformation, imply
WEFDL (pr( f)*Xj(’““)) —0 (3.4.11)

when |J| < k — 1. Furthermore, for |I| =k + 1, (3.4.8) and (3.4.10), together

with the fact that f is a contact transformation, show that

0
Wit (pr(f)*W) =0 (3.4.12)
1

when |J| <k — 1.
For |J| =k, (3.4.5), (3.4.6) and (2) give

W o pr(f). =

du™ o f.o (™) Zuf:; o pr(f) da® o f, o (x}*),,

which, by (3.4.8), gives (3.4.12) when |J| = k and |I| = k + 1. It follows that
pr(f) satisfies the contact conditions on J**1(R™ R").
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By defintion, pr(f)opr(f~!) covers the identity of J*(R™, R"), and satisfies
the contact conditions on J¥H1(R™ R"). Tt follows from (3.4.1), (3.4.2) and
(3.4.4), that pr(f) o pr(f~1) agrees with the identity on J*+'(R™ R"™) thus
implying pr(f) is a diffecomorphism and a contact map.

Iterating the prolongation procedure defines the higher order prolongation
prf(f) with domain €.

Prolongation gives rise to two particular types of contact transformations,
known as point and Lie tangent transformations. A point transformation is
a prolongation of a diffeomorphism of some D C J°(R™ R") = R™ x R",
and a Lie tangent transformation is a prolongation of a contact transformation
on some D C JYR™,R™). It turns out that Lie tangent transformations can
form a larger class than point transformations, but there are no other contact
transformations beyond Lie tangent transformations. This fact is Backlund’s

theorem.

Theorem 3.4.1 (Backlund) /3] If n > 1, then every contact transformation
on JE(R™ R™) is the k-th order prolongation of a point transformation on
JO(R™, R™). If n = 1, then every contact transformation on J*(R™ R) is the

(k — 1)-th order prolongation of a contact transformation on J*(R™,R).

The main step in proving Backlund’s theorem is to show that the coordinate

functions

€, i=1,...,m,
n, ¢=1,...,n, and

nt, €=1,...,n, where [|I|=1,

depend on u4 only when |I| < 1. We will see that this is a consequence of the

fact that contact maps preserve Cauchy characteristics.
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3.5 Cauchy characteristics

Recall that a vector field V € I'(Ly® - - - @ L,) is called a Cauchy characteristic

vector field of order s if
V,W]jel(Log®---®Ls) forall Wel(Ly®: @ Ly).

We denote the set of Cauchy characteristics of order s by Cs and, as shown in

(2.3.1), contact maps preserve each Cj.

Fors=1,....,k—1, let

V= ZUZX(k +Z Z vJau e C,

q=1|J|>k—s

and
W= ZwX +Z > wJ— el(Lo®---®L,),
q=1|J|>k—s
then
= ‘ oy [ x® dT(L L
—Z Z (viw; — vwd) Bl mod I['(Ly & --- & Ly).
4,9 |J|=k—s
For each i there is a multi-index J, where |J| = k — s, such that [% 7 ,Xl(k)] —
aqu which forces v; = 0 since W is arbitrary. Similarly, for each multi-index
J—e;
J, where |J| = k — s, there is an ¢ such that [a T ,X(k)] auqa which forces
J—e;
v? = 0 since W is arbitrary. It follows that Cs, where s = 1,...,k — 1, consists

of the fields

0
V:Z Z UEW.

q k—s+1<|J| J
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Let f be a diffeomorphism, then

(f*v)f(x,u(k)) :f (Vv(:c u(k)))

_ZZ -

q k—s+1<|J|

= (z 5 sas )

q k—s+1<|J]|

+zz(z > s 2

p =k \ ¢ k—s+1<|J]|

0 0
+Z Z (Z Z vy W?(f*ﬁu?])) a—u;ln

v |I|<k q k—s+1<|J|

which gives

(FV) ) Z(Z > f)) X"

q k—s+1<|J|

p |I|<k—s+1 q k—s+1<|J|

0 0
+Z Z (Z Z U?I w'l;(f*au?])) a—u{; mod CS.

If f is a contact map, then f.C, C C, for all s, and the previous identity implies
that

dxi(f*_q)zo, g=1,....n, i=1....,m, 1<]|J| (3.5.1)
w?(f*a—q):(), pog=1,....n, |I| <|J| (3.5.2)

Since

0 8
w?(f*a—u(q]) = dul Zn[-i-e dx q )7 |[| < ka

(3.5.1) and (3.5.2) imply

9]
—) =0, pg=1,....n, 1<|J|, [I|<k, |I|<|J]. (3.5.3)

p
du[(f* 8UJ
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From (3.5.1), (3.5.2) and (3.5.3), we see that a contact transformation sat-

isfies the following conditions on coordinate functions

¢l

—_ =0, g=1,...,n, i=1....m, 1<|J| (3.5.4)
ou’
onf
8—‘1:0’ pg=1,....n, 1<|J|, || <k, [I|<]|J| (3.5.5)
uy

Let f be a contact map on J¥(R™ R") and let @ and b we points in the fiber
(7¥)~Y(p) where 7% : J¥(R™ R") — JE~1(R™,R"). In coordinates we have

fla) = (€969 (@)1 @), 19 (@), ua)))

F0) = (€W @@M®), ™ ®), 7™ (@0 0), () )

Since 7§ (a) = 7¥(b), the compatibility of the coordinates implies
¥ (a) = 2™ (b) and u(k)’é(a) = uf]k)’z(b), when |J| <k —1.

It follows from (3.5.4) and (3.5.5) that

w1 o f(a) =m o f(b)
and the map f: J*"HR™ R") — J*=L(R™ R") defined by
f(p) =m0 f(a)
is well defined. Since f is a contact map, and
wof=font

it follows that f satisfies the contact conditions on J*=1(R™ R").
Applying the above argument to f~' gives a map g : J* (R™ R") —
JF1(R™ R™), defined by ¢ = 7% o f~', which satisfies

k __ k
7T1—fogO7T1

It follows that f and g are smooth, and fog = id, hence f is a diffeomorphism
and therefore a contact map, moreover f = pr(f). By (3.5.4) and (3.5.5), we
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can iterate the above “deprolongation” procedure so that f = pr*~1(f,), where
f1 is a contact map on J'(R™ R™).

The final step in the proof of Backlund’s theorem is to show that when
n > 1, every contact transformation on J'(R™,R") is a point transformation.
A complete proof of this fact can be found in [27, p. 142, Theorem 4.5.12]. For

contact flows on J1(R™,R"), the proof is a little easier. Let

f:(£7n(1)> = (517"’7£m7n;17"’777;7”7"’777217”’7772,”77717"'77]”)

be a contact transformation on J'(R™ R"), then conditions (3.3.1) and (3.3.2)

give

Xt = (xiVe) =,
J

8776 ] 8§j

oul, - % Oud,

=0.
If we assume f is the flow of a vector field
V= ZVJX(1+ZZ\/]8—Z+Z€W
=S w3 (v M) g

then the contact conditions give

V= XZ-(l)vé
ovt
(ngVj = —87%. (356)

It follows from (3.5.6) that v; and v+ i vjuﬁj are independent of the variables

ud , which implies that the flow consists of point transformations.
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Chapter 4

Jet Spaces as Carnot Groups

4.1 Introduction

In what follows we establish a multiplication, denoted ®, for the jet spaces
JE(R™, R) and J*(R™,R"). The particular examples J'(R™, R") and J*(R, R)
are simple enough that we can produce ® from second kind coordinates us-
ing the Baker—Campbell-Hausdorff formula. Owing to the complexity of the
Baker—Campbell-Hausdorff formula, this approach is in general difficult. How-
ever, the left translation arising from ® must be a contact automorphism and
thus also a point transformation. The examples demonstrate how to construct

the coordinate maps & and n‘ which through prolongation define ®.

4.2 Example: J'(R™ R")

In this case

. 0 .
lespan{X;l) \jzl,...,m}eBspan{&u[ | 6=1,...,n, jzl,...,m}

where

J oxJ



and the nontrivial commutators are

S
— X | ==
lﬁuﬁj’ J ] ou

If Lo =H"and L, = span{%} then L; = [Lo, Lo]. It follows that
Ug
X'=Lyo L,

is a 2-step stratified nilpotent Lie algebra of vector fields which span T'J'(R™, R")
pointwise.

Let g denote the abstract Lie algebra over R isomorphic with X'. Denote
the basis by

1) 1 1 1 n n 1 n
{elV o eW el el el et et e}

Y Ym ) m?

where the nontrivial commutation relations are

et 0] =

and the isomorphism is given by X j(-l) — eg-l), a% — e§ and % — e'. The
%
map
D owiey) + Y ufes ) el ma,u),
where

0...0uf ... ul, u

is a Lie algebra isomorphism giving a matrix model of g. In coordinates of the
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second kind we have

d(m(z,u))=10...01 ... 0 2

0...00 ... 1 2™
0...00 ... 0 1

and it follows that the second kind coordinate multiplication
(z,u™) © (y,0) = (z,wV)

is defined by z = x + v, wﬁj = vfj + uﬁj and

w = u€+vé+2uﬁjyj. (4.2.1)

j=1

4.3 Example: J*(R,R)

In this case the multi-indexes are simply jej, so to simplify notation we use

9 instead of %. Similarly, the subscript on Xl(k)
el

Ou;
write X®) instead. It follows that

is also redundant so we

H* = span { X0, a%} (4.3.1)
where
o d
xk - < 7 4.3.2
8x+;u1+lauj ( 3 )

and the commutation relations are

{a X(k)]— 0 j=1,... k.

8—uj’ N 8Uj_17
If Ly = H* and L; = span{ﬁ}, where j > 1, then L; = [Lg, L;j_1], where
j=1,...,k, and it follows that
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is a (k + 1)-step stratified nilpotent Lie algebra of vector fields which span
TJ*(R,R) pointwise.

Let g*) denote the abstract Lie algebra over R isomorphic with X*. Denote
the basis by {e®) ey, ..., e} where the nontrivial commutators are [e;, e®)] =
ej—1, where j = 1,... k, and the isomorphism is given by the correspondence
X&) — ) and ej < a%j. Note that gV is the Heisenberg algebra, g® is the
Engel algebra, and in general gi*) goes by the names model filiform algebra or

Goursat algebra.

The map
0—x 0 - 0 ug
00 —x--- 0
00 0 -+ 0 u
zel) 4 Z uje;j —
00 O —T Ug—1
00 0 -+ 0 u
00 0 -.---0 0

is a Lie algebra isomorphism giving a matrix model of g*) . In coordinates of
the second kind, the elements of the corresponding connected, simply connected

Lie group G* take the form
exp(ze®™) exp(ugey + - - - + upeg).
Multiplication in second kind coordinates, denoted
(T, Upey -+ s u0) © (Yy Uy - -+, 00) = (2, Wk, - ., Wo),
can be found by solving
exp(ze) exp( Zw]ej (4.3.3)

= exp :Ee( Yexp( Y wje;)exp( ye Yexp( Y wje; 4.3.4
W} J .7

J
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for (z,wy, ..., wy). Using the matrix model we have

ooty (474).
0 1

where
1 (=z) (=2)*/2! (=2)*/3! -+ (=2)* /(k—=0)! 0
0 1 (=) (=2)/2! - (—2)*/(k—1)10
0 0 1 (—z) - (—2)*2/(k—2)! 0
A)o) |o o 0 1 o (—)F 3k —3)1 0
0 0 0 0 (—2) 0
0 0 0 0 1 0
0 0 0 0 0 1
and
1000 -0 ug
01000 u
0010 -0 uy
exp( ) uje;) ~ (Id V(u)) =10001---0 us
i 0 1 .
0000 -1 u

0000---01

Substituting these expressions into (4.3.4) gives

From (4.3.5), we have
A(z) = A(x)A(y) and V(w) =V (v) + Aly) 'V (u).
It follows that z = x + y, w, = vy + ug and

k s
wS:vs+us+Zuj Ay T s=0,....k—1 (4.3.6)
Jj=s+1 (‘7 —S).
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For each (x,u®) the previous formula defines a contact transformation in

the variable (y,v®)) and is thus the prolongation of the point transformation

k j
(%W)H(x+ymm+%;w%). (4.3.7)

4.4 J*¥R™ R)and J*(R™ R")

We first construct multiplication on the jet spaces J*(R™,R). To this end we

establish some notation. We write
(2, u) © (y,00) = (2 + g, uv®), (1.4.1)

where

el (k)
(t —x)!
(z,u™) = (g Z Uit
rei(k
(t—y—x)!
(z 4y, uv®) = ey (h Z uvl ) :
rei(k

We write I < J if i, < j, for all £ then

ot! ) Ji o Jm . . .

Tt it I <1

0 otherwise.

Guided by (4.2.1), (4.3.6) and (4.3.7), we define uwv; = vy +uy when |I| = k

and

0 0
uvy = vy + Z uJ @f(t) — + @g(t) (4.4.2)

<J ]' t=y+x
when |I] < k.
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In particular, vu;y is the I-th coordinate function n; of the prolonged point

transformation
J

Yy
(y,UO) = <ZII’ +y7U0 + ZUJT>
o<J

Theorem 4.4.1 The multiplication defined by formulae (4.4.1) and (4.4.2)
realises J*(R™,R) as a Carnot group with the group induced contact structure

agreeing with the jet contact structure.

Proof. To prove associativity we use the notation
(20 © (2, u®)) © (5,0%9) = (2 + 2+ y, (wu)p®)

and
(2 0®) © (2, u®) © (y,00)) = (= + 2 + g, w(uw) V).

By definition,

J—1
(wu)vI:vI—l—Zqu _[)!
1<J
y’-1
_UI+ZUJ .+ZZwKK IN(J=1)!
1<J 1<J J<K
and
(v +y)'!
w(uv);=uv1+ZwJ7‘
= (J—]).
x—l—y
:U[+ZUJ +Z'UJJ
1<J (J - 1<J

Hence associativity will follow if (wu)v; — w(uv); = 0, where

(wu)vy —w uvI—ZZwKK 7] Z J:Eij

I<J J<K ! <J

(4.4.3)

Using the multi-index binomial formula

J—1 __ (J_I)' J-I-K K
(@ +9) _M;H J-I-K)K!" y
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the sum in (4.4.3) becomes

J—1I IJ—I—K K

Yy Yy
ZZ“’KK NT—1) 3D Ry o T R e

I1<J J<K I<J K<J-I

Exchanging J and K in the first sum of (4.4.4) and changing K to K — I

in the second sum of (4.4.4), we obtain

ploK KT
(wu)vy —w UU[—ZZU]J(J KNk =1

I<K K<J

Z Z oKy K-

_ wy

I<J ISK<J (J - K)! K nr
If

S = {(LK) | I<K & K<J)

and

So(l) ={(J.K)|I<J & I<K<J}

then S1(I) C Sy(I) and So(I) € S1(I), hence the right hand side of the previous
expression is zero.

From (4.4.2), the point (y,v®), where y = —x and

—uy |I| =k
— > <1 )! _”“J P <k

vy =

is a right inverse of (z, u(k)). Since the multiplication is associative, the right
inverse is also a left inverse.

The distribution induced by the left translation under ® is exactly H*.
Indeed it follows that

Uy, [T =0, k—1 1 I=J
—-UUJ’ = and —uvy ‘ =
Oy’ (0,0) 0 |J=k dr ©.0) 0 otherwise

implying that

9 K
L ( );)(()
@0\ 9yd | 0,0) J

0 0
b () =
@utry 0 @G0 00/ T oy luw)

O
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Guided by (4.2.1), multiplication on J*(R™,R") is obtained by applying

the multiplication on J*(R™ R) to the coordinate functions, i.e., we define

00 oyt _afzt 8zt
UUI_UI_'_;uJi(J_])!_@ ()t:yﬂng()
<

t:y—l—x'

4.5 Subgroups

Rigidity theory of Carnot subgroups of jet spaces lies within the scope of the
theory of internal and external symmetries. If we can view such a subgroup
as a submanifold S of a jet space J*(R™,R"), then two types of symmetry
arise. An external symmetry is a contact transformation on J*(R™ R") which
preserves S, and an internal symmetry is a transformation of S, which pre-
serves the contact system on S obtained via restricting the contact system of
JE(R™ R™) to S. It turns out that internal symmetries can form larger fami-
lies than external symmetries. An example of this phenomena is given by the
complexified Heisenberg group J'(C, C).

The space J'(C, C) of holomorphic 1-jets is simply the analogue of J'(R, R)
with C replacing R and holomorphic replacing differentiable. The nonrigidity
of JY(C,C) was first established in [24], where it is also shown that contact
maps must be holomorphic.

If

(z,wM) = (2,0, w)
denotes complex coordinates on J*(C, C), then the contact structure
dw = w'dz
induces the second kind coordinate multiplication
( (1)

2, wi) Oc (22, w8)) = (21 + 22, W) + wh, wy + wy + wi2y).

By resolving the coordinates on J!(C, C) into real and imaginary parts, we

can view J!(C,C) as the subgroup
S = {(z,uV) € J(R?,R?) | ul, —uz, = 0and ul +u. = 0}.
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Indeed, the map ¢ : J'(R? R?) — J'(C, C), given by

1 |
oo, u®) = (@' +ia?, S (ul, +u2,) = 5 (ut, — 2, ) ' +iu?),

defines an isomorphism S — J!(C,C). Furthermore, ¢ is a contact transfor-

mation when the contact structure on S is defined via the inclusion map as

2 .1 2 1

H,NT,S. In particular we take (z', 2% ul ,u?  u',u?) as coordinates on S,

with the inclusion given by

(el o201 2 12 1.2 1 2 .2 1 .1 2
LA i T o T Vg B (T T T T T B
If follows that
* 1 _ 1 * 1 _ 1 * 2 2 * 1 _ 1
drt = dx v"du,, = du,, v"dug, = dug, vdut = du
* 2 2 * 1 2 * 2 1 * 2 2
vdx® = dx V' du,, = —dug, 1"dug, = du,, v du”® = du”,
giving
tw' =dut — ul dat +ul da?
« 2 g2 2 7.1 1 7.2
W =du” —ug dr — ug dx
and
0 0
H(S) =span{ X7, XJ, —, —
(%) D2 gul 7 ou2 [
1 €1
where
0 0 0 0
XP=—+4u! — 4+’ —, and X5 = — u? + ul
1 2 .
0x; oyt “ou?’ Oxs oyt oy

A vector field

3} 3} 3} 0
_ s S 1 2 1 2
V= 0y +ody +o, Oul, T ou2, T T he
on S generates a contact flow if and only if [V, H(S)] C H(S). It follows that
ol ow? ov? ov!
S 1 _ S, 2 S 2 _ S 1 _ _
X=X, M =X o =aE ™ aa - o
with
ov' Ov?
U;l = Xf’Ul’ Uzl = Xf'llz, v = _auél and Vg = —8uél
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Putting p = v! + v?, it then follows that

Zp=z (X7 +iX$)p=0, W/p:%<i+ i)p:o

[\Dli—‘

and

We conclude that the only restriction on p is that it be holomorphic in z =
o' +i2?, w' =l + g and w = u' +w?. If the flow of V is to extend to
a contact flow on J!(R? R?), then (3.5.6) shows that p must be independent
of w’, hence there exist contact vector fields on S which do not generate flows
extending to external symmetries.

More generally, from [1, p. 95], we have the following result which re-
quires the notion of Cauchy-Kovalevskaya form. We say that S is in Cauchy—
Kovalevskaya form, if for some fixed j € {1,...,m}, S is defined by

uiej = flz,a®), ¢=1,....n

where %)

is independent of uiej, where ¢ = 1,...,n. If km > 2 and S
has Cauchy-Kovalevskaya form, then every internal symmetry extends to an

external symmetry.

4.6 Example: (2,1,2,1)

As we have seen, for k > 2, the Cauchy characteristics of J*(R™, R™) give rise to
the jet spaces J¥7H(R™ R") as subgroups of J¥(R™ R") such that J*(R™, R")
fibers over J*~!(R™ R™). This scenario is not indicative of Carnot groups in

general as the following example, due to Cartan (see [34]), demonstrates.
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The 6-dimensional real Lie algebra given by the matrices

0211 T21 31 Tan
0 0 x12 —721 w32
00 0 =z w2
00 0 0
0 0 O 0 0

has nontrivial commutators
(X171, X12] = Xo1, (X114, Xo1] = —2X5,, (X171, X30] = X1,

) )

[ X129, Xo1] = 2X3, (X192, X51] = —Xu1

and is thus 3-step stratified with strata dimensions (2,1,2,1). In second kind

coordinates we have

(Il,h L1,2,221,L31, 3,2, I4,1) O] (y1,1, Y1,2,Y2,1,Y3,1, Y3,2, y4,1)
= (w1,1>w1,2>w2,1>w3,1a W3 2, w471),
where
Wil =211 +Y11, Wi2=2Ti12+ Y12, W21 =2Ta1+ Y21 — Y1,1T1,2,
_ 2
w3 = T31 + Y31 + 2Y1,1%T21 — Y1,1” T1,2,

2
w32 = T32 + Y32 + 2Y11Y12%T12 — 2Y1,2T21 + Y1,171,2°,

2. 2
Y117 21,2
W41 = Ta1 + Ya1 — Y11232 + Y12T31 — y1,12y1,2$1,2 + 2y1,1Y1,2T2,1 — DI
giving the following basis of left-invariant fields
0 0 0 0 0
X1 = —Tipr— + 209 —— + 2y —
M Oy "2 0s ! O3, Y2030 0may
0 3} 0
Xig=————2091—— + 31—
1,2 D1s 2’18363,2 3,1 FIoR
0 3} 3} 0
Xop = —, =—) = and X, = :
2,1 Do 3,1 Froy 3,2 D3 e

The nontrivial Cauchy characteristics are Co = I'(Lg), however xo; = 0 does
not give a subgroup. Hence Cauchy characteristics do not give rise to subgroups

generally.
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Chapter 5

Quasiconformal Maps on

JE(R, R)

5.1 Contact preliminaries

Since the multi-indexes are simply ie;, we simplify notation by using u; instead
of we,. Similarly, the subscript on Xl(k) is also redundant so we write X *)
instead. Recall from (4.3.1) and (4.3.2) that the basis of left-invariant fields
on J*(R,R) is

where

k-1
0 0
Xk — L .
o T2 Mg,
j=0
and the corresponding basis of dual forms is {dz, dug,wi_1,...,wo} where

w; = du; — ujde.

Let f:QC JYR,R) — Q' C J*R,R) be a contact map. From (2.2.5) or

(3.5.2) we have the contact conditions

wi(fX®Yy=0 i=0,....,k—1 and (5.1.1)
0
wz<f*auj> 0, 0<i<j<k, i=0,....,k—1 (5.1.2)



To derive the analytic conditions for quasiconformality we compute the

invariant differential (2.1.5). We write

fla,u®) = (&™)

where
n(k) ={n; 1i=0,...,k}.

By Backlund’s theorem,

23 Ao om .
— =0, —=0 d — =0 wh 1 5.1.3
ou, " B an ou, when j > 1, ( )
and
on; , S
=0 when ¢>1 and j>i. (5.1.4)
8uj

Lemma 5.1.1 If k > 1 and f is a contact diffeomorphism of Q C J*(R,R),
then

w,(f 0 ) = O gy o k-1

Proof. Using Cartan’s formula: w([X,Y]) = Xw(Y)—-Yw(X)—2dw(X,Y),

and the contact conditions, we have

(o) = (£ 5o X))

0
— i A da:( -2 f*X(k)), (5.1.5)
iy
where ¢ = 0,...,k— 1. Fori < k — 1, we have du; 41 A dx = w;41 A dx and

(5.1.5) gives

wz(f*ﬁ%) = 2wt N\ d:p(f*i’ f*X(k)>

aUz‘+1
0
= w; (k)
Wit (f* aum)dx(f*X ). (5.1.6)
If i = k — 1, then (5.1.5) and (5.1.3) gives
0 0
) = . (k)
Wi—1 (f* aUk_l) Qduk A dx (f* 8Uk ) f*X )
_ 9y
= GX e (5.1.7)

50



From (5.1.6) and (5.1.7), it follows that

0

Wk—j (f*

)

aUk_j

8uk

(x®ey,

j=1,...

k.

By Bécklund’s theorem and Lemma 5.1.1, the invariant differential takes

the form
X®e 0 0
o O
0 0 agp—14-1 -
Df =
0 0 0
0 0 0
0 0 0

where Q;; = W; (f*%> and ;5 = %(X(k)g)k—z

¢

0 ouq
O Ome
Ousg ou1
arp—1,2 Qk—1
Q292 G271
0 a1

0 0

¢
Oug

O
Aug

1 Qk—1,0

2.0
2.0

@o,0

5.2 Quasiconformal preliminaries

From (5.1.8), the Pansu derivative is given by the matrix

(5.1.8)

X®e 0 0 0 0

X®p, A0 0 0

5 0 0 X®Wea 0 0

’ 0 0 0 (XM A... 0
0 0 0 0 - (x®e)ta

where all entries of the matrix are evaluated at p and A = g%z. It follows that

||¢p||7 is the largest eigenvalue of M*™ M where

X(k)g 0
X(k)nk A

M=

o1



The eigenvalues of MM are

1

5 (M) = VAT = 4(det M17) (5.2.1)

where

A(f) = (X®E)? + (X Wy)? + A%,
The homogeneous dimension is
Q=1+ k+2)(k+1)/2

and, by (2.1.5),
det Jf _ (X(k)é-)Q—(k-‘rl)(A)k-‘rl

From the analytic definition, f is K-quasiconformal if

A(f) = Ai(f) + V(AL(f))? = 489(f) < 2K%/€ (5.2:2)
where
A _ (det M)?
Ai(f) = TdetJ [/ and  Ao(f) = Tdet JF[/@"
If
2+ (k+ 1)k ~2(k+1)
a(k) 0 , Bk) = 0
and

(k) = 2(a(k) = 1) = 2(1 = 5(k)),
then in the case where X®)¢ > 0 and A > 0, we have

(XME)? + (X Wy)? + A2
(XR1g)alk) ABK)

A v(k)
Ao(f) = (X(—k)g) :

We introduce the 1-quasiconformal maps which we call the switch map,

Al(f) =

and

denoted o, and flip map, denoted d_;. The switch map is given by

oz, u™) = (=2, ug, —up_1, ..., (=) Ty, .. (—1)%ug)
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and the flip map is given by
01 (x,u®) = (=2, —up, up_1, ..., (=1)F Ty (1) ).

Note that 02 = 6%, =1d,

1 ifk=1,2,56910,...
det Jo =
-1 ifk=3,4,7,811,12,...
and
.
1 ifk=1,4,5,809,12,13,...
detJ5_1:
-1 ifk=23,6,7,10,11,... .

The switch map commutes with the flip map giving
d_yoo(z,u®) =0cod_y(z,u®) = (x, —up, ..., —ui, ..., —ug),

moreover, the switch map, the flip map and their compositions are 1-quasiconformal

since

Alo) =A(0_1) =A(c0d_1) =A(0_100) =2.

It follows that every quasiconformal map can , if necessary, be “flipped” |,
“switched” or “flipped and switched” , to a quasiconformal map satisfying the

conditions
X®e>0 and A>0. (5.2.3)
Lemma 5.2.1 Let f be a K-quasiconformal map of Q C G satisfying (5.2.3),

A ? 2P
(k) o

where P =2/(Q — 2(k +1)).

then

Proof. Let A\pin, Amax denote the eigenvalues of M*™ M and observe that
(X®E)2A2 = (det M)? = det MY M = Aoy Amin- (5.2.4)
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Since f is K-quasiconformal, we have

A2 < K det Jf = K (X®)g)@-(k+D) gh+L
— K(X®We)@-20+D) ((xR)g)? A2)(k+1)/2

= KXW (4 D) 12
which, since A\pin < Amax, implies that

A2 < K(XW)@-20byie
If P=2/(Q —2(k+ 1)), then the previous inequality becomes
Amax < KP7(XWE)?, (5.2.5)
which, together with (5.2.4), gives

A% < KP X\ (5.2.6)

Combining (5.2.5) and (5.2.6) gives the desired inequality O

5.3 1-quasiconformal maps

In this section we prove a Liouville type theorem showing that a 1-quasiconformal
map is necessarily a composition of some or all of the four fundamental types of
1-quasiconformal maps, i.e., left translation, dilation, switch and flip. It should
be noted that there is no loss of generality in assuming 1-quasiconformal maps

to be smooth since in general this is always the case, see [6].
Lemma 5.3.1 If f is I-quasiconformal satisfying (5.2.3), then
(1) X®e=A and (2) XBp, =0.
Proof. From Lemma 5.2 of [6], it follows that for all V' € g; we have

(V)| = Lip;(p)IIV1],

o4



where

. . q
Lip;(p) = limsup ——+—*~
d q—p d(p,

It follows that if V = Ula% + vga%k, then
(X®E)207 + (X Py + Avg)? = Lip(p)® (v} + v3)

from which (1) and (2) immediately follow.

Corollary 5.3.2 If f is I-quasiconformal satisfying (5.2.3), then £ is a func-
tion of x only and

no(x, u®)) = & (2)* ug + By(x).

Proof. From Lemma 5.1.1 and Lemma 5.3.1

0

7o) = ALXPgE = (X
8U0 ’

wo(f*

and by Bécklund’s Theorem, wpq( f*a%o) depends on x, ug, u; only. It follows

from the previous expression that

0
— (X®ey =0

giving

23

— =0 5.3.1

G =0 (53.1)
which, by Backlund’s theorem, forces

Ono

— =0. 5.3.2

u, (5.3.2)

From Lemma 5.1.1,

B 8U0 — 8u0 N 8uk

9 Ao %3 Ok (%+ ﬁ)k

wolf- Oug ) ox “ Oug

which upon applying 8iu1’ keeping in mind (5.3.1) and (5.3.2), gives

2
Om 98 _ k-1 98 Ok + (X ®e)k O 1

TS (k)
8u1 8u0 k(X £> 8u0 8uk 8u18uk )

(5.3.3)
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By (5.3.1) and Lemma 5.1.1,

0 ) = om _ O
8u1 8U1 8uk

W1(f* (X(k)g)k_lv

thus (5.3.3) becomes

_y O€ Ony, 01,
_ (k) e\k—1 95 Ok (k) ¢\
0= (k+1)(X™¢) 9us ou, X 5 due

From Lemma 5.3.1,

M _ g _ (98, 98
Oup Xe= ox +u18u0
which by (5.3.1) gives
O TGS
OuiOu,  Oug

This last expression and (5.3.4) show that

9¢

— (K e\k 25
0= (k+2)(X W) 2=

and it follows that

o

= =
0u0

since X®¢ > 0. By Lemma 5.1.1 and Lemma 5.3.1,

o fenk+1
o = (&)

Y

hence

no(x, u®)) = & ()* Lug + By(x).

Corollary 5.3.3 If f is 1-quasiconformal and satisfies (5.2.3), then
f(z)=ax+b and m(z,u®) = auy + Cy

where a > 0 and C}, is constant.
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Proof. From (1) of Lemma 5.3.1 and (5.3.5) we have

577k /
2R . 5.3.6
T ¢w) (5.3
From the commutation relations,
0 , i 0
— (=1} (ad X®Y)
0uk_j ( ) (a ) 8uk
N I\ (x @i 9 ()
= (=1)7) (=1)° X (xR
1 S (1) ey g ey
where j =0,...,k. Using (2) of Lemma 5.3.1 we then have
O _ 1y (X(k>)j O _ aﬂlg
8uk_j Oug, Oxi+1’
hence
k
me(z, u®) = (=170 (@)ug_; + Cr(x), (5.3.7)
=0
and
XBEp(z,u®) = (=R (2)u + Cp(2).
It follows from (2) of Lemma 5.3.1 and the previous expression that
€FD(2) =0 and Ci(z) =0. (5.3.8)
From Lemma 5.1.1 and (5.3.6) we have
Onk—j / j+1 .
— = =0,...,k—1
TAL = (€ =0k L
hence
Mh—j (2, u™) = (& (@) up—j + B (2, wh— (i1, - - - » U0),s (5.3.9)

where j =0,...,k—1. Furthermore, Corollary 5.3.2 gives the case j = k, that

is
no(z,ul™) = &' (2)*ug + Bo(z). (5.3.10)
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In particular, (5.3.7) and (5.3.8) give

f(]—i—l uk_j +Ck.

Mw

By(x, ug—1,...,u
J:1

For j =1,...,k — 1, we substitute the expressions for n;_; and n;_;+1 which

come from (5.3.9), into the contact condition

X®n_s = i€ (2),

and apply a to obtain

OBi—j _ 9Br—-1)

+1 an - =1, k1. 5.3.11
G YE" + gt = Zolihe (5.311)
Since aauflfl = —¢", we can solve (5.3.11), that is
B_; +1)(7 + 2 ,
0Biy _ _+1U+ >(g’)ﬂg”, j=1,... k-1 (5.3.12)
Qug—(j+1) 2

The case where j = k — 1 in (5.3.12) and (5.3.9) gives

B k(k+1)

S ()T @+ Cilw). (5.3.13)

Substituting (5.3.13) and (5.3.10) into the contact condition

XWny =mé(x),

and applying 8%0, we obtain

(k+1)(k+2)

(€)' =0, (5.3.14)

which forces {” = 0. It follows that £(z) = az +b and, from (5.3.7) and (5.3.8)

we have . (x, u®) = auy, + Cj. O

Theorem 5.3.4 Let [ be a 1-quasiconformal map on some open set 2 C
JE(R,R). Then f is a composite of some or all of the four fundamental 1-

quasiconformal maps, i.e., left translation, dilation, switch map and flip map.
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Proof. Using the switch and flip maps, we can assume that f satisfies (5.2.3).
From Corollary 5.3.2 and Corollary 5.3.3 we have ny(z, u®)) = a**+1uy 4+ By(x)

where a > (0. The contact conditions become

X®Ep, 1,
LR iR
and so
1 —j j+1
Dy, u®) = X (0, ul) = ug + B (),

By composing with a left translation, we may assume f(0) = 0. It then follows

from (5.3.7) and (5.3.8) that
B((]k)(x) =ad"Cr,=0

and so inductively Béj ) (x) = 0. Furthermore, by composing with the dilation

01/q, We may assume that
f(z,u®) =2z, and nj(z,u(k)) =uj, j=0,...,k

Hence f is the identity. O

5.4 Contact automorphisms

Lemma 5.4.1 If f is a diffeomorphic contact map of J*(R,R), where k > 2,

then &(x,u®) depends on = only, and

o

— =0.
8u1
Proof. Since D f is nonsingular, we have
o | o€ 23
XxXKe 25 4 75 =
¢ ox * 0u0u1 + 8u1u2 70,
forcing
23 23
— = d —=0.
o, 0 an B 0



Furthermore, from (5.1.1), we have

0 0
(X ®py = (k)
S (Xm) = 2 (X ),

which implies that

In preparation for what is to come, we establish some formulae which result
from the previous Lemma.

From Lemma 5.1.1 and Lemma 5.4.1,

anz ank Nk—i .
= — ! =0,....k—1
aui auk g) ) ¢ 07 ) )

and the case where 7 = 0 gives

O 1 no .
dur @) Py Az, ug). (5.4.1)

In the rest of this chapter we will abuse notation in the following way: for
t < k, we use X® to denote the truncation of X*) still acting on J*(R,R),
that is

i — 9
xX® = .
825' + Z quauj
7=0
Since A depends on (z,ug) only, we have

0A

X0  xMg—... ekl 5.4.2
and by induction
o N 0A
— XOXD  XWA=G+1)XD = j=1,... k 5.4.3
o G+DXDZE =1 (543)
Furthermore, since
1 S
Ns = gX( )ns—la

60



we have

1 _ _
_ = (X(s)ans 1_'_8/)78 1)

6/ aus—l aus—Z
1 0775—1 1 — a775—2 1 a775—2
— —x0©) X (s=1)
&0 du @ dus (€ Ous
: (5.4.4)
il 1 _ 8778_t
_ _X(s t+1) Yls—t
tz; (gl)t Ous—y
—~ 1 - ks
_ (5/)tX(S t+1) ((6 )k +tA) )
t=1

5.5 Quasiconformal automorphisms

If fis a K-quasiconformal automorphism of J*(R,R), where k > 2, then
(5.2.2) and Lemma 5.2.1 give

Ay(f)? = 4KP® < AL (F)? — 409(F) < K9 — AL (1)),

and it follows that A;(f) < K9/2 4 K4/Q-C/2 = O(K). If f satisfies (5.2.3),

then
5/ 2_'_ X(k) 2_'_A2
Ai(f) = &) (g/ga(k)gg()k) < O(K)
or equivalently
(XOm)? < COR)(E) A — (¢)2 - A2 (5:5.1)

Since £ depends on x only, and A depends on = and ug only, it follows from
(5.5.1) that (X®)n,)? is bounded with respect to the variables u;, . .., uy.
The polynomial nature of f in the dependent variables uq, ..., u, together
with (5.5.1), give enough information to determine explicitly the quasiconfor-
mal automorphisms of J*(R, R), assuming suitable smoothness conditions. We

introduce the canonical quasiconformal automorphisms. Let C*°(R)y denote
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the smooth real-valued functions p on R such that p(0) =0 and ||1/|| < 0.
Let
Rt x Cc* (R)O

denote the group with multiplication

(A1, 1) (Ag, p2) = (A1, Arpta =+ pi1).

A canonical quasiconformal automorphism f** is defined in coordinates by

M (w,uM) =z,
o (z, u®) = My, + p(x),

n,z‘fl(x,u(k)) = \Up_1 +/0 p(ty)dtq,

T 17 to
772’_“1-(:& u®) = Auy_; + / / o / p(ty)dtydty - - - dt;.
o Jo 0

and the map (\, ) — fM* is an isomorphism. The canonical quasiconformal

automorphisms are normalised, that is

f(0)=0 and g—i(O) = 1.

Note that fM defines a quasiconformal map if u is Lipschitz. To avoid
the extra complexity of counting derivatives, we state and prove the following

theorem assuming p is smooth.

Theorem 5.5.1 FEvery smooth normalised quasiconformal automorphism of
JE(R,R), where k > 2, is canonical. Moreover, every quasiconformal auto-

morphism is a composition
h(Tg> 55) g, 5—1) o f)\7u>
where h(7,,d5,0,0_1) is a composition of T,, ds, 0 and 6_;.

The proof proceeds by first showing that

k

Z(_l)iq(i) (x)ug—; + Bit1(z),

=0
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where ¢(x) is a polynomial in the variable z with deg(q) < k. The cases where
k = 2 and 3 are established first, as the general argument will require the
assumption that k£ > 4.

CASE (k =2). From (5.4.1), g = Aug + By(x, u1,ug), hence

B
X®ny = (XD A)yuy + XD B, = <X<1>A + %) uy + XWB,
U1
and (5.5.1) implies that
OB
XA+ a—ull =0 and X®p,=X0B.

It follows that

0A 0A u?
B, = — (%ul + 8—%?) + By (z, uo),
and
@, _ (A, AN (A AN 0By, OB,
= Ox? ' 9xdug “ OxOuy “ out ) 2 z 1 Oug
(e op, s oA, oAw 0B,
N orz ' Oug ) ' 20x0ug Oul 2 ox
By (5.5.1) we have
0*A 0*A 0B, 0%*A 0B
-~ 5 — = _— = — (2) — _2
Ou? 0 Oxduy 0 ouy  Ox? and X0, ox

It follows that
A=puo+q(z), By=q"(x)uo+ Bs(x) and Xy =q"(x)ue+ Bj(z).

By Lemma (5.2.1), p = 0, hence the right hand side of (5.5.1) depends on x

only, which implies that ¢"(x) = 0. Moreover
ne = q(x)us — ¢'(x)uy + ¢" (x)up + Bs(x). (5.5.2)
CASE (k = 3). From (5.4.1), n3 = Aus + By(z, ug, uy, up), hence

B
X®ns = (XD A)yuz + X0 B, = <X<1>A + %) us + XPBy,
U2

and (5.5.1) implies that

B
xwA+ 98 o ana X®p, = X B,.

Quy
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It follows that

and
B
Xy, — <_X<2>X(1>A n %) uy - X B,
1
B
= (—u2a%X(1)A — XWxWA 4 %) uy + X B,
1
B
([ Dxwa) g (—xxwa g 982, 4 x0p,
8U1 aul
By (5.5.1),
B
iy 0, —XWxWA4 9B: _ 4 and XOp, = xWUpB,
8U1 aul
Hence
A=¢q(z), Bs=q"(x)uy + Bs(z,up)
and
OB OB
@ — (" 0By obs3
K (q(>+8u0 u1+8:c
By (5.5.1),

By = —q"(x)ug + Ba(x) and Xy = ¢""(x)uo + By(x),
where, again by (5.5.1), ¢""(z) = 0. Hence
s = q(@)uz — ¢ (x)uz + ¢"(2)ur — ¢"(x)uo + Ba(z). (5.5.3)
To obtain (5.5.2) and (5.5.3) for general k, we first prove the following Lemma.

Lemma 5.5.2 If k > 4 and f : J*(R,R) — J¥(R,R) is a quasiconformal

automorphism, then
j—1
N = Auk + Z(—l)i(X(i) cee X(l)A)uk_i + Bj(SL’, Uk—j, - - - ,uo),
i=1

where k > 25 — 1.
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Proof. From (5.4.1),

Mk = Aug + Bi(2, up—_1, ..., up), k>2,

hence
B
X®ne = (XD Ay, + uy, 9B, + x*=p,
Oug_1

By (5.5.1),

0B

XWA+ =0, k>2

Oup—1

and

Bl = —(X(l)A)uk_l + Bg(l’,uk_g, c. ,Uo), k Z 3.

It follows that

M = Aug — (XWA)up_y + By, up_o, ... u0), k>3,

and
OB
Xy = X*EDR = (XOXO Ay + upy=—— + XF 2B,
Oug—2
By (5.5.1),
oB
4X@Xmm+5—i=o and  XWp, = x*2B, k>3
Uk —2

It follows that
By = (XOXWA)uy_y + Bs(w, up_s, ..., uo), k> 5,
and
e = Auy — (X(l)A)uk_l + (X(Q)X(l)A)uk_g + Bs(x,ug_3,...,up), k >5.

Iterating this procedure gives the desired result. a

Assume that j is maximal, i.e., j = [(k + 1)/2], then

X® g = (1) H(XOX0D XD Ao+ XETIB (2, up, -, u0)

= ((_1)j—1(X(j)X(j—1) N .X(l)A) + J ) Up_j11 + X(k—j)Bj

(9uk_j
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and by quasiconformality,

OB,

= (—1)/(XOx0-D  xW® Q) (5.5.4)
(9uk_j

where the right hand side depends on u_;.

Lemma 5.5.3 If k is even, say k = 2«, with a > 2, then A = q(x), where

q(x) is a polynomial in the variable x with deg(q) < k, and

N = Z(—l)iq(i) (x)ug—; + Bri1(z). (5.5.5)

=0

Proof. Letting j = a in (5.5.4) and using

X©@) =, 0 + X
8uoz—l ’
we have
8304 a o a—
5 =(=1) (X@xl= X1 A4)
= (—1)%u, (aua_lX(a_l)' X<1>A) + (=D (xebxe=h - xM4)

where the last line follows from (5.4.2).

Since A is a function of (z,ug), we obtain
0A Y\ u?
Bo=(-1)"{ 27— ) 2+ (-D)*(xC VX XU Ay,
(1" (e ) 2+ (-0 u
+ Ba—i—l(x) Uq—15 - - - >u0)a (556)
and it follows that

0A Y\ u?
X®p = X@ B, = (1) (X(O‘)—) Yo

8u0 2
+ (=1)*(x@x @b XD Ay,
0B,
+ Uq +l + X(a_l)BoH_l.
auoc—l
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By (5.4.2) and (5.4.3),

DAY u?
XEp = x@ORB = (—1)*( X®") —«
A
+(=1)* ((X(O“l)X(a‘l) L XWA) 4 uaaX(l)a—) Uq
0u0
OB+ +X©@ VB,
auoc—l “

(—1)*a+ 1) (Xu)%) .2

+ Uq

2 8u0 «
-1 -1 -1 1 O0Bat1
+ [ (=De(xebxleDxll) - xM4) 4 20 )y,
Uq—1
+ X VB ..
By (5.5.1),
A
X(l)g—w) =0 (5.5.7)
aBochl at+l/ y(a—1) y(a—1) y(a—1) (1)
— = (-1 (X X X XA (5.5.8)
auoz—l
X®Bp, = xXVB .. (5.5.9)
From (5.5.7),
0?A 0?A
Z d —
Ou? 0 an dxduy 0
implying that
A= PUo + Q(z)a

and by Lemma (5.2.1), p = 0. Furthermore

X0, XWA = ¢0(2),

and (5.5.6) gives

B, = (—1)aq(°‘)(x)ua + Bor1 (T, uq—1,- -, Up).

It also follows that (5.5.8) becomes

aBoz-i—l a+1l (a+1)

Tt = (1)),
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giving
Bo1 = (=) ¢t () ug_y + Baro(T, Uas, . - -, Up).
By (5.5.9),
X(k)ﬂk — X(a_l)Ba.H
., Up)

(_1)a+1q(a+2) (2) g1 + X(a_l)Ba+2(l’, Yoy, .

OB, .
= ((_1)a+1q(a+2) (I) + 8’LL +2) Uq—1 + X( 2)Ba+2($, Uq—2, - - - ,'l,[,o),
a—2

and by (5.5.1),

Ba+2 = (_1>a+2q(a+2) (x)ua_2 + Ba+3(l', Uq—3, - - - ,UO)-

Iterating this procedure, keeping in mind that the right hand side of (5.5.1)
O

depends on z only, gives (5.5.5) and ¢**V(z) = 0.

Lemma 5.5.4 Ifk is odd, say k =25+ 1, with 3 > 1, then A = q(zx), where

q(x) is a polynomial in the variable x with deg(q) < k, and

k
me= Y _(=1)'¢"()up_; + Bry1(2). (5.5.10)
=0
Proof. Letting j = 4+ 1 in (5.5.4) and using
0 0
x B+ — x(6) — d X0 = x©B-1)
+ ugt1 s an + Uﬁguﬁ_l,
we have
OBsar _ (Lo (x+0x®) | X0 4)
Dy
0
= (=) (XOXE L XVA) + (=1)7 M ugy (a—uﬁxm : .X<1>A)

For 3> 1, we have X(® = X(3-1) 4 uﬁa , giving

DA = x6B-1)xB-1)x0B-1)  x@)y

xB x®
xB-1)_~ xB-1) x0)y
+ Up ( auﬁ ;

0 x6-ux6-1  xy
8u -1

—l—u5

_|_

u

/‘\/‘\

8u5 16’&5 1
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By (5.4.2), %X(ﬁ) S XWA =24 giving

x®x®B  xMW g xB-)x6-)x6-1) @1y

0A
(B-1) 2%
+ Ug <X aU())

+u5< 0 XW—”XW-U...X“)A)
8u5_1
L P 0A

A (9u5_18u0 .

For 3 > 1, we have -2—24 — 0 and by (5.4.3),

Oug_1 Oug

9 xGuxe-n | xwa—gxm24
8u5_1 8u0’

hence

XOXO YW A = xG-DxG-D X6 XOA L34 1) <X(1>S_A) ,
Ug

It follows that

08511 _(_qypn <X(6—1)X(ﬁ—1)X(ﬁ—1) XW A uy(B41) (Xa)%))

Oug Oug
0A
+ (=) ugp (8—u0> ;

hence

By = (1) (XE-DXB-DXE-D | x0) A)y,

2
+ (=) (B +1) (X(l)%) 5

8u0
0A
+ (—1)° (8—u0) Ug1Ug

+ Baya(T,ug_1,. .., up),
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and

X(k)ﬂk — X(ﬁ)Bﬁ+1

- (_1)6+1(X(B)X(ﬁ—l)X(ﬁ—l)X(ﬁ—l) N .X(l)A)u5

+ (=P (B + 1) (X@)Xm@) u}

Oug ) 2
T L e
o+ X e
By (5.5.1),
Xu)g_;t _0 (5.5.11)
‘2575:2 = (=)D xB-D xE-1xB-0  xM 4) (5.5.12)
XWn, = XPBgy = XU VB, (5.5.13)

From (5.5.11),

0?A 0?A
_— = d =
gz~ g
implying that
A= pPuo + q (LL’)

and by Lemma (5.2.1), p = 0. Furthermore
X0 XWA=q9D(x)

and

Bgi1 = (—1)6+1q(6+1)($€)u5 + Byio(z, ug_y, . ..

Furthermore, (5.5.12) becomes

9Bg.»
(9’&5_1

_ (_1)ﬁ+2q(5+1)(x)’

giving

Bgyo = (1) (2)ug_1 + Byrs(w, up—s. ..
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By (5.5.13),
X(k)nk — X(ﬁ_l)Bngg — (_1)6+2q(ﬁ+2) (2)upg_y + X(ﬁ—l)BﬁJr?”
and by (5.5.1),
Bays = (—1)P3¢P D (1)ug_y + By ia(w,up_s, . . ., up).

[terating the procedure, keeping in mind that the right hand side of (5.5.1)
depends on z only, gives (5.5.10) and ¢***?)(z) = 0. 0

Lemma 5.5.5 The polynomial q(z) is constant, giving
E(x)=ax+b and n = qug+ p(x).

Proof. By (5.5.5),

and by (5.4.4),

Equating these two expressions gives

k, "

§%q(x) b q(x) =0

and it follows that |q| = C|¢|7%/2, where C' > 0. From Lemma (5.2.1),
g F < CYFRPP, (5.5.14)

which forces ¢ to be constant and consequently &’ is also constant. a
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We can now prove Theorem (5.5.1). Using suitable 1-quasiconformal maps,

we normalise f so that

where 1£(0) = 0 and (z/(x))? is bounded. From (5.1.1) we have

In particular,

implying that

Onk—1
Oug—_1

It follows that

From (5.5.15),

giving

and so on.

:A’

f(x) =2 and = Auy + p(z)

X(j+1)7]j:7]j+1, jZO,,k—l
X®ne 1 = hug + p(x)

Onk—1 _ (:1:) Onk—1
ox ’ 8uz

Me—1 = AMUj—1 +/ p(ty)dty.
0
X® Dy =,

x to
NMi—2 = ANUp—2 + / / p(ty)dtidts,
o Jo
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Chapter 6

The Heisenberg Group

6.1 Preliminaries

In contrast to the jet spaces J¥(R,R), where k > 2, the contact and quasicon-
formal theory of the Heisenberg group J*(R,R) is significantly different. This
is a direct consequence of Backlund’s theorem and apparent from the Liouville
theorem for J'(R,R), due to A.Kordnyi and H. M. Reimann in [15].

From (4.2.1) we have

(.T,U,hU) © (y,Ul,’U) = (x+y7u1 —|—U1,U—|—U+U1y)

giving

0.0 0 0
oz Mouw ouy’ Ou

as a basis of the left-invariant fields with horizontal space

span {X, i} = Ker(w), w = du— udz.

8U1

If f = (&(x,ur,u),m(x,ur,u), no(x, ur,u)) is a contact map on J'(R,R)
then the differential is given by

o¢ o¢
X dur ou M *
_ om om _
Df = Xm 32 F = 0 w(fi2)
*ou

0 0 w(fiz)
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Using Cartan’s formula: w([X,Y]) = Xw(Y) — Yw(X) — 2dw(X,Y), and the

contact conditions, we have

detM:w<f*§u), (6.1.1)

hence

det Df = (det M)>.

The eigenvalues of M™ M are

5 (AU & VIR = a(dera1?)
where
M) = (xep+ () + Comp? o+ (52

The homogeneous dimension is 4, hence by Pansu’s definition, f is K-quasiconformal
if
A(f)+ 4/ (A() -4 < 2K,

where

(xey+ () + Comy? + (52)°
| det M| '

The switch and flip maps are defined on J*(R,R) by

Af) =

o(z,uM) = (=, uy, —ug)
and
O_1(z,uM) = (—x, —uq, ug).
The switch map commutes with the flip map giving
d_yoo(z,ut) = 0o od_q(z,u) = (z, —uy, —ug),

moreover, the switch map, the flip map and their compositions are 1-quasiconformal

since

Alo) =A(0_1) =A(c0d_1) =A(0_100) =2.

It follows that every quasiconformal map can, if necessary, be “switched” or

“fipped and switched”, to a quasiconformal map such that det M > 0.
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6.2 1-Quasiconformal maps

The 1-quasiconformal maps of J¥(R,R), where k > 2, are point transforma-
tions, however this is not the case for J!(R,R). In [15], it is shown that
with some regularity assumptions, the 1-quasiconformal maps of the Heisen-
berg group, satisfying a condition equivalent condition to det M > 0, are the
actions of group elements in SU(1,2). Later in [5], it was shown that 1-
quasiconformal maps must be smooth, hence the 1-quasiconformal maps of the
Heisenberg group, satisfying a condition equivalent to det M > 0, are exactly
the actions of group elements in SU(1,2).

The following discussion reviews the results on 1-quasiconformal maps of
the Heisenberg group in [15]. The jet space expressions for these results give
the 1-quasiconformal maps of J'(R,R).

The group SU(1,2), is the subgroup of SL(3,C) consisting of elements g
which satisfy g*Jg = J, where

10 0
J=10-10
00 -1

The condition g*Jg = J is equivalent to ¢ leaving invariant the form

(W, ) = lvol* = |y1|* — [w|*.

Let

C={yeC|(yy) >0},
B={weC?| |w| <1},

S =B,

and define w : C¢ — {0} — B® by 7(yo, y1,%2) = (¥1/%0,¥2/%0)- If g = (gi5),
then the projected action of SU(1,2) on B or S is given by

(g, w) = <910 + griwi + g1oW1 goo + goarwr + 922w2)
’ Goo + go1w1 + goaws Goo + Gorw1 + Goaw
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and PSU(1,2) = SU(1,2)/{—id,id}.
An element g € SU(1,2) determines an element of the isotropy subgroup
PSU(1,2){_¢,y, where —e; = (0,—1) € S, if and only if it takes the form

e 0 0 cosh(s) 0 sinh(s) 1+ %W iz %W
0 e 0 0 1 0 —iz 1 —iz ;
0 0 e sinh(s) 0 cosh(s) % —iz 1+ %

and we write g = m(e®)a(s)n(z,t). Note that m(e®)m(e??) = m(e?ei?),

a(s1)a(s2) = a(s; + s2) and
n(z,t)n(Z,t") =n(z + 2, t +t' + 2Im(27")).
The space of pairs [z,t] € C x R with group multiplication
[z, t][2/,t] = 2+ 2", t + ¢ + 2Im(2Z) (6.2.1)
is a model of the Heisenberg group which we denote H'. The map
(2, uM) = (2, u1,u) — [2 + iuy, 4u — 27, (6.2.2)

defines an isomorphism J'(R,R) — H'.

The Cayley transform

iw1 ,1—11)2
1
1+w2’ 1+’UJ2

(21, 22) = C(wy, wq) = (

maps

B = {(wl,w2) S C2 | |w1\2 + |’UJ2‘2 < 1}

biholomorphically onto
D = {(z1,2) € C*| Imz > ||?},

with

C (21, 20) = (

The generalized stereographic projection is the map II : S\{—e;} — H!

—2i21 1 + 7;22
1— iZg’ 1— iZg ’

given by m o C where (21, 22) = |21, Re 29].

] 21
(., ws) = [ 1w m W }

1+ws 14 2Rewsy + |wsl?
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_ —2iz 1— |z > +it
Iz, t) =
21,1 (1+|zl|2—z’t’1—|—|z1\2—z’t
If we S\{—e2} and [I(w) = [z1, t], then

(1) H(p(m(e),w) = [0z, 1
(2) H(p(a(s).w)) = [z, e

(3) TI(p(n(z0,t0),w)) = [20,t0][21,1]-

The inversion j : S — S given by j(w;,ws) = (—w1, —ws) induces the Heisen-
berg inversion

z —t
it — |22 2 + |2|*

I(j(w)) =

As stated earlier, due to [15] and [5], the group actions generated by (1), (2)

and (3), and the Heisenberg inversion are exactly the 1-quasiconformal maps
of H*.

Using (6.2.2) we obtain the corresponding action of SU(1,2) on J'(R,R).

In particular, (2) and (3) are simply dilation and left translation, whereas (1)

becomes

é(z,uM) = x cos(36) — uy sin(36)
m(x, uV) = uy cos(36) + x sin(36) (6.2.3)

n(z,u) =u — %a:ul + %(ZE cos(30) — wuy sin(360))(uq cos(36) + x sin(36)).

Note that when sin(30) # 0, (6.2.3) is not a point transformation, and the
case when cos(30) = 0 and sin(30) = —1 is the Legendre transformation. The

Heisenberg inversion becomes

23 + 3zuy? — dugu

Ly — _
£z, u) 16u? — 16uzuy + 62212 + 2% + ut
1) —dzu + 2%u; — uy?
m(z,ut) =
16u? — 16uzu; + 6x2uq? + o4 + ur?
0z, u®) = —16u? + 16u?zu; — 6uz?u?® + ur* — 3uuy* + 22%u13 + 22u,°

(16u? — 16uzu; + 622u12 + x4 + ugt)?
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6.3 Quasiconformal point automorphisms

As was demonstrated in the previous chapter, under suitable smoothness as-
sumptions, the quasiconformal automorphisms of J*¥(R,R), where k > 2, are
point transformations with a canonical form. For the Heisenberg group, we
can construct a subgroup of the quasiconformal automorphisms with canonical
form, however the quasiconformal automorphisms need not be point transfor-
mations as the 1-quasiconformal maps of the Heisenberg group need not be
point transformations. First we obtain the global quasiconformal point trans-
formations of J'(R, R).

Assume that
f = (6(1’, U), 771(1'> Uy, U), 77(13 U))
is a global quasiconformal point transformation of J! (R, R), satisfying det M >

0. Since

A

we have &, = 0 so
f = (5(55)7771(%1&1,“)777(%10))

and
o N + U Ty
m(x,uy,u) = ———.
&a
It follows that

(£w>2 + (XU1)2 + (nu/£x>2

Alf) = "

and

Since A(f) is bounded we have

Since &, # 0, (1) implies that

azu + b, + uja(x)
1 '

n(z,u) =a(x)u+b(zr) and n(z,u,u)=
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Since det M > 0 we have a(x) > 0, furthermore, (2) becomes

and

(&) + (Xm)* + (a()/&:)?

a(z

Af) =

where
Since A(f) is bounded, we have

a':c:ch - axgx:c =0

and

o) T e e

Assume a(z) is not constant, then (6.3.1) implies that

Af) =

61‘1‘ al‘

2= — =0
&e a(x) ’
hence
d a(z)?\
= (er) =
and

& = Cra(z)?.

Substituting the previous identity into (6.3.2) gives

azpa(z) — 202 = 0,

which, if we write y = a,/a, becomes

y/ — y2.

By the standard uniqueness theory of ordinary differential equations,

1
y—CQ—LL’
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for some constant C5, and it follows that

_CQ—ZL’

a(x)

for some constant C3. However, (6.3.3) shows that

&
a(x)

must be bounded so @ must be constant. Moreover, (6.3.3) implies &, = 0 and

= Cia(z)?

it follows that

by
{(z) =az+ B, mz,u,u)= gul +o and n(x,u) = au+ b(x)

where |b,,| is bounded.
Normalising by the dilation d;/, and a suitable left translation 7,, we can
assume that f = d, o 7,-1 0 fM* where fM* is given by
Mz ul) = a

M (2,0 D) = Ay + () (6.3.4)
(@ u) = Au+/ () dt
0

and |p/(z)| is bounded.
Together, dilations, left translations, switch maps, flip maps, the point
automorphisms (6.3.4) and rotations (6.2.3), generate a subgroup G of the

quasiconformal automorphism group of J!(R, R).

6.4 Equivariant lifts

There is another method of constructing quasiconformal automorphisms of
JY(R,R) due to Tang in [29], also used in [7]. There is a free action of R on
JYR,R) defined by

a,(x,up,u) = (0,0,7) ® (x,ur,u) = (x,u,u+r), rekR.

The quotient space J' (R, R)/R of this action identifies with R? and the projec-

tion 7 takes the form 7 (z, u;,u) = (z,u;). The Carnot—Carathéodory metric is
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invariant under this action of R and induces the Euclidean metric on the quo-
tient space. In [29] and [7], it is shown that a rectifiable curve in J'(R,R)/R
has a rectifiable horizontal lift in J'(R,R), which is unique up to choosing
the initial point. From this result, [29] and [7] show that a quasiconformal
map of J'(R,R)/R = R?, which distorts area by a constant factor, must be
bilipschitz and lifts to an equivariant map of J'(R,R) which is bilipshitz with
respect to the Carnot—Carathéodory metric. Moreover the lift is unique up to
composition with a, for some r. Since the lift is bilipschitz with respect to the
Carnot—Carathéodory metric, it is quasiconformal by the geometric definition.

In particular, dilation, left translation, and the rotations (6.2.3) all project
to quasiconformal maps of R? which distort area by a constant factor. For the

point transformations (6.3.4), the projection has the form
F(x 4+ iuy) = o+ i(Aug + p(x)).

Recall that a diffeomorphism A, of a domain in C, is quasiconformal if and only

if [|[0h/0h||s < ¢ < 1, where 0 = (& — z'a%l) and 0 = (2 +z’8%1). Since

5_F =X+ (o)

OF 14+ X +ip/(x)’
and A > 0, it follows that F' is quasiconformal. Moreover F' distorts area by
the constant factor A.

It follows from uniqueness that G is lifted from a subgroup of the quasicon-
formal maps of R? which distort area by a constant factor. As is pointed out
in [7], the point transformations (6.3.4) define quasiconformal automorphisms
if () is bilipschitz.

If f is a smooth contact map on J'(R,R) such that

f(xvulvu) = (£(xvu1)7n1(x7ul)vn(xvulvu))u

then the contact conditions give
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Applying % to these contact conditions gives

0n 0%n 9?n
Sude + uq =0 and

ou? Ouduy =0

It follows that
n(x,u,u) = au + b(x, uy),
and (6.1.1) shows that det JF' = a which implies that F' distorts area by a

constant factor.

If F' =&+, then

(5:) () + () + (G)
|o€om o€ ow
Oxr Ou; Oup Ox

|OF |2 + |OF|?
|OF|? — |OF?

= AU =

If f is quasiconformal, then Fubini’s theorem implies that OF,0F € Lt . Since

loc*

F' is an injective open map, we conclude that F' is quasiconformal.
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Chapter 7

Rigidity and Strata Dimension

7.1 Introduction

As was discussed in chapter 1, the folklore rule of thumb is that noncommuta-
tivity should force rigidity in the sense that a high degree of noncommutativity
should imply more rigidity. A measure of noncommutativity or rigidity might
be the “growth vector” which records the step and strata dimensions of the
group. However, such a measure must depend on more than the growth vector
data. For example, from [34], there is a Carnot group G g¢ of dimension 6, asso-

ciated to the Hilbert Cartan equation v’ = (u”)2, such that L; = span{ Xy, Xs},
Ljyy =[Ly,L;] =span{e;j;;} where j=1,...,4,

and [es3, e4] = eg. Furthermore the Lie algebra of contact vector fields is isomor-
phic with the 14-dimensional Lie algebra Go (see [1]), hence G y¢ is rigid. The
growth vector for Gpe is (2,1, 1,1, 1) which is the growth vector for J*(R,R).
Hence we have two Carnot groups with the same growth vector but with op-
posite rigidity.

Similarly, we can construct distinct Carnot groups with growth vectors
(3,2,1), but with opposite rigidity. For example, using the vector field method,
as in [15] and [32], it easy to check that the Carnot group corresponding to the
Lie algebra n(4,R), the strictly upper triangular 4 x 4 real matrices, is rigid
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with strata dimensions (3,2, 1). For the nonrigid example we use Grassmanian

prolongation (see [17]).

7.2 Grassmanian prolongation

Let 3(k, M) be a distribution of k-dimensional subspaces of an n-dimensional
manifold M, i.e., if p € M, then X(k, M), is a k-dimensional subspaces of T, M
and for some neighborhood U of p there exist smooth vector fields X, ..., X

such that

X(k, M)y = span{Xi(q),..., Xx(q)}, ¢€U.

The study of /-dimensional submanifolds of M which are tangent to 3 (k, M)
gives rise to the bundle Gr(¢, X(k, M)) — M where each fiber Gr(¢, X(k, M)),
is the Grassmannian of /-dimensional subspaces A, C ¥(k, M),. The elements

of Gr(¢,X(k, M)), represent the possible tangent spaces of the submanifolds.

A curve through (p, A,) € Gr(¢, X(k, M)) has the form (y(t), Ay ), where
7(0) = p, and is defined to be horizontal at (p, A,) if 4(0) € A,. These curves
define a subspace of T, x,)Gr(¢, X(k, M)) and the collection of all these sub-
spaces defines a distribution X(Gr(¢, X(k, M))) on Gr(¢, X(k, M)). The Grass-
man bundle Gr(¢,3(k, M)), together with the distribution X(Gr(¢, X(k, M))),
is called the Grassman prolongation of ¥(k, M). A contact map of M lifts to
a contact map of Gr(¢,X(k,M)) via f(p,A,) = (f(p), f«)\p) so that M and
Gr(¢, X(k, M)) share the same rigidity.

7.3 Nonrigid (3,2,1)

Consider the Carnot group G with Lie algebra given by span{ X, Xo, X3, X4}
and nontrivial brackets [X7, Xo] = [X3, X3] = X4. The horizontal space is
H = span{ X, X5, X5} and the strata dimensions are (3,1). In second kind
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coordinates, we have

0 0 0 0 0
Xy = — - 9 x,-9 x,-9 x -9
! 81’1 ($2 * x3)8$4 2 81’2 3 81’3 4 81’4

with corresponding dual forms dxy, dza, dxs, and dxy + (z2 + 23)dx;, and
H = X(3,G). A vector field V = )" v;X; induces a contact flow if [H,V] =0
mod H which implies that

X1U4+’02—|—U3 :0, X2U4—’Ul =0 and X3U4—U1 =0.
It follows that
V = (X2U4)X1 + UQXQ — (X1U4 + ’UQ)Xg + ’U4X4

with vy arbitrary and vy = P(z1, x5 + 23, x4) for any suitably smooth P. We
conclude that G is nonrigid. Alternatively, G can be recognised as the the
product of the Heisenberg group and the real line which accounts for it being

nonrigid. In particular, with

1 1
X:Xl, Y:§(X2+X3), Z:§(X2—X3), and T:X4,

the commutation relations are given by [X,Y] = T, and all other commutators
vanishing.

We Grassman prolong G' by 1-dimensional subspaces of the form
span{ X; + t Xy + s X3} C H.
Thus we define v = (1, 2, T3, 24,1, ) to be horizontal if
1 #0, &4=—(ry+x3)L1 and (&1,39,33) = N(1,1,s),

or equivalently if

.0 0
y = 21(X7 +tX X t— +s—.
Y 1’1( 1‘|‘ 2+S 3)‘|— 0t+803

It follows that

H = 2(Cr(1,2(3,Q))) = span {Xl, T, 5} ,
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where

- 0 0
X=X X X T = — =
1 1+ 1tX9 + 8X3, o and S 5

moreover the nontrivial brackets are

[Tv Xl] = X27 [Sa Xl] = X3
[XlaXQ] - [X1>X2] - X4

[XlaX?)] - [X1>X3] - X4'

By construction, the corresponding Carnot group is nonrigid with strata di-

mensions (3,2,1).

7.4 Rigid (3,2,1)
Denote by G the subgroup of GL(4,R) consisting of elements

1 zy x4 26
0 1 9 x5
00 1 x3
00 01

The rigidity of G was first established in [9] as it is a nilpotent Iwasawa sub-
group of GL(4,R). The following is an elementary proof.
A basis for the Lie Algebra L, of left-invariant vector fields, is given by

0 0 0 0 0 0
Xl_a—xl X2—0—2724'1'16—‘%4 Xg_a—m+x2a—%+$4a—%
0 0 0 0
X4_8—5L’4 X5—a—x5—|—$18—x6 X6_8—5L’6

with dual basis

w1 = dl‘l Wy = dIQ W3 = dl‘g

Wy = dIL’4 — l’ldl’g Wy = dl‘5 — IQdI‘g We — dl‘ﬁ — Ild,f5 — (LU4 — x1x2)dm3.
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The nontrivial brackets are
(X1, Xo] = Xy, [Xo, X3] = X5, [Xy1, X5] = X, [X3, Xy] = —Xo,
which, upon setting
Ly = span{ Xy, X5, X3}, Lo =span{Xy, X5}, Ls=span{Xg}

giVG L2 = [Ll, Ll] and L3 = [Ll, Lg] = Z(L)
If a vector field V' = > v;X; is to generate a flow which preserves L it
must satisfy [V, L;] C L, hence

X1U4 = —U9y Xl’U5 =0 X1U6 = —Us
X2U4 = U1 X2U5 = —Uj X2U6 =0
X3U4 =0 X3’U5 = U9 XgUG = U4

which imply
X12116 =0 Xovg =0 X§v6 =0
and
vs = —X10g Vs = X3 U3 = X3Xqv5 vs=—X3X106 v = X2X304.

Since X?vs = 0 we have vg = Az; + B with A and B independent of z,

moreover Xovg = 0 implies

0A 0A 0B 0B
(XQA)SL’l + XQB = <8—5L’2 + xla—m>l’1 + 8—1’2 + x18—x4
giving
94 04 0B _ 0B
81’4 N 81’2 01'4 n 01'2 o

It follows that

A= A (23,25,26) 2 + As(x3, T35, T6)

and

B = —Al (1'3, T5, 1’6)1'4 + BQ(ZL’g, T5, ZL’G)
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which, by direct calculation, further implies

Kt = (G o + (2gag + G )’
0? 0*A
A2 e+ (R)ans
+ 2( 04, + oAy ):):1:52:54 + ( 8253;3 + ggﬁ;)mxz

0xg0xrs  O0xg013
o P (B (25

0P A, 9 0? Ay 9 0P A, 0? B,
- —o( 2L —9 -
( Oxs? )x4x2 (8:1768:175 ) T2 <0:L'5&173 Oxg0rs ) T2

+2< 9% B, ):)32— (%)Mg_l_ (8232 Ly %A, >:)342

81’581’3 81’62 81’62 81’681’3
9? A, 0? B, 0? By
— 2 — ).
+ ( 81’32 + 0:)3601'3)% (81’32)

Each bracketed term in the previous expression must vanish, which forces

vg to be a polynomial. In particular, we have

PA_y P OA
0xs52 0x¢2 06075
0?A, _0 0% A, _0 0% A, _0
0132 0x62 0x60x3
0? B, 0 0*B, 0 0*B, 0
052 0xs2 0x5013

which imples
Ay = ay(w3)xe + Bi(xs)zs + 71(23)
Ay = ap(w5)x6 + Ba2(25) T3 + V2(75)
By = ag(we)zs + B3(w6)23 + 73(26)-
The remaining bracketed terms give

L 2240 4 % — 95 (ny) + o (25) s + Y (5)s + 4 (5) = 0

8m58x3
9% A,y PAL / _
2. O0xe0Ts + OxeOx3 a2($5) + Qy (.fl:g) =0

3. 282529203 + %;:1 = 2ﬁé(l’5) + O/ll(l'g)l’(j + /61/(1’3)1'5 + 71/(1’3) =0
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2 2
4. 25 — 2B = Bi(xs) — aj(xe) = 0

5. OBy 2.0 — off(we)as + B (we)ws + 7 (26) — 204 (x3) = 0

6. =24 42282 — — ol (23)w6 — B (w3)75 — 7 (23) + 264 (76) = 0.
From 1, 3 and 5 we have of(z;5) = 0, of(x3) = 0 and of(z) = 0. It follows
using 2, that
ai(x3) = Prlag + Q1 ao(ws) = —Pias + Q2 as(we) = Paxe + Q3
and, from 4, it follows that
Bi(w3) = P3wz + Qu.

The remaining equations are

9?A, 02 Ay

1. 28x5ax3 + T 2Ps + By (xs5)xs + vy (x5) =0
. 2002 Ot o) 4 oY) =0

5. ?;522 - Qaig;g = (3 (v6)x3 + 75 (x6) — 2P =0
6~ T DB i)+ 28ha) = 0.

From 1, it follows that
Bo(ws5) = Paws + Qs and  ya(w5) = —Paa3 + Qo5 + Qr,
and from 3, it follows that
Yi(x3) = — Pyl + Qsws + Q.
From 5, it follows that
Bs(w6) = Pstg + Quo and  v3(26) = Prag + Quas + Qua,

and 6 shows that
P5 - —P4.

We conclude that vg is a polynomial depending on the 15 coefficients

Py, Ps, Py, Q1,...Q12,

hence G is rigid.
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