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Abstract

A great deal of classical harmonic analysis is concerned with the properties of the
Laplacian £ on Euclidean space R™ and on the sphere S®~! in R”. One of the key
questions which inspired many of the experts on the subject was the following.

Given a bounded Borel function m on R", we can define a bounded operator
m(L) on L*(R™) using the functional calculus of self-adjoint operators on a Hilbert
space. What conditions on m ensure that this operator extends to a bounded opera-
tor on LP(R") when p # 2?7 Many of the answers to this question find their way into
the theory of partial differential equations. There are versions of L. Hormander’s
classic multiplier theorem [7, Theorem 2.5] which hold for the Laplace—Beltrami
operator on the sphere, due to R.R. Coifman and G. Weiss [3] and A. Bonami and
J.-L. Clerc [2].

In this thesis, we are concerned with a related operator on the sphere. In
complex analysis, one of the directions tangent to the sphere is atypical, namely
that which is ¢ times the radial direction. Problems in complex analysis about the
boundary behaviour of holomorphic functions are resolved using a modified version
of the usual Laplacian, known as the Kohn—Laplacian, in which the square of the
partial derivative in the ‘atypical’ direction is omitted from the usual Laplacian.

We study this operator using the complex analogue of the theory of spherical
harmonics (see [9] and [1] for the case of the sphere in R™). To do so, in this
thesis, we quickly summarise a few properties of harmonic functions, and then
recall the theory of spherical harmonics on the ‘real sphere’. We then develop an
analogous theory for the ‘complex sphere’, which is certainly known to the experts,
but we give a leisurely presentation which does not rely on previous exposure to
the representation theory of the unitary group. Finally, we develop some ‘weighted
estimates’ for spherical harmonics which enable us to prove a ‘weighted Plancherel
theorem’ for the Kohn—Laplacian. This result, together with the general theorem of
M. Cowling and A. Sikora [5], enable us to assert that an analogue of the Hormander
multiplier theorem holds for the Kohn—Laplacian, where the index is optimal.
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CHAPTER 1

Harmonic Functions

The purpose of this chapter is to collect some results about harmonic functions in
R™ that will be used repeatedly in this thesis. We assume throughout that n > 2,
since the theory is essentially trivial but different when n = 1. In particular, we
will need the maximum principle and the solution to the Dirichlet problem for the
ball.

Many of the general properties of harmonic functions on R™ are more easily
proved by using the mean-value property of harmonic functions than by using the
definition of harmonicity directly. The mean-value theorem—which characterises
harmonic functions—is in turn a consequence of an n-dimensional version of Green’s
theorem that plays a similar role in n dimensions to Cauchy’s theorem in the two-
dimensional case. References for the material in this chapter are [9] and [1]; the
latter contains many more aspects of the theory of harmonic functions.

1.1 Basic Properties of Harmonic Functions

A complex-valued function f defined in a domain (that is, a connected open subset)
D of R™ is harmonic on D if Af is identically equal to 0 on D, where A is the
Laplace operator, or Laplacian, defined by

Since the definition of harmonicity involves taking second order partial derivatives,
we must of course impose smoothness conditions on the function f above. It will
be assumed that f is in C?(D), the space of complex-valued functions on D which
possess continuous second-order partial derivatives.

Although the above definition was for complex-valued functions, we shall need
to work with real-valued harmonic functions as well—for example, in proving the
mean-value theorem—and the rules for differentiating complex-valued functions of
real variables establish the expected relationship between complex-valued and real-
valued harmonic functions: namely, f: D — C is harmonic if and only if there
exist harmonic functions g, h: D — R such that f = g+ ih.

Small differences which occur between the real and complex-valued case are
directly attributable to the absence of a linear ordering on C.

Now we give some examples of harmonic functions. Apart from trivial examples
like constant functions and linear forms (such as the coordinate functions) on R™,
we know from complex analysis that all analytic functions on C = R? are harmonic,
as are their real and imaginary parts.



When n > 2, we define f(z) = |z|*™. Then df/dz; = (2 —n)z; |z| ™" and

S @)= @ m) ol n(2 — )
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when 1 < 57 < n. By summing the last expression over all such j, we see that
Af(x) =0 for all z except 0. Thus f is harmonic on R™\ {0}.

This radial function is very important in harmonic function theory—in the next
section it will be used to prove the mean-value theorem—and its analogue in the
case where n =2 is log |z|.

The set of harmonic functions on D is a vector space since it is obviously closed
under addition and scalar multiplication. Further, harmonic functions are preserved
by the usual groups of transformations occurring in harmonic analysis: translations,
dilations and orthogonal maps.

When f: D — C and h is a fixed element of R", we define 7, f to be the
function on D +h = {y + h :y € D} given by (7,.f)(z) = f(x — h). We refer to
Tn, as a translation operator; it is easy to see that it commutes with the Laplacian:
A(1nf) = T Af. Hence if f is harmonic on D, then 73, f is harmonic on D + h.

When a > 0, we define dilation by a to be the operator ¢, taking f: D — C
to daf: (1/a)D — C, where (1/a)D = {(1/a)y : y € D} and (0,f)(z) = f(z/a).
Since A(d,f) = a=26,Af, dilates of harmonic functions are harmonic.

An orthogonal map is a linear operator on R that preserves the Euclidean inner
product. The orthogonal maps on R™ form a compact subgroup of the set of all
bounded maps on R™ under composition, which will be denoted by O(n). If f is
in C?*(D) and T in O(n) is represented by the matrix [¢;;], then the chain rule
implies that

O(foT - 0
om0 = g (T2)

Another application of the chain rule gives
*(foT) —~ 0*f
o (= 22 tutig (T,
k i=1 j=1 v
and summing this over all k£ implies that
A(foT) :ii(itikt-k)ﬁ(ﬂo. (1.1)
— < ! Orx;
i=1 j=1 k=1
Now we use the fact that T preserves the inner product to deduce that

n
E tzkt]k = T€Z‘ : Tej =€ € =
k=1

{O when i # j

1 when 7= j,
and substitute into (1.1) to deduce that

A(foT)=(Af)oT VT € O(n).



The Laplacian therefore commutes with orthogonal changes of variables, and all
compositions foT of harmonic functions f with orthogonal maps T are harmonic.

1.2 Deeper Properties of Harmonic Functions

As mentioned above, harmonic functions in R? share many of the remarkable char-
acteristics of analytic functions in C.

Properties such as the mean-value theorem, the maximum modulus principle
and the infinite-differentiability of two-variable harmonic functions are also true
in the n-dimensional case. The key to proving them in this case is the following
version of Stokes’ theorem, in which v(¢) is the unit outward normal vector to 9D
at the point ¢, do is the element of surface measure on dD, dx is the element of
Lebesgue measure and V denotes the divergence or the gradient.

Theorem 1.1 (Green’s Theorem). Suppose that D is a bounded domain with C?
boundary in R™, and that F is a C? vector field on (a neighbourhood of) D. Then

| Fwviwdot) = [ 9 F)ds

Now take f and g in C?(D), and substitute fVg for F in the theorem above;
it follows that

fagda—/ng—l—Vf Vgdzx,

where
dg
ov

i.e., dg/0v is the directional derivative of ¢ in the direction v.
Reversing the role of f and ¢ in the above equality and subtracting gives us
the following version of Green’s identity:

=Uv: vQ?

dg
Dfa—i—ga—ida:/[)ng—gAfd:c. (1.3)

We will use Green’s identity to prove that if a function f is harmonic in an open set
in R”, then the average of f over all balls with centre  whose closure is contained
in the set is f(z).

In the following theorem, B(z,r) denotes the ball in R™ with centre x and ra-
dius r. We denote B(0,1) by B and its boundary by S. The surface measure o(S)
of S is denoted by w,_1.

Theorem 1.2 (Mean-Value Theorem). Suppose that f is harmonic in a neighbour-
hood of B(x,r). Then

f(z)

/f x4 ry)do(y). (1.4)

wnl

Proof. The translation and dilation invariance properties of the last section imply
that it is enough to prove (1.4) in the case where = 0 and r = 1. In fact, we will



prove that all harmonic functions g on B satisfy

9(0) = — /g(y) do(y);
Wn—-1Jgs
we replace ¢ in this equation by the function g, ., defined by g,,(y) = f(z +ry),
to prove (1.4).
Suppose that n > 2 and f is harmonic on B. Define g(z) = |z|*" and
D.={x € R": e < |z| < 1} for small positive . Both f and g are harmonic on

D, and Green’s identity (1.3) implies that

_ af
0= f 8V 8V

:/S[fal('alz"_|.|z—n 0_£]d0_/ FELTEY i
|2n

/fa| /;6 Lo [ O,

3V
:(2—n)/sfda—(2—n)el”/Esfda—/sgda+8” gi

However the last two terms in the above expression are zero (this follows by choosing
g identically equal to —1 in (1.3)), so

/Sfda:el_”/esfdo.

The proof is completed upon noting that the right hand side of this expression
approaches w,_1f(0) as € tends to 0. O

The case where n = 2 of the mean-value theorem is proved in complex function
theory; it can also be derived by replacing |z|>™™ by log|z| in the above argument.

Although we will not prove it here, it should be noted that Theorem 1.2 has a
converse: all C? functions f defined on a domain D which satisfy (1.4) whenever
B(x,7) C D are harmonic. This characterisation of harmonic functions in terms
of the mean-value property is of fundamental importance. Using it, it is easy to
establish standard theorems about harmonic functions.

For instance, it can be shown that harmonic functions are infinitely differen-
tiable. Since the Laplacian commutes with differentiation, it follows that derivatives
of harmonic functions are harmonic. For example, x; |z|" is harmonic on R™\ {0}
when n > 2, since it is (up to a constant) the j*® partial derivative of the harmonic
function |z|>™™ if n > 2 and of log|z| if n = 2.

Other important consequences of the mean-value property are

e Liouville’s theorem: a bounded harmonic function on R™ is constant;

e closure under uniform limits: if a sequence {fx} of harmonic functions con-
verges uniformly to f on compact subsets of an open set D in R™, then f is
harmonic on D;

e the zeros of a real-valued harmonic function are never isolated;



e the maximum principle: a nonconstant harmonic function on a domain does
not attain its maximum modulus.

Of these results we prove only the maximum principle, since this is the theorem
whose variations we shall have occasion to use later.

Theorem 1.3 (Maximum Principle). If f is a real-valued harmonic function on a
domain D in R™ which attains its supremum in D, then f is constant.

Proof. Write M for sup,cp |f(z)|. Since there is nothing to prove unless f is
bounded, suppose that M is finite, and take a in D such that fla) = M. If
B(a,r) C D, then Theorem 1.2 implies that

1

Wn—1

M =

/Sf(a +ry) do(y).

Since the function f is continuous and bounded by M on D, this equality implies
that f is identically equal to M on 0B(a,r). It follows that f is identically equal
to M on a neighbourhood of a.

Define the set f~'({M}) to be {x € D : f(x) = M}; then f~'({M}) is both
open and closed in D, and the connectedness of D implies that f~'({M})=D. O

Applying the above argument to the function —f establishes a corresponding
minimum principle for real-valued harmonic functions.

An appropriate version of the maximum principle will be needed when working
with complex-valued harmonic functions.
Corollary 1.4. Suppose that [ is a complez-valued harmonic function on a domain
D in R™ which attains sup,cp | f(x)| at some point in D. Then f is constant.

Proof. Write M for sup,cp |f(z)]. We may again assume that M < oo, and take
a in D such that |f(a)| = M.

Suppose that f(a) = Me”. Define ¢ = Re{e ®f}. Then g is a harmonic,
real-valued function, and

9(y) =Re{e ™ f(y)} < sup e f(x)| = M = g(a)

for every y in D. Thus Theorem 1.3 implies that ¢ is identically equal to M, and
the inequality

M? > |f(x)]* = Re{e ™ f(2)}? + Im{e ™" f(2)}?
= M? +Im{e " f(z)}?

shows that Im(e~%f) is identically equal to 0. Thus e *f is constant and f is
constant. [

Another way to phrase the maximum principle is that a nonconstant harmonic
function on a domain D cannot attain its maximum in D. This is obvious for
unbounded functions and follows directly from Corollary 1.4 for bounded ones.



On the other hand, a continuous function on a compact set must attain its
maximum somewhere on that set. Combining these remarks establishes the follow-
ing useful corollary (from now on we assume that all functions are complex-valued
unless otherwise specified).

Corollary 1.5. Suppose that D is a bounded domain and f in C*(D) is harmonic
in D and nonconstant. Then |f| attains its maximum only on OD.

We can see from Corollary 1.5 that, if f is identically equal to 0 on 9D, then f
is identically equal to 0 on D, and a simple application of this observation to the
difference of two functions implies that a harmonic function on a bounded open set
is uniquely determined by its value on the boundary.

Corollary 1.6. Suppose that D is a bounded open set, and that f; and fy are
continuous functions on D, which are harmonic in D and agree on 0D . Then fi
is identically equal to fo on D.

Corollary 1.6 is the form of the maximum principle that we shall find most
useful: it will be used repeatedly in the next chapter.

1.3 The Poisson Kernel

From this point on, we will be interested in the situation where the domain D of
the previous sections is the unit ball B in R"™ (which we will sometimes write B,
to emphasize that its dimension is n). Recall that S denotes the boundary of B.

Suppose that f is a harmonic function on B which is continuous on B. The
maximum principle (in the form of Corollary 1.6) identifies f with its restriction
fls to S, since f is the unique continuous extension of f|g¢ that is harmonic in
B. Another way to put it is that the maximum principle provides a one-to-one
correspondence between the space of continuous functions f in C(B) which are
harmonic on B and a subspace of C(S5).

The following two questions arise immediately:

e Is the above subspace C(S) itself?

e If g in C(5) can be extended continuously to a harmonic function f on the

ball, then how do we construct f from ¢?

These two questions comprise the Dirichlet problem for the ball, whose solution

provides an affirmative answer to the first question and says that f in the second

question is related to ¢g by integrating the product of g and the Poisson kernel (for
the ball), defined on S x B by

11—z

Wn—1 |.r - §|n

p(&, x) = Vée S VxeB.

The precise relation of g in C(S) to its harmonic extension f on B is that the
latter is given by

(1.5)

Plg|(z) when z isin B
g(x) when z is in S,



where the Poisson integral Plg] of g is defined by

Plg)(x) = / p(6,7)g(€) do() vz € B,

A straightforward but tedious calculation shows that p(¢,-) is harmonic on B, and
differentiating under the integral on the right hand side proves that the same is true
of Plg].

Proving that f is continuous on B (that is, showing that P[g](z) tends to
g(&) as z tends to £ in ) is slightly less straightforward and follows from certain
‘approximate identity’ properties of the Poisson kernel. Perhaps the most important
of these is that

/Sp(f,x) do(§) =1 Vx € B. (1.6)
To prove (1.6), first expand the dot products to show that
o —&)* = |¢lz| —w/[)’|  VeeB\{0} Vees.
It follows immediately that

p(& x) = p(e/|e],&lx])  Voe B\{0} VvEes.

We now change perspective and consider ¢ as a variable in R™. Fix x such that
0 < |z| < 1. Since the Poisson kernel is harmonic, £ — p(z/ |z|, £ |z]) is a harmonic
function on B(0, |z|~") (and hence on B). The mean-value theorem implies that

/S p(af)a), € |2]) do(€) = warp(a/|2],0) = 1,

and (1.6) is proved.
We can use (1.6) to write

Plol(a) =) = [ 9(6) ~ sl 0)dote) vy €.

When ¢ > 0, we choose § such that |g(§) —g(n)| < € for all £ such that
|€ —n| <6 on S. Then we can split the above integral over S into two parts: the
integral over {£ € S : | —n| < d} is clearly bounded by €, whereas the absolute
value of the integral over {€ € S : |€ —n| > 6} is less than 2]g||_ 6 "(1 — |z|*),
which approaches 0 as x tends to 1. We conclude that, for all n in S, P[g](z)
tends to g(n) as z tends to 1, and hence that f is continuous.

To summarise, we have proved the following theorem.
Theorem 1.7 (Solution of the Dirichlet Problem). Suppose that g is in C(S) and
f is defined as in (1.5). Then f is continuous on B, harmonic in B and equal to
g on S.

The maximum principle in the form of Corollary 1.6 implies that f is the unique
function with the properties in the above theorem.



The Poisson kernel is intimately connected to spherical harmonics. For instance,
we will establish the remarkable fact that the Poisson integral of a polynomial is also
a harmonic polynomial, and then use this to prove a key theorem about spherical
harmonics. It is also true that the Poisson kernel can be expressed as a series of
certain spherical harmonics.



CHAPTER 2

Real Spherical Harmonics

In this chapter we are concerned with a certain class of complex-valued polynomials
on the unit sphere in R™ that are the n-dimensional analogues of the functions
(z,y) — (x + iy)* defined on the unit circle T'. Just as all L? functions on T can
be expanded in Fourier series, we will see that L? functions defined on the sphere
in R™ are uniquely expressible in terms of these ‘spherical harmonics’.

Spherical harmonics are very useful in understanding polynomials on R™ and
it is from this point of view that their theory is presented. Theorem 2.7, which
expresses the precise nature of the relationship between arbitrary polynomials and
spherical harmonics, is perhaps the most crucial result about spherical harmonics
and leads directly to the important L? decomposition mentioned above.

In the final section of this chapter, we study a special subclass of spherical
harmonics that depend only upon one variable. These ‘zonal spherical harmonics’
have a surprising connection with the Poisson kernel for the ball, and an explicit
formula for zonal spherical harmonics follows from this connection.

Many of the concepts and results in this chapter have analogues in the complex
n-dimensional case, to be developed in Chapter 3. Standard references for the
material in this chapter are [9] and [1].

We assume throughout this chapter that n > 2. We use multi-index notation:
for an n-tuple o in N” (that is, « = (ay,...,a,), where each «; is a nonnegative
integer), we write |a| for oy + -+ «a,. We denote by [N"]|; the set of all « in N”
for which |a| = k. We define the monomial 2 and the partial differential operator
0%/0z™ by

x =x{tay? - x
oo ol

= al .
Oz«  Ox{'---0xon

A polynomial in R" is a (finite complex) linear combination of monomials.

We will use orthogonal changes of variables quite frequently. The equality (1.2)
shows that if T" is orthogonal, then 77T is the identity. We will need several such
properties of orthogonal maps, and we prove a lemma here.

Qn
n

Lemma 2.1. Suppose that (u,u') and (v,v") are pairs of unit vectors in R", and

that u-u' = v -v". Then there exists an orthogonal map T such that Tu = v and
Tu ='.

Proof. Suppose first that |u - /| < 1. Take u” to be v’ — (u-u')u; then u-u” =0,
i.e., v and u” are orthogonal, and

W) = (W — (u-u)u) - (0 — (u-u)u) =1 — (u-u')?#0.



Similarly, we define v" to be v — (v - v')v; then v and v” are orthogonal, and

|u//| — "U”|.

We apply the Gram-Schmidt process to the pairs (u, [u”/| " «”) and (v, [v"| " v"),
augmented by the standard bases, and construct orthonormal bases {uy, us, . .., u,}
and {vy,vq,...,v,} such that w3 = u and uy = |u”|71 u”, while v; = v and
v = |V ]_1 v”. We define the linear map 7" on R"™ by requiring that Tu; = v;
when ¢ = 1,...,n. Then T is orthogonal, and T'u = v by construction; further,
Tu" =", whence Tu — (u-u)Tuw =v— (v-v')V, and Tu' =o', as required.

If w-u = +1, then a similar but easier proof, starting with u and v only,
establishes the desired result. O

2.1 Harmonic Polynomials

The set of all monomials z® is linearly independent: suppose that S is a finite
subset of N™ and »° _sa.z* = 0. We apply 0%/0xz* to both sides of the above
equality and take z equal to 0 to show that a, = 0.

It is often convenient to group together all the terms a,z® for which |of = k.
We therefore introduce the concept of homogeneous polynomials. A polynomial
f is said to be homogeneous of degree k if f(tx) = t*f(z) for all z in R™ and
all ¢ in R, or equivalently, if it consists solely of terms a,z® where |o| = k. We
write Pi(R™) for the vector space of homogeneous polynomials of degree k£ on R™,
but usually abbreviate this to Pj. The degree of a polynomial »_ g a.z® is the
greatest integer m for which there exists an n-tuple « in S such that |o| = m and
ao # 0; we write deg(f) for the degree of f.

If deg(f) = m and we group all terms for which |a| = & in the above sum, as k
varies between 0 and m, then we see that f may be expressed uniquely as a sum
of homogeneous polynomials:

f=f+f+-+ fom (2.1)

where fi is in Pi; the uniqueness follows from the linear independence of the
monomials. The polynomial fj, is called the k" homogeneous component of f.

Since the monomials {z® : « € [N"];} form a basis for Py, we see that dim(Py)
is equal to the number of n-tuples (ay,...,q,) of nonnegative integers such that
a1+ - -+ a, = k. The following combinatorial argument gives the precise value of
dim(Px). The number in question is equal to the number of ways of distributing
k identical objects into n distinct groups. Each particular way of doing this can
be uniquely represented by a sequence consisting of k white balls and n — 1 black
balls, since the n regions separated by the n—1 black balls represent the n distinct
groups. For example, if n =4 and k = 7, then the 4-tuple (3,0,2,2) is represented
by the sequence

[oNoleN N NONON NONCEN

Since the number of ways of arranging £ white balls and n — 1 black balls in a line
is precisely (n+ &k — 1)!/k!(n — 1)!, we conclude that

n+k_1). (2.2)

dim(Py) = ( .

10



Continuing the analysis of homogeneous polynomials, recall that a polynomial
fisin Py if and only if f(tz) = t¥f(z) for all real ¢ and all z in R™. Therefore to
identify a polynomial in Py, it suffices to specify its values on the unit sphere S:

f(x) = |2l f(e/l2]) Vo e R"\{0}.

Since we can multiply any polynomial by |-|* without changing its value on the
sphere, there is significant overlap between spaces P, of different degrees; if f is
in Py, then f|g is the restriction of infinitely many homogeneous polynomials of
different degrees. Thus we cannot reconstruct f uniquely from f|g unless we know
its degree.

If, however, a homogeneous polynomial with a certain restriction to S is also
harmonic, then the maximum principle says that we can uniquely identify it by its
restriction to the unit sphere. This means that a given polynomial on S can be the
restriction of at most one harmonic, homogeneous polynomial. It will be proved
below that every polynomial on S is in fact the restriction to S of a harmonic
polynomial on R".

We write Hy(R™), or just Hy, for the set of harmonic, homogeneous polynomials
of degree k on R™. The remarks above show that we can identify Hj; with Hj(.S),
the space of spherical harmonics of degree k, defined to be {f|s: f € Hy}.

By writing a polynomial f in terms of its homogeneous components as in (2.1),
we see that the unique homogeneous decomposition of Af is go + -+ + gm_2,
where g = Afrio. Thus Af is identically equal to 0 if and only if every Af is
identically equal to 0, which holds if and only if every f; is in Hj;. We have proved
the following result.

Proposition 2.2. All the homogeneous components of harmonic polynomials are
harmonic.

Our remarks prior to the definition of H; show that the spaces Hj are disjoint,
and so do not suffer from the same overlap (arising from multiples of |-|*) as P.
The next section will show that harmonicity is precisely the condition that allows
us to sort out this ‘absolute value overlap’.

2.2 Decomposition into Spherical Harmonics

Suppose that a function f on the unit sphere is the restriction to S of a harmonic
polynomial g. Then ¢ is the Poisson integral P[f]| of f, by Corollary 1.6 and
Theorem 1.7. Note that a polynomial is harmonic on the ball if and only if it is
harmonic on all of R".

As the following remarkable theorem shows, the Poisson integral of a polynomial
is always a (harmonic) polynomial. This means that any polynomial f on the unit
sphere S is the restriction to S of a unique harmonic polynomial, and so is a sum
of spherical harmonics by Proposition 2.2.

Theorem 2.3. Suppose that f is a polynomial in R™. Then its Poisson integral
P[f] is also a polynomial, and there exists a polynomial g, whose degree is at most
deg(f) — 2, such that

P[f](x) = (1~ |a])g(x) + f(z) ~ ¥z €R" (2.3)

11



Proof. Given f, we seek g such that A(1 — \-|2)g =-Af.

Let V denote the finite-dimensional vector space of polynomials of degree at
most deg(f). Then g — A(1 — |-|*)g is a linear operator on V. This operator
must be injective because if A(1—||*)g = 0, then (1 —|-|*)g is harmonic, and since
(1 —|-]*)g is identically 0 on S, it follows that ¢ is identically 0 by the maximum
principle.

Since a linear operator on a finite-dimensional vector space is injective if and
only if it is surjective, there exists g in V satisfying (2.3). O

Theorem 2.3 is fundamental to the study of spherical harmonics. The following
corollary was mentioned above; when combined with the Weierstrass approximation
theorem, it shows that finite sums of spherical harmonics are dense in L?(S). We
shall have more to say about this later in the section.

Corollary 2.4. Every polynomial on S is a unique sum of spherical harmonics.

Proof. On S, the polynomial f coincides with the harmonic polynomial P[f]. But
Proposition 2.2 says that P|[f] is a sum of spherical harmonics. O

If f is a nonzero harmonic polynomial and k is in N, then a direct consequence
of Corollary 1.6 is that ||2k f cannot be harmonic, otherwise f|s would have two
distinct harmonic extensions to B.

Theorem 2.3 implies that this is also true for all nonzero polynomials f.

Corollary 2.5. Suppose that f is a polynomial and that f # 0. Then |]2 f is not
harmonic.

Proof. 1f ||2 f were harmonic, then the uniqueness of the Dirichlet problem and the
fact that |-|2f = f on S would imply that P[f] = |-|2f. Since f # 0, this would
imply that deg(P[f]) > deg(f), in contradiction to Theorem 2.3. We conclude that
-|* f cannot be harmonic. O

From Corollary 2.4, a polynomial of degree k may be written uniquely in the
form

f=fo+-+ 1 (2.4)

on S, where f; is in H;, but such an expression cannot possibly hold everywhere
on R™ unless f is harmonic. The question of how the spherical harmonics in (2.3)
are related to values of f on the whole of R™ is best approached by restricting
attention to homogeneous polynomials, for we saw in the previous section that at
most one element of P, can have a given restriction to the unit sphere. From now
on, we shall therefore assume that f is in Py.

The next decomposition theorem clarifies the relationship between P, and Hj.
It will be used to show that finding any value of f from the f; in (2.4) amounts
to nothing more than inserting appropriate multiples of |-|* in that formula. Note
that Po = Ho and 7)1 = Hl.
Theorem 2.6. Suppose that f is in Py, where k > 2. Then f can be written
uniquely in the form fi + |-|* gx, where fi, is in Hy, and gy is in Py_y. That is,

Pe =Hie ® |)* Prs.
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Proof. By Theorem 2.3, there exists a polynomial g of degree at most k — 2, such
that

2
f=PlA+I"g9-9
We can now equate the k'™ homogeneous components of both sides above and use
Proposition 2.2 to deduce that

f=rf+ | o

where f; is in H; and g, is in Pyp_o.
The uniqueness of this representation follows directly from Corollary 2.5: if
Fy + |-| Gy, were another such representation, then it would follow that

1% (gr — Gy) = Fi, — fi.

The right hand side of this equality is harmonic by construction, so the left hand
side is harmonic too; then g, — G, = 0 by Corollary 2.5, and hence f;, — Fp = 0
also. O]

By combining (2.2) with Theorem 2.6, we find the following formula for the
dimension of H; when k& > 2:

dim(Hy) = dim(Py) — dim(Pj—2)

_ (n+1;—1)_(nzﬁ;3)
(n+k=1!  (n+k-3)

T k-1 (k—2)l(n-1)
:(n—i—k—l)(n—i—k—?)—k(k:—l)(n—i—k—?))

k(n—1) kE—1
n+k—-1)(n—-2)+kn/n+k—-3
- k(n—1) ( k—1 )
n+2k—2 (n+k—3
Tk ( k-1 )
We conclude that
dim(Hy) = (n+2k—2)(n+k—3)! (2.5)

k!(n — 2)!

If k=0 or 1, then dim(Hj) = dim(Py); the formula (2.5) still holds in these cases.
Theorem 2.6 allows us to establish the most important decomposition theorem
for polynomials on R"™.

Theorem 2.7. The following decomposition holds:
P = Hy HQ Hieo2®: - P |-|k*2uﬁ/2J Hi—2|k/2)-

Proof. We apply the result of Theorem 2.6 to P._s and continue the process. After
|k/2] applications we reach the desired result—mnote that k —2[k/2] is either 0 or
1 and that P; = H; when j =0 or 1. ]

13



Theorem 2.7 reveals that when f is a homogeneous polynomial of degree k,
then the only terms which can be nonzero in (2.4) are those f; where the parity of
j is the same as that of k. It also shows how harmonic polynomials combine with
powers of ||2 to generate all polynomials on R".

If we restrict attention to the unit sphere in R™, as we do for the rest of this
chapter, then, by Theorem 2.7,

Pi(S) = Hi(S) © Hy—a(S) @ - - & Hy—aay2) (5)-

It is obvious that every Hy(S) is a finite-dimensional subspace of the Hilbert
space L*(S) with inner product given by

<f,g>=/sf§do*-

Green’s identity implies that spherical harmonics of different degrees are orthogonal
in L(9).
Proposition 2.8. Suppose that k # m. Then

Hi(S) L Hp(S)

in L*(S).
Proof. We substitute f in Hj; and g in H,, into Green’s identity (1.3) to show
that 94 of
g _
— —g—do=0. 2.6
/Sf v o (2:6)
Fix z in S and define g, : R — C by g.(t) = g(tx) = t™g(z); then
(2 = 3./(1) = my(a).
Similarly,
o () = ki)

Substituting into (2.6),
(m=8) [ fgdo=0,
S
and since k # m, the inner product must be equal to zero. O

We have seen that any polynomial on S is a finite sum of spherical harmonics,
and Weierstrass’ approximation theorem says that any continuous function on §' is
a uniform limit of polynomials. These observations, combined with the standard
fact that C'(S) is dense in L?(.S), imply that the linear span of -, Hx(S) is dense
in L?(S). We choose an orthonormal basis Ej for every Hy; then (Jj—, Ex is an

14



orthonormal basis for L?(S) and it follows that every f in L?(S) can be expressed

uniquely thus:
f = Z fka
k=0

where fj, is in Hg(S) and the infinite series converges in norm in L*(S).

Theorem 2.9. The space L*(S) is the orthogonal direct sum of the spaces Hy(S),
i.e., the spaces Hy(S) are pairwise orthogonal, and

L*(S) = @D Hx(S).

Theorem 2.9 is an n-dimensional analogue of a well-known result from the theory
of Fourier series: any L? function f on the unit circle has a Fourier series which
converges to f in the L? norm.

2.3  Zonal Harmonics

We will now study a special class of spherical harmonics which are, in a sense,
functions of only one variable.

Fix a point £ on the unit sphere in R” and consider the linear functional on
Hi(S) taking f to f(£). Since Hy(S) is a finite-dimensional subspace of L*(S),
containing only continuous functions, it follows that our ‘evaluation functional’ is
also bounded. We can now apply the Riesz representation theorem of Hilbert space
theory to prove the existence of a unique element Zg(k) in H(S) such that

f(g)—(f,ZE(’“)>—/SfZ§(k)do Vf e Hi(S). (2.7)

The polynomial Zg(k) is called a zonal spherical harmonic of degree k with pole &.

It should be noted that a variant of (2.7) holds for all f in L?*(S): if f is the
projection of f onto the closed subspace Hy(S) of L*(S), then the linear functional
f — fr(&) is bounded, being a composition of two bounded operators. The Riesz

representation theorem proves the existence of a unique Yg(k) in L?(S) such that

fu&) = (£ Yy vfeL(s).

In particular this is true whenever f = fi in Hg(S), so comparing with (2.7), we
see that Yg(k) = Zék), by the uniqueness of the representation. Thus

f©) = (£,25y  vfe LX)

A direct consequence of the defining property (2.7) is that zonal harmonics are
real-valued. For all £ and x in S, the definition implies that

T

= — = = = —(k
Z®(g) = { ;’“>,Z§’“>> — /S Zk) Zék) do = <Z§’“>,Z<’f)> — Zg )(2), (2.8)
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so that Z (&) = Zg(k) (). On the other hand,
28 (w) = (2, 20) = (29, 2y = 2{9(¢). (2.9)

It is now an immediate consequence of (2.8) and (2.9) that Zg(k) is real-valued.

To deduce another elementary consequence of the defining property, suppose
that T is an orthogonal map, and recall that |detT| = 1. A simple change of
variable in the integral given by the second inner product below then shows that

(£, 200) = F(1) = (fo 1, 2"y = (£, 2P o T7") V€ Hy

Now we apply the uniqueness of the inner product representation to conclude that
Z;’? = Zék) o T~!. We have proved the following proposition.
Proposition 2.10. For all £ and x in S and T in O(n),
: k k
(i) 2 (@) = Z.7(¢) € R;
g k k _
(ii) Z;g) :Zg( Vo1,
Part (ii) of Proposition 2.10 enables us to give a nice geometric description of
zonal spherical harmonics with pole £. First, it implies that Zg? (Tz) = é(k)(a:)
for all 7" in O(n). Hence

ZM(Tw) = 2 (x) (2.10)

for all z in S and 7" in O(n) such that T¢ = €.

Now a hyperplane which is perpendicular to ¢ intersects S if and only if its
equation is £ - & = ¢ for some ¢ in [—1,1]. We will write £(c) for the intersection
{r € S:& -z =c}. Our geometric result asserts that the level sets of the zonal
harmonics with pole ¢ are the sets £(c).

Proposition 2.11. The function Zf(k) is constant on every &(c).

Proof. Since £(1) = {¢} and £(—1) = {—¢}, we may assume that —1 < ¢ < 1.

An orthogonal map 7" which fixes £ maps the hyperplane {z € R" : { - = ¢}
into itself and preserves norms, hence maps £(c) into itself. In view of (2.10), it
suffices to prove that if z; and x5 are in £(c), then zy = Tx; for some T in O(n)
which fixes . This follows by applying Lemma 2.1 to the pairs of vectors (&, )
and (&, z). O

We have shown that Proposition 2.11 follows from (2.10). The converse follows
from the observation that every rotation T which fixes £ maps £(c) into itself.

Since S is the union of the sets £(c¢) over ¢ € [—1,1], Proposition 2.11 shows
that the zonal spherical harmonic Zg(k) is a function of the real variable £ -x on S
(values for other x are then found by homogeneity). The next theorem shows that,
up to a constant multiple, Zék) is the only element of Hy(S) with this property.
Theorem 2.12. Fix £ in S. Then [ in Hy(S) is constant on every &(c) if and

only if it is a scalar multiple of Zg(k).

Proof. Since every £(c) is mapped into itself by all 7" in O(n) such that T¢ = ¢,
it is clear that f(7z) = f(z) for all z in S and all such T'.
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Assume, without loss of generality, that £ = ¢e; = (1,0,...,0). Write z in R”
as (z1,7') in RxR" 1. Now T in O(n) fixes e, if and only if T'(z1,2') = (z1,T"2)
for some 7" € O(n — 1). By homogeneity, f(z1,7'2") = f(x1,2') for all (zq,2")
in R x R"! and all 7" in O(n — 1). Fix z; in R, and consider the polynomial
g(z') = f(xy,2') on R™!. Since g is even, ¢(t,0,...,0) = Z]LZ/OQJ ¢;t* | and then
g(x) = Z}i/ozj ¢; |2'[*. Tt follows that

0=Af(z)
|k/2]—1
= Y [(k=2j)(k—2j — Daj + (2n — 2+ 45)(j + Daj |2y > |2/ ¥
7=0
Thus

(k — 2j)(k — 2 — 1)a; + (20— 2+ 4)(j + D1 = 0

when j = 0,1,...,|k/2] — 1, and all a; are iteratively determined by the first
nonzero a; (which is a; when n =1 and ag otherwise). It follows that two elements
of Hy(S) that are constant on all e;(c) must be constant multiples of each other,

so the fact that Z¥) is nonzero and constant on all e1(c) implies the result. O

Consider a function f in L?*(S) and write f = > 7, fx as in Theorem 2.9.
We know from the definition of zonal harmonics and the remarks following it that
fr(x) = < f, Zék)> for all points x on the unit sphere. Hence the above decomposition
suggests that we may be able to find f on S by integrating it against an infinite
series of zonal harmonics.

Consider the following formal computation, based on (2.9):

o)

_ /S (3 28@) sy dote)  vres

k=0
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If the infinite sum of zonal harmonics in this formal sum converged locally uniformly
in z, then we could define ¢(&,z) to be this infinite sum. Being a locally uniform
limit of harmonic functions, ¢(&, ) would be harmonic in B for every £ in S. The
above computation suggests that ¢ would have to be the Poisson kernel, in view of
the uniqueness of the solution to the Dirichlet problem.

In other words, we are led to believe that

fx:ZZ Vée S Vze B,

k=0

where the values of Zg(k) on B are found from those on S by homogeneity.
To prove this formula, we must find estimates on the size of zonal spherical
harmonics that establish the locally uniform convergence of the series above.
Write d(k) for dim(Hy) and let {Y7,...Yyx)} be an arbitrary orthonormal basis
for Hj,. From (2.7),

d(k) ) d(k)
Z<Z§’“ i) Yi@) = 3 (%, Z80) Yila) = 3 V50 Yilw)

for all  and ¢ in S. Replacing £ by z in the above formula shows that

d(k)
ZP(w) = Z V()] (2.11)

On the other hand, part (ii) of Proposition 2.10 implies that
Z(Te) =ZW(z) Ve eS VT eO(n)

Given any two points z; and x5 in S, there exists an orthogonal map 7' such that
Txy = x5, by Lemma 2.1 applied to the pairs (x1,21) and (x2,23). Therefore both
sides of (2.11) are independent of x in S, i.e., ijl) ;|7 is constant on S.

To find its constant value, C' say, we integrate:

d(k) d(k)
Cwp_y = / Cdo = Z/ Vi (2)* do(x) => 1= d(k)
S j=1 S j=1

Thus for any orthonormal basis {Y7,..., Yy} of Hi(S),

=Y W) =dl, Vees.
=1
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Using orthogonality and this equality shows that

1201, = (2", Z7)
d(k) d(k)

D RAGAGIES

i=1 j=1

= d(k)w, ;.
We can use this result and Schwarz’s inequality to estimate }Zék)(:ﬁ)}:

(k) _ (k) 7 (k (k) k)| _ -
1296 = (29, 20)] < | A0 20, - di?,  veges.  (21)
The final step in bounding ‘Zg(k) (z)| involves estimating d(k).
Lemma 2.13. The dimension d(k) may be estimated as follows:

d(k) <2(k+1)"2  VkeN.

Proof. Using (2.5) and the simple fact that, for all nonnegative numbers n; and

positive integers ns,
ny + N9

no

<n;+1

we see that

(n+2k—2)(n+k—3)!
k!l (n —2)!

n—3

 n=2 e J

d(k) =

n—3

<@k+1)JJk+1)

j=1
< 2(k+1)"2,

as claimed. n

We can now prove that the Poisson kernel is an infinite sum of spherical har-
monics.
Theorem 2.14. Suppose that & isin S and x is in B. Then

[e.9]

p(&x) = 20 (). (2.13)

k=0



Proof. 1f |x| < 1, then (2.12) and Lemma 2.13 imply that there is a constant C',
depending only on n, such that

1289 @)] = o |27 @/ )] < OB

Thus the Weierstrass M -test for series implies that the series on the right hand
side of (2.13) converges uniformly on B(0,r) provided that r < 1.

We now define the harmonic function ¢(¢,z) on S x B to be this locally uni-
formly convergent sum, and it follows that

QUf)(x) = / §(€.2) F(€) do ().

Suppose that f in C(S) is a finite sum of spherical harmonics fi,... f,, on 5,
where f; is in H;. Then

Qf)(x) = / 4(€.2) F(€) do ()

_ / l;z;%)f(é) do(€)

_ i JESCICLE
zgw / 28 (@] lel) £(6) dor(&)
= Z 2l (£, Z3500)

- im fula/ I

=" Pl

_ Plfi(

for all z in B. Since

/S (4(€.2) — pl€,2)] £(€) dor(€) = 0

for all f in a dense subset of C(S) (that is, the polynomials), we conclude that

p(&.x) = q,2) =D Z( VéeS VreB,
k=0

as required. O
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We can see from Theorem 2.14 that zonal harmonics generate harmonic functions
on the ball in the same sense that the Poisson kernel generates such functions by
the Poisson integral and Theorem 1.7.

Using the previous theorem, it becomes possible to find an explicit expression
for zonal spherical harmonics. This is done by expanding the denominator of the
Poisson kernel into a power series and collecting all the terms of a given degree.

Theorem 2.15. Suppose that £ is in S and x is in B. Then Zék)(x) is equal to

n+ 2k — 2 ““f (CPnln ) (k=2 =)
R M 215 (k — 2j) '

Proof. The function (1—-)~"/2 is holomorphic in the unit disk in C, so has a power

series expansion there:
[o¢]

(1—2)"2=) a2 (2.14)

1=0
Differentiating both sides of (2.14) and evaluating when z = 0 shows that

(n/2)(n/2+1)---(n/24+1—1)
! ‘

=

So writing the Poisson kernel as

L— |z _ L— |z

p(f,x) = Wnp-1 <ZL‘ _ 6,1’ . §>*n/2 — W 1-— [2$ : f - ’1:‘2]_”/2

and using (2.14), we see that

8

pl,2) = oy (1— o) S al2e - € — [of)
-

o0

WSS (Y

l

Thus if k£ > 2 and we define gi(x) to be the sum of terms of degree k in the series
above, then it follows that

28(@) = w i lan(@) = laf’ g (@) (2.15)
this also holds when £ =0 or 1 when we interpret ¢_, and ¢_; as 0.

To find g(z), we sum the terms ¢ (;)(—1)j 217 (- €)'7 x| over all j such
that 0 < 7 <[ and [+ j = k. But these two conditions are compatible exactly
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when k/2 <1<k, ie., when 0 <j < |k/2|. Summing therefore gives

qr(v) = Z Ch—j (k J_ j) (=1 257% (- &) [ ¥

o (2.16)

[

(=1)n(n+2) - (n+ 2k — 25 —2)
27 j! (k — 2j)!

(- ) Jaf

J=0

If k=0 or 1, then (2.15) says that Zék) is equal to w, ', multiplied by the above
expression. Now |(k —2)/2| = |k/2] — 1, and so (2.16) implies that

|2 g—a(z) = Lk%_l (=D)'n(n+2)---(n+2k -2 —6) (- )22 g2

211 (k — 21— 2)!

1=0
when k£ > 2. Substituting j =1+ 1 in the above sum gives

B2 in(n £ 2) - (n Y o
|$\2Qk72($)_—z( 1)n(n + 2) (n+2k —2j —4) (m-ﬁ)k*2J|aZ]],

N 271G = DHE = 2))!

J=0

where the term corresponding to 5 = 0 is taken to be zero. This expression and
(2.16) now imply that

g () — [z gr—2(2)

[k/2) ; ,
(=1)n(n+2) - (n+2k—25—4) i 12
— (n—{—Qk;—Q) Z 2]]‘(]{—2])‘ (mf)k’ 2j |x’21’
§=0
and the theorem is proved. O

Theorem 2.15 will be used to find an explicit formula for complex zonal har-
monics in the next chapter.
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CHAPTER 3

Complex Spherical Harmonics

In this chapter, we present a systematic treatment of spherical harmonics in C",
along the lines of the real case of the previous chapter, and establish some results
which will be used in Chapter 4, where results on complex spherical harmonics will
be applied to analyse a differential operator on the unit sphere in C™.

After outlining the relationship between the real and complex cases, we develop
the theory of complex spherical harmonics, which parallels the real-variable theory
of Chapter 2. In the last section we shed further light on zonal harmonics by
showing how the theory can be used to derive precise information on behaviour of
the L? norm of a zonal harmonic under multiplication by a coordinate function.
This result will also be used to prove estimates on the operator in Chapter 4.

The main reference for the material in this chapter is a brief section in Chapter 12
of [8].

In this chapter, we assume that n > 2. The case where n = 1 is nontrivial but
different.

3.1 The Relationship between R?*" and C"

In this chapter, z will always denote an n-tuple (z1,...,z,) of complex numbers.
The n-dimensional vector space of all such n-tuples is C"; it has an inner product
defined by

(z.w) =) zw;. (3.1)

j=1
Just as the set of complex numbers is often identified with the plane, there is a
useful relationship between C" and R?", found by writing each component of z in
terms of its real and imaginary parts: z; = x; + ty;. We shall thus identify z with

the element (xq,...,%n,y1,...,ys) of R* and usually write this as (z,y). Since
|zj|2 = xj2+yj2- for every j, the norms of C" and R?" agree under this identification;
i.e., |z| = |(z,y)|. Given this metric equivalence between complex n-dimensional

space and real 2n-dimensional space, sets such as the unit ball and unit sphere
in C" are defined exactly as the corresponding sets in R?"; the unit ball in C" is
denoted by B (or Bs,, when we wish to highlight the dimension). The volume
measure on C" coincides with Lebesgue measure on R*" | denoted by m (or may, ),
and the natural measure on the unit sphere is the standard surface measure o.
Corresponding to the group of orthogonal maps on real Euclidean spaces, we
define the unitary group U(n) to be the set of complex linear operators on C" which
preserve the inner product (3.1). Elements of U(n) are called unitary operators.
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A linear operator on C" is unitary if and only if it maps orthonormal bases onto
orthonormal bases, and the unitary group shares many important properties with
the orthogonal group. For example, we have the following lemma, whose proof is
similar to that of Lemma 2.1.

Lemma 3.1. Suppose that (u,u') and (v,v") are pairs of unit vectors in C", and
that (u,u'y = (v,v"). Then there exists a unitary map U such that Uu = v and
Uu =v'.

The following discussion reveals the relationship between the complex matrix
representation on C" and the real matrix representation on R?*" of a linear map T'
on C™ under the above identification, and shows that, every unitary operator on
C" is in fact a rotation on R?".

Suppose that [¢;;] is the complex n x n matrix of T" and write ¢j; as rj; +is;k,
where 7, and s;; are real. Since the j™ complex coordinate of Tz is given by

thkzk = (Z TikTy — Sjkyk) + Z(Z TikYk + Sjkilfk),
k1 k=1 =1

T acts on (z,y) in R*" by multiplication by the 2n x 2n matrix

R -S
S R )’
where R and S are the real n x n matrices [rj;] and [s;i].
Suppose that z and w are in C™, and that z = (z,y) and w = (u,v). Then the
inner product (3.1) is related to the dot product of R*" by (z,y)-(u,v) = Re (z,w).

Hence if T is a unitary operator on C", then by taking the real part of the formula
(Tz, Tw) = (z,w), we deduce that

T(x,y) - T(u,v) = (z,y) - (u,v);

it follows that U(n) C O(2n). It is to see that U(n) is a proper subgroup of O(2n).

The above inclusion is especially important when considering the relationship
between integration and orthogonal maps, since surface measure o on the unit
sphere S in R?" is invariant under orthogonal maps: o(TE) = o(FE) for all Borel
subsets E of S and all 7" in O(2n). Another way of writing this rotation invariance
is in terms of characteristic functions:

/SXE(Tf)dU:/SXE(g)dU-

This implies that, for simple functions f,

/S F(T€) dor = /S 7€) do (3.2)

It is standard that (3.2) also holds for all f in C(S).
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We shall need two results on integration, one relating integration on S with the
group of orthogonal maps and the other dealing with functions that do not depend
on all n variables. Both may be found in [8, Chapter 1].

Let G be a compact subgroup of O(2n) and dg be the element of normalised
Haar measure on G. The following result says that integrals over S are unchanged
when the integrand is first ‘averaged’ over G.

Proposition 3.2. For all f in C(S),

[ r€dner= [ [ foeyasato)

Proof. The function (g,&) — f(g€) is continuous (and hence integrable) on the
compact space G X .S. The formula is then a direct consequence of Fubini’s theorem
and the invariance of Lebesgue measure under orthogonal maps (3.2). O]

In the special case where G = {¢“I : § € [~ 7|}, we deduce the following
useful corollary of Proposition 3.2.

Corollary 3.3. For all f in C(S),

[ 1@ =5 [ [ sereavace).

The role of Corollary 3.3 in the study of complex polynomials is similar to that
of the Green’s theorem argument used in Proposition 2.8 to prove that spherical
harmonics of different degrees are orthogonal.

Suppose that & < n and let f be a continuous function on the unit sphere
S = 55,_1 in C" that depends only on the variables zi,...,z.. We will see below
that the surface integral of f over S can be expressed in terms of an integral over
the unit ball in CF.

In the following theorem, P is the orthogonal projection of C"* onto C*, so if
z in C" corresponds to (x,y) in R?*" then Pz corresponds to the point (2/,y') in
R%*  where 2’ = (11,...,2;) in RF.

Proposition 3.4. Let P denote the orthogonal projection of C* onto CF. Then
for all f in L'(Bay),

/ (f o P)do = wanry1 / (1= w1 F(w) dmas (w). (3.3)
S Boy

Proof. Suppose that f in C(By) is supported in roBy for some 7o < 1. Then for
every r > 0, define

1= [ (fop)dm,

/ / o P)(t) 27 do() dt
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Differentiating the above expression at r = 1 implies that

ra) = /S(f o P) do. (3.4)

On the other hand, Fubini’s theorem gives

i) = /TB% (/(r2|w|2>1/232<nk)(f ° P, uf) dmagu-iy (w/>> dmai(w)

= ooty (Bauen) [ 02 = ) ) dmag).

TBQk

Now if r > rg, then rBsy; can be replaced in the above integral by Ba, since f
vanishes outside rBs,. We deduce that

I'(1) =2(n - k)mz(n—k>(32(n—k))/ (1 = [w]?)" ™" f(w) dmok(w).

Bag

By comparing this expression with (3.4) and using the formula

Won—k)—1 = 2(n — K)Mam—k)(Ban—r)),

we prove (3.3) for f in C(By) supported in roBs,. We now approximate by such
functions and let 7 tend to 1 to establish the result for all f in L'(Ba). ]

The case where k = 1 of Proposition 3.4 will be of interest when dealing with
zonal spherical harmonics (which depend on only one variable). In this case, (3.3)
becomes

[ 7o) = [0 0l ) dma(w)
S Boy
- wz(nl)l/o / (1 —rH"2 f(re®) rdb dr.

3.2  Harmonic Polynomials

For z = (z1,...,2,) in C", we write Z for (Zy,...,Z,). The identities z = (2 +2)/2
and y = (z+2)/2i show that any complex-valued polynomial of the variables (z,y)
on R?*" can be written as a polynomial in (z,z) and vice versa.

We refer to polynomials in the variables (z, z) as polynomials in C™, or complex
polynomials. In the special case where a complex polynomial depends only on the
variables zi, ..., z,, it will be called a holomorphic polynomial (in C™).

Since we shall be interested in the degrees of both z and Z in complex polyno-
mials, it is appropriate to define differential operators on C" which will enable us
to speak unambiguously about these ‘bidegrees’. The following derivatives play the
role of partial derivatives with respect to z; and z; when 1 < j <n:

0 0 .0 0 0 e,
8_zjzé<8_:cj_28_yj> and (’3_23:%<8_x]+28_yj>
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Suppose that f is in C!'(D). The Cauchy-Riemann equations imply that f is
holomorphic in the variable z; if and only if 9f/0%; = 0, and in that case

0f(2)
(9zj

=D;f(2)

in D, the right hand side being defined as the usual complex derivative of the
complex-valued function f(z1,...,2j-1, -, Zj+1,...,2n) at 2;.

We say that f is holomorphic on D if it is a holomorphic function of each of the
variables zq,...,2, on D; it is easy to see that holomorphic polynomials are indeed
holomorphic under this definition. Similarly, a function [ is said to be conjugate
holomorphic in z; if f is holomorphic in z;. The identity
() -5

aZj N 8@'
implies that f in C'(D) is conjugate holomorphic on D if and only if 9f/9z; = 0

and of
FE (D;f)

on D. If f is conjugate holomorphic and we define ‘differentiation in the conjugate

variable’ by
D]f(z) — lim f(Z + heé) B f(Z) :

h—0

where e; is the j'" standard basis vector, then D;f = 0f/0z;. We have shown that,
in some sense, 0f/0Z; is the partial derivative of f with respect to the variable z;,
and that a function is conjugate holomorphic in the ;' variable if and only if it is
holomorphic in the conjugate variable.

Returning to the study of complex polynomials, any polynomial in (z,2) is a
linear combination of complex monomials

2070 = 2. ~sz‘"21’61 co g
where o and [ are n-tuples of nonnegative integers. We can combine the product
rule with the remarks above to see that 92%z°/9z; or 92°%°/0%; are nonzero if
and only if o; # 0 or 3; # 0, in which case the derivative is found by regarding all
other variables as constant and differentiating with respect to z; or z;.

With the aid of the derivatives defined above, it is a simple matter to prove
that the monomials 2%z are linearly independent over C, and thus that every
polynomial in C" is uniquely expressible as a sum of these monomials. Indeed,
suppose that S is a finite subset of N* x N" and that Z(a,ﬁ)eS a0 32°2° = 0 (where
each a4 is in C); apply the differential operator 11181 /9201 ... 9z0n9z . .. 970
to both sides of the equality to show that every a, g must be zero.

Fix nonnegative integers p and ¢. Then corresponding to the spaces Pj(R*")
of the last chapter, we define the space P,,(C") of homogeneous polynomials of
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bidegree (p,q) on C" to be the set of complex polynomials of the form

Z aaﬁzo‘iﬁ,

a€[N"]p
BEN"]q

where a, 3 is in C. We usually abbreviate this to P,,. Using the linear indepen-
dence of complex monomials it is easy to see that any polynomial in C* decomposes
uniquely as a sum of polynomials in P,,, as p and ¢ vary. Similarly, using the
correspondence between R?" and C", it is easy to see that spaces of homogeneous
polynomials in R*" can be decomposed into spaces P, ,:

D P (3.5)

(p,9)€[N?],

that is, every element on the left side of (3.5) is a unique sum of elements belonging
to the sets on the right.

Using the linear independence of complex monomials, it is easy to see that a
polynomial f on C" lies in P, , if and only if

f(Az) = APAIf(2) YaeC VzeC',
and that f in Py is in P, if and only if
f(e%2) =P D9f(z) YoeR VzeC" (3.6)

The linear independence of the monomials also means that the monomials 2%z,
where o € [N”], and 3 € [N"], form a basis for P,,. From the argument to prove

(2.2), we see that
—1 -1
dim(P,,,) = (” " ! ) (" " ' ) . (3.7)

The decomposition (3.5) and the equality (3.7) can be combined to give the following
combinatorial formula

(2n+k—1) _Z’“:(n+j—1)<n+k—j—1>
k e J k—j
As in the real case, a more detailed picture of the structure of polynomials on C"
is found by considering the subspace of P, , consisting of harmonic functions.

The definition of harmonic functions in C" coincides with that in R?", that is,
a function is harmonic in (a subset of) C™ if it is harmonic when considered as a

function of 2n real variables.
Note that we can express the Laplacian in terms of the derivatives defined above:

A= Z(@xj 8y> iaz]a

j
so [ is harmonic if and only if Y°7 | 0%f/02;0z; = 0.
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We define H,, to be the space of harmonic, homogeneous polynomials of bi-
degree (p,q) in C™. It is clear that H,, is a subspace of P, ,, with equality if and
only if p = 0 or ¢ = 0: the ‘if’ part of this assertion follows from the fact that
Of0z; =0 and Of/dz; = 0 for all holomorphic polynomials f, while the converse
follows from the fact that 27z is an element of P, ,\ H,, if p>1 and ¢ > 1.

The mean-value theorem again implies that a given function on the unit sphere
in C" can be the restriction of at most one harmonic, homogeneous polynomial;
therefore any element of H,, can be identified with its restriction to S

Since every polynomial in H, ,(C") can also be regarded as lying in H,,(R*"),
it follows that H,, C ‘H; when k = p+ ¢q. We will now show that the space Hj, is
in fact an orthogonal direct sum, over all p + ¢ = k, of these spaces H,,.

We may write a polynomial f in C" uniquely as follows:

f= Z fp,qv

,q=0

where f,, is in P,, and only finitely many f,, are nonzero; we call f,, the
homogeneous component of bidegree (p,q) of f. So when the Laplacian is applied,
the unique decomposition of Af into homogeneous components is

> Afpas

p,q=0

where Af,, isin Pp_i 41 if p>1 and ¢ > 1, and Af,, = 0 otherwise. Since a
complex polynomial is zero if and only if each of its homogeneous components is
zero, we have proved the following result.
Proposition 3.5. All the homogeneous components of harmonic, complex poly-
nomials are harmonic.

If the polynomial in this proposition is already homogeneous, then the result is
a harmonic version of (3.5):

Hi= P Moo (3.8)

(P,a)€[N?]),

Henceforward, we will be mainly concerned with polynomials on the unit sphere
S in C". Since H,,(S) C Hi(S) when p + ¢ = k, Proposition 2.8 shows that
H,,(S) and Hy ,(S) are orthogonal in L?(S) unless p 4+ g = p' + ¢'. Using
Corollary 3.3, we deduce that H,,(S) and H,y ,(S) are also orthogonal unless
p—q=7p — ¢, and hence conclude that spherical harmonics of different bidegrees
are always orthogonal.
Proposition 3.6. Suppose that (p,q) # (P',q). Then H,,(S) L Hy,(S) in
L%(S).

Proof. The case where p+q # p'+¢ is already taken care of by the remarks above,
so we may assume that p —q #p' — ¢'.
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If fisin H,,(S) and g is in Hy »(5), then from (3.6),

™

/_ F(e7€) g(e€) do = f(£) g(&) / et g9 — 0 VEe S,

since p—q+¢ —p' #0. Thus (f,g) =0 by Corollary 3.3. O

We can now combine Theorem 2.9, equality and Proposition 3.6 to conclude
that L%(S) is the orthogonal direct sum of complex spherical harmonics, which we
write as follows.

Theorem 3.7. The various spaces H,,(S) are pairwise orthogonal, and

L*(S) = B Hpa(S). (3.9)

p,g=1

We have seen that homogeneous (harmonic) polynomials of degree k in R*"
split into complex homogeneous (harmonic) polynomials whose bidegree sums to k.
Turning now to the question of a relationship between P, , and H, ,, we know that
these spaces coincide when at least one of p and ¢ is zero. So suppose that p > 1
and ¢ > 1 and take f in P,,. Since P,, may be viewed as a subspace of Py,
Theorem 2.6 implies the existence of g in Hy and h in Pj,_o such that

f=g+|h (3.10)

We can write

g = Z Gr,s and h = Z hr,sa

(r,5)€[N2]y, (r,s)E[N2]_o

as in (3.9) and (3.5) respectively. The homogeneous component of degree (r,s)
on the right-hand side of (3.10) is therefore g, s + ]|2 hy—1 s—1, which must be zero
unless (r,s) = (p, q), by (3.5). Hence Corollary 2.5 implies that ¢, s = h,—1 5.1 =0
if (r,s) # (p,q), and so ¢ is in H,, and h isin P, , 1.

We conclude that all f in P,, may be written uniquely in the form g+ |-|*h,
where ¢ is in H,, and h is in P,_; ,_1; the uniqueness follows from Corollary 2.5,
as in Theorem 2.6. We have proved the following result.

Theorem 3.8. Suppose that p > 1 and ¢ > 1. Then
Prq=Hpq ® ||2 Pp-1,4-1-

The following corollary follows immediately by induction and shows precisely
how harmonic polynomials generate all complex polynomials.

Corollary 3.9. Suppose that p > 1 and q > 1. Then
2 2m
Ppg=Hpq® ||" Hp-14-1D -+ & [[7" Hp-mg-m,

where m = min{p, q}.
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Corollary 3.10. Suppose that f € P,, and g € H, s, where r > p or s > q. Then

(frg) =0

in L*(S).
We can easily compute the dimension d(p, ¢) of the space H,, , using Theorem 3.8
and the formula (3.7) for dim(P,,). If p > 1 and ¢ > 1, then

d(p,q) = dim(H,,4)
= dim(vaq) — dim(Pp_Lq_l)

S [ G B G [ Ay B
_(n=1n+p+q—-1) (n+p—2) (n+q—2).

B pq p—1 qg—1

To bound the growth of d(p, q), write
n—2 .
1(n+p—2>_(p+n—2)---(p+1)p_ 1 H(pﬂ)
p—1 i/

p

(n—1)!p T n—1

j=1

and use the fact that (p+ j)/j < p+ 1 for every j in the product above. Doing
this for both binomial coefficients in (3.11), we see that

n+p+q—1 ne ne
)R (g 1)

<(p+q+D)(p+1)"2(g+1)" 2

IN

d(p.q) (3.12)

It is easy to check that this estimate is also valid if p =0 or ¢ = 0.

3.3 Zonal Harmonics

In this section we are interested in analogues of the zonal spherical harmonics of
the previous chapter. Since we shall be dealing with functions on the unit sphere S
in C", the homogeneous complex polynomials defined above will henceforth be
understood to be restricted to S, unless stated otherwise.

The space H,, is a finite-dimensional polynomial subspace of L*(S), and for
fixed w in S, the linear functional f — f(w) is bounded on H,,. The Riesz
representation theorem of Hilbert space theory therefore implies the existence of a
unique polynomial Y, in H,., such that

flw) = (f,YP0) = /S fYPDdoe  VfeH,, (3.13)

We refer to the function Y,"? as the zonal spherical harmonic of bidegree (p,q)
with pole w.

Since the linear functional f +— f(w) is not bounded on L*(S), we cannot expect
(3.13) to hold for an arbitrary function in L?(S). However, the fact that H, ,(.5)
is a closed subspace of L%*(S) means that the orthogonal projection f — f,, onto
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H,., is a bounded operator on L?(S). We can now compose this operator with the
(bounded) evaluation functional on H,,, to conclude that f — f,,(w) is a bounded
linear functional on L?(S). Since this latter functional agrees with (3.13) on H,,,
the Riesz representation theorem implies that

foqw) = (£, YD)y Vfe L*(9). (3.14)

The complex zonal harmonics defined above share many of the properties of
their real counterparts (defined in Section 2.3), though not all. We now proceed to
explore these properties.

Recall that if we identify points in C" with those of R?" as in Section 3.1, then
the space Hj(S) of real spherical harmonics of degree k on R?" is a direct sum of
all the spaces H, , such that p+¢ = k. It is therefore natural to ask how the zonal
harmonic Z% in Hi(S) is related to the complex zonal spherical harmonics y,(pa)
under this decomposition.

Suppose that f is in Hg(S). From (3.8), we may write f uniquely in the form
> pa)elN)y Jma» Where fi o s in M, 0(S). Now (3.14) shows that

<fa Z Yu(;pg)>: Z <fvyu(;p7q)>: Z fpq(w) = f(w).

(p,q)€[N?]x (p,q)€[N?]x (@) €[N?]x

By comparing this with (2.7) and using the uniqueness of the representation, we
can prove the following result.

Proposition 3.11. For all w in S and all k in N,

Z’L(Uk): Z yu(}pﬂq)_

(p,a)EN?]),

The connection between real and complex zonal harmonics in Proposition 3.11
will be used later to find an explicit expression for the complex zonal spherical
harmonics.

Note that

Y(p,q)(z) — <Yu()p,q)’yz(p,q)> — <Yz(p,q)’yu()p,tJ)>7 — §7Z(p,q) (w) (3.15)

for all w and z in S, we cannot conclude that VP9 is real-valued by attempting
to prove an analogue of (2.8) unless p = ¢. This is because P,, and H,, are
not closed under conjugation unless p = ¢: indeed the conjugate of an element
f of P,, is in P,,, and the intersection of the latter two spaces is {0} when
p # q. Alternatively, we can just recall from (3.6) that if f isin P,, \ {0}, then
f(e?2) = @D f(2) for all z in C" and all § in R, so f cannot be real unless
p = q. However, 'H, , is closed under conjugation, as we shall see.

Complex zonal harmonics are generally not real-valued, but there is nevertheless
a nice symmetry between zonal harmonics of bidegree (p,q) and (gq,p): namely,

VP9 and Y& are complex conjugates. To see this, note first that if f is in H,,,
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then f is in H,.4. Therefore flw) = <f YM)> from (3.13), and conjugating this
last inequality gives

= (LY0) = (LX)

We now apply uniqueness of the representation to conclude that

ylapr) — ya) (3.16)

w w

Combining this fact with (3.15) implies that

Y9 () = Y (ar) () Vw, z € S.

w

Taking p = ¢ in the last two equations shows that every Y,

VPP (2) = VPP (w) for all w and z in S.

We now turn to considering the relationship between complex zonal harmonics
and unitary changes of variables. As in the real case, this will lead to nice geometric
information about the behaviour of zonal harmonics on the sphere, and show that
VP9 is essentially a function of only one variable on S.

Recall from Section 3.1 that a unitary operator U on C" is an orthogonal map
on R?". Therefore |det U| = 1 and we can change variables in the inner product to
prove the following result.

Proposition 3.12. For all U in U(n) and all w in S,

is real-valued and

y\pa) — ylpa) o 1,
Proof. For all f in 'H,,,
(FYED) = f(Ow) = (f o U)(w) = (fo UYP) = (£,YP9 0 U™),

where we have used the observation that H,, is closed under composition with
unitary operators. The result now follows by the uniqueness of the inner product
representation. O

As an application of the uniqueness in Theorem 3.7, we can easily prove that the
orthogonal projection f +— f,, of L*(S) onto H,, commutes with compositions
with unitary changes of variables, in the sense that

(fol)py=frqoU  VfeL?*S) VYU € U(n). (3.17)

To see this, note that f = Z;oq:o fp.g by Theorem 3.7. The uniqueness of the
representation therefore implies that the components of bidegree (p,q) on both
sides of

Z(fnqu):foU: Z(foU)p,q
P,q=0 P,q=0

must be equal, and (3.17) is proved.

Equality (3.17) shows that if f in L?(S) is invariant under some subgroup of
U(n) in the sense that f = f o U for every U in the subgroup, then the same is
true of each component f,, of f.
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Proposition 3.12 can be used to show that zonal harmonics with pole w are
invariant under a particular subgroup of U(n), namely, the set of unitary operators
that fix w, and this invariance characterises zonal harmonics as those depending
on only one variable, in the ‘direction’ of the pole. To see this, note that

Y[%q)(Uz) _ Ylgp,q)(z) YU € U(n) Vz,weS
from Proposition 3.12, so if U is a unitary operator such that Uw = w, then
Ylgpﬂ)(UZ) - Ylgpﬂ)(z) Yw, z € S. (3-18)

Equality (3.18) is equivalent to the statement that Yi"? is constant on all sets
which are intersections of S with a hyperplane orthogonal to w.

Now a hyperplane in C" is orthogonal to w if and only if its equation is of the
form (z,w) = A for some fixed A in C, where (-, -) is the inner product (3.1) on C".
But since (z,w) = A can be written as (z — Aw,w) = 0, the hyperplane (z,w) = A
passes through the point Aw, and hence it can intersect S if and only if |A| < 1.
A subset of S is therefore an intersection of S with a hyperplane orthogonal to w
if and only if it has the form

w\) ={z€85:(z,w) = A},

where |A] < 1 in C. We shall call such sets ‘w-slices of S’. Using the fact that
unitary operators map S into S and that

(Uz,w) = (Uz,Uw) = (z,w)

for all U in U(n) which fix w, it is easy to see from (3.18) that every such U maps
the slice w(\) into itself.

The following proposition is an analogue of Proposition 2.11.

Proposition 3.13. The complez spherical harmonic Y,

w-slice w(\) of S, where |A] <1.

15 constant on every

Proof. When 6 € [0,27), it is casy to see that w(e?) = {e®}. Thus YiP? is
trivially constant on w(e), and we may assume that |\ < 1.

In view of (3.18) and the remark preceding the statement of the proposition,
it suffices to show that, if z; and z; are in w(\), then z; = Uz for some U in
U(n) that fixes w. This follows by applying Lemma 3.1 to the pairs (w, z;) and
(w, 23). O

In the above proof, we showed that Proposition 3.13 follows from equality (3.18);
the converse follows from the fact that U[w(\)] = w(A) for every U in U(n) that
fixes w. Thus (3.18) and Proposition 3.13 are equivalent.

We shall now show that Proposition 3.13 characterises zonal harmonics, by
proving that any element of H,, which is constant on all slices of S must be a

constant multiple of Y, 7.
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Proposition 3.14. Suppose that w is in S, and f in H,, is constant on all
w-slices of S. Then there exists ¢ in C such that

f= CYUEp’q).

Proof. Without loss of generality, assume that w = e;. The remarks following
Proposition 3.13 imply that f(Uz) = f(z) for all z in S and all U in U(n) which
fix e;.

Now U in U(n) fixes e; if and only if there exists U’ in U(n — 1) such that
U(z1,2") = (21,U'Z') for all z = (21,2') in C" = C x C"'. Arguing as in the proof
of Theorem 2.12, we see that

m
ZCJZP J q J|Z/|2J

Jj=0

where m = min(p, q).
By applying the Laplacian 4 2?21 0%/0z;0%; to both sides of this equality and
using Proposition 3.5, we see that

0=Af(z szl” R,

where
bj = 4(p =) g —J)e; +40 + DG +n—1)¢in
when j = 0,1,...,m. Since every b; = 0, as in Theorem 2.12 we can find all ¢;

from the first nonzero ¢; by iteration, and any two such f in H,, must be constant
multiples of each other.

Since Y, " is a nonzero element of H,.4, the result is proved. n
i iti i m P—J5q=7J | 1|2
The previous proposition introduces sums of the form i—0 Gz U E | 2]

and we will use similar sums below.

Lemma 3.15. Suppose that p and q are nonnegative integers and m = min(p, q),
and that

m
Z%Zp] 11J|Z’23_szpj ~q—J /|2J' V(Z1,Z/)€S,

j=0

m
chzf_jég_j ERE Zd I |5 Vz e S.

=0
Then a; =b; and c¢; = d; for all j.

Proof. Taking z of the form (21, 22,0,...,0), we see that

m m
P—J=q9—J . J=5] I P el Y .
E a; 2y T2 2z = E bizy 7 Z{ 7 2572 Vz e S,

J=0
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the linear independence of monomials implies that a; = b; for all j. Further, we
see that

Zc] 2'1 2121 + 2925)’ Zd 2P ij zlzl + 29%5)’ Vz €S,

expanding this out and equating coefficients recursively (starting with the highest
order coefficients of z,Z;) shows that indeed ¢; = d; for all j. O

We shall now prove another interesting consequence of Proposition 3.12; we
evaluate the L? norms of zonal spherical harmonics, and relate these norms to
special values of zonal harmonics and orthonormal bases of H, , spaces.

For all w in S and all unitary operators U, Proposition 3.12 implies that

VP (Uw) = Y P (w).

Since unitary operators preserve norms, U maps S into S. Every point z on S is
the image of w under some unitary operator U, by Lemma 3.1 ag)phed to the pairs
(w,w) and (z,z). Therefore there is a number ¢ such that Y, (pa = ¢ for all w
in S. To determine the constant ¢, we first make a simple and useful observation
relating zonal harmonics to the dimension of the space H,,.

Recall that d(p,q) = dim(H,,), the precise value of which is given by (3.11).
Also, let {uq,...,uqpq} be an arbitrary orthonormal basis of H,, ,. Then writing a
zonal spherical harmonic in terms of this orthonormal basis and using (3.13) implies
that

d(p.q)
Dz) =Y (VP ;) u(2)
j=1

d(p,q)
= Z (uj, YO " (2) (3.19)
j=1
d(p,q)
= Z u;(w) ui(z) Yw,z € S.
j=1
This equality is interesting since it shows that Zd(p 9 77 (w) uj(z) is independent
of the orthonormal basis {u1, ..., uqp,q} for Hp,. ThlS provides another proof of
(3.15).

Our purpose in proving (3.19) was, however, to find the constant value, ¢ say,
of Y9 (w). Putting w = z in (3.19) and integrating over S shows that

C%H_/Y ) (w) do(w)

:/\uj ? do(w)
= d(p,
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because [|u;|, = 1. Since Y29 (w) = <Y(pQ) Y(M)> = Hqu ‘
the following proposition.

, we have proved

Proposition 3.16. For any orthonormal basis {u1, ..., Uapq} Of Hpq,

d(p,q)
uj(w)|* = d(p, Qwsy  Yw € S.

In particular,
Y20 (w) = |[YP9|) = d(p,qwsty  Vw e S.

Combining this with the Schwarz inequality, we derive the following interesting

consequernce.

Corollary 3.17. The zonal spherical harmonic Yipa)

value on S at the point w.

reaches its mazimum absolute

Proof. For all z in S,
}Yu(}m)(z)‘ — ‘<yu(]p7Q)7 YZ(M)H

— | / Y00 (6) V00 (€) do (€|
S

< o, Y2,

= d(p, q)ws, .

Proposition 3.16 now implies the result. O]

We will now compute a precise expression for VP in the case where w = e,

the first standard basis vector in C™. This case is sufficiently general since we
may then compute any complex zonal spherical harmonic by composing with an
appropriate unitary operator.

We denote by z and w points in C*. We will write z = (z,y), where z; = z;+iy;
and w; = u; + ;.

Fix w in C" and let Z be the zonal spherical harmonic of degree k on R*"
with pole w. Replacing n by 2n in Theorem 2.15 shows that zik ( ) is equal to

Z((f,)v)@’y)
/20 vionion L o). . (9m 4 9k — 27 - N
- Z e +2]'21‘)! (k(_22jJ)r!2k = ((2,9) - (w,0))" 7 [z, )7
Lk/QJ J k 2] n i Y o
T2 Z : —2j)+(fa—i). 2 () - ()" ()

where ¢ = wy,_17}(2n + 2k — 2). To express the above in terms of z and w, note

that
(z,y) = (

24z z—Z)

5 o and (u,v):<

w —+ w w—tD)
2 7% ’
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and moreover,
(@.9) - () = (2 +2) - (w) — (- 2) - (w— ) =

Therefore quk)(z) is equal to

PRy L s o R 20

Now Proposition 3.5 and Proposition 3.11 show that, if (p,q) € [N?];, then Yo
may be found from the above expression by collecting the terms of bidegree (p,q).

We are interested in the case where w is the standard basis vector e; in C”,
and henceforth we abbreviate ZF to Z® and Y9 to Y®9 . In this particular
case, the expression (3.20) simplifies to

Z(k)()
[k/2]
B n—l—k—l Y(n+k—j—2)! k—2j | (2]
T Wopet Z k 21 (n—1)! (21+2) g
Lk/2jk 2
_ n—i—k—l ZZJ n+k—j 2) Zk. 2]ll|‘2j
Won—1 S 'l' —2j—l) ( 1)' 1

Since k = p + ¢, it is now easy to see that Y9 is found by restricting the sum
above to all 7 and [ such that

0<j<min(p,q), 0<I<p+q—-2j and j+l=gq

Since j < min(p,q) and [ = g — j, it follows that 0 <l =qg—j <p+q—2j.

The following result is a consequence. Recall that we write Y ®9 for Y(p 9,

Theorem 3.18. Suppose that p and q are in N and that m = min(p,q). Then

m

Wap—1 p= (p— j) (q—j).].( —1)!Z1

3.4 Products of Zonal Harmonics

Again in this section, we shall write Y9 in place of Y77 . We will study z,Y ®9 |
7Y P9 and ]21]2 Y P9 We shall express these as sums of other zonal harmonics,
and we shall estimate HzlY(”"DH2 in terms of ||Y(W)||2. The fact that we are
integrating over S implies that the former is less than the latter. This relationship
will be used in Chapter 4.

Lemma 3.19. There exist unique complex constants 6,4 and €,, such that

2 Y P9 (2) = 5p,qY(p+1’Q)(z) +€pg |z|2 y Pl () Vz e CY (3.21)
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they are given by

. p+1
PT n4+p+g
and N 5
S i when q > 0
€p.g = n+p+q—2
0 when q = 0.

Proof. Write m for min{p+ 1,q}. As f: 2+ 2 Y®9(2) is in P,y1,, we see from
Corollary 3.9 that there exist f; in H,_ji1,4-; (where j =0,1,...,m) such that

F=Y 5
=0

But since foU = f for every U in U(n) that fixes ey, it follows from (3.17) that
the same is true of each f;. Now Proposition 3.13, the remarks following it, and
Proposition 3.14 imply that there exists ¢; in C such that f; = ¢;YPH1=5a3),
From the uniqueness of the f; in the decomposition above, it therefore follows that
there exist unique constants c¢; such that

f= Z ¢ H?J' y (p+1-da—3)
j=0

It is easy to see from the above expression and from Proposition 3.6 that
¢ Hy(pH J.q ])H2 — <f’ y (p+1-jq J)>
= / Zly(p,q)(z) ?(erlfj,qu)(Z) do(z)
5
— <Y(p,q), gj> 7

where g;: z +— 2 Y P+H1=3473) (). Now if 1 < j < m, then g; € Ppy1_jgr1-j, and so
¢; ||y r1=34-9)||> = 0 from Corollary 3.10. Thus ¢; = 0, since ||y @+1=5=9)||” 2 0
by Proposition 3.16. We have thus proved the first part of the lemma.

To compute 9,, and €,,, we use Lemma 3.15 and Theorem 3.18, and equate
the coefficients of 2™ Z¢ in (3.21):

n+p+q—1(n+p+q—%!
Wan-1 plgl(n—1)!
n+p+tqg (ntp+qg-—1)

=9 ,
DL o1 (p+D'g!(n—1)!
from which 41
b
= 3.22
o= (322)
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Similarly, when ¢ > 0, equating the coefficients of z/Z? " |z|” in (3.21) shows that

nt+ptg—-1 (n+p+q—3)
Won—1 (p—Dlg—D!(n—-1)!
n+p+q—2 (n+p+qg—3)!
P gt plg— Dl (n—1)!
s ntp+q (n+p+q-—2)
P4 g1 plg =1 (n—1)!

Multiplying the above expression by

won—1p (g — 1) (n—1)!
(n+p+q—2)!

and using (3.22) shows that

p+1)(n+p+q—2)—pn+p+q—1) n+q-—2

€ 7
P n+p+q—2 n+p+q—2
as required. O

Corollary 3.20. There exist unique complex numbers o, , and €, , such that

7Y P9 () = 5]’37qY(p’q+1)(z) + €y |27 Y P19 (2) Vz e C

they are given by

5 — __a+tl
P,q q,p n+p+q
and N 5
n _—
, S when p >0
€pg =Cp=4n+tp+q—2
0 when p = 0.

Proof. By using Lemma 3.19, write
1Y@ (2) =6, VP () pe 2P Y@PD(z) Ve

Taking complex conjugates of both sides in the above expression and using (3.16)
gives
Ely(p’q)(z> = gq,py(p’qﬂ)(z) t €qp |Z|2 Y(p_l’q)(z)
= 5q,pY(p7q+1)(Z) + €qp |Z|2 Y(p_lm(z)
_ q+1 / 2y (p-1, n
= 5p’qY(pq )(2) + €pq 17| Yye-l9(z)  vzeCn,

and the existence is proved.
To prove the uniqueness, conjugate and use the uniqueness in Lemma 3.19. [J
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Corollary 3.21. There are unique complex constants o, 4, 3,4, and vy, , such that
lely(p’q)(z) = ap,qY(pH’qul)(z) + Bpyg |Z‘2 Y(p’q)(z) + Vpg ‘Z|4 Y(pilyqil)(z)
for all z in C"; further, if n =2 and p=q =0, then B,, = 1/2, while otherwise

P+ E+n—1)p+q +n—2

Bpa m+p+qg—12-1

Proof. From Corollary 3.20 and Lemma 3.19, we see that, if p > 0 and ¢ > 0, then

lely(pﬂ)(z) =2 (5q,py(p7q+1)(2) + €gp |z|2 Y(p_l’Q)(z))
= Ogp <5p7q+1Y(p+1’q+1)(2) + €pg+1 ’Z‘Q Y(qu)(z))
+ a2l (1Y PO (=) + g |27 YD)
= 6y p0p 1Y P (2) 1 |22 (8, ppais + apdp1.0) Y PO (2)
T €qpfp-14 |Z|4 Y(p_l’q_l)(z)

= O‘p,qy(p+l’q+1)(z) + Bp.g ]z|2 Y(pg)(z) + Ypg ’Z‘4 Y(p_Lq_l)(Z)a
for all z in C™, say. Further,

Bp.g = 0qp€pq+1 + €qp0p—1,4

qg+1 n+q—1 n+p—2 P
n+p+q ntptqg—1 n+ptq—2 n+ptqg—1
A+ -Dp+g +n—2
B (n+p+q¢g—1)2—-1

Y

as claimed. If p =0 or ¢ = 0, then similar calculations give the result claimed. [J
Corollary 3.22. Suppose that p and q are nonnegative integers. Then

[y # Ol = B[y 1

where 3,4 is given in Corollary 3.21.

Proof. By Corollary 3.21, if p > 0 and ¢ > 0, then 2,2 Y ®%(2) is equal to
O‘pvqy(p“’q—i_l)(z) + Opg |z|2 Y(pﬂ)(z) + Vg |Z|4 Y(p_Lq_l)(Z)
for all z in C". By orthogonality and Proposition 3.16,
Hzly(p,Q)Hz — / Zly(p,Q)(Z) 51}7(19761)(2) do(2)
S

— <2121Y(p’q), Y(p,q)>
= Bpa HY“”"”H?

The obvious variant of this holds if p =0 or ¢ = 0. O
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CHAPTER 4

The Kohn Sublaplacian

Properties of spherical harmonics, such as orthogonality, make them very useful in
Fourier analysis and in the study of certain linear operators acting on L?(S).

An example of this for R” may be found in [9], where the connection between
spherical harmonics and the Fourier transform is developed. In particular, the
spherical harmonics lead to a decomposition of L?(S) into spaces on which the
Fourier transform is invariant and behaves in a sufficiently simple way. In addition
to enabling a deeper understanding of the Fourier transform, several applications
to certain convolution operators are thus found.

In this chapter we will show how complex spherical harmonics can be used
to understand the action of a particular Laplace-type differential operator acting
on L*(S), where S is the unit sphere in complex n-dimensional space.

The operator £ defined below is important in the study of the ‘Kohn-Laplacian’
associated with the Cauchy—Riemann complex on S. An explicit formula for the
Kohn-Laplacian is given in [6].

We intend to prove that £ acts by scalar multiplication on the spaces H,, of
Chapter 3, and hence deduce some basic operator-theoretic information about L.

4.1 The Study of an Operator on L*(S)

Consider again the differential operators

0 0] o, 0 0 .0
8_,2]:%(8_%_13_%> and 8_ijé<c9_xj+23_yj>’

defined on differentiable functions on C”".

We shall be dealing with a second-order differential operator related to the
Laplacian on C™ and defined in terms of the operators above. The behaviour of
this operator on L?(S) will be clarified by considering the spaces H,,, of complex
spherical harmonics of the previous chapter.

When 1 < 5,k <n, we define

N . _ 0 0
R T SR S F

It is easy to see that Mj; maps every P,, into P, 1,11 and Mj; maps every P,
into Ppy1,4-1. We define the operator £ by

L= Z Mjijk+Mjijk;

1<j<k<n
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clearly £ maps every P, , into itself.
The following theorem examines the effect of £ on each H,,.

Theorem 4.1. The operator L maps every space H, , into itself. Moreover,
Lf=-=XNyf VfeH,, (4.1)

where A\pq =2pg+ (n —1)(p+q).
Proof. First,

LZ Z Mjijk+Mjijk

1<j<k<n
0 _ 0 0 0
= 2 <Zja_zk_z’“a_zj><zﬂ‘a_zk_zka—%>
1<j<k<n
0 oN/_ O _ 0
+ <Z]8_Zk — Zka_zj> <Z]8—2k — Zka—zj>
- Z 2292368 86 +2Zkzkaiai—zjaiai2k
1<j<k<n Pk 0%k zj 0Zj 25 0z,
- zki_izj — Z]ii_fk — Zkii_z]
0z 0z; 0z; 0z 0z, 0%,
= Z 22255 0 0 7'31%—%&&_%
1<j,k<n D21 02 107; 0z, 0z; 0%,
Fic
B SN NN N S
=1 k=1 ! ]aZk aZk j@Zj sz k ]azj azk k
S L 0000
j=1 N 0z 0z; 7 0z;047 TV 0z;0%7
L.p B AYA AV N
I @ 535,) (% 8—%%) } <Z 55) (2 557%)
N9 0 d L0 0
_ 0 0 )
+;Z]82jazjzj+;zjaz a— Z |J‘ 8238%

Now if f isin P,,, then

Using this in the above expression for £ shows that

Lf=—qlp+n)f—plg+n)f+aqf+pf=—12pq+ (n—1)(p+q)f,

for all f in H,,, as required. O
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In view of Theorems 3.7 and 4.1, it is easy to see that L is a densely-defined,
unbounded linear operator on the Hilbert space L?(S). Theorem 4.1 also gives
complete information about the eigenvalues and eigenvectors of L.

Corollary 4.2. The set 0,(L) of eigenvalues of L is given by
0p(L) ={=Apq : P, €N},

where N\py = 2pq+ (n — 1)(p+q), and H,, is a subspace of the eigenspace of L
corresponding to the eigenvalue —\p 4.

Proof. This follows immediately from Theorem 4.1 and the fact that the union of
orthonormal bases of the H,, is a basis of L*(S). O

To give a precise definition of the domain of L, recall from Theorem 3.7 that
L?(S) is the direct sum of the family of pairwise orthogonal, finite-dimensional
spaces Hypq-

Choose an orthonormal basis for every H,, and let {e; : j € N} be the union
of all these. Then this is an orthonormal basis for L?*(S) and every f in L?*(S) is
given by a ‘Fourier expansion’

f= Z (fse5) e, (4.2)

J

where the series converges unconditionally in L?*(S) (see [4]).
We are now in a position to define the domain of £ precisely. Let D(L) denote
the set of elements f in L*(S) for which the series

> eilfee (4.3)

j=0

converges unconditionally in L?*(S), where the constant ¢; is defined to be equal to
the A, for which e; isin H,,. For f in D(L), we define Lf by the formula

Lf==Y ci{fie)e
=0

Theorem 3.7 immediately implies that D (L) is a dense subset of L?(S), and it
is clear that D(L) is a linear manifold (that is, a vector subspace under the induced
operations) of L?(S). The definition of D(L) is also independent of the choice of
such a basis of L*(S).

We define 7 to be —L; then D(7) = D(L). Since L*(S) is a complex Hilbert
space, the following proposition implies that £ and 7 are also self-adjoint operators
on L?(S).

Proposition 4.3. The unbounded, linear operator T is positive, that is,

(Tf.f)>=0  VfeDT)
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Proof. For all f in D(T), we use the expansions in (4.2) and (4.3), together with
the pairwise orthogonality of the e; to conclude that

(Tf.f) = <Zc, freden 3o (faeshes) =D e (fres) = 0,
=0 7=0 7=0
since each A, , is nonnegative. O

The graph Gr of a linear operator T" with domain D(7T") between Banach spaces
X and Y is the set {(x,T2z) € X xY : 2 € D(T)}. The linear operator 7' is said
to be closed if its graph is a closed set in the topology of X x Y. According to the
closed graph theorem, if D(T) = X, then T is bounded if and only if G is closed
in X xY.

Although the closed graph theorem does not necessarily hold in the case where
X or Y isnot a complete normed space (for example, if 7" is an unbounded, densely
defined operator) the property of being closed is nevertheless important in operator
theory (see [4, Chapter X]). The following result shows that £ is a closed operator.

Proposition 4.4. The operator L is closed.

Proof. Recall that 7 = —L; it suffices to show that 7 is closed. Since 7 is linear,
it is enough to take a sequence {f} in D(T) such that f, — 0 and 7 f, — f in
L?(S), and then to show that f =0.

Parseval’s identity implies that, for all positive integers k£ and m,

|(fsem)| = [{f = cmfi + cmfr, €m)]
|< _Cmfk7€m>|+|<cmfka6m>|
< (Zr ~eified?)” + en il

= ||f =T filly + cm [ fsll, -

Since fr — 0 and 7 fy — f as k tends to infinity, it follows that (f,e,) =0. We
conclude that f =0 since {e; : j € N} is an orthonormal basis of L*(S). O

The above proposition illustrates the fact that the closed graph theorem is not
true when the domain of the operator is not a complete normed space: the graph
of L is closed yet the operator is clearly unbounded.

Combining Proposition 4.4 with the closed graph theorem also proves that the
domain D(L) of L is a proper (dense) subset of L?*(5).

Finally, we turn to computing the spectrum of L.

Theorem 4.5. The spectrum of the operator L is given by
o(L)={=Xpq:p,q €N},

where Ay g =2pg+ (n—1)(p+q).
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Proof. 1t is enough to prove that o(7) = {\,, : p,¢ € N}. But since the \,, are
eigenvalues of 7 it suffices to prove that

o(T) S {Apq:p,q € N}.

So suppose that A in C is not equal to any A,,. Then Corollary 4.2 implies A is
not an eigenvalue of 7, and 7 — A\I is one to one.

To show that 7 — Al maps D(7) onto L*(S), note that {1/(A\,, — A)} is a
bounded sequence of complex numbers that converges to zero as p + ¢ increases.
Thus if f isin L*(S), then it follows that the series

Z H{fiei) e

j=0

converges unconditionally to an element g in L*(S) (where ¢; is again defined to
be the A, , such that e; is in H,,).
But the series

Z frej)e; = Z(Cj — M =N fiej e = Z(Cj —A) (9. €)) €

converges unconditionally to f and so g isin D(7) and f = (7 — \)g.

We have now proved that 7 — Al : D(T) — L?(S) is bijective. It follows from
Proposition 4.3 and the closed graph theorem, applied to the operator (7 — AI)~*
on L*(S), that (7 — AI)~! is bounded. Thus A is in p(7) = C\ o(7) and the

result is proved. O

4.2 A Multiplier Theorem

As an application of spherical harmonics, we shall now prove a ‘weighted Plancherel
estimate’ (in the sense of [5]) for zonal spherical polynomials on S. The weight
function will be (1 — |z;]%)*/? where 0 < a < 1/2.

We say that f is a zonal spherical polynomial on S if

F= cy®, (4.4)

p,g=0

where only finitely many constants c,, are nonzero.
The following lemma bounds ||(1—|z BR&Yi | , in terms of the ¢, , and constants
m(p, q), defined by m(p,q) = 1/2/2 if n =2 and p = ¢ = 0, and

2pq+(n—1)(p+Q)+(n—1)(n—2)>1/2
(n+p+qg—12-1

m(p,q) = < (4.5)

otherwise. That is, m(p,q)* =1 — S,,, where 3,, is defined as in Corollary 3.21.
It is easy to see that 0 < m(p,q) < 1 for all p and ¢ in N. For a zonal spherical
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polynomial f on S, we also define M f by the formula

Mf = Z m(p, q)cp Y P?.

,q=0

As the m(p, q) are bounded, M extends to a bounded linear operator on L?(S).
Lemma 4.6. Suppose that f is a zonal spherical polynomial on S. Then

(1= =) 2 f], < 3UM L,

Proof. Write [ = Z?:o fj, where f; is defined by

fi= Z prqy(zw)

p,q€N
pP+q=j

(henceforth, = denotes congruence modulo 3). We define M f; in the obvious way;
then M f = Z?:o Mf;, and the M f; are orthogonal by Theorem 3.7. Thus

1/2
?

134511, = (NMANE+ 10 512 + 1 212)

and so ||M f;||, < ||M fl|,. It follows that it is enough to prove that

1= L) 25l < 1Ml (4.6)

To prove (4.6), first note that

1512 = 3 lepa? [Y@2.

p,q€EN
P+q=j

A similar expression is needed for ||z f;||,. To find it, note that

2af = Z cp,qzlY(p’Q).

P,qEN
P+a=j
Recall from (3.21) that z, Y9 = §, Y9 4 ¢ YVPa=D: it follows that, when
prqg=r+s=7j,
<Zly(p,q)7 Zly(m)> -0

unless (p,q) = (r,s). It follows immediately from Corollary 3.22 that

lafil2= 3 lepal? |V

p,q€EN
P+q=j

= Z |Cp,q|2 ﬁp,qHY(nq)‘

p,gEN
p+g=j

2
2
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where (3, , is as in Corollary 3.21.
Combining the above expressions for || fJ||§ and ||z f]H; shows that

1= P25
= 115113 = =1 5
- Z lepal” (1= B4) ||Y(p’q)||§

p,qEN
PHq=]

= m(p,q)* |cpql” [y |

p,q€N
PHq=j

= IMf;15.
and (4.6) is established. O

As a corollary to Lemma 4.6, we now prove an analogue of the ‘Plancherel-type
estimate’ in Assumption 2.5 of [5]. Recall that the constant \,, is given by (4.1).
For a positive integer i, we define the subset H; of N2 by

H; = {(p, CI) eN?: (Z - 1)2 < >‘p,q < iz}'

Proposition 4.7. Suppose that N is a positive integer and that f in C(S) is given
by

f= Z Cp’qy(p,q%

,q=0

where ¢, , =0 when \,, > N*. Then

N 1/2
(1= [z )2 1|, < CN”“”‘“/Q(Z max{|c,4| : (p,q) € Hi}2> :
i=1

if 0 < o < 1/2, where the constant C' depends only on n and «.
Proof. We define C; by
C; = max{|c, 4| : p,q € H;}.

By Lemma 4.6,
1= 1) 21, < 3 IM

and || fl, < || fll,, trivially. We now define

M f = Z m(p, q)acp7qY(p’Q);

p,g=0

then the M. Riesz convexity theorem implies that

(1= 212 f||, < 3*IMfll,  Vae(0,1).
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Now the Plancherel theorem (i.e., the orthogonality relations) implies that

o0

1/2
1M flly = (Z m(p, a)** [cpql” ||Y(”’Q)||§)

p,q=0

< 3 2 2 |y ) || 2)
—(2@ > mp.a|[yeol)

(p,9)€H;

=1 (p,9)EH;

by Proposition 3.16. Hence it is enough to prove that

> mlp,q)*d(p, q) < C N+ (4.7)

(p,9)eH;

where C' depends only on n and «. From (4.5), if p > 0 and ¢ > 0, then

C2pg+(n—=1)p+q)+ (n—1)(n—-2)

2
mip.a)” = (n+ptqg—172—1
2pq n—1
 (n+p+g-12%2—-1 n+p+gq
3pq n—1

< +
“(p+q+n—-12 pHqg+1
whence
(n+2)(p+1)(g+1),
p+q+1)?
if p =0 or ¢ = 0 the same inequality holds by a similar but easier argument.

Combining this with the estimate (3.12) for d(p, q), we see that the left-hand side
of (4.7) is bounded by

m(p,q)? <

vz 3 CELOL Gk gy g1

(p,q)€H; (4.8)
=m+2) > P+ g+ 1) P (p g+ 1)
(p,9)€H;

Now
Ao = 2pg + (n—1)(p+q) = 2[(p+ a)(q + a) — a’]
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where a = (n — 1)/2, so p and ¢ in the above sum satisfy the inequalities when
0 <p<li?/2a] and q is in I,, where

'_12 22 -2 22
]p:{keN;ugkmgw_a}_
2(p +a) 2(p+a)
Note that
i? 4+ 2a? - i2 4+ a®
2p+a) ~ pta

It follows that, when 0 < o < 1/2, the sum in (4.8) is bounded by

i%/2a]
Z (p+a)n+af2 Z(q+a)n+a72<p_'_q+a)172a
p=0 q€l,
[i?/2a] . ) 2\ nta—2 -9 2\ 1—2a
2t — 1 “+a “+a
- p;(p ) <2(p+a) )<p+a) (p p+a)

[i?/2a] ) 2\ 1—2«a
<y 2i(i2+a2)n+a_2<p+ rta )

pr p+a

112/2]
< 4i(i2+a2)n+a_2 Z (p+i2+a2)l—2oz
p=0

n+oa—2 U2/2CLJ+1 12«
< 4i(i2+a2) / (x+i2+a2) dx
0
43 a2 72 2—2a
< i+ a? (—+1+z’2+a2)
— 22« ( ) a

2
()

S 36 (1 + nQ)nNZ(n—(X)-‘rl,

<

and (4.7) is proved. O

Combining this ‘weighted Plancherel estimate’” with the general results of Cowl-
ing and Sikora [5], we are able to deduce that the Hormander multiplier theorem
for the Kohn-Laplacian on the sphere in complex n-space holds with critical index
(2n — 1)/2. To describe this result in detail would require many more pages, and
we will not do so here; we intend to publish this elsewhere.
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