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Integrodifferential Equation

Initial boundary-value problem (fractional wave equation):

ut(x , t)−
∫ t

0
β(t, s)∇2u(x , s) ds = f (x , t) for x ∈ Ω

and 0 < t < T ,

u(x , 0) = u0(x) for x ∈ Ω,

u(x , t) = 0 for x ∈ ∂Ω.

Standard kernel:

β(t, s) =
(t − s)α−1

Γ(α)
e−µ(t−s), 0 < α < 1, µ ≥ 0.

Abstract version:

du

dt
+ BAu = f (t) for 0 < t < T , with u(0) = u0.



Problem is well-posed if B is positive semi-definite:∫ T

0
v(t)Bv(t) dt ≥ 0 for all v ∈ C∞comp(0,T ).

Laplace transformation gives

L
{
tα−1e−µt/Γ(α)

}
= (z + µ)−α

so, for the standard kernel, the Parseval–Plancherel theorem gives∫ ∞

0
v(t)Bv(t) dt

=
1

2π

∫ ∞

0
(µ2 + y2)−α/2 cos

(
α arg(µ + iy)

)
|v̂(iy)|2 dy

≥ 0.
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Fast summation Schädle, López-Fernández and Lubich 2006.

Adaptive error control using piecewise-constant DG Adolfsson,
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Galerkin Approximation

Arbitrarily-spaced time levels

0 = t0 < t1 < t2 < · · · < tN = T with kn = tn − tn−1.

Associate with each time interval In = (tn−1, tn] a conforming
finite element space Sn ⊆ H1

0 (Ω).
Finite dimensional trial space W consists of functions U having the
form

U(x , t) = Un−1
+ (x)

tn − t

kn
+ Un(x)

t − tn−1

kn
for tn−1 < t ≤ tn,

with Un−1
+ , Un ∈ Sn.

Thus, U(x , t) is continuous in x but discontinuous in t.



Exact solution satisfies∫
In

[
〈ut , v〉+ 〈B∇u,∇v〉

]
dt =

∫
In

〈f , v〉 dt

for all v ∈ C
(
[0,T ],H1

0 (Ω)
)
.

Discontinuous Galerkin method: given U0 ≈ u0 find U ∈ W such
that

〈Un−1
+ ,X n−1

+ 〉+

∫
In

[
〈Ut ,X 〉+ 〈B∇U,∇X 〉

]
dt

= 〈Un−1,X n−1
+ 〉+

∫
In

〈f ,X 〉 dt

for n = 1, 2, . . . , N and for all X ∈ W.



Practical implementation takes the form

(1
2 + ω11

nnA)Un−1
+ + (1

2 + ω12
nn)U

n = Un−1 + f n1

−
n−1∑
j=1

(
ω11

nj AU j−1
+ + ω12

nj AU j
)
,

(−1
2 + ω21

nnA)Un−1
+ + (1

2 + ω22
nn)U

n = f n2

−
n−1∑
j=1

(
ω21

nj AU j−1
+ + ω22

nj AU j
)
,

so the scheme is implicit: at each step we must solve a
2× 2 elliptic system.



Notation:

‖ · ‖ = ‖ · ‖L2(Ω), ‖U‖J = sup
t∈J

‖U‖, Jn = (0, tn] =
n⋃

j=1

Ij .

Energy arguments show stability of the continuous problem,

‖u‖Jn ≤ ‖u0‖+ 2

∫ tn

0
‖f (t)‖ dt,

and of DG,

‖U‖Jn ≤ 12

(
‖U0‖+

∫ tn

0
‖f (t)‖ dt

)
for 0 ≤ tn ≤ T .

In addition, jumps [U]n = Un
+ − Un satisfy

n−1∑
j=1

‖[U]j‖2 ≤ 24

(
‖U0‖+

∫ tn

0
‖f ‖ dt

)2

.



A Priori Error Bounds

Singular behaviour of exact solution typically

t‖ut‖H2
0 (Ω) + t2‖utt‖H2

0 (Ω)‖ ≤ Ctσ−1

and
‖ut‖+ t‖utt‖ ≤ Ctσ−1,

with 0 < σ ≤ 1.
Introduce a projector Π defined by

Πu ∈ W, Πu(tn) = u(tn),

∫
In

[u − Πu] dt = 0,

for n = 1, 2, . . .N. Find

‖u − Πu‖In ≤ Ck r−1
n

∫
In

‖∂r
t u‖ dt, r = 1 or 2.



For simplicity, consider semi-discrete method Sn = H1
0 (Ω) with no

spatial error.
Global error bound

‖U − Πu‖Jn ≤ C‖U0 − u0‖+ Ctα
n

∫
I1

t‖ut‖H2
0 (Ω) dt

+ Ctα
n

n∑
j=2

k2
j

∫
In

‖utt‖H2
0 (Ω) dt.

Putting

tn =

(
n

N

)γ

T and k = max
1≤n≤N

kn,

we find

‖U − u‖Jn ≤ C‖U0 − u0‖+ C ×


kγσ, 1 ≤ γ < 2/σ,

k2 log(tn/t1), γ = 2/σ,

k2, γ > 2/σ.



Also, the DG solution is superconvergent at the break points,

‖Un − u(·, tn)‖ ≤ C

(
‖U0 − u0‖+ εn1

∫
I1

t‖ut‖H2
0 (Ω) dt

+
N∑

j=2

εnjk
2
j

∫
Ij

‖utt‖H2
0 (Ω) dt

)

≤ C‖U0 − u0‖+ C ×

{
kγ(σ+α), 1 ≤ γ < 3/(σ + α),

k3, γ ≥ 3/(σ + α),

where

εnj = sup
t∈Ij

(∫ tj

t
|β(s, t)| ds +

∫ tn

tj

|β(s, t)− β(s, tj)| ds

)
.
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