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Integrodifferential Equation

Initial boundary-value problem (fractional wave equation):

ur(x, t) — /tﬁ(t, s)V2u(x,s)ds = f(x,t)  for x € Q
° and 0 <t<T,
u(x,0) = up(x) for x € Q,
u(x,t) =0 for x € 0.

Standard kernel:

(t _ S)a—l

(=) 1, u>o.
10 e , O<a<l, wu>0

(t,s) =

Abstract version:

d
d—Lt’ Y BAu=f(t) for0<t<T, withu(0)= .



Problem is well-posed if B is positive semi-definite:
T
/ v(t)Bv(t)dt >0 forall v e C5,,(0, T).
0

Laplace transformation gives
E{to‘_le_“t/r(a)} =(z+p)®

so, for the standard kernel, the Parseval-Plancherel theorem gives

/ T V(D)Bv(t) dt
0
1

o [y cos(asrgln+ iv) o(v) oy
0

> 0.
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Convolution quadrature Lubich, Sloan and Thomée 1996.

Laplace transforms Lépez-Fernandez and Palencia 2004, MclLean
and Thomée 2004.

Fast summation Schadle, Lépez-Fernandez and Lubich 2006.

Adaptive error control using piecewise-constant DG Adolfsson,
Enelund and Larsson 2003.



Galerkin Approximation

Arbitrarily-spaced time levels
O=tfi<thi<b<---<ty=T with k,=1t,—th_1.

Associate with each time interval I, = (t,_1, t,] a conforming
finite element space S, C H3(Q).

Finite dimensional trial space VW consists of functions U having the
form

t,—t
kn

t—th—1
kn

U(x, t) = UT (%) + U"(x) for tp_1 <t < tp,
with UT™1, U™ € S,

Thus, U(x,t) is continuous in x but discontinuous in t.



Exact solution satisfies

/[(ut,v>+<BVU,Vv>] dt:/(f, v) dt

In In

for all v € C([0, T], H}(R2)).
Discontinuous Galerkin method: given U°® = ug find U € W such
that

(i +/ [(Us, X) + (BVU, VX)] dt
In

= (U XPh + // (f, X)dt

forn=1,2, ..., Nand forall X ¢ W.



Practical implementation takes the form
(3 + Wl + (3 +wR)Un = Unt 4 f
n—1 ] ]
= (WHAUT + wi? AU,
j=1
(=3 +wmA U + (3 +win)U" = £

n—1
=D WAV + WBAUY,
j=1

so the scheme is implicit: at each step we must solve a
2 x 2 elliptic system.



Notation:
-1 =11 Nl e IIUHJZStlngHUII, Jn=(0,ts] = U/'-

Energy arguments show stability of the continuous problem,

th
lulls, < luoll +2 /0 1F(£)ll dt.
and of DG,
th
UL, < 12<||U°H +/ £ dt) for0<t, < T,
0

In addition, jumps [U]" = U} — U" satisfy

n—1

th 2
S U §24<HU°H+ / Hfudr) .

Jj=1



A Priori Error Bounds
Singular behaviour of exact solution typically
2 -1
tluell o) + tollueell gl < Ct7

and
uell + tllueell < Ce771,

with 0 < o < 1.
Introduce a projector I1 defined by

Nuew, Mu(t) = u(t), /[u Mu]dt =0,
In
forn=1,2,...N. Find

v =N, < Ckglf |0Cul dt, r=1or2
In



For simplicity, consider semi-discrete method S, = H}(S2) with no
spatial error.
Global error bound

U= M, < CIU° — woll + Ce5 [ eljul gy

> N

n
+ Ct?zka/; ”uttHHg(Q) dt.
Jj=2

n

Putting
gl
th = <,,\7/> T and k= max kp,

1<n<N
we find
Ko, 1<vy<2/o,
IU = ull4, < CIIU° = wol| + C x { KZlog(ta/t1), v =2/o,
k2, v >2/o.



Also, the DG solution is superconvergent at the break points,

107 = u(- ta)]] < c(ruO — ]l + €m // tluell ey ot

1

N
+Z€njka/l [ueell () dt)
= )

kiote) 1 <y <3/(0+ a),

k3, v >3/(0+a),

IN

CIIUO—Uo||+C><{

where

= suP< [ s 0lds+ [ 13(s.1) - 6(s.5) ds)-

tel; 7
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