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Outline of talk

EQcodes:TheRecursive ZonalEqualAreasphericalcodes,
EQP (d; N ) � Sd , with jEQP (d; N ) j = N .

� Overview of propertiesof theEQcodes
� Someprecedents
� De�nitions: sphericalpolarcoordinates,partitions,

diameterbounds
� TheRecursive ZonalEqualArea(EQ)partition
� Detailsof propertiesof theEQcodes
� Separationanddiscrepancy boundsimply energy bounds
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The spherical codeEQP(2,33)on S2 � R3
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Geometricpropertiesof the EQ codes

For EQP (d; N )

Good:
� Centrepointsof regionsof diameter6 O( N � 1=d ) ,

� Meshnorm(coveringradius)6 O( N � 1=d ) ,

� Minimum distanceandpackingradius> O( N � 1=d ) .

Bad:
� Meshratio > O(

p
d) ,

� Packingdensity6 � d= 2

2d �( d=2+1) .
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Approximation propertiesof the EQ codes

For EQP (d; N )

Not sobad?
� Normalizedsphericalcapdiscrepancy 6 O( N � 1=d ) ,

� Excessnormalizeds -energy 6 O(N s=d 2 � 1=d ) , for
0 < s < d .

Ugly:
� Cannotbeusedfor polynomialinterpolation:

nota fundamentalsystem
- provenfor largeenoughN , conjecturedfor small N .
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Relationshipsbetweenpropertiesof EQ codes
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Someprecedents

The EQ partitionis basedonZhou's (1995)constructionfor S2

asmodi�ed by Saff, andonSloan'ssketchof a partitionof S3

(2003).

Separationwithoutequidistribution: Hamkins(1996)and
HamkinsandZeger(1997)constructedSd codeswith
asymptoticallyoptimalpackingdensity.

Equidistibution withoutseparation:Many constructionsfor S2 ,
eg. mappedHammersley, Halton, ( t; s) etc.sequences.

Feigeand Schechtman(2002) constructeda diameterbounded

equalareapartitionof Sd . Putonepoint in eachregion.
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Equal-areapartitions of Sd � Rd

An equalareapartition of Sd � Rd is anonempty�nite set P
of Lebesguemeasurablesubsetsof Sd , suchthat

[

R 2P

R = Sd;

andfor eachR 2 P ,

� (R ) =
� (Sd)

jP j
;

where� is theLebesgueareameasureon Sd .
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Diameter boundedsetsof partitions

Thediameterof a region R � Rd+1 is de�ned by

diam R := supfk x � yk j x; y 2 R g:

A set � of partitionsof Sd � Rd+1 is diameter-boundedwith
diameterboundK 2 R+ if for all P 2 � , for eachR 2 P ,

diam R 6 K jP j � 1=d :
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Keypropertiesof the EQ partition of Sd

EQ(d; N ) is therecursivezonalequalareapartitionof Sd

into N regions.

Thesetof partitionsEQ(d) := f EQ(d; N ) j N 2 N+ g .

The EQ partitionsatis�es:

Theorem1. For d > 1 , N > 1 , EQ(d; N ) is an equal-area
partition.

Theorem2. For d > 1 , EQ(d) is diameter-bounded.
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Sphericalpolar coordinateson Sd

Sphericalpolar coordinatesdescribex 2 Sd � Rd+1 by one
longitude,� 1 2 R (modulo 2� ), and d � 1 colatitudes,
� j 2 [0; � ] , for j 2 f 2; : : : ; dg .

Thesphericalpolarto Cartesiancoordinatemap
� : R � [0; � ]d� 1 ! Sd � Rd+1 is

� ( � 1; � 2; : : : ; � d ) = (x 1; x 2; : : : ; x d+1 ) ;

where x 1 := cos � 1

dY

j =2

sin � j ; x 2 :=
dY

j =1

sin � j ;

x k := cos � k � 1

dY

j = k

sin � j ; k 2 f 3; : : : ; d + 1g:
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Spherical caps,zones,and collars

Thesphericalcap S(p ; � ) � Sd is

S(p ; � ) :=
�

q 2 Sd j p � q > cos( � )
	

:

For d > 1 , a zonecanbedescribedby

Z (� ; � ) :=
�

� ( � 1; : : : ; � d ) 2 Sd j � d 2 [� ; � ]
	

;

where0 6 � < � 6 � .

Z (0; � ) is aNorthpolarcapand Z (� ; � ) is aSouthpolarcap.

If 0 < � < � < � , Z ( � ; � ) is acollar.
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EQ(3,99) Steps 1 to 2
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Centrepoints of regionsof EQ (d; N )

Theplacementof thecentrepoint a = � ( � ) of a region

R = �
�
[� 1; � 1] � : : : � [� d ; � d ]

�
is

� 1 :=

(
0; � 1 = � 1 (mod2� ) ;
( � 1 + � 1)=2 (mod2� ) ; otherwise;

andfor j > 1 ,

� j :=

8
><

>:

0; � j = 0;
� ; � j = � ;
( � j + � j )=2; otherwise:
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Meshnorm (covering radius)

Themeshnormof X := f x1; : : : ; xN g � Sd is

meshnormX := sup
y 2 Sd

min
x 2 X

cos� 1(x � y) :

SinceEQ( d) is diameterbounded,

meshnorm EQP (d; N ) 6 O( N � 1=d ) :
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Minimum distanceand packing radius

Theminimumdistanceof X := f x1; : : : ; xN g � Sd is

min distX := min
x 6=y 2 X

kx � yk ;

andthepacking radiusof X is

pradX := min
x 6=y 2 X

cos� 1(x � y)=2:

It canbeshown that min dist EQP (d; N ) > O( N � 1=d ) ;

andtherefore prad EQP (d; N ) > O( N � 1=d ) :
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Minimum distanceof EQP(4)codes
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Meshratio and packing density

Themeshratio of X := f x1; : : : ; xN g � Sd is

meshratioX := meshnormX = pradX :

Thepackingdensityof X is

pdensX := N � (S
�
x; pradX )

�
= � (Sd) :

Regionsof EQ( d; N ) nearequators! cubicasN ! 1 , so

meshratio EQP (d; N ) > O(
p

d); and

pdensEQP (d; N ) 6
� d=2

2d �( d=2 + 1)
(asymptotically).
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Packing densityof EQP(4)codes
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Normalized spherical capdiscrepancy

We usetheprobabilitymeasure�� := � =� (Sd) .

For X := f x1; : : : ; xN g � Sd thenormalizedsphericalcap
discrepancyis

discX := sup
y 2 Sd

sup
� 2 [0 ;� ]

�
�
�
�
jX \ S(y ; � ) j

N
� ��

�
S(y ; � )

�
�
�
�
� :

It canbeshown that

disc EQP (d; N ) 6 O(N � 1=d ) :
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Normalized s-energy

For X := f x1; : : : ; xN g � Sd thenormalizeds -energy is

E s(X ) := N � 2
NX

i =1

X

x i 6=x j 2 X

kx i � x j k� s ;

andthenormalizedenergy doubleintegral is

I s :=
Z

Sd

Z

Sd
kx � yk� s d �� (x) d �� (y ) :

It canbeshown that,for 0 < s < d ,

E s
�

EQP (d; N )
�

6 I s + O(N s=d 2 � 1=d ) :
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Separationand discrepancyimply energy

Theorem3.

Let (X 1; X 2; : : : 2 N) bea sequenceof Sd codesfor which
there exist c1; c2 > 0 such thateach
X N = f xN ;1; : : : ; xN ;N g satis�es

kxN ;i � xN ;j k > c1 N � 1=d ; ( i 6= j )

discX N 6 c2 N � q:

Thenfor thenormalizeds energy for 0 < s < d , wehavefor
somec3 > 0 ,

E s(X N ) 6 I s + c3 N ( s=d � 1) q:
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d � 1 energy of EQP(2),EQP(3),EQP(4)
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For EQSPMatlab code

SeeSourceForgewebpagefor EQSP:

RecursiveZonalEqualAreaSpherePartitioningToolbox:

http://eqsp.sourceforge.net
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