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Outline of talk

EQ codes:.TheRecursve ZonalEqualAreasphericakodes,
EQP(d;N) S, with JEQP (d; N)j = N .

Overview of propertienf the EQ codes
Someprecedents

De nitions: sphericabolarcoordinatespartitions,
diameterbounds

TheRecursve ZonalEqualArea(EQ) partition
Detailsof propertiesnf theEQ codes
Separatioranddiscrepang boundsmply enegy bounds
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The sphericalcodeEQP(2,33)on & RS
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Geometric propertiesof the EQ codes

For EQP (d; N )

Good:
Centrepointsof regionsof diameter6 O(N 19) |

Meshnorm (coveringradius)6 O(N 1=9),

Minimum distanceandpackingradius> O(N 19).
Bad:

Meshratio > O(p d),

d=2
20 ( d=2+1) °

Packingdensity 6
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Approximation propertiesof the EQ codes

For EQP (d; N )

Not sobad?
Normalizedsphericakapdiscrepang 6 O(N 1¥9),

Excessormalizeds -enegy 6 O(N s=¢4° 1=d) for
0< s< d.

Ugly:
Cannotbe usedfor polynomialinterpolation:

notafundamentabkystem
- provenfor largeenoughN , conjecturedor small N .
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Relationshipsbetweenpropertiesof EQ codes

partitions 5 /diameter- — —
QQ
Q

M o

centres /separatign negy

no polynomial
Interpolation

packingdensity
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Someprecedents

The EQ partitionis basedn Zhou's (1995)constructiorfor S

asmodi ed by Saf, andon Sloans sketchof a partitionof S°
(2003).

Separationwithout equidistrilution: Hamkins(1996)and

HamkinsandZeger(1997)constructeds® codeswith
asymptoticallyoptimal packingdensity

Equidistilution without separationMany constructiongor S?,
eg. mappedHammerslg, Halton, (t; s) etc.sequences.
Feige and Schechtman(2002) constructeda diameterbounded

equalareapartitionof S¢. Putonepointin eachregion.

Sphericakodeswith goodseparationgiscrepang andenegy — p.7/2



Equal-areapartitions of S R

An equalareapartitionof S  RY isanonemptynite setP
of Lebesguaneasurablsubset®f S, suchthat

[

R = &
R 2P
andfor eachR 2 P ,
(S9)
(R) - X,
P |

where isthelLebesguareameasuren SU.
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Diameter boundedsetsof partitions

Thediameterof aregion R RY*! isde ned by

diam R = suptk x yk|Xx;y 2 Rg:

A set of partitionsof S RY*! s diameterboundedwith
diameterboundK 2 R, ifforall P 2 ,foreachR 2 P,

dam R 6 K jpj
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Key propertiesof the EQ partition of S

EQ(d; N) istherecursivezonalequalareapartitionof S
Into N regions.

Thesetof partitionsEQ(d) := fEQ(d; N ) J N 2 N.g.
The EQ partitionsatis es:

Theoreml. Ford > 1, N > 1, EQ(d; N ) isanequal-ara
partition.

Theorem?2. Ford > 1, EQ(d) is diameterbounded.
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Spherical polar coordinateson S¢

Sphericalpolar coodinatesdescribex 2 S  RY*! byone
longitude, ;1 2 R (modulo2 ),andd 1 colatitudes,
i 210; ]J,forj 2 12;:::;dg.

Thesphericalpolarto Cartesiarcoordinatemap
'R [0; 191! & R s

1, 2,000y d) = (X1 Xy il Xder ),
w . w .
where X, := CO0S 1 Sin j; Xp = sin ;
] =2 j=1
Xk = COS 1 sin j; k2 f3;:::;d+ 109:

j=KkK
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Spherical caps,zones,and collars

ThesphericalcapS(p; ) S is
Sp; )= g2 jp q> cos( )
For d > 1, azonecanbedescribedy
Z(; )= (it 9028 a2 1 ;
where06 < 6

Z (0; ) isaNorthpolarcapandZ ( ; ) isaSouthpolarcap.

fO< < < ,Z(; ) isacollar.
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EQ(3,99) Steps 1 to 2

V(q) =V,
= s(S%)/99

EQ(3,99) Steps 3t0o 5

A: 14.9...

qF,l

[ .




Centre points of regionsof EQ (d; N )

Theplacemenof thecentrepointa = ( ) of aregion
R= [ 1 v [a 4d] Is
(
_ 0 1= 1(mod2 );
1=

( 1+ 1)=2(mod2 ); otherwise

andfor | > 1,

8
2 0; i = 0;
“(;+ )=2; otherwise
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Meshnorm (covering radius)

Themeshnormof X = fxqi;:::;xng S is
meshnormX := sup min cos *(x y):
y2 & X2 X

SinceEQ( d) is diameterbounded,

meshnorm EQP (d; N) 6 O(N 179):
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Minimum distanceand packing radius

Theminimumdistanceof X = fx;;::::Xyg S is
mindistX = min kx yk;
x8y 2 X

andthepadingradiusof X is

—— : 1 —".
pradX = Xg/ugx cos “(Xx y)=2:

It canbeshavnthat mindist EQP (d; N ) > O(N 19):
andtherefore  prad EQP (d; N ) > O(N 9):

Sphericakodeswith goodseparationgiscrepang andenegy —p.16/2



Minimum distanceof EQP(4) codes
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N = number of points
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Meshratio and packing density

Themeshratioof X = fxi;:::;xng s

meshratio X = meshnormX =pradX:
Thepadking densityof X s

pdensX := N (S x;pradX) = (S%:
Regionsof EQ(d; N ) nearequatorsl cubicasN ! 1 ,so

meshratio EQP (d; N ) > O(p d); and
d=2

24 ( d=2+ 1)

pdensEQP (d; N ) 6 (asymptotically).
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Packing density of EQP(4) codes
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N: number of nodes
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Normalized spherical cap discrepancy

We usetheprobabilitymeasure = = ().

For X = fxq;::::Xng S thenormalizedsphericalcap
discrepancyis

IX \ S(y; )]
discX := sup sup J i )l S(ly; )

y2st 2[0; ] N

It canbe showvn that

disc EQP (d; N ) 6 O(N 19):
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Normalized s-enemgy

For X := fxqi:::::Xng S thenormalizeds -enegyis
X X
Eo(X):= N 2 kx; Xk °;
=1 Xi6Xj2X

andthenormalizedenegy doubleintegral is
Z Z

| 1= kx yk °d (x)d (y):
S

It canbeshavnthat,for 0 < s < d,

E. EQP(d;N) 6 I+ O(N 59 1=y
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Separationand discrepancyimply enemgy

Theorem 3.

Let (X 1; X 5;::: 2 N) beasequencef S* codesfor which
thereexist cy; ¢, > 0 sud thateadh
XN = fXN:1rii0 XN N g Satis es

kXN;i XN;jk> C]_N 1:d; (l 6 J)
discXy 6 ¢ N %

Thenfor thenormalizeds enegyfor 0 < s < d, wehavefor
somec; > 0,

E<s(Xn) 6 I+ cg N (=4 Da.
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d 1 enemyof EQP(2),EQP(3),EQP(4)

r Lt . . T
. . . .
o . . .
o5+~ o P o O, e P
. L+t . . .
+ . N .
A
+F . . .
+
++

Normalized energy
o
N

o1+ ................. .................. .................. ......

1 10 100 1000 10000
N: number of codepoints
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For EQSP Matlab code

SeeSourcelergewebpagefor EQSP:

Recursve ZonalEqualArea Spherdrartitioning Toolbox:

http://eqsp.sourceforge.net

Sphericakodeswith goodseparationgiscrepang andenegy — p.24/2



	Outline of talk
	The spherical code EQP(2,33)
on $Sphere ^2 subset Real ^3$
	Geometric properties of the EQ codes
	Approximation properties of the EQ codes
	Relationships between properties of EQ codes
	Some precedents
	Equal-area partitions of $Sphere ^{Dim } subset Real ^{Dim }$
	Diameter bounded sets of partitions
	Key properties of the $Partition $ partition of $Sphere ^{Dim }$
	Spherical polar coordinates on $Sphere ^{Dim }$
	Spherical caps, zones, and collars
	
	Centre points of regions of $Partition ({Dim },{Numpoints })$
	Mesh norm (covering radius)
	Minimum distance and packing radius
	Minimum distance of EQP(4)
codes
	Mesh ratio and packing density
	Packing density of EQP(4)
codes
	Normalized spherical cap discrepancy
	Normalized $s$-energy
	Separation and discrepancy imply energy
	$Dim -1$ energy of EQP(2),
EQP(3), EQP(4)

