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Abstract. We present a survey of recent developments of the Beilinson–Lusztig–MacPherson
approach in the study of quantum gl

n
, infinitesimal quantum gl

n
, quantum gl

∞
and their

associated q-Schur algebras, little q-Schur algebras and infinite q-Schur algebras. We also
use the relationship between quantum gl

∞
and infinite q-Schur algebras to discuss their

representations.

1. Introduction

Almost at the same time when C.M. Ringel discovered the Hall algebra realization [24]
of the positive part of the quantum enveloping algebras associated with finite dimensional
semisimple complex Lie algebras, A.A. Beilinson, G. Lusztig and R. MacPherson discovered
a realization [1] for the entire quantum gln via a geometric setting of quantum Schur algebras
(or q-Schur algebras). This remarkable work has many applications. For example, it provides
a crude model for the introduction of modified quantum groups as introduced in [21], it leads
to the settlement of the integral Schur–Weyl reciprocity and, hence, the reciprocity at any
root of unity [6], [11], and it has also provided a geometric approach to study quantum affine
gln [14], [22]. The BLM work has also been used to investigate the presentations of q-Schur
algebras [9], infinitesimal quantum gln and their associated little q-Schur algebras [8], and
quantum gl∞, infinite q-Schur algebras and their representations [7]. This paper presents a
brief account of these developments.

We organize the paper as follows. §2 collects the definitions of quantum glη for any
consecutive (finite or infinite) segment η of Z, the q-Schur algebras, and the infinitesimal
quantum glη. In §3, we generalize the geometric setting in [1] for q-Schur algebras to introduce
the algebras K(η, r), for any η, and discuss the stabilization property for K(η, r). This
property allows us to define a new algebra K(η) over Q(v) of which a certain completion

K̂(η) of K(η) contains a subalgebra isomorphic to the quantum group U(η) = Uv(glη). This
is the BLM realization which is discussed in §4. When η is an infinite segment, the completion

K̂(η, r) of K(η, r) contains a subalgebra V(η, r) which is isomorphic to a homomorphic image
U(η, r) of U(η). In §5, we use the integral version K(η) of K(η) to obtain its specialization

K(η)k at a root of unity, and then to construct a subalgebra W of the completion K̂(η)k of
K(η)k. The algebra W is isomorphic to the infinitesimal quantum glη. From §6 onwards, we
present various applications. In §6, q-Schur algebras are investigated via their presentations.
In particular, we display several bases, and mention a nice application to Hecke algebras.
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Parallel to the infinitesimal theory for quantum gln, little q-Schur algebras are discussed
in §7. For the rest of the paper, we focus on the case when η = Z. In §8, we discuss
presentations of the algebras U(∞, r). Infinite q-Schur algebras S(∞, r) are introduced and
the relations between S(∞, r) and quantum gl∞ are discussed in §9. In particular, we show
that U(∞, r) is a proper subalgebra of S(∞, r). We end the paper by discussions on the
representation theory of quantum gl∞. We discuss the highest weight representations in §10
and their polynomial type representations in §11.

Acknowledgement. The first author would like to thank the organizers for the oppor-
tunity to attend the conference and for the financial support.

2. Quantum glη, infinitesimal quantum glη, and q-Schur algebras

Let η ⊆ Z be a consecutive segment of Z. In other words, η is a subset of the form
[m,n] := {i ∈ Z | m 6 i 6 n} or one of the sets (∞,m], [n,∞) and Z, where m,n ∈ Z, Let
η⊣ = η\{max(η)} if η is bounded above, and η⊣ = η otherwise. We also denote by Mη(R)
(resp. Rη) the set of all matrices (ai,j)i,j∈η (resp. all sequences (ai)i∈η) with all entries in
a set R of numbers, and will always abbreviate the sub-/supscript η by n if η = [1, n], and
by ∞ if η = Z. Moreover, we also assume that, if η is infinite, then the elements in Mη(R)
(resp., Rη) have finite support, i. e., all ai,j = 0 (resp. ai = 0) but finitely many of them.

Let U(η) := Uv(glη) be quantum glη defined over Q(v). Then, U(η) is the algebra over
Q(υ) presented by generators

Ei, Fi (i ∈ η⊣), Kj, K
−1
j (j ∈ η)

and relations
(a) KiKj = KjKi, KiK

−1
i = 1;

(b) KiEj = υδi,j−δi,j+1EjKi;
(c) KiFj = υδi,j+1−δi,jFjKi;
(d) EiEj = EjEi, FiFj = FjFi when |i− j| > 1;

(e) EiFj − FjEi = δi,j
K̃i−K̃−1

i

υ−υ−1 , where K̃i = KiK
−1
i+1;

(f) E2
iEj − (υ + υ−1)EiEjEi + EjE

2
i = 0 when |i− j| = 1;

(g) F 2
i Fj − (υ + υ−1)FiFjFi + FjF

2
i = 0 when |i− j| = 1.

When η is an infinite segment, U(η) can be regarded as the quantum enveloping algebra
associated with an ∞×∞ Cartan matrix.

We also set U(η) =

{
U(n), if η = [1, n];

U(∞), if η = Z.
Clearly, we have natural algebra embedding

U([−n, n]) ⊆ U([−n− 1, n+ 1]) for all n > 0. Hence, obtain an algebra isomorphism

(2.0.1) U(∞) ∼= lim
−→

n

U([−n, n])

We will see in §4 that U(η) can be reconstructed as a vector space together with a given
basis and certain explicit multiplication formulas between basis elements and generators.
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Let Z = Z[v, v−1] and let U(η)0 (resp., U(η)+, U(η)−) be the Z-subalgebra of U(η)

generated by all Kj, K
−1
j ,

[
Kj; c
t

]
(resp., E

(m)
i , F

(m)
i ), where

E
(m)
i =

Em
i

[m]!
, F

(m)
i =

Fm
i

[m]!
, and

[
Kj; c

t

]
=

t∏

s=1

Kjυ
c−s+1 −K−1

j υ−c+s−1

υs − υ−s

with [m]! = [1][2] · · · [m] and [t] = υt−υ−t

υ−υ−1 . Also, let U(η) = U(η)+U(η)0U(η)−. By [25, §3]

and [18, 2.3(g9)(g10)], all

[
K̃j; c
t

]
∈ U(η). Thus, U(η) is a Z-subalgebra of U(η) and there

is a triangular decomposition

U(η) = U(η)+ ⊗ U(η)0 ⊗ U(η)−.

Let Ωη be a free Z-module with basis {ωi}i∈η. Let Ωη = Ωη ⊗ Q(v). Then U(η) acts on
Ωη naturally defined by

Kaωb = υδa,bωb (a, b ∈ η), Eaωb = δa+1,bωa, Faωb = δa,bωa+1 (a ∈ η⊣, b ∈ η).

This action extends to the tensor space Ω⊗r
η (r > 1) via the coalgebra structure ∆ on U(η)

defined by

∆(Ei) = Ei ⊗ K̃i + 1 ⊗ Ei, ∆(Fi) = Fi ⊗ 1 + K̃−1
i ⊗ Fi, ∆(Kj) = Kj ⊗Kj.

Thus, we have a Q(v)-algebra homomorphism

(2.0.2) ζr : U(η) → End(Ω⊗r
η ).

Restriction induces a Z-algebra homomorphism

(2.0.3) ζr|U(η) : U(η) → End(Ω⊗r
η ).

Let

(2.0.4) U(η, r) = im(ζr) and U(η, r) = im(ζr|U(η)).

If η is finite both U(η, r) and U(η, r) are called q-Schur algebras at η; see [16]. Note that
q-Schur algebras can be described as the endomorphism of the tensor space regarded as a
module of the Hecke algebra associated with the symmetric groups on r letters (see §9 for
more details).

Let U(η)k = U(η)⊗Z k, where k is a field containing an l′th primitive root ε of 1 (l′ > 3),
and is regarded as an Z-module via the specialization of υ to ε. We will denote the images of

E
(m)
i ⊗ 1 etc. in U(η)k by the same letters. Clearly, (2.0.1) induces a k-algebra isomorphism

(2.0.5) U(∞)k = lim
−→

n

U([−n, n])k

We now follow [18] to introduce infinitesimal quantum gln. Let ũk(η) be the k-subalgebra
of U(η)k generated by the elements Ei, Fi, K

±1
j for all i, j, and define ũk(η)

+, ũk(η)
0 and

ũk(η)
−. Similarly, we have an inherited triangular decomposition

ũk(η) = ũk(η)
+ũk(η)

0ũk(η)
− ∼= ũk(η)

+ ⊗ ũk(η)
0 ⊗ ũk(η)

−.
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Moreover, we have

(2.0.6) ũk(∞) = lim
−→

n

ũk([−n, n])

We may further introduce the so-called infinitesimal quantum group uk(η) when l′ is odd.
Let

(2.0.7) l =

{
l′, if l′ is odd

l′/2, if l′ is even
.

Thus, εl − ε−l = 0 and further El
i = 0 = F l

i and K2l
j = 1 in U(η)k. If l′ is odd, then the

elements K l
i − 1 (i ∈ η) are central in ũk(η) (and in U(η)k). These elements generate an

ideal 〈K l
i − 1 | i ∈ η〉 of ũk(η). Define

uk(η) = ũk(η)/〈K l
i − 1 | i ∈ η〉.

Call uk(η) the infinitesimal quantum glη.
An alternative way to see the algebra ũk(η) and uk(η) is using the DeConcini–Kac quan-

tum group (see [2]). Let Uk(η) be the algebra over k with generators Ei, Fi and K±1
j

(i ∈ η⊣, j ∈ η) and the relations (a)-(g) where υ is replaced by ε (noting our assumption on l′

in the definition of uk(η)). This algebra is a glη version of a DeConcini–Kac quantum group.
Clearly, there is an algebra homomorphism δ : Uk(η) → U(η)k mapping the generators of
Uk(η) to their counterparts in U(η)k. The image of δ is the algebra ũk(η).

The following result is given in [8, 2.5] and [13, 2.1] (the proof for an infinite η is entirely
similar).

Proposition 2.1. (1) Let I be the (two-sided) ideal of Uk(η) generated by El
i, F

l
i , K

2l
j −1,

i ∈ η⊣, j ∈ η. Then there is an algebra isomorphism

Uk(η)/I
∼→ ũk(η).

In other words, ũk(η) is the k-algebra defined by generators

Ei, Fi, Kj (i ∈ η⊣, j ∈ η)

and relations (a)–(g) with υ replaced by ε, together with the relations:

(h̃) El
i = 0, F l

i = 0 and K2l
j = 1.

(2) If l′ be odd, then uk(η) is the k-algebra defined by generators

Ei, Fi, Kj (i ∈ η⊣, j ∈ η)

and relations (a)–(g) with υ replaced by ε, together with the relations:
(h) El

i = 0, F l
i = 0 and K l

j = 1.

In §5, we will discuss the realizations of ũk(η) and uk(η).
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3. The algebra K(η, r) and the stabilization property

For a matrix A = (aij) ∈Mη(N) (resp. j = (ji) ∈ Nη), let |A| =
∑

i,j aij (resp., |j| =
∑

i ji).

Let Ξ(η) = Mη(N), Ξ(η, r) = {A ∈ Ξ(η) | r = |A|} and Ξ̃(η) = {(aij) ∈Mη(Z) : aij > 0 ∀i 6=
j}.

Let V be a vector space of dimension r over a field k. An η-step flag is a collection f =
(Vi)i∈η of subspaces of V such that V = ∪i∈ηVi, Vi ⊆ Vi+1 for all i ∈ η⊣ and Vi = 0 for i≪ 0 if
η has no lower bound. Let F be the set of η-step flags. The group G = G(k) := GL(V ) acts
naturally on F with orbits being the fibres of the map F → Λ(η, r) := {λ ∈ Nη | r = |λ|}
given by

(Vi)i∈η 7→ (dimVi/Vi−1)i∈η,

where Vmin (η)−1 = 0 if η is bounded below. If Fλ denotes the inverse image of λ ∈ Λ(η, r),
then F = ∪λ∈Λ(η,r)Fλ, a disjoint union of G-orbits. If f ∈ Fλ and Pλ is the stabilizer of f in
G, then Fλ

∼= G/Pλ.
Let V = V(k) = F × F and let G act on V diagonally. For (f, f′) ∈ V where f = (Vi)i∈η

and f′ = (V ′
i )i∈η, the subspaces

Xi,j = Xi,j(f, f
′) = Vi−1 + (Vi ∩ V ′

j )

(where i, j ∈ η) form an (η × η)-flag:

· · · ⊆ Xi,j ⊆ Xi,j+1 · · · ⊆ Xi+1,j ⊆ Xi+1,j+1 · · · ⊆ V.

Let ai,j = dimXi,j/Xi,j−1. Setting Ψ(f, f′) = (ai,j) defines a map Ψ : V → Ξ(η). Then
Ξ(η, r) = imΨ. The G-orbits OA, A ∈ Ξ(η, r), in V are the fibres of Ψ.

When k = Fq is a finite field of q elements, then the action of G(q) := G(k) on V(q) := V(k)
induces a permutation module ZV(q). Let Eη,r(q) be the Z-algebra with basis {eA}A∈Ξ(η,r)

and multiplication: for A,A′ ∈ Ξ(η, r),

eA · eA′ =
∑

A′′∈Ξ(η,r)

cA,A′,A′′eA′′

where, for fixed (f1, f2) ∈ OA′′ ,

cA,A′,A′′ = {f ∈ V(q) | (f1, f) ∈ OA, (f, f2) ∈ OA′}.
Note that, if η is finite, then

Eη,r(q) = EndZG(q)(ZV(q)) op.

Thus, Eη,r(q) has an identity. This is not the case if η is infinite.
It is well known that there are polynomials fA,A′,A′′ such that fA,A′,A′′(q) = cA,A′,A′′ for

all A,A′, A′′ ∈ Ξ(η, r). Thus, we define a Z-algebra K(η, r) with basis {φB}B∈Ξ(η,r) and
multiplication

φA · φA′ =
∑

A′′

fA,A′,A′′(v2)φA′′ .

For any n > 1, we may embed Ξ([−n, n], r) into Ξ([−n − 1, n + 1], r) by adding zeros
in rows and columns labelled with −n − 1 or n + 1. This induces an algebra embedding
K([−n, n], r) into K([−n− 1, n+ 1], r) as a centralizer subalgebra eK([−n− 1, n+ 1], r)e for
an idempotent e. Thus, we obtain a direct system {K([−n, n], r)}n>1.
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Lemma 3.1. (1) Let Z[
√
q,
√
q−1] be the subring of C generated by Z and

√
q,
√
q−1, and let

K(η, r)|√q be the specialization of K(η, r) at v =
√
q. Then we have an algebra isomorphism

K(η, r)|√q
∼= Eη,r(q) ⊗Z Z[

√
q,
√
q−1].

(2) We have an algebra isomorphism:

K(∞, r) = lim
−→

n

K([−n, n], r).

For any A = (ai,j) ∈ Ξ̃(η), let row (A) =
( ∑

j∈η ai,j

)
i∈η

and col (A) =
( ∑

i∈η ai,j

)
j∈η

be

the sequences of row and column sums of A. Note that row (A) and col (A) are well-defined
for any A ∈M∞(N) since A has finite support.

Let Z1 be the subring of Q(υ)[υ′] generated by vj (j ∈ Z) and the elements

∏

i∈[1,t]

v−2(a−i)v′2 − 1

v−2i − 1

for all a ∈ Z and t > 1. For n > n0 and A ∈ Ξ([−n0, n0]), define A
[−n,n] ∈ Ξ([−n, n]) by

adding zeros at the (i, j)-position for all i < −n0 or i > n0 or j < −n0 or j > n0.
The following stabilization property is a slight modification of the result [1, 4.2] for q-Schur

algebras; see [7, §3] for more details.

Theorem 3.2. For B ∈ Ξ(η, r) let d(B) =
∑

i>k,j<l bijbkl. The basis {[B] := v−dBφB}B∈Ξ(η,r)

for K(η, r) satisfies the following property: if A,B ∈ Ξ̃([−n0, n0]) for some n0 > 1 with

col (A) = row (B), then there exist gA,B,C(v, v′) ∈ Z1 with C ∈ Ξ̃([−n0, n0]) such that

[pA
[−n,n]

] · [pB
[−n,n]

] =
∑

C∈Ξ̃([−n0,n0])

gA,B,C(v, v−p)[pC
[−n,n]

]

for all large p and n > n0, where pC
[−n,n]

= pI[−n,n] +C
[−n,n]

and I[−n,n] is the identity matrix
in Ξ[−n, n].

4. The BLM construction of U(η)

Beilinson–Lusztig–MacPherson [1] used the stabilization property of the q-Schur algebras

to define an algebra over Z1 with a basis indexed by Ξ̃(n), and then, by specializing v′ to 1,
to obtain an algebra K free over Z with a basis {[A]}A∈Ξ̃(n). The quantum group U(n) is

realized as a subalgebra of a certain completion of K := K⊗ Q(v). In this section, we state
the result with respect to a consecutive segment η of Z. We refer [7] for the treatment of the
case when η = Z.

Let Kη(v, v
′) be the free Z1-module with basis {A | A ∈ Ξ̃(η)}. Define a multiplication ·

on Kη(v, v
′) by linearly extending the products on basis elements:

A · A′ :=





∑
A′′∈Ξ(η)

gA,A′,A′′A′′, if col (A) = row (A′)

0, otherwise

for all A,A′ ∈ Ξ̃(η). Kη(v, v
′) is an associative algebra without 1.
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Let K(η) = Kη(v, v
′)⊗Z1 Z and K(η) = Kη(v, v

′)⊗Z1 Q(v) where v′ 7→ 1. Then K(η) and

K(η) are associative algebras with basis {[A] := A⊗ 1 | A ∈ Ξ̃(η)}. We also have

(4.0.1) K(∞) = lim
−→

n

K([−n, n]), K(∞) = lim
−→

n

K([−n, n]).

Let K̂(η) be the vector space of all formal (possibly infinite) Q(v)-linear combinations∑
A∈Ξ̃(η) βA[A] which have the following properties: for any x ∈ Zη,

(4.0.2) the sets
{A ∈ Ξ̃(η) | βA 6= 0, row (A) = x}
{A ∈ Ξ̃(η) | βA 6= 0, col (A) = x}

are finite.

In other words, for any λ, µ ∈ Zη, the sums
∑

A∈Ξ̃(η) βA[diag(λ)] · [A] and
∑

A∈Ξ̃(η) βA[A] ·
[diag(µ)] are finite. We can define the product of two elements

∑
A∈Ξ̃(η) βA[A],

∑
B∈Ξ̃(η) γB[B]

in K̂(η) to be
∑

A,B βAγB[A] · [B]. This defines an associative algebra structure on K̂(η).

This algebra has an identity element
∑

λ∈Zη [diag(λ)], the sum of all [D] with D a diagonal

matrix in Ξ̃(η). K(η) is naturally a subalgebra of K̂(η) (without 1).

Note that one may define K̂(η, r) similarly. However, if |η| < ∞, then K(η, r) is finite

dimensional and K̂(η, r) = K(η, r). If η = Z, then K(∞, r) is infinite dimensional. We will
see in §9 that the algebra U(∞, r) defined in (2.0.4) is embedded in the completion algebra

K̂(∞, r).
Let Ξ±(η) be the set of all A ∈ Ξ(η) whose diagonal entries are zero, and let Ξ+(η) (resp.,

Ξ−(η), Ξ̃(η)0) denote the subset of Ξ̃(η) consisting of those matrices (ai,j) with ai,j = 0 for
all i > j (resp. i 6 j, i 6= j). For any A ∈ Ξ(η), there exist unique A+ ∈ Ξ+(η), A− ∈ Ξ−(η)
and A0 ∈ Ξ(η)0 such that A = A+ + A0 + A−.

Given r > 0, A ∈ Ξ±(η) and j = (ji)i∈η ∈ Zη, we define

A(j) = A(j)η =
∑

D∈Ξ̃(η)0

υ
∑

i diji [A+D] ∈ K̂(η),

A(j, r) = A(j, r)η =
∑

D∈Ξ(η)0

|A+D|=r

υ
∑

i diji [A+D] ∈ K̂(η, r),

where Ξ(η)0 denotes the subset of diagonal matrices in Ξ(η) and di are diagonal entries of
D.

Let V(η) (resp., V(η, r)) be the subspace of K̂(η) (resp., K̂(η, r)) spanned by

B(η) = {A(j) | A ∈ Ξ±(η), j ∈ Zη}
(resp.,B(η, r) = {A(j, r) | A ∈ Ξ±(η, r), j ∈ Zη}). Note that V(η, r) = U(η, r) = K(η, r) if
|η| <∞.

The following results are proved by using the multiplication formulas given in [1, Lemma
5.3]. The details in the infinite case can be found in [7, 4.3]. For 1 6 i, j 6 n, let Ei,j ∈ Ξ(η)
be the matrix (ak,l) with ak,l = δi,kδj,l.

Theorem 4.1. Let η ⊆ Z be a consecutive segment of Z.

(1) V(η) is a subalgebra of K̂(η) with Q(υ)-basis B(η). It is generated by Eh,h+1(0),
Eh+1,h(0) and 0(j) for all h ∈ η⊣ and j ∈ Zη.



8 JIE DU AND QIANG FU

(2) There is an algebra monomorphism ι : U(η) → K̂(η) satisfying

Eh 7→ Eh,h+1(0), Kj1
1 K

j2
2 · · ·Kjn

n 7→ 0(j), Fh 7→ Eh+1,h(0).

Hence, im(ι) = V(η).

(3) For any positive integer r, there is an algebra homomorphism ξr : U(η) → K̂(η, r)
satisfying

Eh 7→ Eh,h+1(0, r), K
j1
1 K

j2
2 · · ·Kjn

n 7→ 0(j, r), Fh 7→ Eh+1,h(0, r)

such that V(η, r) = im(ξr) is a subalgebra of K̂(η, r). In particular, V(η, r) is gener-
ated by the elements Eh,h+1(0, r), Eh+1,h(0, r), and 0(j, r) for all h ∈ η⊣ and j ∈ Nη.

(4) By identifying U(η) with V(η) via ι, the algebra homomorphism ξr in (3) satisfies
ξr(A(j)) = A(j, r), for any A ∈ Ξ±(η), j ∈ Zη.

Remarks 4.2. (1) From Theorem 4.1(2), U(η) ∼= V(η) gives a realization of quantum glη.
This realization provides explicit multiplication formulas between the generators and basis
elements A(j); see [1, 5.3] and [7, 4.2].

(2) It is known U(η, r) ∼= V(η, r) if η is finite. We shall see in §9 that U(∞, r) ∼= V(∞, r).
In particular, V(∞, r) is a realization of U(∞, r).

5. Constructions of uk(η)

In this section, we discuss the realizations of ũk(η) and uk(η). As set in §2, k is a field
and ε ∈ k is an l′th primitive root of 1.

Let Ξ̃l(η) be the set of all A = (ai,j) ∈ Ξ̃(η) such that ai,j < l for all i 6= j. Let Ξ̃±
l (η) be

the set of all A ∈ Ξ̃l(η) whose diagonal entries are zero. Let Ξl,l′(η) be the set of all n × n
matrices A = (ai,j) with ai,j ∈ N, ai,j < l for all i 6= j and ai,i ∈ Zl′ := Z/l′Z for all i. We

have an obvious map pr : Ξ̃l(η) → Ξl,l′(η) defined by reducing the diagonal entries modulo
l′.

Let K(η)k = K(η)⊗Z k. Mimicking the construction of K̂(η), we define K̂(η)k to be the k-
vector space of all formal (possibly infinite) k-linear combinations

∑
A∈Ξ̃(η) βA[A] satisfying

the property (4.0.2) with a similar multiplication. This is an associative algebra with an

identity: the sum of all [D] with D a diagonal matrix in Ξ̃(η). The elements A(j) defined
earlier becomes

A(j) =
∑

z∈Zn

εj·z[A+ diag(z)] ∈ K̂(η)k,

where j · z = Σijizi. Clearly, A(j) = A(j′) whenever j̄ = j̄′. Here ¯ : Zη → (Zl′)
η is the map

defined by (j1, j2, · · · , jn) = (j̄1, j̄2, · · · , j̄n). Thus, we shall write A(̄j) := A(j). Similarly, we
shall use A(̄j, r) := A(j, r) to denote the element defined earlier with υ replaced by ε for the
q-Schur algebra U(n, r)k = U(n, r) ⊗Z k over k.

Let W be the subspace of K̂(η)k spanned by

Bk = {A(̄j) | A ∈ Ξ̃±
l (η), j̄ ∈ (Zl′)

n}.

We have clearly dimW 6 (l′)nln
2−n if |η| = n.
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We remark that all the results given below are stated for an arbitrary η. Their proofs for
an infinite η is entirely similar to the proofs given in [8] (when l′ is odd) and in [13] (when
l′ is even).

The following result is [8, 4.4] and [13, 4.1].

Lemma 5.1. (1) W is a subalgebra of K̂(η)k.
(2) The elements Eh,h+1(0̄), Eh+1,h(0̄), 0(ēi) (for h ∈ η⊣ and i ∈ η) generate W as an

algebra.

Given A ∈ Ξ̃±
l (η) and j = (ji)i∈η ∈ Zη, we rewrite

A(̄j) :=
∑

z∈Zη

εj·z[A+ diag(z)] ∈ K̂(η)k

=
∑

z̄∈(Zl′ )
η

εj·z̄
∑

x∈Zη

x̄=z̄

[A+ diag(x)]

=
∑

z̄∈(Zl′ )
η

εj·z̄[[A+ diag(z̄)]]

where εj·z̄ = εj·z and

[[A+ diag(z̄)]] =
∑

x∈Zη

x̄=z̄

[A+ diag(x)] ∈ K̂(η)k.

Note that A+diag(z̄) ∈ Ξl,l′(η) and the elements [[A]], A ∈ Ξl,l′(η), are linearly independent.
Thus, we have the following; see [8], [13].

Lemma 5.2. Each of the following sets forms a k-basis for W:

(1) {A(̄j) | A ∈ Ξ̃±
l (η), j̄ ∈ (Zl′)

η};
(2) {[[A]] | A ∈ Ξl,l′(η)}.

In particular, if n = |η| is finite, then dimW = (l′)nln
2−n.

Following [1, 6.3], let k(η) be the k-subspace of K(η)k spanned by the elements [A] with

A ∈ Ξ̃l(η). It is proved that k(η) is a subalgebra of K(η)k.
Let k′(η) be the free k-module with basis elements [A] in bijection with the elements

A ∈ Ξl,l′(η). There is an algebra structure on k′(η) given, for A,A′ ∈ Ξl,l′(η), by

[A] · [A′] =

{
0, if col (A) 6= row (A′) in Zl′ ,∑
ρÃ′′ [pr(Ã′′)], otherwise,

where ρÃ′′ and Ã′′ are determined by a product in k(η): [Ã] · [Ã′] =
∑
ρÃ′′ [Ã′′] for any

Ã, Ã′ ∈ Ξ̃l(η) satisfying col (Ã) = row (Ã′) (in Z), pr(Ã) = A and pr(Ã′) = A′. Unlike K(η)
or k(η), the algebra k′(η) has unit element: the sum

∑
λ∈Z

η

l′
[diag(λ)].

We now have the following results.

Theorem 5.3 ([8], [13]). (1) There is an algebra isomorphism ψ : W ∼→ k′(η) satisfying
[[A]] 7→ [A] for A ∈ Ξl,l′(η).
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(2) There is an algebra epimorphism ϕ : ũk(η) ։ W satisfying Eh 7→ Eh,h+1(0̄), Fh 7→
Eh+1,h(0̄), Kj 7→ 0(ēj).

(3) If l′ is even, ϕ is an isomorphism and, if l′ is odd, then ϕ induces isomorphism

ϕ̄ : uk(η)
∼→ W.

Corollary 5.4 ([1]). If l′ = l is odd, then we have an algebra isomorphism uk(η) ∼= k′(η).

6. Bases for q-Schur algebras

In this section, we first describe the Drinfeld–Jimbo type presentations for q-Schur algebras
at η = [1, n], and then we introduce several resulting bases.

Theorem 6.1. The q-Schur algebra U(n, r) over Q(υ) has the following presentations with

(1) ([4]) generators

ei, fi (1 6 i 6 n− 1), kj (1 6 j 6 n)

and relations:
(S1) kikj = kjki;
(S2) kiej = υδi,j−δi,j+1ejki, kifj = υδi,j+1−δi,jfjki;
(S3) eiej = ejei, fifj = fjfi when |i− j| > 1;
(S4) e2

iej − (υ + υ−1)eiejei + eje
2
i = 0 when |i− j| = 1;

(S5) f2
ifj − (υ + υ−1)fifjfi + fjf

2
i = 0 when |i− j| = 1;

(S6) eifj − fjei = δij
k̃i−k̃i

−1

υ−υ−1 , where k̃i = kik
−1
i+1;

(S7) k1 · · · kn = vr and, for all 1 6 i 6 n, (ki − 1)(ki − v) · · · (ki − vr) = 0.
(2) ([9]) generators

ei, fi, kj (1 6 i 6 n− 1)

and relations (S1)–(S6) together with
(S0) [k1; t1]![k2; t2]! · · · [kn−1; tn−1]! = 0 for ti ∈ N such that t1 + · · · + tn−1 = r + 1,
where [X; t]! = (X − 1)(X − v) · · · (X − vt−1), and kn = υrk−1

1 · · · k−1
n−1 in (S6).

Proof. Let Ũ(n, r) be the algebra with either of the described presentations. Then there
exist an algebra epimorphism

ζ̃r : U(n) ։ Ũ(n, r).

The algebra epimorphism ζr : U(n) ։ V(n, r) = U(n, r) given by

Eh 7→ Eh,h+1(0, r), Ki 7→ 0(ei, r), Fh 7→ Eh+1,h(0, r),

where ei = (. . . , 0, 1
(i)
, 0 . . .), induces an epimorphism Ũ(n, r) ։ U(n, r). Thus, the result

follows if we could prove that dim Ũ(n, r) 6 dimU(n, r).
We prove this inequality by constructing some integral monomial bases below. �

We first display an integral monomial basis for U(n). For A = A+ + A− ∈ Ξ±(n), where
A+ ∈ Ξ+(n) and A− ∈ Ξ−(n), and j ∈ Zn let

M (A,j) = E(A+) ·K(j) · F (A−) ∈ U(n)
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where E(A+) =
∏

16i6h<j6nE
(ai,j)
h , F (A−) =

∏
16j6h<i6n F

(ai,j)
h and

K(j) = Kδ1
1 · · ·Kδn

n

[
K1; 0
|j1|

]
· · ·

[
Kn; 0
|jn|

]
,

where δi = 0 resp. 1 if ji > 0 resp. ji < 0. The order in the products E(A+) and F (A−) are
taken as follows: For the jth column (reading upwards) aj−1,j, · · · , a1,j (2 6 j 6 n) of A+,
fix the reduced expression for the longest word of the symmetric grup Sj on j letters:

w0,j := sj−1(sj−2sj−1) · · · (s1s2 · · · sj−1)

and put

Mj = E
(aj−1,j)
j−1 (E

(aj−2,j)
j−2 E

(aj−2,j)
j−1 ) · · · (E(a1,j)

1 E
(a1,j)
2 · · ·E(a1,j)

j−1 ).

Similarly, for the jth row (reading to the right) aj,1, · · · , aj,j−1 (2 6 j 6 n) of A−, put

M ′
j = (F

(aj,1)
j−1 · · ·F (aj,1)

2 F
(aj,1)
1 ) · (F (aj,j−2)

j−1 F
(aj,j−2)
j−2 )F

(aj,j−1)
j−1 .

Then E(A+) = MnMn−1 · · ·M2 and F (A−) = M ′
2M

′
3 · · ·M ′

n.

Lemma 6.2. The set

{M (A,j) | A ∈ Ξ±(n), j ∈ Zn}
forms a Z-basis for U(n).

We want to construct a similar basis for Ũ(n, r). Let

e(A+) = ζ̃r(E
(A+)), f(A−) = ζ̃r(F

(A−)) and

[
ki; 0
t

]
= ζ̃r

([Ki; 0
t

])
,

and put, for λ ∈ Nn,

(6.2.1) kλ =
n∏

i=1

[
ki; 0
λi

]
.

Lemma 6.3. We have, for any λ ∈ Nn,

kλ =

{
[diag(λ)], if |λ| = r,

0, otherwise.

The following result is proved in [9].

Theorem 6.4. Let

M = {m(A) := e(A+)k
σ(A)f

(A−) | A ∈ Ξ(n, r)}
where σ(A) = (σ1(A), · · · , σn(A)) with σi(A) = ai,i +

∑
16j<i(ai,j + aj,i). Then M is a

spanning set and, hence, forms a Q(v)-basis for Ũ(n, r). (So we may identify Ũ(n, r) with

U(n, r), and ζr with ζ̃r.) Moreover, M gives a Z-basis for the integral q-Schur algebra
U(n, r).
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We call M an integral monomial basis. This basis leads to several other bases for U(n, r)
which we now describe.

Fix the reduced expression

(6.4.1) i = (i1, i2, · · · , iν) = (n− 1, · · · , 2, 1, · · · , n− 1, n− 2, n− 1)

of the longest word w0 of the symmetric group Sn, that is, w0 = si1si2 · · · siν . For any
c = (c1, · · · , cν) ∈ Nν , define monomials in root vectors Ec

i and F c
i as in [19, 2.2] (using

braid group actions). Let ec
i = ζr(E

c
i ) and fc

i = ζr(F
c
i ).

For any A ∈ Ξ±(n), let c(A+) = (c1, · · · , cν) ∈ Nν , where the first n − 1 components of
c(A+) is the n-th column of A+ reading upwords, and the next n − 2 components is the
(n− 1)-th column and so on, i.e.,

c1 = an−1,n, · · · , cn−1 = a1n, cn = an−2,n−1, · · · .
Define c(A−) symmetrically.

Theorem 6.5 ([8],[13]). We list the following Q(v)-bases for the q-Schur algebra U(n, r).
Let i0 be a fixed integer with 1 6 i0 6 n.

(1) The monomial basis:

Ni0 =
{
e(A+)kjf(A−)

∣∣ A ∈ Ξ±(n), j ∈ Nn, ji0 = 0, |j| + |A| 6 r
}

;

(2) The BLM basis:

Bi0 =
{
A(j, r)

∣∣ A ∈ Ξ±(n), j ∈ Nn, ji0 = 0, |j| + |A| 6 r
}
;

(3) The PBW basis:

Pi0 =
{
e
c(A+)
i kjf

c(A−)
i

∣∣ A ∈ Ξ±(n), j ∈ Nn, ji0 = 0, |j| + |A| 6 r
}
.

We end this section with an application. We identify the Hecke algebra part of the
monomial basis M. We assume now n = r though all results hold for n > r. Let

̟ = (1, 1, · · · , 1) ∈ Nn,

and let H = k̟U(n, n)k̟ and H = k̟U(n, n)k̟. For any w ∈ Sn, let Aw ∈ Ξ(n, n) be
the permutation matrix defined inductively by Aw = AyAsi

, where w = ysi with y < w and
si = (i, i+ 1) for some i.

Lemma 6.6 ([9, 9.1]). The algebra H is free over Z with basis

M̟ = {m(Aw) | w ∈ Sn}.

Let Ci = m(Asi
) = e(A+

si
)k

σ(Asi
)f

(A−
si

), and let Ti = Ci − v−1.

Theorem 6.7 ([9, 9.3-4]). (1) The elements Ti, 1 6 i 6 n−1, satisfy the following relations:




(a) (Ti − v)(Ti + v−1) = 0;

(b) TiTj = TjTi, |i− j| > 1;

(c) TiTi+1Ti = Ti+1TiTi+1, 1 6 i 6 n− 2.

In particular, Ti is invertible and T −1
i = Ci − v.
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(2) For any w ∈ Sn, there is a reduced expression w = si1 · · · sil satisfying

m(Aw) = Ci1 · · · Cil .

Therefore, H is isomorphic to the Hecke algebra over Z associated with Sn.

Remark 6.8. (1) Some commuting relations between the ei and fi and the quantum Serre
relations give rise to the braid relations (b) and (c).

(2) Using the notation in [17], Ci corresponds to C ′
si
, and Ts = v−1Tsi

.

7. Little q-Schur algebras

In this section, we continue to assume η = [1, n]. By restricting the map ζr : U(n) ։

U(n, r) defined in (2.0.2) to the Z-form U(n), we obtain a surjective map ζr : U(n) ։ U(n, r)
(see [6]).

As in §2, let k be a field which is a Z-module via v 7→ ε, where ε is an l′th primitive root
of 1. Then base change induces a surjective homomorphism

ζr,k := ζr ⊗ 1 : U(n)k ։ U(n, r)k

and hence, a map
ζr,k : ũk(n) → U(n, r)k

by restriction. The image ζr,k(ũk(n)), denoted uk(n, r), is called a little q-Schur algebra. Note
that, if l′ is odd, then ζr,k(K

l
i − 1) = 0 for all i. Hence, ζr,k induces a surjective map, the

version of ζr over k,
ζr,k : uk(n) ։ uk(n, r).

Let uk(n, r)
+ = ζr,k(ũk(n)+), uk(n, r)

− = ζr,k(ũk(n)−), uk(n, r)
0 = ζr,k(ũk(n)0). By abuse

of notation, we shall continue to denote the images of the generators Ei, Fi, Kj for ũk(n) by
the same letters ei, fi, kj used for U(n, r).

We first have the following.

Theorem 7.1 ([8, 7.6]). The set {e(A) | A ∈ Ξ̃+
l (n), |A| 6 r} (resp., {f(A) | A ∈ Ξ̃−

l (n), |A| 6

r}) forms a k-basis of uk(n, r)
+ (resp., uk(n, r)

−).

For any λ ∈ Λ(n, r), let λ be the image in (Zl′)
n obtained by reducing every entry modulo

l′. Let, for A ∈ Ξ̃±
l (n) with |A| 6 r and λ ∈ Λ(n, r − |A|),

[[A+ diag(λ), r]] =
∑

µ∈Λ(n,r−|A|)

µ=λ

[A+ diag(µ)] ∈ Uk(n, r).

We also set Λ(n, r)l′ = {λ ∈ (Zl′)
n | λ ∈ Λ(n, r)}. For ν ∈ (Zl′)

n, define

pν =





∑
µ∈Λ(n,r),µ=ν

kµ if ν ∈ Λ(n, r)l′ ,

0 otherwise.

Let Nn
l′ = {λ ∈ Nn | λi < l′ ∀i}. In contrast with Theorems 6.4 and 6.5, we have the

following bases for uk(n, r).

Theorem 7.2 ([8, 8.2, 8.5]). Fix any integer i0 with 1 6 i0 6 n. Each of the following sets
forms a k-basis for uk(n, r).
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(1) Lk := {[[A+ diag(λ), r]] | A ∈ Ξ̃±
l (n), |A| 6 r, λ ∈ Λ(n, r − |A|)}.

(2) Mk := {e(A+)pλf
(A−) | A ∈ Ξ̃±

l (n), λ ∈ Λ(n, r), λi > σi(A)∀i}
(3) Ni0,k =

{
e(A+)kjf(A−) | A ∈ Ξ̃±

l (n), j ∈ Nn
l′ , ji0 = 0, |j| + |A| 6 r

}
;

(4) Bi0,k =
{
A(j, r) | A ∈ Ξ̃±

l (n), j ∈ Nn
l′ , ji0 = 0, |j| + |A| 6 r

}
;

(5) Pi0,k =
{
e
c(A+)
i kjf

c(A−)
i | A ∈ Ξ̃±

l (n), j ∈ Nn
l′ , ji0 = 0, |j| + |A| 6 r

}
.

We may use the bases to derive certain dimension formulas. Let, for n > m > 1,

Λ(n, r;m) = {λ ∈ Λ(n, r) | 0 6 λ2, . . . , λm < l′, 0 6 λm+1, . . . , λn < l}.
Then #Λ(n, r; 1) = #Λ(n, r)l and #Λ(n, r;n) = #Λ(n, r)l′ . By Theorem 7.1, we have
dimuk(n, r)

± = #Λ(N, r; 1), where N =
(

n

2

)
+ 1, while, by Theorem 7.2, dimuk(n, r) =

#Λ(n2, r;n). More explicitly, we have the following dimension formulas.

Theorem 7.3 ([8],[13]). We have, for 1 6 m 6 n,

#Λ(n, r;m) =
∑

s>0

(−1)s+t

(
m− 1

s

)(
n−m

t

)(
n+ r − tl − sl′ − 1

n− 1

)
.

In particular, we have

(1) dimuk(n, r)
0 =

∑
s>0(−1)s

(
n−1

s

)(
n+r−sl′−1

n−1

)
;

(2) dimuk(n, r)
+ =

∑
s>0(−1)s

(
N−1

s

)(
N+r−sl−1

N−1

)
with N =

(
n

2

)
+ 1;

(3) dimuk(n, r) =
∑

s,t>0(−1)s+t
(

n−1
s

)(
n2−n

t

)(
n2+r−tl−sl′−1

n2−1

)
.

There is a simpler description of the number dimuk(n, r) if l′ = l is odd. For any A =

(ai,j) ∈ Mn(Z), let Ā = (ai,j) = (āi,j) where āi,j ∈ Zl, and let Ξ(n, r) = {Ā | A ∈ Ξ(n, r)}.
Then it is easy to see that all the sets Ξ(n, r), Λ(n2, r; 1) and Λ(n2, r)l have the sane cardi-
nality. Hence we have

dimuk(n, r) = #Ξ(n, r) =
∑

s>0

(−1)s

(
n2 − 1

s

)(
n2 + r − sl − 1

n2 − 1

)
.

Remark 7.4. Infinitesimal Schur/q-Schur algebras were introduced in [5], [3] as the dual
algebras of the homogeneous components of the infinitesimal thickening (by the torus) of
the Frobenius kernel of the quantum coordinate algebra of GLn. It is proved in [12] that the
subalgebra of U(n, r)k generated by the little q-Schur algebra uk(n, r) and

[
ki;0

t

]
(1 6 i 6 n,

t ∈ N) is isomorphic to the infinitesimal q-Schur algebra investigated in [3].

8. Presenting V(∞, r)

Recall from §4 the Q(v)-algebra V(∞, r). By Theorem 4.1(3) for η = Z, it is generated
by the elements

ei = Ei,i+1(0, r), fi = Ei+1,i(0, r), and ki = 0(ei, r)

for all i ∈ Z, where ei ∈ Z∞ has 1 as the ith component and 0 elsewhere.
For any λ ∈ N∞, since λ has finite support, the product (cf. (6.2.1))

kλ =
∞∏

i=−∞

[
ki; 0
λi

]
,
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is well-defined, and a result similar to Lemma 6.3 holds. We also introduce the products
e
(A+) and f

(A−). Bases similar to those given in Theorem 6.5 exist for V(∞, r).

Lemma 8.1 ([7, 6.7-8]). Each of the following sets forms a basis for V(∞, r):

(1) N∞ =
{

e
(A+)

k
j
f
(A−)

∣∣ A ∈ Ξ±(∞), j ∈ N∞, |j| + |A| 6 r
}

;

(2) B∞ =
{
A(j, r)

∣∣ A ∈ Ξ±(∞), j ∈ N∞, |j| + |A| 6 r
}
.

We remark that a basis similar to the PBW basis 6.5(3) can also be constructed. In order
to avoid the dependence of the sequence i defined in (6.4.1), we may simply use the PBW
basis constructed in [10, 4.6].

We now present V(∞, r) by generators and relations; cf. Theorem 6.1. The proof of the
following theorem relies on the basis N∞.

Theorem 8.2 ([7, 6.6]). The algebra V(∞, r) over Q(υ) has the following presentations with
generators

ei, fi, ki, i ∈ Z

and relations: for i, j ∈ Z,

(1) kikj = kjki;
(2)

∏
i∈Z

[ki; ti]! = 0 for all t = (ti) ∈ N∞ with |t| =
∑

i∈Z
ti = r + 1,

(3) kiej = υδi,j−δi,j+1ejki, kifj = υδi,j+1−δi,j fjki;
(4) eiej = ejei, fifj = fjfi when |i− j| > 1;
(5) e

2
i ej − (υ + υ−1)eiejei + eje

2
i = 0 when |i− j| = 1;

(6) f
2
i fj − (υ + υ−1)fifjfi + fjf

2
i = 0 when |i− j| = 1;

(7) eifj − fjei = δij
k̃i−k̃i

−1

υ−υ−1 , where k̃i = kik
−1
i+1;

We rewrite ei etc., as ei,r, etc. if different r’s are under consideration.

Corollary 8.3. For r ∈ N, there is an epimorphism from V(∞, r+1) to V(∞, r) by sending
ei,r+1 to ei,r, fi,r+1 to fi,r and ki,r+1 to ki,r for i ∈ Z.

We shall see in the next section that V(∞, r) is isomorphic to U(∞, r). Thus, we obtain
the so-called transfer maps from U(∞, r + 1) to U(∞, r) (cf. [23]) which is useful in the
study of the polynomial representation category Cr in §11.

Let V (∞, r) = ξr(U(∞)) be the integral Z-form of V(∞, r), where ξr is defined in Theorem
4.1(3). Then we have the following integral basis for V (∞, r); cf. Theorem 6.4.

Proposition 8.4 ([7, 6.11]). The set

M∞ = {e(A+)
kλf

(A−) | A ∈ Ξ±(∞), λ ∈ N∞, λ > σ(λ), |λ| 6 r}.
forms a basis for V (∞, r), where λ > σ(λ) means λi > σi(A) for all i.

Moreover, the subset {e(A+)
k

σ(A)f
(A−) | A ∈ Ξ(∞, r)} of M∞ forms a basis for K(∞, r).

Note that the last assertion is seen from [7, (5.5.1)].

Remarks 8.5. (1) Since the relation (S7) from Theorem 6.1 does not hold in V(∞, r), there
is no natural homomorphism from the q-Schur algebra U([−n, n], r) to V(∞, r). However,
there is a natural homomorphism from a Borel subalgebra U([−n, n], r)>0 or U([−n, n], r)60

into V(∞, r) (sending 1 to 1). Thus, the identity element 1 of V(∞, r) is a finite sum of



16 JIE DU AND QIANG FU

orthogonal idempotent elements labelled by the elements in the set Λ([−n, n], r). This fact
is useful in the proof of Theorem 8.2.

(2) It is interesting to point out that the Doty-Giaguinto type presentation described in
Theorem 6.1(1) does not exist for V(∞, r).

9. Infinite q-Schur algebras and their elementary structure

In this section, we first introduce the q-Schur algebra S(η, r) at η. We will mainly focus
on the structure of infinite q-Schur algebras.

Let H be the Hecke algebra over Z associated with the symmetric group Sr on r letters.
Then H as a Z-algebra has a basis {Tw}w∈Sr

subject the relations (cf. Theorem 6.7): for all
w ∈ Sr and s ∈ S := {(i, i+ 1) | 1 6 i 6 n− 1},

TsTw =

{
Tsw, if sw > w,

(v − v−1)Tw + Tsw, if sw < w.

Let H = H⊗ Q(v).
Let η be a consecutive segment of Z. Let Ωη be a free Z-module with basis {ωi}i∈η and

let Ωη = Ωη ⊗ Q(v). H acts on Ω⊗r
η from the right by “place permutations”:

(ωi1· · ·ωir)T(j,j+1) =





ωi1· · ·ωij+1
ωij · · ·ωir , if ij<ij+1;

vωi1· · ·ωir , if ij = ij+1;

(v−v−1)ωi1· · ·ωir + ωi1 · · ·ωij+1
ωij · · ·ωir , if ij>ij+1.

The algebras

S(η, r) := EndH(Ω⊗r
η ), S(η, r) := EndH(Ω⊗r

η )

are called q-Schur algebras at η. Note that S(n, r) := S(η, r) for η = [1, n] is the q-
Schur algebra we discussed before. Clearly,, if η is finite, S(η, r) ∼= S(|η|, r) and S(η, r) ∼=
S(η, r) ⊗Z Q(v). When η = Z, the algebras S(∞, r) := S(Z, r) and S(∞, r) are called
infinite q-Schur algebras.

Since the H-action commutes with the action of U(η), it follows that U(η, r) ⊆ S(η, r).
Hence, we obtain algebra homomorphisms

(9.0.1) ζr : U(η) → S(η, r), ζr|U(η) : U(η) → S(η, r).

These homomorphisms are surjective whenever η is finite. In particular, we have U(n, r) =
S(n, r) and U(n, r) = S(n, r) for all n, r > 1.

Since Ω⊗r
[−n,n] is a direct summand of the H-submodule Ω⊗r

[−n−1,n+1] for all n > 1, it follows

that we may embed S([−n, n], r) as a centralizer subalgebra of S([−(n+1), n+1], r). Hence,
we obtain a direct limit system {S([−n, n], r)}n>1. By Lemma 3.1(2), we have

K(∞, r) ∼= lim
−→

n

S([−n, n], r), K(∞, r) ∼= lim
−→

n

S([−n, n], r).

This isomorphism implies immediately the second isomorphism in the following.
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Proposition 9.1. The H-module Ω⊗r
∞ is isomorphic to the H-module ⊕λ∈Λ(∞,r)xλH. Thus,

we have the following algebra isomorphisms

S(∞, r) ∼=
∏

µ∈Λ(∞,r)

⊕

λ∈Λ(∞,r)

HomH(xµH, xλH)

K(∞, r)
θ∼=

⊕

µ∈Λ(∞,r)

⊕

λ∈Λ(∞,r)

HomH(xµH, xλH).

Here the multiplication in
∏

µ∈Λ(∞,r)

⊕
λ∈Λ(∞,r) HomH(xµH, xλH) is given as follows:(∑

ν gν,τ

)
τ

(∑
λ fλ,µ

)
µ

=
(∑

ν

∑
λ gν,λfλ,µ

)
µ
, where fλ,µ, gλ,µ ∈ HomH(xµH, xλH) for all λ, µ.

Similar results hold with S, Ω, H, K replaced by S, Ω, H, K respectively.

The second isomorphism can also be made more explicit. For any λ ∈ Λ(∞, r), let Sλ

be the corresponding Young subgroup, and let Dλ be the set of distinguished right Sr-coset
representatives. We also put Dλµ = Dλ ∩ D−1

µ . This is the set of distinguished double
(Sλ,Sµ)-coset representatives. We also define, for any w ∈ Dλ,µ, a map

φw
λµ : ⊕λ∈Λ(∞,r)xλH → ⊕λ∈Λ(∞,r)xλH

by setting φw
λµ(xνh) = δµ,ν

∑
x∈SλwSµ

h. It is well-known (see, e.g., [15, (1.3.10)]) that there
is a bijection

 : {(λ,w, µ) | λ, µ ∈ Λ(∞, r), w ∈ Dλ,µ} −→ Ξ(∞, r)

Corollary 9.2. The isomorphism θ is induced by . In other words, if (λ,w, µ) = A, then
θ(φA) = φw

λµ.

We will identify the two bases under θ.
Let ̟ ∈ Λ(∞, r) such that ̟i = 1 if 1 6 i 6 r and ̟i = 0 otherwise. The following

describe some elementary structure of S(∞, r). Part (1) follows from Lemma 6.3, and Part
(4) shows that the Hecke algebra H is always a centralizer subalgebra of S(∞, r).

Lemma 9.3. Let λ, µ ∈ Λ(∞, r).

(1) kλ = [diag(λ)] = φdiag(λ) = φ1
λλ for all λ ∈ Λ(∞, r).

(2) S(∞, r)kλ = K(∞, r)kλ;
(3) kλS(∞, r)kµ = kλK(∞, r)kµ = HomH(xµH, xλH);
(4) We have H ∼= k̟S(∞, r)k̟

∼= EndS(∞,r)(Ω
⊗r
∞ ) ∼= EndU(∞)(Ω

⊗r
∞ ).

Similar results hold for the algebras over Q(v).

We continue to use boldface fonts for objects over the field Q(v). The identification of
EndH(Ω⊗r

∞ ) with
∏

µ∈Λ(∞,r)

⊕
λ∈Λ(∞,r)

HomH(xµH, xλH) gives rise to a natural injective algebra

homomorphism ζ̄r : K(∞, r) → EndH(Ω⊗r
∞ ). By 9.1 and the definition of K̂(∞, r) we know

ζ̄r induces naturally an injective algebra homomorphism

ζ̄r : K̂(∞, r) → EndH(Ω⊗r
∞ ),

sending
∑

A∈Ξ(∞,r) βA[A] =
∑

µ∈Λ(∞,r)(
∑

co(A)=µ

A∈Ξ(∞,r)
βA[A]) to

(∑
co(A)=µ

A∈Ξ(∞,r)
βA[A]

)
µ∈Λ(∞,r)

. We

will view K̂(∞, r) as a subalgebra of EndH(Ω⊗r
∞ ).

Recall from Theorem 4.1(3) the algebra homomorphism ξr : U(∞) → V(∞, r). We are
now ready to identify U(∞, r) with V(∞, r).
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Theorem 9.4 ([7, 7.4]). The map ζr : U(∞) → EndH(Ω⊗r
∞ ) factors through ζ̄r : V(∞, r) →

EndH(Ω⊗r
∞ ). In other words, we have ζr = ζ̄r ◦ ξr. Hence, U(∞, r) = V(∞, r).

Remark 9.5. (1) The injective map ζ̄r : K̂(∞, r) → EndH(Ω⊗r
∞ ) is not surjective; see [7,

Thm 7.4]. Thus, unlike the (finite) q-Schur algebra case, the homomorphism ζr from U(∞)
to the infinite q-Schur algebra S(∞, r) is not surjective, i. e., the algebra U(∞, r) is a proper
subalgebra of S(∞, r).

(2) It can be proved (see [7, §8]) that the epimorphism ζr : U(∞) → U(∞, r) can be

extended to an algebra epimorphism ζ̂r : K̂(∞) → K̂(∞, r) by sending
∑

A∈Ξ̃(∞) βA[A] to
∑

A∈Ξ(∞,r) βA[A]. Thus, we obtain an algebra homomorphism ζr : K̂(∞) → EndH(Ω⊗r
∞ ).

(3) It is possible to introduce a new algebra K̂
†
(∞) which has the infinite q-Schur algebra as

a homomorphic image. Let K̂
†
(∞) be the vector space of all formal (possibly infinite) Q(v)-

linear combinations
∑

A∈Ξ̃(∞) βA[A] which have the following properties: for any x ∈ Z∞,

(9.5.1) the set {A ∈ Ξ̃(∞) | βA 6= 0, col (A) = x} is finite.

In other words, for any µ ∈ Zn, the sum
∑

A∈Ξ̃(∞) βA[A] · [diag(µ)] is finite. We can define

the product of two elements
∑

A∈Ξ̃(∞) βA[A],
∑

B∈Ξ̃(∞) γB[B] in K̂
†
(∞) to be

∑
A,B βAγB[A] ·

[B]. This defines an associative algebra structure on K̂
†
(∞). This algebra has an identity

element
∑

λ∈Z∞ [diag(λ)]: the sum of all [D] with D a diagonal matrix in Ξ̃(∞). One proves

that the map ζ†r : K̂
†
(∞) → EndH(Ω⊗r

∞ ) sending
∑

A∈Ξ̃(∞) βA[A] to
∑

A∈Ξ(∞,r) βA[A] is an

epimorphism; see [7, 8.9].

10. Highest weight representations of U(∞)

In this section, we discuss the “standard” representation theory of U(∞). This includes
the category C of weight modules, the category Chi of weight modules with highest weights,
the category Cint of integrable modules and the category O, all of which are full subcategories
of the category U(∞)-Mod of U(∞)-modules.

Let X(∞) = {λ = (λi)i∈Z | λi ∈ Z} be the weight lattice, and let

X+(∞) = {λ ∈ X(∞) | λi > λi+1 for all i ∈ Z}
be the set of dominant weights. For i ∈ Z, let as before ei = (· · · , 0, 1

i
, 0 · · · ) and αi = ei −

ei+1. Then R(∞) = {ei−ej | i 6= j} is the root system of gl∞, and R+(∞) = {ei−ej | i < j}
is the associated positive system. Let Π(∞) = {αi | i ∈ Z} be the set of all simple roots,
and let 6 be the partial ordering on X(∞) defined by setting, for all λ, µ ∈ X(∞), µ 6 λ if
λ− µ ∈ NΠ(∞).

For a U(∞)-module M and λ ∈ X(∞), let Mλ = {x ∈ M | Kix = υλix for i ∈ Z}. If
Mλ 6= 0, then λ is called a weight of M and Mλ is called a weight space; if M = ⊕λ∈X(∞)Mλ,
then M is called a weight module.

Let wt(M) = {λ ∈ X(∞) | Mλ 6= 0} denote the set of the weights of M . It is clear that,
for a U(∞)-module M and i ∈ Z, we have

(10.0.2) EiMλ ⊆Mλ+αi
and FiMλ ⊆Mλ−αi

.
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Let C denotes the full subcategory of U(∞)-Mod consisting of all weight modules, and
let Chi be the full subcategory of C whose objects are the weight U(∞)-module M with
the property that, for any x ∈ M , there exists n0 > 1 such that u·x = 0 whenever u is a
monomial in the Ei’s having degree at least n0.

An integrable U(∞)-module M is a weight module satisfying that, for any x ∈ M and
any i ∈ Z, there exists n0 > 1 such that En

i x = F n
i x = 0 for all n > n0. Let Cint be the full

subcategory of C consisting of integrable U(∞)-modules.
The category O is the full subcategory of C each of whose objects M has finite dimensional

weight spaces and has weight set wt(M) ⊆ ⋃s

i=1(−∞, λ(i)] for some λ(1), · · · , λ(s) ∈ X(∞).
Here, for λ ∈ X(∞), (−∞, λ] := {µ ∈ X(∞) | µ 6 λ}.

We first observe the following; see [7, §9].

Proposition 10.1 ([7, 9.2]). The category O is a full subcategory of Chi. Thus, we have the
following flowchart for various chains of full subcategories:

C
��

� ??
?

Chi

??
??

Cint

O
??

? Chi ∩ Cint

���

O ∩ Cint

For a U(∞)-module M , if there exist a λ ∈ X(∞) and a nonzero vector x0 ∈ Mλ such
that Eix0 = 0, Kix0 = υλix0 for all i ∈ Z and U(∞)x0 = M , then M is called a highest
weight module. The vector x0 is called a highest weight vector. Using a standard argument
(for finite dimensional highest weight modules), one sees easily that a highest weight U(∞)-
module with highest weight λ is a weight module and M = ⊕µ6λMµ. Moreover, dimMλ = 1
and M contains a unique maximal submodule.

For λ ∈ X(∞), let

M(λ) = U(∞)/(
∑

i∈Z

U(∞)Ei +
∑

i∈Z

U(∞)(Ki − υλi)),

which is called a Verma module. This is a highest weight module with the highest weight
vector 1λ, the image of the 1. Thus, M(λ) has a unique irreducible quotient module L(λ).
Clearly, the modules M(λ) and L(λ) are all in the category Chi and in the category O.

We have the following classification of irreducible modules in the category Chi.

Theorem 10.2 ([7, 9.4]). There is a bijection λ 7→ L(λ) between X(∞) and the set of
isomorphism classes of irreducible U(∞)-modules in the category Chi (resp., in the category
O).

The classification of irreducible integrable modules seems very hard. However, it is possible
to classify all irreducible integrable modules in Chi, i. e., all irreducible modules in Chi ∩Cint.
We shall see in the next section that there exist irreducible integrable modules which are not
in Chi.
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For λ ∈ X+(∞), let I(λ) be the submodule of M(λ) generated by F
(λi−λi+1+1)
i (i ∈ Z).

By the commutator formula [20, 4.1(a)]:

E
(k)
i F

(l)
i =

min(k,l)∑

t=0

F
(l−t)
i

[
K̃i; 2t− k − l

t

]
E

(k−t)
i ,

we deduce I(λ) =
∑

i∈Z
U−(∞)F

(λi−λi+1+1)
i 1λ. Hence I(λ) is a proper submodule of M(λ).

Let L̃(λ) = M(λ)/I(λ). By [21, 3.5.3], we have the following.

Lemma 10.3. For λ ∈ X+(∞), the module L̃(λ) is an integrable U(∞)-module. Hence, as

a homomorphic image of L̃(λ), the module L(λ) is an integrable U(∞)-module.

We now have the following classification theorem whose proof requires the fact that, if M
is a object in Cint and 0 6= x0 ∈Mλ satisfying Eix0 = 0 for all i ∈ Z, then λ ∈ X+(∞).

Theorem 10.4 ([7, 9.6-7]). The map λ 7→ L(λ) defines a bijection between X+(∞) and the
set of isomorphism classes of irreducible U(∞)-modules in the category Cint ∩ Chi. Hence,
it also defines a bijection between X+(∞) and the set of isomorphism classes of irreducible

U(∞)-modules in the category Cint ∩O. Moreover we have L(λ) ∼= L̃(λ) for all λ ∈ X+(∞).

Remarks 10.5. It can be proved (see [7, 9.7]) that, for λ ∈ X+(∞), L(λ) is isomorphic to
the direct limit of finite dimensional irreducible U([−n, n])-module L(λ[−n,n]), where λ[−n,n] =
(λi)−n6i6n if λ = (λi)i∈Z. However, for a non-dominant weight λ, we could not prove that a
similar isomorphism holds.

The following result shows that there are not many finite dimensional weight U(∞)-
modules. Let Cfd be the category of finite dimensional weight U(∞)-modules.

Theorem 10.6 ([7, 9.10]). The category Cfd is a completely reducible category, and the
modules L(m1) (m ∈ Z), where 1 = (· · · , 1, 1, · · · , 1, · · · ) ∈ X(∞), are all non-isomorphic
irreducible U(∞)-modules in Cfd.

11. Polynomial type representations of U(∞)

Polynomial representations of U(n) are obtained via q-Schur algebra representations and
are all highest weight modules. In this section, we will see that the U(∞)-modules arising
from weight modules over infinite q-Schur algebras are in general not highest weight modules.
Thus, we obtain a “nonstandard” representation theory for U(∞).

Let r be a positive integer, and let Cr be the full subcategory of C consisting of U(∞, r)-
modules which are weight modules when regarded as U(∞)-modules via ζr : U(∞) →
U(∞, r). We also define Cpol to be the full subcategory of C consisting of weight U(∞)-
modules M such that wt(M) ⊆ N∞. (Recall that the elements of N∞ have finite support.)
We call the objects in Cpol polynomial representations.

There is a close connection between polynomial representations and weight S(∞, r)-
modules. By definition, an S(∞, r)-module M is called a weight S(∞, r)-module if M =
⊕λ∈Λ(∞,r)kλM . (Recall from Lemma 9.3(1) that kλ = φ1

λλ.) Let S(∞, r)-mod be the cate-
gory of weight S(∞, r)-modules. Since the quantum group U(∞) maps to S(∞, r), every
S(∞, r)-module is naturally a U(∞)-module. Moreover, we have the following (which jus-
tifies the terminology of weight S(∞, r)-modules).
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Lemma 11.1. Let M be a weight S(∞, r)-module regarded naturally as a U(∞)-module.
Then, for any λ ∈ Λ(n, r), kλM = Mλ. Hence, M is a weight U(∞)-module. Moreover, M
is also an integrable U(∞)-module.

We may define the category K(∞, r)-mod of weight K(∞, r)-modules. By regarding
U(∞, r) as a subalgebra of S(∞, r), we may define U(∞, r)-mod similarly. Note that
U(∞, r)-mod is a full subcategory of Cr.

Since every weight K(∞, r)-module induces naturally a weight S(∞, r)-module by using
the fact that, for any x ∈ S(∞, r) and λ ∈ Λ(∞, r), xkλ ∈ K(∞, r), we have immediately
the following category isomorphisms.

Lemma 11.2 ([7, 10.2]). The category K(∞, r)-mod, and hence the category U(∞, r)-mod,
is isomorphic to the category S(∞, r)-mod.

Thus, S(∞, r)-mod can be regarded as a subcategory of C.
We want to classify the irreducible modules in S(∞, r)-mod. Let Ω(∞, r) := S(∞, r)k̟.

Since S(∞, r)kλ = K(n, r)kλ for all λ ∈ Λ(∞, r) (see 9.3), it follows that Ω(∞, r) is a weight
S(∞, r)-module. Moreover, it is an (S(∞, r),H)-bimodule.

Proposition 11.3. The (S(∞, r),H)-bimodule Ω(∞, r) is isomorphic to Ω⊗r
∞ .

For λ, µ ∈ Λ(∞, r) we say that λ and µ are associated if µ can be derived from λ by reorder-
ing the parts of λ. Let Λ+(r) = {λ ∈ Λ(∞, r) | λi = 0 for i 6 0 and λi > λi+1 for i > 1}.
This is the set of all partitions of r. We define a map from Λ(∞, r) to Λ+(r) by sending λ
to λ+ where λ+ is the unique element in Λ+(r) which is associated with λ.

For λ ∈ Λ(∞, r), let λ′ be the partition dual to λ+. Let yλ′ =
∑

w∈Sλ′
(−q)−l(w)Tw and

zλ = φ1
λ̟Twλ

yλ′ where q = υ2 ∈ Q(υ) and wλ ∈ Dλ,λ′ satisfying Sλ ∩ wλSλ′w−1
λ = {1}. Let

Sλ = zλH be the Specht module of H associated with λ, and let W (∞, λ) = S(∞, r)zλ. We
call W (∞, λ) the Weyl module of S(∞, r).

The following results classify irreducible representations of three relevant categories.

Theorem 11.4. Let λ ∈ Λ(∞, r).

(1) ([7, 10.4]) W (∞, λ) ∼= W (∞, λ+) as S(∞, r)-modules;
(2) ([7, 10.8(1)]) the set {W (∞, λ) | λ ∈ Λ+(r)} forms a complete set of irreducible

modules in S(∞, r)-mod.
(3) ([7, 11.3(1)]) the set {W (∞, λ) | λ ∈ ∪r

i=0Λ
+(i)} forms a complete set of irreducible

modules in Cr.
(4) ([7, 11.3(2)]) the set {W (∞, λ) | λ ∈ ∪∞

i=0Λ
+(i)} forms a complete set of irreducible

modules in Cpol.

The proof for Part (3) requires the following facts: (1) there is a surjective homomorphism,
the transfer map, from U(∞, r + 1) to U(∞, r) (see 8.3); (2) every irreducible polynomial
representation of U(∞) is an irreducible weight S(∞, r)-module for some r.

Finally, we mention the following result.

Theorem 11.5 ([7, 10.8(2)]). Every weight S(∞, r)-module is completely reducible.

It would be interesting to point out that the category of finite dimensional weight U(n)-
modules possesses a quite rich structure. It covers all finite dimensional S(n, r)-modules



22 JIE DU AND QIANG FU

which form a major constituent. As a contrast, the category Cfd of finite dimensional U(∞)-
representations is more or less trivial. However, the infinite dimensional U(∞)-module
categories Chi, Cint, O and S(∞, r)-mod have inherited some of the features from their
(finite dimensional) U(n) counterparts. For example, the complete reducibility continue to
hold in S(∞, r)-mod, and the irreducible objects in Chi ∩ Cint are indexed by “dominant
weights”.
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