QUANTUM gl,, INFINITE ¢-SCHUR ALGEBRAS AND THEIR
REPRESENTATIONS

JIE DU AND QIANG FU

ABSTRACT. In this paper, we investigate the structure and representations of the quantum group
U(oco) = Uy (gl ). We will present a realization for U(c0), following Beilinson-Lusztig-MacPherson
(BLM) [1], and show that the natural algebra homomorphism ¢, from U(co) to the infinite g-Schur
algebra 8(oo,r) is not surjective for any r > 1. We will give a BLM type realization for the image
U(oo,7) := (»(U(0)) and discuss its presentation in terms of generators and relations. We further

construct a certain completion algebra IACT (c0) so that ¢, can be extended to an algebra epimorphism

G I%T(oo) — 8(o0,r). Finally we will investigate the representation theory of U(co), especially
the polynomial representations of U(co).

1. INTRODUCTION

The Lie algebra gl of infinite matrices and its extension A, are interesting topics in the theory
of infinite dimensional Lie algebras. Certain highest weight representations of these algebras have
important applications in finding solutions of a large class of nonlinear equations (see, e.g., [3])
and in the representations theories of Heisenberg algebras, the Virasoro algebra and other Kac-
Moody algebras (see, e.g., [20, 21, 31, 32]). The quantum versions of the corresponding universal
enveloping algebras have also been studied in [23, 33, 34]. It should be noted that the structure
and representations of quantum gl have various connections with the study of Lie superalgebras
gl(m|n) (see, e.g., [2]) and the study of quantum affine gl (see [16, §6], [30, §2], [7] and [29]).

In this paper, we will investigate the quantum group U(oo) = U,(gl,,) and its representations
through a series of its quotient algebras U(oo, ) and the infinite quantum Schur algebras S(oo, ).
The main idea is to extend the approach developed in [1] for quantum gl,, to quantum gl_. Thus,
we obtain a realization for U(co) and an explicit description of the algebra homomorphism (. :
U(oo) — U(oo,r). This in turn gives rise to a presentation and various useful bases for U(oo, ).
We will also prove that U(co, r) is a proper subalgebra of S(oo, ). This fact shows that the classical
Schur—Weyl duality fails in this case. Finally, we investigate the ‘polynomial’ representation theory
and classify all irreducible polynomial representations for U(oo). We expect that this work will
have further applications to quantum affine gl,,.

We organize the paper as follows. We recall the definition of quantum gl, and g-Schur algebras
S(n,r) at any consecutive segment 1 of Z in §2. In §3, we use the n-step flag variety to define
the algebra K(n,r) and discuss its stabilization property developed in [1] in a context suitable for
infinite n. At the end of §3, we will focus on the infinite case n = Z. First, the stabilization property
allows us to define an algebra IC(co) over Q(v) whose completion K (c0) contains a subalgebra V (co)
which is isomorphic to U(co). Second, there is a algebra homomorphism &, : V(c0) — K(oo,)
with image V(oo,7). A Drinfeld-Jimbo type presentation for V (oo, r) will be given in §4. In §5,

we will establish isomorphisms S(oo,r) IACT(OO,T) and between V(oo,r) and the homomorphic
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2 JIE DU AND QIANG FU

image U(oo,r) of the natural homomorphism ¢, : U(oco) — S(oo,r). Thus, we conclude that ¢,
is not surjective for any r > 1. In §6, by identifying KC(co) with the modified quantum group
U(o0), we derive an algebra epimorphism ¢, : KC(co0) — K(oo,r) and hence, extend the map
¢, to an epimorphism from I%T(oo) to S(oco,7). In the last three sections, we investigate the
representation theory of U(oo). The highest weight representations of U(oo) is studied in §7, and
the polynomial representations of U(co) is in §9 as an application of the representation theory of
S(o00, ) investigated in §8.

Throughout the paper, we will encounter several (associative) algebras A over a commutative
ring R without the identity element, but with many orthogonal idempotents e;, ¢ € I, such that
A = @ icreiAey and, for all i,i" € I, e;Ae;r are free over R. Clearly, the index set I must be an
infinite set, since if I was a finite set, then ) ;_; e; would be the identity element of A.

Choose an R-basis B = {a;}jes such that e;Be; = {e;ajey}jes\{0} is a basis for e;Ae; for all
i,7 € I, and B = U, ye;Be;. We further assume that e; € B for all ¢ € I. It is clear that, for any
j € J, there exist unique ij,z’;- € I such that €, aj = aj and aje, = aj. We will write ro(j) =i

J
and co(j) := i’; for all j € J.

For a formal infinite linear combination f = ZjeJ fja; with f; € R, let, for any i € I, J(e;, f) :=
{jed|fi#0,ea;=a;t ={j€J|f;#0,r0(j) =i} and J(f,€;) :={j € J | f; # 0,a;e; =
aj} =1{jeJ|fj #0,co(j) =i}. One can easily check the following lemma.

Lemma 1.1. Let £ be the set' of formal (possibly infinite) linear combinations of B, and let
W= (feg|Vie (e f)l <oo}, Al:={f€L|VieL|J(fe)l <o},
A:={fe|Viiell|J(ef)| <oo, |J(f er)| <oo}="An A

We define the product of two elements Y~ . ; fsas, > ,c7 gras in At (resp., Tﬁ) to be Zs’teJ fsgrasag

where asa; s the product in A. Then A and AT become associative algebras with identity 1 =
> icr € and A is a subalgebra with the same identity.

The algebras JDZ At and A are called the completion algebras of A.
Note that, if A admits an algebra antiautomorphism f satisfying f(e;) = e; for all @ € I, then

= (.AT)Op the algebras with the same underlying space as AT but opposite multiplication.

Some notations and conventions. A consecutive segment n of Z is either a finite interval of
the form [m,n] := {i € Z | m < i < n} or an infinite interval of the from (—oo,m], [n,+00) and
(—00,00) = Z, where m,n € Z. Let

4 )\ {"max}, if there is a maximal element 7mpax in 7;
A, otherwise.

Let M, (Z) (resp. Z") be the set of all matrices (a; ;)i jey (resp. all sequences (a;)iey) over Z with
finite support if n is infinite. We will use the following index sets throughout the paper.

E(n) = {(aij) € My(Z) | ag; > 0 Vi # j in n} ==~ (n) + E°(n) + " (n),
1) = {(aij) € My(Z) | aij = 0 Vi, j € n} == (n) + Z°(n) +E*(n),

(n) = {(ai;) € My(Z) | ai =0 Vi € n} ==~ (n) + =" (n),

n,r)={Ae€Z(n)|o(A) =% eya;; =r}, and

A, r) ={AeNT|o(A) := Zienhi =1}

Iwe may identify the set £ with the direct product []._; Ra;.

jeJ
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where =+ (n) (resp., = (1), 50( )) is the subset of = ( ) consisting of those matrices (a;;) with a;; = 0
for all i > j (vesp., i < j, i # 5), (1) = E°(n)N=(n), and N € Z". The sum =~ () +=°(n) +E* ()
indicates the following matrix decomposition: for A € é(n), A=At 4+ A%+ A~ with AT € E+(n),
A= €2 (n), A° € Z%(5). We also write AT = AT + A~ ¢ E¥(n).

2. QUANTUM gl,, AND ¢-SCHUR ALGEBRAS AT 7

Let 1 be a fixed consecutive segment of Z.

Definition 2.1. The quantum gl, over Q(v) is the Q(v)-algebra U(n) := Uy,(gl,) presented by
generators

E, F, (ien), K;, K;' (jen)

and relations
(a) K;K; = KGK;, KK,

(b) K;E; —Uw—éleKZ,

(c) K;Fj = voi+1~ 5ZJFKZ7

(d) E;E; = EjE;, F;F; = Fthen|z—j|>1
(e)EF FiE; = 6, 5K where Ky = KK
(f) (U+U_1)EEE + E;E? =0 when |i — j| = 1;
(9) F?F; — (v+ v Y)F,F;F, + F;F? = 0 when |i — j| = 1.

The algebra U(n) is a Hopf algebra with comultiplication A defined on generators by A(E;) =
EoK +10E, A(F)=Fel+K 'oF, AK;) =K;®K;.

U(co) = U(gly), ifn=(—o00,+00).

Let UT(n) (resp., U™ (n), U%7)) be the subalgebra of U(n) generated by the E; (resp., Fj,
K]il) The subalgebras U™ (n) and U~ (n) are both N-graded in terms of the degrees of monomials
in the E; and F;. For monomials M in the E; and M’ in the F;, and an element h € U%(n),
write deg(MhM') = deg(M) + deg(M'). Note that deg does not define an algebra grading on
U(n). However, if II(n) = {a; := e; — e;j+1 | j € n'} denotes the set of simple roots, where
e =(-,0, %, 0---) € Z", then there is an algebra grading over the root lattice ZII(n),

For notational simplicity, we set U(n) =

(2.1.1) U= @ U

veZll(n)
defined by the conditions U(n),,U®),» C UMy, K3 € Un)o, E; € UM)a,;, Fi € U(N)_q, for
all //,v" € ZII(n), i € n™ and j € Z".
Let Z = Z[v,v™!], and let [m]' = [1][2]--- [m] where [t] = ff_‘fj. The Lusztig Z-form is the

Z-subalgebra U(n) of U(n) generated by the elements EZ-(m) = [%1:, Fl-(m) = %7 K; and

t c—s+1 -1, —ct+s—1
|:Kj’cj|_HKU K] v

(2.1.2)

VS — p—S ?

foralli e n?,j€n mteNandceZ Let UT(n) (resp., U™(n), U%(n)) be the subalgebra of
) generated by the £ (resp., ™, 15 and [<°]).
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For each A € E%(n) and j = (j;)iez € Z", choose m,n € 7 such that m < n and A € =*([m,n])
and let
EWY) = My My -+ Mgy, FU) =M}, M), oM, and K= HK%
1E€EL
where

M, = E]('lijlflyj)(E.;‘ijEQ,j)E]("ijlej)) o (Er(gm,j)ET(inj) . E](-li"f'j)),
and
M]/ — (Fj(ial,m) . inirz)ij,vrz)) . (Fj(galuﬁ)FJ_(ZJ2»172))FJ_(?1»171)‘
It is clear that A7) and F(A7) are independent of the selection of m,n. Note that we have, for
A € 2 (n), deg(EA ")) = deg(A™) and deg(FW 7)) = deg(A™).
The following result is due to Lusztig (see, e.g., [25, 2.14], [1, 5.7] and [10]).

Proposition 2.2. (1) The set {EADKIFAT) | A € 2%(n),j € Z"} forms a Q(v)-basis for U(n).
(2) The set {E(Aﬂ]_[ie" KY [ﬁjo} FAD) | Ae=tm),t € N1,5 € {0,1} foric n} forms a
Z-basis for U(n).

We now extend the definition of ¢g-Schur algebras (or quantum Schur algebras). Let €2, be a
free Z-module with basis {w;}ic,. Let Q, = Q, ® Q(v). Then U(n) acts on £2, naturally defined
by Kewp = 00wy, (a,b € n), Eqwp = Og+1,pwq and Fpwp = g pwat1 (a € n,b € n). The tensor
space Q7" is a U(n)-module via the comultiplication A on U(n). Further, restriction gives the
U (n)-module Q3"

Let ‘H be the Hecke algebra over Z associated with the symmetric group &,, and let H =
H ®z Q(v). Thus, H as a Z-algebra has a basis {7 }weea, subject the relations: for all w € &,
and s € S:={(i,i+1)|1<i<r—1}

TT. — Tsw, if £(sw) > L(w);
T w0 DTy + Tow, if £(sw) < L(w),
where /¢ is the length function on &, with respect to S.
The Hecke algebra H acts on Q?’" on the right by “place permutations” via
Wiy e Wiy Wi s Wiy if ’ij <ij+1;
(Wi wi, )T (1) =  VWiy Wiy if i =1;11;
(U—U_l)wil' Wi, Wi Wi Wiy~ Wiy if ij >ij+1.
The endomorphism algebras
S(n,r) =Endw ("),  S(n,7) := Endp (")
are called ¢-Schur algebras at (n,r). Note that S(n,r) := 8(n,r) for n = [1,n] is usually called
the g-Schur algebra of bidegree (n,r). In general, if n = || is finite, S(n,r) = S(n,r) and
S(n,r) =8n,r) @z Q). If n =17, S(co,r) := 8(n,r) is called an infinite q-Schur algebra. We
shall use similar notations for their integral versions.
Since the H-action commutes with the action of U(n) (see, e.g., [2]), we obtain algebra homo-
morphisms

(2.2.1) G :UMm) — Syr),  Grluw : UM — Sn,r).

Let U(n,r) = Im(¢,) and U(n,r) = Im(G|y@y). It is known that both maps are surjective if n
is finite. However, this is not the case when 7 is infinite; see 5.4 below. Thus, for n = (—o0, )
both U(oo,r) and U(oo,r) are proper subalgebras. We will investigate the relationship between
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U(oo, ) and 8(oc0,7) in §5 via the BLM type realizations for U(oco) and U(oo, ) discussed in the
next section.

3. THE BLM REALIZATION V(c0) OF U(co) AND ITS QUOTIENTS V (00, 7)

In this section, we review the geometric construction of the ¢-Schur algebra and extend it to the
infinite case.

Let V' be a vector space of dimension r over a field k. An n-step flag is a collection §f = (V;)iey
of subspaces of V' such that V; C V; for all ¢ € 77_' and Ui@] Vi=V and V; =0 for ¢ < 0 if 5 has
no minimal element. If 7 has a minimal element nyi,, let V;, . 1 = 0.

Let F be the set of n-step flags. The group G := GL(V) acts naturally on F, and hence,
diagonally on F x F. For (f,f') € F x F, where §f = (V;)iey and {' = (V/)iey, we let a;; =
dim(Vi—1 + (V; N V})) — dim(V;—1 + (V; N V]_;)). Then the map (f,f') + (a; ;) induces a bijection
from the set of G-orbits on F x F to the set Z(n,r). Let O4 C F x F be the G-orbit corresponding
to the matrix A € Z(n,r). When k is a finite field of g-elements, every orbit O4 is a finite set.
Thus, for any A, B,C € Z(n,r) and any fixed (f1,f2) € O¢, the number

9a,B,ciqg T {f € j:'| (flvf) € Oa, (f) f2) € OB}

is independent of the selection of (fi,f2). It is well-known that there exists a polynomial g, , . €
Z[v?] such that g, ; olv2—g = 94 p.c., fOr any gq.

Let K(n,r) be the free Z-module with basis {e4 | A € Z(n,r)}. By [1, 1.2] there is a associative
Z-algebra structure on K(n,r) with multiplication e, - €, = > cecz(,,) 94,5060~ Note that, if 7 is
finite, then IC(n,r) is isomorphic to the g-Schur algebra S(|n|,r) (see, e.g., [10]). However, when 7
is infinite, the algebra K(n,7) has no identity element. We further consider the basis {[A]} 4cz(y,r)
for K(n,r), where [A] := v~ %e, with ds = D ik i<l @ij Akl

For a finite segment n of Z, let I = I,, € Z(n) be the identity matrix of size |n|. Consider
A € E([mg,ng)). For any a,m,n € Z with m < mg and ng < n, let a(A[m'"]) denote the matrix in
E([m,n]) obtained from A by adding Os at (4, j) positions with m < i < mg or ng < j < n, and let
a(A[m’n]) =A™ pal e Z(Jm,n]). Clearly, when a is large enough, a(A[m’n]) € E([m,n]). By [1]
one can easily show the following generalized version of the stabilization property.

v—2(a—i),2_q

Theorem 3.1. Let 21 be the subring of Q(v)[v'] generated by ], “——o7

a€Z,t>1andj € Z. Let n be a fived consecutive segment of Z. For any A,B,C € é(n) with
co(A) = ro(B), there exist finite nonzero elements fa pc(v,v') € Z1 and an integer ag > 1 such

that, if A,B,C € E([mo,no]) for some my < ng in Z with [mg,ng] C n, then

LA™ LB = Y faper)LE™)]

CeE([mo,no])

and vI with

[m,n]

for all m < mg, n = ng with [m,n] C n, and a > ay.

We now use the polynomials f4 g c(v,v’) given in 3.1 to define a new associative algebra.
For C = (¢;;) € My(Z) let ro(C) = (chi,j)i@? € Z" and co(C) = (Eici,j)j@] € Z". Consider
the free Z;-module with basis {4 | A € Z(5)}. Define a multiplication on this module by linearly
extending the products on basis elements:
> fac(v,v)C, if co(A) =ro(B)
A B :={ CeEn)
0 otherwise

Then we get an associative algebra over Z; which has no identity element.



6 JIE DU AND QIANG FU

By specializing ¢/ = 1, we get an associative Z-algebra K(n) with basis [A] := A® 1 (A € E(n))
in which the product [A] - [B] is given by ZCeé(n) fa,c(v,1)[C], if co(A) = ro(B), and it is zero,
otherwise.

Let IC(n) = K(n) ®z Q(v) and K(n,r) = K(n,r) ®z Q(v). The set {[diag(\)] | A € Z"} (resp.,
{[diag(N)] | A € A(n,r)}) is a set of orthogonal idempotents of IC(n) (resp., K(n,r)). By 1.1 we
may construct the completion algebra (1) (resp., K(n, 7)) of K(n) (vesp., K(n,7)). The element
> oreznldiag(N)] (resp., D \ep(y[diag(A)]) is the identity element of KC(n) (resp., K(n,7)). Note

~

that if n is a finite set, then we have KC(n,r) = K(n, ).
Given r > 0, A € E¥(n) and j € Z", we define

AGr) =AGr)y = > vM[A+diag(\)] € K(n,7),
AeA(n,r—o(A))

AG) = AG)y = Y vM[A + diag(V)] € K(n).
AEZN

(3.1.1)

where A -j = ,., Aiji < oo. Note that these summations depend on 7.

Lemma 3.2. Let A\, € Z". Fori € n° we have E;;11(0)[diag(\)] = [diag(\ + ;)] E;i+1(0) and
Ei+1,i(0)[diag(/\)] = [diag(/\ — ai)]Ei+1,i(O)-

Let V(n) (resp. V(n,r)) be the subspace of IAC(n) (resp. IAC(n, r)) spanned by the elements A(j)
(resp., A(j,r)) for A € =*(n) and j € Z". Tt is clear that the elements A(j) (A € Z*(n), j € Z")
form a Q(v)-basis of V(n). There are similar bases for V(n,r); see [11] and Corollary 4.8 below.

When 7 = [m,n] is finite, it is known from [1, 5.7] that V([m,n]) is a subalgebra of &([m,n))
and there is an isomorphism
(3.2.1) V([m,n]) = U([m,n]) via Ep— Eppt1(0), K'—0(), Fp+— Ept1,0(0).

~

Moreover, KC([m,n],r) = V([m,n],r) = IC(Im,n],r) is a g-Schur algebra in this case.

When 7 is infinite, we will see below that the isomorphism U(n) = V(n) continues to hold, but
the equalities IC([m,n],7) = V([m,n],r) = K([m,n],r) are replaced by a chain relation 1C(n,r) C
V(n,r) C K(n,r); see 3.3(2) and 3.6(1) below. Moreover, V(n,r) is isomorphic to U(n, 7).

For simplicity, we will only consider the case when 1 = Z in the sequel.

Theorem 3.3. (1) V(o) is a subalgebra of K(oc0). Moreover, the algebra U(co) is isomorphic to
V(o0) by sending Ej, to Ep, j+1(0), F}, to Ept14(0), and KJ to 0(j) where h € Z and j € Z*°.
(2) There is an algebra homomorphism, the truncation map,

& 1 V(00) — K(oo,7)

by sending A(j) to A(j,r) for any A € =Z¥(00) and j € Z®°. In particular, we have V(oo,r) =
& (V(0)) is a subalgebra of IC(oco, ).

Proof. Let f be the injective linear map from V([—n,n]) to V(co) by sending A(j) to A(j)s for
any A € ZF([-n,n]) and j € ZI7". Let X := {E} 441(0), Epy14,0() | —n < h < n,j € ZI7mm},
Since the formulas similar to [1, 5.3] hold in KC(c0), we have f(zA(j)) = f(z)f(A(j)) for any z € X
and A € E*([-n,n]) and j € ZI=™"). Since the algebra V([—n,n]) is generated by X; see (3.2.1),
it follows that f is an algebra homomorphism. Thus, V(c0) is the direct limit of V([—n,n]) and,
hence, is a subalgebra of IC(c0), proving (1). The statement (2) can be proved similarly. O

We shall see in Proposition 5.3 below that l%(oo) identifies with a subalgebra of S(oo, ). Thus,
identifying U(co) with V(o00) yields the fact that the maps &, and ¢, are identical.
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The quotient algebras shares many properties with the usual g-Schur algebra. We end this section
with a brief discussion.
For i € Z, let k; = 0(e;,7), e; = E;;+1(0,7) and £; = E;11,;(0,r), and let, for any t € N>

and j € Z*°,
! k;; 0 j ji
k(t) = H[khtz] ; kg = H [ ;Z ] and k) = Hki
1E€EL 1€Z 1€Z
where [z;t]' = (z —1)(z —v)--- (x —0'™1), [;0]' = 1 and [kzéo} is defined as in (2.1.2). Since t has
finite support, the products are well-defined. By Theorem 3.3, e;,k;, f; (i € Z) generate V (oo, 7).
One can easily get the following result by direct calculation; cf. [6, 13].

Lemma 3.4. (1) We have k(t) =0 for all t € N*° with o(t) > r.
0 f o(t ;
(2) For any t € N, we have ky = < folt)>r; In particular, if A € A(oo,r), then

[diag(t)], ifo(t) =r
[diag(A)] = kx € V(oo,7) and hence 1 =} 5¢ ) (00.r) K-

(3) For any A € A(co,r), we have kiky = v ky and [*°] ky = [’\i;rc].

One can easily check the following commutator relations by direct calculation; cf. [6, 3.4] and
[13, 4.8,4.9]. Let < be the partial order on A(n,r) defined by setting, for A\, u € A(n,r),

A < pif and only if A; < p; for all 4 € 7.
Proposition 3.5. Let A € =*(c0) and X € A(co, 7).
(1) If A = o(AT), then ek, = kA_CO(A+)+m(A+)e(A+); otherwise, ek, = 0.
(2) If A = o (A7), then £A Dk, = k)\+CO(A7)_m(A7)f(A7); otherwise, Ak, = 0.

For every A = (asy) € 2(n) and i # j, let 0ij(A) = D scius)ase for i < j, and o0 ;(A) =
D s> Gsit for i > j. Define B < A if and only if 0;(B) < 0;,;(A) for all i,j € n, i # j. Put
B < Aif B=< Aand 0;;(B) < 0;;(A) for some i # j. For A € Z(c0) with v = o(A), let

) = AN §(A7)

In general, let, for A € Z*(c0) and A € A(oo,7), let mAN = ek, £(47) . Since the formula
similar to [1, 5.5(c)] hold in V (o0, r), the following result can be proved similar to the proof of [13,
5.5 and 5.6].

Theorem 3.6. (1) For any A € Z(co,1), we have the following equation in V (oo, ).

(3.6.1) nd) = [A4] + Z fB,a[B] (a finite sum)
BeZE(oo,r),B<A
where fp 4 € Z. Hence, the elements n), A € Z(oco,T), form a Z-basis of K(co,r), and IC(co, 1) C
V(oo,r).
(2) Suppose mAN £ 0 for some A € Z*F(c0) and X € A(co,r). If there exists D € Z°(c0) such
that co(A+ D) = A+ co(A™) — ro(A7), then mAN = n(A+D) - Otherwise,

(3.6.2) nlAN = Z f]/37Am(B) (a finite sum).
BeE(oo,r),B<A

where fp 4 € Q(v).
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We end this section by showing that Borel subalgebras of (finite dimensional) ¢-Schur algebras
are natural subalgebras of V(oo,7), a fact which plays a crucial role in the determination of a
presentation for V (oo, r).

Let VZ°([—n,n],7) (resp. V<SC([—n,n],7)) be the subalgebras of V([—n,n],r) generated by
e = E;i+1(0,7)[—nn (resp. f§ = Ei11(0,7)[—pnn) and K = 0(e;,7)[_p ) With i € [-n,n — 1] and
j € [-n,n]. For A € A([-n,n],r), let

=11 [kﬂ € VZ([=n.n).r) N VS([=n,n].7)

i=—n
where k/, = vkl KL
Proposition 3.7. Forn > 1 there are algebra monomorphisms
70 VZ([=n,n],7)
)

n n—1)
oS0 VSY([—n,n],r) = V(co,r) satisfying £ — £, k,—k (—n

n—1).

— V(oo,7) satisfying e +— e, k,—k (—n<i

SIS
<SS

, ]
Moreover, for any A € A([—n,n],r), we have pZ°(K)) = pS0(K)) = hy,, where

(3.7.1) hy, = > [diag(s)].

HEA(o0,T)
Hen=XA_py s hn—1=Ap—1

Proof By [13, 8.1] there is an algebra homomorphism 2 : VZ0([—n,n],r) — V(oco,r) mapping
el to e; and k! to k; for —n < i < n — 1. By (3.6.1) and [13, 8.2] we have 20 is injective. The
proof for oS0 is similar. The last assertion follows from direct calculation. 0

Remark 3.8. The algebra monomorphisms ¢ and ¢$° can’t be glued as an algebra homomor-
phism from V([—n,n|,r) to V(oco,r) since the last relation in [13, 4.1] does not hold in V (oo, r).

4. DRINFELD—JIMBO TYPE PRESENTATION FOR V (oo, )

We first record the handy result [11, (6.6.2)]) for later use. For A € E(oo) let o(A) = (0i(A))icz,
where O'Z(A) =a;; + qu(am + aj,i).
Lemma 4.1. For A € Z*([-n,n]), let
Anga={X€A([=n,nl,r) [ A2 0(A)} and A, 4= {i€NT"""U|o(j)+o(A) <7}

Then |A A and det <UZF*" /\”Z) 0.
| TL,T‘,A| | n,r, A| )\eAn,r,AvjeA'ln,,r,A #

We are now ready to describe a presentation for V (oo, r).

Definition 4.2. Let \Nf(oo, r) be the associative algebra over Q(v) generated by the elements
e, fik; (i€2),
subject to the relations:
(a) k,-kj = kjk;

)
) eie; = eJeZ,ffj =f£f; (li—j]>1);

) elej — (v+ v~ 1)e,~ejei +ejel=0 (li—jl=1);
) £ — (0t o DEEE +HE2 =0 (i —j] = 1);

) k iej = v‘slj_‘slﬁle]kl, kif; = v_‘sij+6ij+1f-ki;
)

(2) eifj — fje; = 6 j~ ,1,wherek—kkl+11,zeZ.
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Comparing 4.2 with 2.1, we see that there is an algebra epimorphism U(oco) — \~7(oo, r) satisfying
E; — e;, F; — f; and K; — k;. In particular, for A € Z*(c0), let e £A7) K ete., be the
images of E(Aﬂ, FA) | Kl ete., under this homomorphism.

On the other hand, by 3.3(2) and 3.4(1), there is an algebra epimorphism

(4.2.1) 7: V(oo,7) — V(o0,1),

defined by e; — e;, f;— £;, k; — k;. We shall prove that 7 is an isomorphism by displaying a
spanning set for V (0o, r) whose image under 7 is a linearly independent set in V (oo, 7).

We first have the following counterpart of 3.7 by comparing the above defining relations with
the relations for Borel subalgebras.

Lemma 4.3. For any given n > 1, there are algebra monomorphisms sending 1 to 1

Y20 :V2O[—n,n],r) — V(co,r) satisfying €, —e;, kKi—k; (—n<i<n—1)
YS0 VS[—n,n],r) — V(co,r) satisfying £ — £, kK, —k; (-n<i<n-—1).
Proof. The injectivity follows from 3.7 since ¢ is the composition of ¢>° and 7. O

This result shows that the subalgebra B} (resp. B;) of V(co,r) generated by e;,k; (resp.
fi, ki), —n < i < n — 1, is a (finite dimensional) Borel subalgebra investigated in [13, §8]. Let
B! = B N B,,. Then BY is the subalgebra generated by k;, —n < i < n — 1. We summarize the
properties of these algebras; cf. [6, 8.2-3] and [13, 4.7-10].

For any A € A([—n,n],7), let hy, = ¥20(k}) = »SO(K)).

Corollary 4.4. Letn > 1.

(1) Each of the following sets forms a basis for BY :
(a) {hanlA € A([=n,n],r)};
(b) {, |j e N=mr=lo(j) <r}.

(2) Forall -=n<i<n—1and A € A([-n,nl],r), kihy, = U)‘ih)\m.

(3) 1 =2 xea(=nn)r) Brn-

(4) The elements h) ,, satisfy the commuting relations described in 3.5 with ky replaced by hy
and e £(47) by A7) and £A7) for all A € EX([—n,n)) and X € A([—n,n],r).

The elements h) ,, play an important role in a construction of a spanning set for \N/'(oo, r). Let
My, = {4y 47 | A € 5 ([-nn — 1)), A € A([-n,n],r), A > o(A)),

where A > o(A) means \; > 0;(A) Vi, and let ML = U,>1 M. Recall from 4.1 the set Ay, , 4 and,
for a matrix A € M, (N), let

(4.4.1) deg(4) = Y |j — ilay;.

1,J€N
Lemma 4.5. For anyn > 1, A € ZX([-n,n—1]), A € A([-n,n],7), if A\ & Anra, then there exist
fg”:; € Z such that

(4.5.1) e n, , f47) = > fineB I, 57,

BeE* ([—n,n—1])
[,LGAny,rﬁA,dcg(B)<dcg(A)

Hence, M'_ is a spanning set for V(co,r).
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Proof. We first observe, by 4.4(2)&(3), that all k; and [kjjc] are Z-linear combinations of hy ,
whenever —n < i < n— 1. So (4.5.1) implies the assertion that M’  spanns \~/'(oo,r). We now
prove (4.5.1).

Suppose A € A([—n,n],r) and A\; < 0;(A) where 7 is minimal. Then deg(A) > 1. We apply
induction on deg(A). If deg(A) =1, then AT = E;_;; and A~ =0or AT =0and A~ = E;;_;.
By 3.5, we have e(Aﬂh)\vnf(Aj = 0. Assume now deg(A) > 2 and (4.5.1) is true for all A" with
deg(A’) < deg(A). Let A; = (a,(;)l) be the submatrix of A such that a,(j’)l = ay, if k,1 <iand as)l =0

otherwise. Since A € E%([—n,n — 1]), we can write e(4") = m;e) and £A7) = £(47)m/,, where
m; is the monomial of e§-a)

a > 0). Then

(—n < j <n—1,a > 0) and mj is the monomial of f](a) (—n<j<n—1,

e, ,£47) = mle(Aj)h)\vnf(A;)m/l.
Since \j > oj(A}) for all j < i, 4.4(4) implies

e(Aﬂh)\mf(Aj = mlh,\*,ne(Aj)f(A;)m'l,
where \* € A([—n,n],r) with A} = A—co(A]) —ro(4]) = N — > j<i@ji = Ai—0i(AT) > 0. On the
other hand, the commutator formula in [24, 4.1(a)] (see the remarks right after [13, 2.3]) implies
AP — £(AD(AD) 4 ¢,

where f is a Z-linear combination of monomials m;?hjmg with deg(m;?mf-) < deg(A;). Here,

J
mj is a product of some ega), m§ is a product of some fs(b)

where? —n < s,t < n — 2 and a,b,c,m € Z. Thus, deg(mlmﬁmgm’l) < deg(A). Now \; <
oi(A) implies \! < 0;(A7) = 0;(A;). Hence hy,f4) = 0 by 4.4(4). Since h; € B is a
Z-linear combination of hy,,, by 4.4(1-3), it follows from 4.4(4) that e(AJr)h)\mf(Aj is a Z-linear
combiliation of mlm;?hu,nm;c-m’l with deg(m1m§m§m’1) < deg(A) and p € A([—n,n],r). Now,
since V(0o,7) is a homomorphic image of U(co), 2.2 implies that each mim§ (resp., mgm’l) is
a Z-linear combination of e®), B € E+([-n,n — 1)) (resp., f&), B’ € 2= ([-n,n — 1])) with
deg(B) = deg(mim$) (resp., deg(B’) = deg(mgm’l)). Thus, each mlm?hu,nmgm’1 is a Z-linear
combination of e(A/)+hH7nf(A/)7 with A’ € ZF([-n,n — 1]) and deg(4’) < deg(A4). Thus, our
assertion follows from induction. O

e , and h; is a product of some [kyﬁf]

Though each M/, is linearly independent as part of the integral basis for a ¢-Schur algebra (cf.
(4.6.1) and 4.8 below), the set M._ is unfortunately not linearly independent. In fact, we can see
that span(M;,) is a subspace of span(M;,, ), but M, is not a subset of M, ;. However, we shall
use M/ to construct several bases below.

Let

Noo = {7 | 4 € E5(0),j € N®,0(j) + 0(4) < r}
and, for n > 1, let
Ny = ("W | A e =5 ([—n,n)).j € ALy, 4}
where AIn,T’,A is defined in Lemma 4.1. Then ./\N/'n - J\N/n+1 and N, = Un>1 ./\N/'n Similarly, we can

define N and N, in the algebra V(oco,r) so that Noo = 7(Nxo).
Corollary 4.6. The set Nog spans V(co, 7).

20111’ assumption on A guarantees that e,_1 and f,_1 do not appear in e(A+) and £4 ), Thus, only the Et = ktk;rll
with —n < t < n — 2 occur in the commutator formula; cf. 4.2(g).
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Proof. By 4.5, it is enough to prove that, for any n > 1, the set M/, lies in the span of N In other
words, we need to prove that, for any A € Z*([-n,n— 1]) and A € A([ ,n],r) with A > o(A), the

element e(4 )h)\ £47) ¢ SpanN We proceed by induction on deg(A); see (4.4.1). If deg(A) = 0,
then by 4.4(1) we have eA")hy ,f47) = hy, € span N, for A € A([—n,n],r). Assume now that
deg(A) > 1. By 4.4(1), we may write, for any j € NI="" with j, =0,
(4.6.1) eANIIFAT) = Z v“'je(Aﬂhu,nf(Aj + Z v”'je(A+)h,,7nf(A7).

HEA, r A VENy A
By (4.5.1) and induction, the second sum is in the span of A,. If j runs over the set A, 4 (see
4.1) then the determinant det(v“'j)u,j # 0. Hence, e(Aﬂhu,nf(A ) e span./\fn forall p € Appa. O

Theorem 4.7. The algebra epimorphism 7 : V(oo,r) — V(oo,r) defined in (4.2.1) is an isomor-
phism. In particular, if a coefficient fg’;‘ given in (4.5.1) is nonzero, then B < A.

Proof. Since \N/'(oo, r) is spanned by N by 4.6, it is enough to prove that its image W(/\N/oo) = Nwo
is linearly independent. Fix n > 1. By 3.4 and (3.6.2), for A € Z*([—n,n]) and j € NI=""~1_there
exist fp 4 € Q(v) such that

NP =TT M) 3T A (40
A€A(o0,r) pueA(co,r)
Vi, Xj2o;(A) 3j, uj<o;(A)
.5 + — .-
=Y M Y Ml s Yy
AeA([—n,n],r) AZA([—n,n],T) BeE(oo,r)
ViAo, (A) Vi, ;>0 (A) B<A

Hence by (3.6.1) and 4.1 the set A is linearly independent. Since Ny, = Un21 N, and N,, C Ny,
it follows that the set N, is linearly independent.
The last assertion follows from 3.6. O

With the above result we will identify V(co,r) with V(co,r). In particular we will identify h),
with hy ,,, e; with e; etc. For A € E*(c0) and j € N, let
nAd) . (AT dg(A7)
Corollary 4.8. The set Ny = {n) | A € 2%(c0),j € N, 0(j) + 0(A) < r} forms a basis for
V(00,7). Moreover, if j € Nl=»n=1 and j & A/ then we have, for some ppy € Q(v),

n,r,A’
AN dg(A7) _ Z pB,j/n(B’j,).
BezE* ([—n,n—1])
BRAJ €A, A
Proof. Using (4.6.1) and 4.5, the last assertion can be proved as the proof of [11, 6.7]. O

The basis N, is the counterpart of the basis [11, 6.6(1)] for g-Schur algebras. Since the formula
similar to [1, 5.5(c)] holds in V (oo, ), by 4.8 we get the following result which is the counterpart
of the basis given in [11, 6.6(2)].

Corollary 4.9. The set Boo = {A(j,7) | A € ZF(0),j € N®,0(j) + 0(A) < r} forms a basis for
V(oo,r).

We end this section with another application of the spanning set M’_ by displaying an integral
monomial basis for the Z-form of V (oo, r); cf. [13, 5.4].

Let V(oo,7) = & (U(x)). We further put V*t(oo,r) = & (UT(00)), V (co,r) =
& (U™ (00)) and VO(oo,7) = &(U(0)).
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Lemma 4.10. (1) The set {e) | A € =*+(c0),
forms a Z-basis of V*(oco,r) (resp., V= (oco,r).
(2) The set MO = {ky | A € N®° o(\) < 7}

o(A) <r} (resp., {f(A) | A€ E7(0)),0(A) <r})

forms a Z-basis of V°(oco,r).

Proof. Let A € E¥(c0). If 0(A) = 3, 04(A) > r, then ) = D_NeA(oor) © ek, = 0 by 3.4 and
3.5. Now (1) follows from 2.2 and (3.6.1). For n > 1 we let MY := {]]_ n<i<n—1 {k“ } | pe
A([-n,n],r)}. We fix n > 1. For A\, € A([-n,n],r) we write A <,, p if and only if \; < p; for

—n<z<n—1 If \; < p; for some —n < i < n—lthenwewrlte)\<nu For A € A([-n,n],r)
we have by 4.4(2&3)

k;; 0 Hi
(4.10.1) H [ \ ] —hy, + > H |:/\2:| hy, ..
—n<i<n—1 pEA([—nm],r) A<npt —n<i<n—1

Hence, the set M0 is linearly independent and we have spanz M9 = spanz{hy ,|A € A([-n,n],7)}.
Since ./\/l0 C ./\/l0+1 and MY, =Un>1 MY the set MY, is linearly independent. Since V9(co,r) =
spanz{hy |\ € A([-n,n],r),n > 1}, we have V°(co,r) = spanz M, proving (2). O

The proof above shows that every hy ,, € V (00, r). Hence, the set M. is a subset of the Z-algebra
V (oo, 7). Thus, 4.5 implies immediately the following.

Corollary 4.11. The set M. is a spanning set of the Z-algebra V (oo, r).

Proposition 4.12. The set My, = {e@ k(A7) | A € 25 (00), A € N© X > o(A),0()) < 7}
forms a Z-basis for V(co,r).

Proof. For any n > 1, let M,, := {e (A7) H_n<l<n 1 [kj\’lo} £(A7) ‘A € ZX([-n,n—1]),A € Apra}.

Then, M, C Mpy1, IMp| = [M;| and Mo = U5 Mn. Since, for A € Z*([-n,n — 1]) and
A € A([—n,n],r) with A > o(A), (4.10.1) implies

(4.12.1)
) L[ e ][R]0
—n<ig<n—1 v uEAg[fn,n],r) —n<ig<n—1 L7
<np

and p >, A implies p > o (A) (as 0;(A) = 0 for i & [—n,n — 1]), it follows that all e(AﬂhM’nf(Ai) €
M! and spanz M,, = spanz M. Consequently, spanz My, = spanz M. = V(co,r) by 4.11.
On the other hand, the linear independence of M/, implies that M,, is also linearly independent.

Hence M is linearly independent. O
Corollary 4.13. Let A € =*(00) and A € N*® with o(\) < r. If \; < 0;(A) for some i € Z then
Wit = N g5 Pk P (gp, € 2, B € EF(c0), p € N¥)
B<A
puzo(A),o(p)<r
Proof. The assertion follows from (4.10.1), (4.5.1) and (4.12.1). O

5. INFINITE ¢-SCHUR ALCEBRAS

In this section, we will establish the isomorphism between U(co,r) and V (oo, 7) and discuss the
relationship between U(oo,r) and the infinite g-Schur algebra S(oo, 7). We shall mainly work over
the field Q(v) though results like 5.1 and 5.2 below continue to hold over Z.

As in §2, let &, be the symmetric groups on r letters. For A € A(oco,7), let &) be the Young
subgroup of &,, and let ®) be the set of distinguished right &j)-coset representatives. Then,
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Dy =920 ’D;l is the set of distinguished double (&), &, )-coset representatives. Let H be the
associated Hecke algebras over Q(v) with basis {T}, := v/ )T, }yes,, and let z\ = > wes, Tw-

Recall from §2 the H-module Q%@". Clearly, there is an H-module embedding i, : Q%"

[—TL,’/L}
Rr
Q[—n—l,n—l—l} ’

—

and {(Q([an )’ in)}n>1 forms a direct system.

Lemma 5.1. The H-module Q& is the direct limit of H-modules {(Q?_"n n},z’n)}n%. Thus, H-

module Q" is isomorphic to the H-module DreA(oo,r)TAH.

Proof. By [15, 5.1], we know there is a H-module isomorphism «,, : Q%"

[-n,n

| Oren(nnnTaH
and the following diagram are commutative.

Q([girn ] 2, &b T H
’ AeA([—n,n],r)
Q([Xirn—l,n-i-l} - D 3 H,

A+l NeA([-n—1,n+1],r)

where i, and i/, are natural injections. Since Q%" is the direct limit of {Q([g_’"n’n]}n% and
Dre(oo,r)TAH is the direct limit of {©rcp((—n,n],r)TrH}nz1, the result follows. O

Proposition 5.2. We have the following algebra isomorphisms

0

K(oo,r) = EB EB Homy(z, H, 2\ H)
HEA(00,r) AeA(c0,r)
0

S(oo,r) = H EB Homoy(z, H, 2\ H).

HEA(c0,r) AEA(c0,r)
In particular, the algebra KC(0o, 1) can be regarded as a subalgebra (without the identity) of S(oco, 7).

Proof. Tt is known (see, e.g., [10]) that, for any n > 0, the ¢-Schur algebras IC([—n, n], ) is isomor-

phic to &P Homy (A M, z,H). Since K(oo,r) is the direct limit of {IC([—n,n],7)}n>1,
)\,MEA([—H,R],T)

the first assertion follows. By 5.1, we have

S(oo, 1) = H Homo(z, M, @ T\ H).
pueA(co,r) AEA(o0,r)
Now, one checks easily that, for each p € A(oco,r), there is a natural isomorphism
@ Homyy(z, H, 2 \H) = Homp (2, H, @ T\ H),
AEA(oo,T) AEA(oc0,r)

which induces the required algebra isomorphism. O

The isomorphism 6 can be made explicit. For A € A(co,7), let Y(\) be the Young diagram of A
which is a collection of boxes, arranged in left justified rows with A; boxes in row ¢ for all i € Z,
and let t* be the A-tableau in which the numbers 1,2--- ,r appear in order from left to right down
successive (non-empty) rows of Y (). Let R} (i € Z) be the set of entries in the i-th row of #*.
Clearly, R} # 0 if and only if \; > 0. Let

(5.2.1) D(oo,r) = {(Ad,p) | A\, pp € A(oo,r), d € Dy}
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By [17, (1.3.10)], every element (X, d, 1) € (oo, r) defines a matrix A = (a; ;)i jez € =(c0,r) such
that a; j = |R} N dRY|. This defines a bijective map
7:® (00, 1) — Z(00,T).

Define, for any A, 1 € A(co,r) and w € D ;,, a map
(5.2.2) gbfu t e (oo,r)EAH = Drea(oo,r)TaH
by setting ¢, (zvh) = 6up 3 ses,we, h- Then, the set {¢}, | (A, d,p) € D(co,r)} forms a basis for
@ueA(oo,r) @)\EA(OO,T) Homyy(x, H, z \H). By [10, 1.4], the isomorphism 6 is induced by 5. In other
words, if J(A\,w, u) = A, then f(e4) = qﬁ’/(’u. In particular, by 3.4, we have 0(ky) = (bb.

We now identify &(c0,7) as [,en (oo Dren(oo,) Homm(z,H, 2AH) under . Thus, the ele-
ments of §(oo,r) have the form { 3-ycx (o) A , where f , € Homp (2, H, 2z H) for all

neA(oo,r)
A, 1 € A(oco, ), which represents the map given by

(> a)= > hula,

AEA(oco,r) >“EA(°°’T) veA(oo,r) A, pEA(c0,r)

where ) a, € ®yx\H. This identification allows us to regard the infinite ¢g-Schur algebra (oo, r)
as the f-completion of IC(oo, ).

Proposition 5.3. Let IzT(oo,r) be the completion algebra of KC(oo,r) constructed as in 1.1. Then
there is an algebra isomorphism

G 1 K (00,7) =5 S(o0, 1), > ﬁA[A]|—>< > ﬁA[A]>
A€eZ(oo,r) ACE(:E)ZM) pneA(co,r)

Proof. Clearly, ¢, is induced by the natural monomorphism ¢, : (oo, ) — S(c0, ) given in 5.2. [

By 1.1, there is another completion algebra K(co,r) which is a subalgebra of IACT(OO,T) and
which contains V(co,r) as a subalgebras. Thus, restriction gives an algebra monomorphism ¢, :
V(o0,7) — 8(c0,T).

We are now ready to establish the isomorphism U(oco,7) — V(o0, 7).

There is a similar basis {qbgl\“ | A p € A([—n,n),r), d € Dy} for S([-n,n],r) by [5], and
[A] = U_quSCAlu, where A = j(\, d, ), if we identify U([—n,n],r) with S([-n,n],r) (cf. [9, A.1]).

Theorem 5.4. The following diagram is commutative

V(o0) LN V (oo, )

Nl lg,.

Uloe) —— S(ox,7)
Hence, we have an isomorphism U(oco,r) = V (00, 1). Moreover, the map ¢, : U(co) — S(o0,r) is
not surjective for any r > 1.

Proof. Recall from 3.3 that we may identify U(oo) with V(oo). Fix some i € Z. For w € Q%"
we choose n > 1 such that —m < ¢ < n and w € Q([@_Tn ) Then E; - w = Ei,i-i—l(oar)[—n,n] “w

by a result for g-Schur algebras. It is clear that we have Ei,i+1(0,T)[_n7n] cw = E;;i11(0,7)s - w.
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Hence E; - w = E; ;+1(0,7)00 - w for any w € Q%". Similarly, we have F; - w = E;11,(0,7)c - w and
K;-w=0(e;7)o -w for any w € QF". The first assertion follows.

To see the last statement, it suffices to prove that the injective map ¢, : IAC(oo, r) — S(oo,r) is
not surjective. Fix a A € A(oo,r). For any u € A(oo,r), construct a matrix A, € =(oco,7) such
that 7o(A,) = A and co(A,) = p. Clearly, the element ([A]) e (o0, belongs to S(oo,r), but not

in IAC(oo,T). O

Remark 5.5. Recall from [19] that, in the finite case, the (U(n), H)-bimodule structure on Q&"
induces two algebra epimorphisms

U(n) - Endp(Q5"),  H — Endy,)(25")

(see [14] for the roots-of-unity case). This is the so-called Schur—Weyl duality. The theorem above
shows that this duality is no longer true in the infinite case. However, the second epimorphism
continue to hold; see 8.3 below.

With the above result, we will identify U(oo,r) with V(co, ). Thus, the algebra homomorphism
¢r 2 U(o0) — S(o0, 1) sends E;, K;, F; to e;,k;, £;, respectively. Now, by applying ¢, to the graded
components in (2.1.1), 3.5 implies immediately the following.

Corollary 5.6. Let A € A(oo,r) and V', V" € ZI(c0). If t' € U(o0),s and t"” € U(oo),n, then

[diag(A + v)]¢-(¢)  if A+ € A(oo,1);
0 otherwise,

Gr(t)[diag(N)] = {

and
¢-(t"M[diag(A — )] if A =" € A(oo,r);
0 otherwise.

[diag(N)]¢, (") = {

6. MODIFIED QUANTUM gl,, AND RELATED ALGEBRAS

In this section, we identify U(oco) with V(oc0) and U(oo,r) with V(oo,r). Thus, Ej, = Ej, ;+1(0)
and Fj = Eh-i—l,h(o) for all h € Z.

The interpretation of the infinite g-Schur algebra S(oco,r) as the f-completion IACT(oo,r) of
K(oo,r) suggests us to introduce the t-completion IACT(oo) of the algebra IC(co) which con-

~

tains IC(oc0), and hence U(oco), as a subalgebra. Thus, it is natural to expect that the map

¢r 2 U(oo) — S(00,r) given in (2.2.1) may be extended to an epimorphism from I%T(oo) to S(oo, ).
In this section, we will establish this epimorphism through an investigation of the epimorphism
G IC(00) — K(o0o,7) induced by ¢, via the modified quantum group U(oo) of U(co) (see [27,
23.1)).

Recall from Theorem 3.3 that U(oco) has a basis {A(j)}aj. Thus, for any A, u € Z*°, there is a
linear map from U(co) to k(o) sending u to [diag(\)]u[diag(u)]. Let

K= )0 (I = o) U(o0) + ) Uloo)(KY — o) and 3U(0),, := U(00) /1K
JEZ> Jeze

Since [diag(A)]AK[diag(p)] = 0, this map induces a linear map \U(c0),, — K(00) sending my,,(u)

to [diag(A)]u[diag(p)], where my, : U(oo) — yU(c0),, is the canonical projection. Thus, we obtain
a linear map
f:U0(x) = P 1U(x), — K(c0).

A UWEZL®
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We will introduce a multiplication in U(oo) and prove that f is an algebra isomorphism. We need
some preparation.

Lemma 6.1. Let A € E%(c0) and A\, u € Z®. If \—p # ro(A) —co(A), then we have my,(A(j)) =0
for any j € Z*°.

Proof. Since p— co(A) # X — ro(A) there ex1st j € Z* such that j - (u—co(A)) #j - (A —ro(A)).
Since v TGV AG) = AG +§) = v 3D A(3)0(f') we have for any j € Z®

(Vi (rmeolA)) )3 (=rolADy g (5) = o3 7oA (KT — oMY A) — o3 oW AG) (KT — o).
The assertion follows. O
Recall the algebra grading of U(co) = @B, czr1(o0) U(00)y given in (2.1.1).

Lemma 6.2. For \,ju € Z*° and v € ZII(c0). If v # X — p then we have my,(U(c0),) = 0. Hence,
,\U(oo)u = WA“(U(OO)A_u).

Proof. Let t € U(co),. Since Kt = v"3tKJ for j € Z*°, we have v’y ,(t) = my,(KJt) =
TV ItKY) = owdtviny (t) for all j € Z®°. Since v # A\ — p there exist j € Z* such that
v-j# (A—=p)-j. Hence my,(t) = 0. O

For any )\/,/L/,)\//,/L” € Z*° with X—//,X’—,u” € Zll(oo) and any t € U(co)y_,, s € U(c0)ar_yr,
. % %
define the product in U(oo)

v (ts), ifp =N
0 otherwise.

T (O (s) = {
Using 6.2 one can easily check the above product defines an associative Q(v)-algebra structure on
U(oo).

Theorem 6.3. The linear map f : U(co) — K(o0) sending map(u) to [diag(N)]u[diag(p)] for all
u € U(oo) and A\, u € Z°°, is an algebra isomorphism.

Proof. Since, for any A € éi(oo), JEZ>® and A\, € Z%° with A — u = ro(A) — co(A), we have
(63.1) [diag(\)]AG)[diag(0)] = v I[A+ diag(A—ro(A))] = vE=XAD3[ A diag(u—co(A))],
it follows that [A] = [diag(ro(A))]A*(0)[diag(co(A))] for all A € Z(c0), and so

K(c) = EB [diag(N)]U(c0)(diag(s)].

A UWEZL®
So f is surjective. Suppose now Z)w mu(u) € ker(f), where u = Y- szt (o) Ba;AG) with 8, ; €
jEZC
Q(v). Then, [diag(\)]u[diag(p)] = 0 for all A, u. Let ’
Uy = Z 5A,jA(j)’

AcE* (c0),jET®

A—pu=ro(A)—co(A)
By 6.1 we have my,(u) = m,(uy,). On the other hand, (6.3.1) implies

0 = [diag(\)]un,[diag(p)] = > ( > v“""“”'jﬁAJ) [A + diag(\) — ro(A)].
AcET (o) JEZ>

A—p=ro(A)—co(A)
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Hence, > ;70 U(’\_M(A))'jﬁA’j =0 for any A € E%(oc0) with A — u = r0(A) — co(A). Since A(j) =
3740 (3) A(0) we have

. A—ro(A))-i
Uy = Z ﬁijA(J) - Z U( ro( ))JBAJA(O)
A€ET (00),jEZ® A€ET (c0),jEZ®
A—pu=ro(A)—co(A) A—p=ro(A)—co(A)

= Yo —oM)TITWE, A(0) € K,

Ae=%t (c0),jEZ®
A—p=ro(A)—co(A)

Hence 7y, (u) = 7y, (un,) = 0 for all A, pu. So f is injective.
We now prove f is an algebra homomorphism. Let uy,us € U(oo) and N, u/, N’y € Z*°. 1If
w £ N or N — /& ZII(o0) or X' — " & ZI1(00) then by definition and 6.2
S (w) e (uz)) = 0= f(maw (ur)) f(ma e (uz)).
It remains to prove the case when ' = N, N — /' € ZII(o0) and N’ — p” € ZII(0). By 6.2, we may
assume u; € U(oo)y—,y and uy € U(co)yr—_,». Observe that, for u = EWNDKIFAT) ¢ U(00)r—p,
where A, 1 € Z%° with A — p € ZII(00), since A — p =3, o, :(aij — aji)an, it follows from 3.2 that

[diag(\)Juldiag(u)] = [diag(N)][diag(n+ Y (aij — aji)on)]u = [diag(A)]u.
i<k<j
Hence, by 2.2, [diag(\)]u'[diag(p)] = [diag(\)]u for any v’ € U(co)r—y. Thus, if i/ = X", then
£ (1) (02) = F (s (02)) = [diag\) s [l (")
([diag(A')]us [diag(n')])uz[diag(u")]
f(77>\’ (u ))f(”uﬁu”(w))-

as required. 0

With the above result, we shall identify U(co) with &(c0). In particular, we shall identify Tau(u)
with [diag(\)]uldiag(p)] for u € U(oo) and A\, p € Z*°.

Since both algebras KC(co) = U(oo) and V(oo) = U(oo) are subalgebras of K (o), the defi-
nition of V(oo) implies that the algebra IKC(o0) is a U(oco)-bimodule with an action induced by
multiplication. We now have the following interpretation of this bimodule structure.

Corollary 6.4. The algebra U(co) acts on U(co) by the following rules:
t,ﬂ')\u(s)t” = Tt/ pu—v" (t,St”)
for allt' € U(co)(V'), t € U(oo)(v") and s € U(x0), where A, u € Z*° and V',V € ZII(0).

Proof. By 3.2 and 2.2 we have t[diag(\)] = [diag(A + v)]t and [diag(\)]t = t[diag(\ — v)] for
t € U(oc0),. Hence we have t'my,(s)t” = t'[diag(\)]s[diag(u)|t" = [diag(A+2/)]t'st” [diag(p +1")] =
T4V u—v" (t/St”). I

Similar to [28, 3.4], we define a map ¢, from U(co) to U(oo,r) as follows.
Theorem 6.5. The map ¢, : U(oo) — U(co,r) defined by

[diag(A)]¢r (u)[diag(p)] if A, € A(oo,7);
0 otherwise

Gr(mau(u)) = {

for w € U(co) and A\, u € Z*° is an algebra homomorphism.
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Proof. We first prove that ¢, is well-defined. Assume Tau(u) = 0 where u € U(oco) and A\, u €
A(oo,r). By the definition of \U(c0),, we can write

u= Z (K3 — oM + Z uff (K3 — i)
jez> jez>

where u}, uj € U(co). By 3.4 we have [diag(\)](k} — M) = 0 = (& — v*d)[diag(p)] for j € Z>°. Tt
follows that [diag(\)]¢,(u)[diag(x)] = 0. Hence ¢, is well defined.

For convenience, we let [diag()\)] = 0 € U(oo,r) for A & A(oo,r). Let t € U(oo)(N — p/) and
s € U(oo)(N" — p") where X', p/, N, " € Z°° such that X' — p/, \" — u"" € ZII(c0). If p' # A" then
by the definition of ¢, we have ¢, (7 (£)mxu(s)) = 0 = Gr(marw (1))Cr(marw (s)). Now we assume
W = A", Then by 56 we have G (T () (mur (5)) = [diag(\)]G(2) diag (1)) () ding ()] =

[diag(A\)]C- (1) (s)[diag(p")] = [diag(A)I¢,(ts)[diag(p”)] = G (mapr (ts)) = G (maw (E) ().
The result follows. U

Proposition 6.6. The map ér satisfies the following property:
Gr(urugug) = G (ur)Gp(uz) G (us)
where u1,uz € U(co) and uy € U(oco).

Proof. We assume v € U(c0)(V'), u” € U(oo)(v") and u € U(oo)(X — p) where v/, v/ X\ — u €
ZII(c0) and A, p € Z°°. By 6.4 we have

ér(u/ﬂku(u)u/) Cr(ﬂ)\-w v (U u ))

{m )G (u)G (") [ding (s — )] if 1= v € Aloo,7);
otherwise.
Hence by 5.6 we have ¢ (u/)¢ (. ()G (u”) = G (u') G (u) [diag ()]G (u) = Gr(w/'mau(w)u”). O
Proposition 6.7. Let A € E(oo) Then we have
: ) [A] if AeZE(oo,r);
GrllAD = {0 otherwise.
In particular we have C.(K(00)) = ¢ (U(c0)) = K(o0, 7).
Proof. Let A = ro(A) and p = co(A). If either A\ & A(oco,r) or u & A(co,r), then we have
G([4]) = ¢ ([diag(N\)]AT(0 )[dlag( )]) = 0. Now we assume \, i € A(oo,r). Then we have
G([4]) = ([diag(V)] AT (0)[diag(s)])
= [diag(\)]¢- (A™(0))[diag (k)]
= [diag(N)]A™(0, 7)[diag (u)]
) [A] if A€ E(oo,r);
o otherwise.

The result follows. g

Remark 6.8. The natural linear map from (oo, ) to KC(o0) by sending [A] to [A] for A € E(o0, )
is not algebra homomorphism. For example, in the algebra IC(oco, ) we have [E 2] - [E21] = [E1,41].
However we have [E o] - [E21] = [E1,1] + [A], where A = ({ 1) in the algebra K(o0).

By 1.1 we may construct the completion algebra l/(\lT(oo) of C(00) such that K (cc) becomes an
subalgebra of IET(oo).
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Theorem 6.9. There is an algebra epimorphism C, from IACT(oo) to S(oco,r) by sending
ZAeé(oo) BalA] to ZAEE(OO,T) BalA]. Moreover we have ¢, (K(o0)) = (oo, ) and CT\U(OO) = (.

Proof. By 6.7 there is an algebra homomorphism ¢, from IACT(oo) to S(oo,7) byA sending
ZAeE(oo) BalA] to eré(oo) Bl ([A]) = 2o Aes(oor) BalA]l. It is clear we have G (K(0)) =
K (oo, 7). By 5.2 the map (. is surjective. By 3.3 and 6.7 we have (,(A(j)) = A(j,7) = ¢ (A(j)) for
A € Z*(c0) and j € Z*®. Hence we have Crlu(oe) = G- O

Remark 6.10. By [1, 3.10] there is an antiautomorphism 7, on /C(oco,r) defined by 7,([A]) = [AT]
for A € Z(oc0,r). This induces, by 3.1, an antiautomorphism 7 on IC(c0) defined by 7([A]) = [AT]
=1

for A € Z(c0). Hence, we haveTlAC(oo) = (IACT(OO))OP andTlAC(oo,r) =~ (IC (oo, r))°P.
7. HIGHEST WEIGHT REPRESENTATIONS OF U(00)

In the rest of the paper, we will discuss the representation theory of U(oc). Unlike the case of
quantum gl,,, there are two types of representations for U(oc). The first type consists of highest
weight representations, while the second type consists of ‘polynomial’ representations arising from
representations of infinite ¢-Schur algebras. In this section, we first discuss the highest weight
representations of U(c0), following the approach used in [27].

For a consecutive segment 7 of Z, let

X(m) ={A= (Nien | Xi €n}, and
XF(m)={AeX(m) [N = A1, Vien'}

be the sets of weights and dominant weights, respectively. Thus, both Z*° and N° are subsets of
X(00) := X(Z). Recall from §2 that, fori € Z, e; = (--- ,0,1,0---) € Z° and o; = €;—e;41 € Z*°.

Let II(c0) = {a; | i € Z}. We introduce a partial ordering <yt on X(oco) by setting pu<yA if
A —p € Z¥1I(o0). For av =7,y kjoy € ZII(00) the number ht(a) := >, k; is called the height
of a.

We first discuss the ‘standard’ representation theory of U(oc) which covers the category C of
weight modules, the category® C*™of integrable weight modules, the category C" and the category
O. All these categories are full subcategories of the category U(oo)-Mod of U(oo)-modules.

Let M be a U(co)-module. For A € X(o0), let My = {z € M | K;x = vz fori € Z}. If
M) # 0, then A is called a weight of M, M) is called a weight space and a nonzero vector in M) is
called a weight vector of M. Let wt(M) = {\ € X(0c0) | M) # 0} denote the set of weights of M.
It is clear we have the following lemma.

Lemma 7.1. Let M be a U(oco)-module. Then E;My C My, and F;My C My_,, fori € Z.

A U(co)-module M is called a weight module, if M = @ ex(oc)Mx- Let C denote the full
subcategory of U(oc)-Mod consisting of all weight modules. It is clear every submodule of a
weight module and the quotient of a weight module are weight modules. Hence C is an abelian
category.

An object M € C is said to be integrable if, for any x € M and any i € Z, there exist ng > 1
such that El'x = F'z = 0 for any n > ng. Let C"™ be the full subcategory of C whose objects are
integrable U(oo)-modules.

Let C" be the full subcategory of C whose objects are the U(co)-module M with the following
property: for any x € M there exist ng > 1 such that u.z = 0 where v is the monomial in the E;’s
and deg(u) = ng.

(7.0.1)

3This category is denoted as C' in [27].
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For A € X(o0) set (—oo,A] = {u € X(o0) | u<wiA}. The category O is defined as follows.
Its objects are U(oco)-modules M which are weight modules with finite dimensional weight spaces
and such that there exists a finite number of elements A1), .. A() € X(oc0) such that wt(M) C

Uf:l(_oov )‘(i)]’
Proposition 7.2. The category O is a full subcategory of CM.

Proof. Let M be a object of ©. Then there exist A\ (1 < i < ) such that wt(M) C (J5_, (—o0, \D].
Let x, # 0 € M,,. Let n, = max{ht(A® — 1) | \O>,0,1 <i < s}. We claim that if k& > n, + 1,
then for any i1,--- , i, € Z we have p+oy, + oy, +- -+, & Wt( ). Indeed, if there exists 1 < j < s
such that g+ oy, + gy, + -+ o, < AU then ht(A\9) — 1) > k > n, + 1, contrary to the definition
of ny. Thus, for any k > n,41 and any i1,--- ,i; € Z, we have E;, --- E;, v, € Myt a; +-+a;, = 0.
Hence, M is a object of C". O

A U(oco)-module M is called a highest weight module with highest weight A € X (o0) if there
exists a nonzero vector zg € M) such that E;zg = 0, Kjzg = v g for all i € Z and U(oo)xg =
The vector z is called a highest weight vector. By a standard argument (see, e.g., [24]) we have
the following lemma.

Lemma 7.3. Let M be a highest weight U(oco)-module with highest weight X. Then M = @ M,
HSA

and dim My = 1. Moreover M contains a unique maximal submodule.

For A € X(0), let
M(X) =U(00)/(Y_U(0)Ei + Y U(00)(K; — v)) = U™ (00)1y,

i€Z i€Z
where 1, is the image of 1 in M(X). The module M () is called a Verma module. By the above
lemma, we know that M (A) has a unique irreducible quotient module L()). It is clear, for A €
X (00), the modules M()) and L()) are all in the category C* and the category O.
The next result classifies the irreducible modules in the categories C* and O.

Theorem 7.4. (1) The map X — L(\) defines a bijection between X (0o) and the set of isomorphism
classes of irreducible U(oo)-modules in the category C™.

(2) The map A — L(\) defines a bijection between X (0o) and the set of isomorphism classes of
irreducible U(oo)-modules in the category O.

Proof. Let M be a irreducible U(co)-module in the category C*. Choose a nonzero vector x, € M,
for some p € wt(M). Let

no = max{deg(u) | there exists some monomial u in the E;’s such that w.x, # 0}.

Since M € CM, ng < co. Let u be the monomial in the E;’s such that deg(u) > ng and u.x, # 0.
Then u.z,, is a hlghest weight vector of M. Let A € X(oo) be the weight of w.z,. Then there exists

a surjective homomorphism from M (A) to M. Since L()) is a unique irreducible quotient module
of M(\) we have M = L(\), proving (1). The statement (2) follows from (1) and 7.2. O

Corollary 7.5. An irreducible module L()\) in C™ is integrable if and only if X € Xt (o0).

Proof. If X € X1 (00), then the module L()) is a homomorphic image of the module M (\)/I()),
where I(\) = ZieZ U~ (0 )F(Ai_Ai+1+1)1)\. Note that I(\) is a proper submodule of M()\). By [27,
3.5.3], M(A)/I()) is mtegrable Hence, L()\) is integrable. Conversely, let L(A) be a irreducible

module in the category C"*, and assume that L()) is integrable. Then, there exists xg € My, 2¢ # 0
and E;zg = 0 for all i € Z. By [27, (3.5.8)], A € X (0). O
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Thus, using 7.2, we have the following classification theorem.

Theorem 7.6. (1) The map X\ — L()\) defines a bijection between X+ (o0) and the set of isomor-
phism classes of irreducible U(oc)-modules in the category C™™ N CM.

(2) The map A — L()\) defines a bijection between Xt (o0) and the set of isomorphism classes
of irreducible U(oo)-modules in the category C™ N O.

The integrable module L(\) has actually structure similar to finite dimensional irreducible
U([—n,n])-modules. Recall from [18, 5.15] that, if u € X ([—n,n]), then the irreducible U([—n, n])-
module L(p) = U([—n,n|)/I,(u) where

L(p)=( > (U(-n.n)E; +U([—n,n))Fl 4 3™ g Kj — ).

—n<i<n —nj<n
We want to prove that a similar isomorphism holds for U(o0).

For any given A € X (00), let L( ) = M(A)/I(A), and let Ay, ] = (Ai)—n<i<n € X*([-n,n]).
Let m,x @ U([-n,n]) — L(A_py) be the map sending u to uly, where 1, is the image of
L. Since In(A_pn)) C Int1(A—n—1,n+1)), there is a natural U([—n,n])-module homomorphism
tan + LA\ =nn) — L(A—p—1n41]) by sending m, z(u) to mpy1a(u) for all uw € U([—n,n]), which
is compatible with the inclusion U([-n,n]) < U([-n — 1,n + 1]). Thus, we obtain a direct
system {L(A_y ) }n>1 Whose direct limit hi)nL(A[—nm}) is naturally a U(oo)-module . Further,
since 1y A(Tp,A(1)) = g1 a(1) # 0, the map ¢, ) is injective. So we may identify L(A\_,,)) as a
U([-n, n])-submodule of L(A_,_1n+1)). Hence li_n)lL()\[_nm}) = Upz1 LO=nm)-

n

Theorem 7.7. We have, for A € Xt (c0),
L(N) = lim LA pnp) & LN,

n

Proof. Let W be a U(oco)-submodule of lim L(A_, ;). Since L(A[_, ) is irreducible U([—n,n])-

module for n > 1 we have W N L(A[_;, ) = 0 or W N L(A_y ) = L(A[—p ). If there exist ng > 1
such that WNL(A_, n)) # 0 then WNL(A_;, ) # 0 for n > ng. Hence WNL(A_, n)) = L(A—p )
for n > ng. It follows that

W=JWnLOw) = U =WnLOLww) = |J L ) = Lm LAy p)-

n>1 n>ng n>ng n

On the other hand, if WNL(A_, ) = 0forn > 1 then W = 0. Hence lim L(\[_,, ;,)) is an irreducible

—
n

U(oo)-module. Let xg := 71 x(1) € lim L(A\[_, ;). Then ¢ = 7, (1) for any n > 1. Hence for
n>1land1l<i<n,1<j<nwehave Ejzg = m, \(E;) = 0 and Kjzg = 7y \(K;) = VM.
Hence lim L()\[_nm}) is a irreducible highest weight module with highest weight A. It follows that

L(\) = lim L(A[_,, ;). For any n > 1 there is a natural U([—n,n])-module homomorphism f;, from

L(A—pn)) to Z(\)\/) by sending 7, y(u) to @ for u € U([—n,n]). The maps f, (n > 1) induce a
surjective U(co)-homomorphism f from lim L(A_, ) to L()). Since lim L(A_, ;) is irreducible

n n

U(o0)-module and Im(f) = Z(\)\/) # 0, f has to be an isomorphism. O
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Remark 7.8. By [12, 4.4] and [4, §6] we can use the PBW basis {A(0) | A € £7(c0)} of U™ (00) to
define the canonical basis {c4 | A € 27 (00)} of U™ (00). For A € X (00) let x be the highest weight
vector of L(\). By [26, 8.10] and 7.7, one can easily show that the set {cazy | A € E7(c0)}\{0}
forms a Q(v) basis of L(\).

Finally, it should be interesting to point out that there are not many finite dimensional weight
U(oo)-modules.
For n > 0, let J(n) be the two sided ideal of U(c0) generated by E;, F;, i € (—o0, —n) U [n, 00).

Lemma 7.9. (1) Forn > 0, we have J(n) = J(0).
(2) Let M be a finite dimensional U(oco)-module in the category C. Then E;M = F;M = 0 for
alli € Z and wt(M) C {\ € X(o0) | A =k1}, where 1 = (---,1,1,--- | 1,---) € X(00).

Proof. Since E,,F, € J(n), by 2.1(e) we have K, — K;' € J(n). Hence K2 — K, €
J(n). By 2.1(b) we have K2E, ; = v 2?E, 1K? and K2,,E,_1 = E,_1KZ2 ;. Hence
v 2E, 1K} — E, 1 K2, = (K2 - K2,,)E, € J(n). It follows that (v? — 1)E, 1 K2 =
(v 2 E, 1 K2 — By 1 K2,) — By (K2 — K2.|) € J(n). Hence E,_; € J(n). It is similar we
can show F,,_1,E_,,F_, € J(n). Hence, we have J(n) = J(n — 1) for n > 1, and (1) follows.
Since M is finite dimensional weight module, we see that wt(M) is a finite set. Assume wt(M) =
{(A@ |1 <i < s} By 7.1 for 1 < i < s there exist n; such that E;M,q = F;Myu = 0 for
Jj & [—ni,n;). Let ng = max{n; | 1 < i < s}. then E;M = F;M = 0 for i ¢ [—no,no). Hence by
(1) we have E;M = F;M = 0 for all i € Z. Let A\ € wt(M) and xy be a nonzero vector in My. By
2.1(e) we have IN(Z-Q:EO = 22Nty = 0. Hence, \; = \j41 for all i € Z, proving (2). O

Let C7? be the category of finite dimensional weight U(co)-module. Now by the above result we
have the following classification of finite dimensional U(oc)-modules.

Theorem 7.10. The modules L(k1) (k € Z) are all non-isomorphic finite dimensional irreducible
U(co)-module in the category CT¢ and dim(L(k1)) = 1. Moreover every finite dimensional U(oco)-
module in the category C is complete reducible.

8. REPRESENTATIONS OF &(00,T)

In this section, we investigate the weight modules for S(co, ) and classify those irreducible ones.
Recall from §2 and §5 the basis {T)y}wes, for the Hecke algebra H and the basis {¢}),} for the
algebra IC(oo, ) given in (5.2.2). Recall also the various notations for the idempotents

ky = [diag(\)] = 6h, A € Alos, 7).
Let
1, if1<i<<r

(8.0.1) w = (w;)icz € A(oo,r), where w; = .
0, otherwise.

We first observe the following which is clear from the definition of the f-completion IACT(oo,r)
and the identification S(oo,r) = IACT(OO,T) (see 5.3).

Lemma 8.1. (1) Let \,u € A(oco,7). Then S(oco,m)ky = U(oco,m)ky = IK(oo,7)ky, and
k) S (00, )k, = Homog(x, H, 2\ H).

(2) The Hecke algebra 'H is isomorphic to k5S(00, 1)k by sending Ty, to ¢ o, (u € &;).

(3) Let n be a consecutive segment of Z. Then, whenever |n| = r, H is isomorphic to a (central-
izer) subalgebra eS(n,r)e of S(n,r) for some idempotent e.
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An S(oo,r)-module M is called a weight module if M = ©ycp(oco,krxM. Clearly, 8.1(1) im-
plies that IC(oco,r) is a weight S(oo,7)-module. Let S(oco,7)-mod be the category of weight
S(00,7)-modules. Since all ky € K(oo,7), we can define similarly the categories K(o0,7)-mod
and U(oco, r)-mod.

Proposition 8.2. (1) Up to category isomorphism, the categories K(oco,r)-mod, U(oco,r)-mod
and 8(oco,r)-mod are all the same.

(2) The category S(oco,r)-mod is a full subcategory of C.

Proof. The statement (1) follows easily from part (1) of the lemma above. We now prove (2). Using
the homomorphism ¢, : U(oo) — S(o0, 1), every 8(oo,r)-module M is a U(co)-module. It suffices
to prove that kxM = M) for all A € A(oco,r). If © € M), then

k;: 0 A
we- 0[5 -
1€EZL 1EL
Hence, M) C kyM. Conversely, the inclusion kyMy C M, follows from 3.4(3). ]
Let Q(00,7) := 8(00, r)ke. If we identify H with the subalgebra kS8 (00, )k of S(o0, r) via the
isomorphism given in 8.1(2), then Q(co,7) = @ ¢, H. Hence, Q(co,r) is an (8(c0,7),H)-

pueA(oco,r)
bimodule.

Proposition 8.3. The evaluation map
Ev: Q(OO,T’) - Q?X, [ f(Tl)
defines an (8(oco, 1), H )-bimodule isomorphism. Moreover, we have

H = Endg(oo ) (25) = Endy o) ().

Proof. Since the set {(;Sﬁw | 1€ Aoo,),d € ©,} forms a basis for (oo, r), and the set {qﬁﬁw(Tl) |
p € A(oo,r),d € D, } forms a basis for Q. So the assertion follows easily. O

For A € A(oo,r), let X' = (Ab)jez € Aoo,r), where Al = #{j € Z|\; > i} for i > 1 and
A =0 for i < 0. Let wy be the unique element in D¢ such that w;16w>\ NGy = {1}, and let
Z) = (binwAy)\t, where 1yt = zweev(—vz)_l(w)Tw.

For any pu € A([—n,n],r), let
(8.3.1) St =zH, and W(oo,u)=8(c0,7)z,
be the Specht module of H and the Weyl module of S(oco,r), respectively. Note that, if u €
A([-n,n],r) and n > r, then w € A([-n,n],r). So

W([_nan]au) = S([—TL,T’L],T)ZM
is well-defined. This is a Weyl module of 8([—n,n],r). Since S([—n,n],r) is a finite dimensional
semisimple algebra, by [5, 4.6], W([—n,n], ) is an irreducible S([—n,n],r)-module. Note that
zy = kuzy. So 8.1 implies W (oo, ) = S(o00,7)ky2, = K(00,7)k,2, = K(00,7)2,. Hence, for any
w € A(oo, 1), we obtain

(8.3.2) W (oo, 1) = |J W([—n,nl, 1) = lim W ([=n, nl, ).
n>r n

Let A™(r) be the set of all partitions of r. We will regard AT (r) as the subset
{/\ S A(OO,T’) | N = /\i+1V’i > 1,)\i =0Vi < 0}
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of A(oo,r). Define a map from A(oco,r) to AT (r) by sending A to AT where AT is the unique element
in AT (r) obtained by reordering the parts of \.

Proposition 8.4. (1) For p € A(oo,r) we have
W (oo, 1) = Homapy (S*, QZT) =2 @ Hom(S*, z\H).
AEA(o0,r)
(2) Let pn € A(oco,r). Then the module W (oo, p) is an irreducible S(oo, r)-module. Moreover, we
have W (oo, ) = W (oo, u™).
Proof. The bimodule isomorphism Ev given in 8.3 induces 8(o0, r)-module isomorphism
HOII]H(S“, Q;SZ) = HOII]H(S“, 9(007 T)) = @ Hom(5“7 (b}\wH)
AEA(o0,r)
Now 5.1 implies
Homay(S*, QF7) = lim Homa(S*, QF" ).

[_nvn}

Choose mg such that u € A([—mo, mgl,7) and let ro = max{r,mo}. Then, for any n > r¢, we have,
by [5, 8.1,8.7], isomorphisms Homs¢(S*, Q%" ) = W ([-n,n], u) which are compatible with the

[—77/777,}
direct systems. Now, the first isomorphism in (1) is obtained by taking direct limits.
The assertions in (2) follow easily from (8.3.2) (cf. [5, 3.9]). O

For A\, € A(oo,r) we write pp <&, A if ut <wi AT. Note that ut <y AT is equivalent to the
dominance order ™ < AT on partitions.

We also recall the notation of Young tableaux. Suppose A € A(oo,r) and p € At (r). A p-tableau
of type A is a p-tableau with (possibly) repeated entries, where for each i, the number of entries 7 is
equal to \;. We denote the set of u-tableaux of type A by 7 (i, \). For T € T (u, A), we say that T is
row-standard (resp., strictly rwo-standard) if the numbers are weakly increasing (resp., increasing)
along each row of T'. The column-standard and strictly column-standard tableaux can be defined
similarly. A tableau T is semistandard if it is row-standard and strictly column-standard. Let

To(u, A) denote the set of semistandard u-tableaux of type A.

Proposition 8.5. Let A € A(co,r) and p € AT(r). We have W (oo, )y = Homag(S*, 2\ H).
Hence, dim W (oo, ) = #7To(p, A) (15, 8.7]). In particular, dim W (oo, n), = 1, and W (oo, )y # 0
implies A <[, .

Proof. Let f € Homy(S*, 2\ H). Assume f(z,) = xrhy where hy € H. Then we have

(kif)(2ah) = kif(2ah) = ki(xrhrh) = < Z vV 1le> (xahah)

veA(oo,r)
= Y 0o, (wahah) = vMazhah = v f(zph),
veA(oo,r)
where i € Z and h € H. Hence, k;f = v f for i € Z. This means f € W (oo, ). By 8.4(1), we
obtain (W (oo, 1))y = Homp(S*, z\H). O

Though the double centralizer property in the Schur-Weyl duality is no longer true in the infinite
case, the following decomposition for the tensor space Q2" continue to hold.

Theorem 8.6. We have the following (S(co,r),H )-bimodule isomorphism

QY= B W(co,u) 5"
HEAT(r)
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Hence, as a (left) S(oco,r)-module, QL is completely reducible.

Proof. Tt is well-known that, for all n > r, there are (S([—n,n],r),H)-bimodule isomorphisms

Q([girn,n} = @ W([—TL, ’I’L], ,u) ® SH.
peEA (r)
The require isomorphism is obtained by taking direct limits; cf. 5.1 and (8.3.2). O

Corollary 8.7. For each \ € A(co,r), the 8(o00,1)-module S(oo,r)ky is completely reducible.

Proof. Consider the S(oco,r)-module homomorphism
f:8(00,m)ky — 8(00,7)ke = QL uky — ukyoi Yu € S(00,7).

Since f is induced from the surjective map qﬁ%\w : H — x)\H, it follows that f is injective. Hence,
&S(00,7)k) is isomorphic to a submodule of Q2". Hence, the assertion follows from 8.6. O

We are now ready to classify irreducible objects in the category &(oo,r)-mod. We first observe
the following.

Theorem 8.8. (1) The map u — W(oo,u) defines a bijection between A*(r) and the set of
isomorphism classes of irreducible 8(oo, r)-modules in the category S(oco,r)-mod.
(2) Any module in S(oo,r)-mod is completely reducible.

Proof. By 8.4 and 8.5, the modules W (oo, 1) (1 € AT (r)) are irreducible objects in 8(oo,7)-mod.
Let M be an irreducible 8(oco,r)-module in S(oco,7)-mod. Let p € wt(M) and x( is a nonzero
vector in M,. Then we have a surjective homomorphism f from &(oco,r) to M by sending u
to uxg for u € S(oo,r). By the proof of 8.2(2), we have z9 = k,x9, and so f(S(oc0,r)k,) =
S(00,7)f(k,) = S(00,7)kuzg = S(00,7)x9g = M. Hence, M is a quotient module of S(oco,r)k,,.
By 8.7, M is isomorphic to an irreducible component of &(co,r)k,, and hence, to an irreducible
component of 22", Now, 8.6 implies that M is isomorphic to W (oo, i) for some u € A*(r), proving
(1).

Let N be an arbitrary module in 8(co,7)-mod. Let 0 # z € N. Since N € S(o0,r)-mod, we
have 8(oo,r)x = IC(0c0, )z is a quotient module of IC(oo, ). But, by 8.1,

K(oo,r) = @ K(oo,r)ky = @ S(00,7)ky.
AEA(o0,r) AEA(o0,r)

Hence, 8.7 implies that the S(oo,r)-module KC(oo,r) is completely reducible, and so S(co,7)z is
completely reducible. Consequently, N is completely reducible. O

Remark 8.9. Following the construction in [9], we can use the PBW type basis
{[A] = v=™e5, | A= 5\ d ), (A d, ) € D(00,m)}

for (00, 7) to define the canonical basis {0¢ | (\,d, ) € D(00,7)} of K(oc,7). By [8, 5.3] one can
easily show that, for each u € AT (r), the set {6 2, | (A, d,v) € D(c0,r)}\{0} forms a Q(v)-basis
for W (oo, ). This basis is called the canonical basis of W (oo, ).

9. POLYNOMIAL REPRESENTATIONS OF U(c0)

We are now ready to classify all irreducible polynomials representations of U(co). Let CP° be the
full subcategory of C consisting of weight U(oc)-modules M such that wt(M) C N*°. We call the
objects in CP% polynomial representations. Let r be a positive integer and let C, be the category of
U(o0, r)-modules which are weight U(oco)-modules via the homomorphism ¢, : U(co) — U(oo, ).
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Proposition 9.1. (1) The category C, is a full subcategory of CP°' N C"™,

(2) For each r € N, there is a surjective homomorphism from U(co,r+ 1) to U(co,r) by sending
the generators e;, £;,k; for U(oo,r +1) to the generators e;, £;,k; for U(oco, ), respectively. Hence,
Cy is a full subcategory of Cry1.

Proof. Let M be a U(co, r)-module in the category C,. As a U(co)-module, E;, K;, F; act on M as
the action of e;, k;, f;, respectively. But, by 3.5, we have e = £' =0 for all n > r + 1. Hence, M
is an integrable U(co)-module.

We now prove wt(M) C Z*. Suppose this is not the case. Then there exists A € wt(M) and
A ¢ Z*. Thus, A has an infinite support. Choose r + 1 integers i1 < 4o < --+ < 4,41 such that
Xiy Z0,--- N, #0and t € A(oo,r) such that t; = 1 for i € {41, -+ ,i,41} and t; = 0 for all
other i. Let u) be a nonzero vector in M. Then

0# (VM1 — 1) (Y1 — 1)uy = H[U)"';t,-]!fu)\ = H[Ki;ti]!fu)\ = H[ki;ti]!fu)\ 2 uy =0,
i€Z i€Z i€Z
a contradiction. Hence, wt(M) C Z>. On the other hand, by 4.2 again, we have [k;;r + 1]'uy =
(Y = 1) (VY — V" )uy = 0 for i € Z, forcing 0 < \; < r for any i € Z. Hence, A € N, proving
(1).

Let J, be the ideal of U(co) generated by [[,c;[Ki;t;]', where t = (¢;);cz € A(co,7 +1). By 4.7
we have U(oo, r) is isomorphic to U(co)/J,. Let t € A(co,r+2). Choose iy € Z such that t;, > 0.
Then HiEZ[Ki;ti]! = (Kio — Utio_l)(Hi;éio [Kﬁti]!)[Kio;tio — 1]! € J,. Hence, J,41 C J,, and (2)
follows. O

Lemma 9.2. Let M be a irreducible U(co)-module in the category CP*. Then M € U(oco,r)-mod
for some r = 0.

Proof. Let A\ € wt(M) and uy be a nonzero vector in M. Then M = U(oco)uy since M is irreducible.
Hence, by 7.1, we know o(u) = () for any o € wt(M). Let r = o(\). Since wt(M) C N> we have
wt(M) C A(oo, 7). Thus, for any t € A(co, r+ 1), there exist ig € Z such that t;, > \;, > 0. Hence,
[0 t;]' = 0, and [[;cplkisti]'un = [Liez[v™;t:]'un = 0. This shows that M is a U(oo, r)-module
(by 4.7). Since M € C, it follows that M € U(oo,r)-mod. O

Theorem 9.3. (1) For r € N the modules W (oo, ) (u € AT (r'),r" < r) are all non-isomorphic
irreducible U(oco,r)-modules in the category C,.

(2) The modules W (oo, ) (u € AT (r),r € N) are all non-isomorphic irreducible U(co)-modules
in the category CP*'. Moreover, there is only one irreducible U(oco)-module, the trivial module L(0),
in the category CP° N CM.

Proof. By 8.4(2) and 9.1(2) we know W (oo, ), where u € AT (r') with 7/ < r, are irreducible
U(oo, r)-modules in C,. On the other hand, let M be a irreducible U(co, r)-module in the category
Cr. By 9.1(1) and 9.2 we have M € U(co,7’)-mod for some 7’ > 0. We claim that " < r. Indeed,
suppose the contrary ' > r. Then, for any A € wt(M) C A(oco,r’), there exists p € A(oco,r + 1)
such that p; < A; for all ¢ € Z. Thus, for any nonzero vector xg in My,

[T il wo = T [leis pal 2o = JJI0™; il o # 0

i€Z i€z i€Z
for i € Z. However, since M is a U(oo,r)-module, the presentation of U(oo,r) implies
HieZ[KZ-;,ui]!:Eo = 0, a contradiction. Hence, 7’ < r. Now 8.8 implies that there exists u € AT (r’)
such that M = W (oo, ), proving (1).

The first assertion in (2) follows from 8.8 and 9.2. By 9.1, W (oo, ) is integrable. Since

wt (W (0o, 1)) € A(oo,r), by the classification of irreducible integral modules in C* given in 7.6, we
conclude W (oo, 1) ¢ C™ for any r > 1 and p € A(co, ), proving the last assertion in (2). O
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Remark 9.4. (1) Classification of irreducible integrable modules over a Kac-Moody algebra is
an open problem (see [22, Ex. 10.23]). However, irreducible integrable U(oo,r)-modules can be
classified for all » € N. In fact, by the above result, the modules W (oo, 1) (u € AT ('), 7" < r) are
all irreducible integrable U (oo, r)-modules for any r € N.

It is clear that S(c0,7) = [],c(00r) S(00,7)k, as a S(oo,r)-module. Hence, S(oco,r) & C as
a U(oco)-module. Since S(oo,7)k, is a direct sum of finitely many irreducible S(oo,)-module in
S(00,r)-mod, 8(oo,r) is the direct product of irreducible S (o0, r)-module in §(oo, r)-mod.

(2) It would be interesting to make a comparison between the finite and infinite cases for quantum
gl,. In the finite case, if we only consider finite dimensional representations, then the categories

C" and C™™ are the same as the category C/?, and contain S(n,r)-mod as a full subcategory of
polynomial representations of degree r which more or less determine C* and C™. They are all
completely reducible and the irreducible modules in these categories are all indexed by dominant
weights. In the infinite case, the situation is completely different. For example, the categories
C" N ¢, S(oco,r)-mod and C/¢ become three different categories. The complete reducibility
continue to hold in the last two categories, but seems not true in the first category. The irreducible
modules in C N C™ are also indexed by dominant weights. Moreover, there are only a few
irreducible objects in C/¢, and there is only one irreducible object in the category CP° N C",
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