ON BASES OF QUANTIZED ENVELOPING ALGEBRAS

BANGMING DENG AND JIE DU

Abstract.  We give a systematic description of many monomial bases for a given quan-
tized enveloping algebra and of many integral monomial bases for the associaed Lusztig
Z[v;v !]-form. The relations among monomial bases, PBW bases and canonical bases are
also discussed.

1. Introduction

Let g be a (complex) semisimple Lie algebra and leU * be the positive part of its associ-
ated quantized enveloping algebrdJ = U (g) over Q(v) with a Drinfeld-Jimbo presentation
in the generatorsE;;Fi;K, * (i 2 1 =[1;n]). We denote by U* the Lusztig form of U*,
that is, U* is generated by all the divided powersEi(m) over Z := Z[v;v . Let be
the set of words on the alphabetl and, for w = i{*i? % 2 with i 1 6 ij 8], put

Ew=E® E&™ andm™ = E/® E™). Letfurther denote the set of all functions
from the set of positive roots ofg to non-negative integers.

It is known that certain monomial bases of the form m(") have been introduced foru*
in [9, 7.8] and [15, Thm 1 for the simply-laced case, and [2] in general, and are used the
elementary construction of canonical bases. In this paperwe present a systematic way to
sort out bases from the monomialsE,, (resp. m")) for U* (resp. U*), and relate them to
PBW bases and canonical bases.

The main result of the paper is the following.

Theorem 1.1. Assume thatg is simply-laced. Then there is a partiton = [ »

such that, by choosing an arbitrary wordw 2 for every 2 , the setfEy g o of
monomials forms a basis forU*. Moreover, if all words w are chosen to be distinguished
(see x5), then the setfmW )g , forms a Z-basis forU™ .

We shall see from Remarks 6.5 that the monomial bases given if®], [15] and [11, 4.2]
can be obtained in this systematic description by a selectin of the representativesw . The
assumption of simply-laced types is made so that we may diret¢ use the theory of quiver
representations. See also [3] for a similar result in the a re sl,, case. It is natural to expect
that a similar result holds in the non-simply-laced case and torelate this theory to the
Kashiwara's crystal bases [6] de ned by using the monomialsn Kashiwara operators.

The main ingredients for the proof are Ringel's Hall algebratheory [15], the monoidal
structure ([10]) on the setM of isoclasses of nite dimensional representations of a Dykin
quiver Q and the Bruhat-Chevalley type partial ordering on orbits in an a ne space. These
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will be discussed separately inx2, x3 and x4. Distinguished words are introduced and
investigated in x5 and we shall prove the main result inx6. As an application of the theory,
we mention an elementary construction (cf. [10,x6]) of the canonical bases folU* as the
counterpart of a similar construction for the Hecke algebrain [7]. This construction uses
the same order as the one used in the geometric constructionhich involves perverse sheaf
and intersection cohomology theories. Finally, more expkit results on distinguished words
are worked out for the case of typeA in the last section.

Throughout, k denotes a nite eld unless otherwise speci ed. Letg = jkj. All modules
are nite dimensional over k. If M is a module,nM , n > 0, denotes the direct sum of n
copies ofM . Further, by [M] we denote the class of modules isomorphic té1, i.e., the
isoclass ofM . For modulesM;N1;  ;N¢, let F{!  denote the number of Itrations

M = Mo Ml Mt 1 Mt =0
such that M; 1=M; = N; forall16 i 6 t.
Acknowledgment.  The authors would like to thank the universities of New South Wales

and Virginia for their hospitality during the writing of the paper. They also want to thank
Brian Parshall for his comments on an early version of the papr.

2. Ringel-Hall algebras of Dynkin quivers

Let Q = (I;Q1) be a quiver, i.e., a nite directed graph, wherel = Qg is the set of
verticesf 1;2; ;ng and Q1 is the set of arrows. If 2 Q1 is an arrow from tail i to head
j, we write h( ) for j and t( ) for i. Thus we obtain functionsh;t : Q¢! [I. Avertexi 2 |

is called a sink (resp. source) if there is no arrow with t( )= 1 (resp. h( )= i).

Let kQ be the path algebra ofQ. A ( nite dimensional) representationV of Q, consisting
of a set of nite dimensional vector spacesV; for eachi 2 | and a set of linear transformations
V Vi) ! Vi) foreach 2 Qg, is identi ed with a (left) kQ—moduIe. We calldim V :=
(dim Vy; ; dim V) the dimension vectorof V and " (V) := i”:l dimV; the Iength1 of V.
In caseQ contains no oriented cycles, there are exactlyn pairwise non-isomorphic simple
kQ-modulesS;; ;S corresponding bijectively to the vertices of Q.

From now on, we assume thaiQ is a Dynkin quiver, that is, a quiver whose underlying
graph is a (simply laced) Dynkin graph. By Gabriel's theorem [5], there is a bijection
between the set of isoclasses of indecomposatk€-modules and a positive system * of
the root system associated with Q. Forany 2 *,let M( ) = My( ) denote the
corresponding indecomposabl&kQ-module. By the Krull-Remak-Schmidt theorem, every
kQ-module M is isomorphic to

M
M( )= Mi():= ( IM();

2 +
for some function : * ! N. Thus, the isoclasses okQ-modules are indexed by the set

= f : "1 Ng=N I

IThis is also called the dimension of V.
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Further, by aresult of Ringel [12], for ; 1; ; min ,thereisapolynomial * | () 2
Z[q], called Hall polynomial, such that for any nite eld k of g elements

_ Mk() .
1 m(ck)_ FMk( 1) Mg( m)’

Let A = Z[q] be the integral polynomial ring in the indeterminate g. The generic (un-
twisted) Ringel-Hall algebra H = Hq(Q) of Q over A is by de nition the free A-module
having basisfu j 2 g, and satisfying the multiplicative relations:

X
uu = " (Qu :

2

We sometimes writeu = upy ( y in order to make certain calculations in term of modules.
Fori 2 I, we setu; = ug;. Clearly, H admits a natural N"-grading by dimension vectors.
Following [14], we can twist the multiplication of the Ringel-Hall algebra to obtain the
positive part U™ of a quantized enveloping algebra.
Let Z = Z[v;v 1], wherev is an indeterminate with v> = . The twisted Ringel-Hall
algebraH? = H(Q) of Q is by de nition the free Z-module having basisfu = Um (i 2
g and satisfying the multiplication rules

. X
u?2u =Vv" luu =V (VAu;
2
where h; i = dim (Homg (M ( );N( )) dimgExt ﬁQ(M( );N( )) is the Euler form
associated with the quiverQ. Note that, if we de ne the bilinear form h ;i :z" z"! Z
b
Y X X
he;bi = ab ay( ybn( );
i21 2Q1
wherea=(a;; ;an), b=(b; ;) then
h; i=Hhim M( );dim M( )i:

For eachm > 1, let [m] = Yo+~ and [m]' =[1][2]  [m]. We de ne, for eachi 2 I, the
divided powers
m m
u®™ = Y ang EM = E—',;
[m]'

' [m]

in H? and U™, respectively. Hereu?™ = P22y = v(Z)ym:
m
The following result is due to Ringel [15,X7].

Proposition 2.1. The algebraH? is generated by aIIui(?m) (i 2 1I;m > 1). Moreover, there
is a natural isomorphism

Ut tH 2 EM 7tu®™ 2 1;m > 1)

In the sequel, we shall identifyU* with H? under this isomorphism.
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3. Generic extensions and the monoid M

In this section, we collect some recent results on generic gensions for quiver represen-
tations over an algebraically closedeld k.
Fix d = (di); 2 N" and de ne the a ne space

Y Y
R(d) = R(Q;d) := Homy (k% )5 k%)) = kdn( ) o
2Qu 2Q1

Thus, a point Xg (x ) of R(d) determines a representationV (x) of Q. The algebraic
group GL(d) = ~L; GLg, (k) acts on R(d) by conjugation

(G)i (X ) =(0n )X gt(l)) ;

and the GL (d)-orbits Oy in R(d) correspond bijectively to the isoclassesV\ (x)] of repre-
sentations of Q with dimension vector d.

The stabilizer GL(d)x = fg 2 GL(d)jgx = xg of x is the group of automorphisms of
M := V(x) which is Zariski-open in Endkg (M) and has dimension equal to dim Engiqo (M ).
It follows that the orbit Oy := Ox of M has dimension

dim Oy =dim GL(d) dimEndig(M):

Lemma 3.1. ([10]) Let Q be a Dynkin quiver. Forx 2 R(d1) andy 2 R(d>), let E(Oy; Oy)
be the set of alz 2 R(d) whered = d1+ d, such thatV(z) is an extension of someM 2 O
by someN 2 Oy. Then E(Oy; Oy) is irreducible.

Given representationsM; N of Q, consider the extensions
0! NI E!/' M! O

of M by N. By the lemma, there is a unique (up to isomorphism) such extasion G with
dim Og maximal (i.e., with dim End ¢q (G) minimal). We call G the generic extensionof M
by N, denoted byM N.

For two representations M; N , we say that M degenerates toN, or that N is a degen-
eration of M, and write [N] 6 [M] (or simply N 6 M), if Oy O, the closure of Oy, .
Note that N<M ( O n OmnOy.

Remark 3.2. The relation 6 on the isoclasses is independent of the elk. This is seen
from the following equivalence proved in [1, Prop. 3.2]:

N6 M | dimHom(X;N ) > dimHom(X;M ); 8X 1)

and the fact that the dimension dimHom(X;Y ) is the same over any eld. Thus, we may
simply de ne a (characteristic-free) partial order on by

6 0 Mx()6 Mg():
for any given (algebraically closed) eld k.

The rst part of the following result is well-known (see, for example, [1, 1.1]) and the
other parts are proved in [10].
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Theorem 3.3. (1) If 0! N! E! M ! O0is exact and non-split, thenM N <E .

(2) Let M;N;X be representations ofQ. Then X 6 M N if and only if there exist
M%6 M:N96 N such that X is an extension of M% by N® In particular, we have
M% M:N% N =) M%° N° M N.

(3) Let M be the set of isoclasses &Q-modules and de ne a multiplication on M by
[M] [N]=[M N]forany [M];[N]2M . Then M is a monoid with identity 1 = [0] and
the multiplication  preserves the induced partial ordering orv .

(4) M is generated by the simple modulesi], i 2 I.

Let be the set of words in the alphabet | = f1; ;ng. For w=i1ip ip 2 , let
} (w) 2 be the element de ned by

[Si.] [Sin]=[M G (W)]: )

Thus, we obtain amap} : ! . Note that by the theorem above, } is surjective and
induces a partition of = [ » with =} (). Each is called a bre of }.

Note from Remark 3.2 that, if we de ne (; 2)by M( )=M() M(),then

the element is well-de ned, independent of the eld k. Note also that the multiplication
on depends on the orientation of Q.

4. The poset

In this section we shall look at some properties of the poset (;6), where 6 is de ned
in Remark 3.2.

For w=iji, im 2 and 2 ,let ', denote the Hall polynomial* ., where
M( r)=Sj. Thus, for a nite eld Kk,

' — g M«()
W(q()_ FSilkk Simk

is the number of composition series oM ( ):
Mg( )= Mo My Mm 1 Mp=0
with Mj 1=M; = S§j k. Such a composition series is called a composition series type w.
The following lemma is a bit stronger than [3, 6.2].
Lemma 4.1. Letw2 and > in . Then', 60 implies', 60.

Proof. Let w = i1i» im andwl= i ip. We apply induction on m. If m = 1 then
> forcesM( ) = M( ) and the result is clear. Assume nowm > 1. If ', 6 O, then
" w(k) 8 0 for some nite eld k. Thus, My( ) has a submoduleM? = M( 9 which has

a composition series of typew® Hence,' W% 6 0 since' W%(q() 6 0. Base change to the
algebraic closurek of k gives an exact sequence ovek (We drop the subscripts k.)

or Mm% M()! s,! o
Thus,
M()6M()6S, M
By Theorem 3.3(2), there exist modulesN ¢ N %such that M ( ) is an extension ofN © by
N%®nd N°6 M% N%6 S;,. So we obtain an exact sequence (ovek)

o NO' mM()19 N o
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Now the condition N°6 M%means °6 O%whereN®%= M( 9. Since' W% 6 0, it follows

from induction that ' W% 6 0, that is, N%has a composition series of typav®. On the other
hand, sinceS;, is simple, N%%6 S;, implies N%= S;,. Therefore, M ( ) has a composition
series of typew, and consequently,’ , 6 O.

We now relate the partial order 6 to certain non-zero Hall polynomials.

Theorem 4.2. Let ; 2 . Then 6 if and only if there exists a wordw 2 } ()
with ', 6 0.

Proof. Suppose 6 . Since} is surjective, = } (w) for somew 2 . By (2), we see that
1" & 0. Thus, Lemma 4.1 implies' ,, 6 0, as required.
Conversely, letw = iji2  im 2 , 2 , and suppose ' ,, 6 0. We use induction on m

to prove that 6 } (w). If m =1, there is nothing to prove. Let m> 1 andw®= i, ipn
and assume %6 } (w9 whenever' W% 6 0. Since' ,, 6 0, there is a nite eld k (of any given
characteristic) such that ' ,,(ck) 6 0. Thus, there is a submoduleM ? of M( ) which has
a composition series of typew®. This implies ' 5 6 0 where M( 9 = M2. By induction,
we have %6 } (w9.

On the other hand, base change to the exact sequence

0! MP2! My()! Suik! O
yields an exact sequence ovek
or M% M()! s,! O
(Here again we dropped the subscriptk.) By Theorem 3.3(2) we obtain that

M()6S, M(9)6S, MGW)=M(W):
Therefore, 6 } (w).

5. Distinguished words

Let w=iji2 inm be awordin . Then w can be uniquely expressed in theight form
w= |2 jt,wheree > 1,16 r6 t,andj; 6 jr41 for16 r 6 t 1. Following [13,
2.3], a ltration

M = Mo Ml Mt 1 Mt =0

of a module is called areduced ltration of type w if M, =M, = & Sj,,forall 16 r 6 t.
Note that any reduced lItration of M of type w can be re ned to a composition series oM
of type w. Conversely, given a composition series dfl of type w, there is a unique reduced
Itration of M of type w such that the given compaosition series is a re nement of thigeduced
tration. By ,(g) we denote the Hall polynomial® | (q), whereM ( () = & Sj,. Thus,

for any nite eld k of gx elements, (o) is the number of the reduced Itrations of My( )

of type w. A word w is called distinguishedif 4)(g) = 1. Note that w is distinguished if
and only if, for some algebraically closed eldk, My(} (w)) has a unique reduced ltration
of type w (cf. [3, X5]).
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Example 5.1. Let w = j;1%j,% j* be in the tight form. If ji; ;j; are pairwise
distinct and satisfy

Exto(S;,:Sj.) 60=) r<s;
then F,[‘,"l Ny = 0 or 1 for every kQ-module M, whereN, = & Sj,. Thus, w is distinguished.

Distinguished words will be used in the construction of integral monomial bases for the
Lusztig form. The following lemma shows that these words aresomehow evenly distributed.

Lemma 5.2. Each bre of } contains at least one distinguished word.

Proof. This follows directly from [11, Lemma 4.5]. For completenes, we present here the
construction of such distinguished words.

By | we denote the set of the isoclasses of indecomposable repeations of Q. Let
| be adirected partition of | (see [11,x4]), that is, a partition of the set | into subsets
I 1; ;' m such that

a) Ext ﬁQ(M; N ) =0 for all M;N in the same partl,

b) Ext &Q(M;N)=0=Hom k(N;M)if M 21, N 215, where16 r<s 6 m.

Then, for each 2 , we have a unique decomposition

NP
M()= My,
r=1
where all the summands ofM, belong tol,, 16 r 6 m. Thus,
Homo(Mr;Ms) 60=) r 6 s: €))
Further, since Q is a Dynkin quiver, we can order the vertices ofQ in a sequence;io; iin
such that, for each 1< j 6 n, ij is a sink in the full subquiver of Q with vertices
fiq; Jij 1,1j9. Equivalently, i1;io; ;in are ordered to satisfy
Ext 4o(Si;:Si) 60 =) j<lI (4)
Let d( =(d(1r); -d{) = dim M,, 16 r 6 m, and set
Wr = .l_{z_i} i”_{z_i
di(;’ dr)

andw = w; Wmy 2 . Then [11, Lemma 4.5] implies that } (w )= and ,, (q) =1,
that is, w is distinguished.

We call the distinguished words constructed abovedirected distinguished words (with
respect to the given directed partition | ).

We mention a special case of directed partitiond where each partl ; contains only one
isoclass. This case is equivalent to ordering the indecompable modulesM ( 1);M ( 2);
such that

Homo(M( r);M( 5)) 60=) r6 s: 5)

Note that monomial bases associated to these special diremt distinguished words have
been constructed in [9] and [15]; see Remarks 6.5 below.

The following example shows that a bre of } could contain many words other than
directed distinguished ones.
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Example 5.3. Let Q denote the following quiver

Ny

Let 2 be such that M( ) is the indecomposablekQ-module with dimension vector
(1;1;1;2). Then} () contains 12 words

1234; 1324; 2134; 2314; 3124; 3214

12434 13424 21434 23414 31424 32414
which are all distinguished. From the structure of the Auslander-Reiten quiver of kQ, one
sees easily that the rst 6 words are directed distinguished but the last 6 words are not.

6. Monomial and integral monomial bases
For m > 1, let [m]' = [1][2] [m] where [g] = %. Then [m] = v™ [m] and

m(m 1)

[ml'=v = [m]"

Lemma 6.1. Letw 2 be a word with the tight formj$*j52 j&. Then, foreach 2 ,

Yt |
"w@= W@ [e]
r=1
Q¢

In particular, ' %N(W)(q) = -1 [e]' if wis distinguished.

Proof. The result follows from the fact that the number of composition series ofe§ is [€]'
(cf. [14, 8.2]) and the de nition of a distinguished word.

To each wordw = i1i2 im 2 , we associate a monomial
Uy = Uj Ui, U, 2H:
Theorem 4.2 and Lemma 6.1 give the following.
Proposition 6.2. For eachw 2  with the tight form j1j,% %, we have
X Y X

Uy = "w@u = [eT w(Qu : (6)
63 (w) =L 6hw)

Moreover, the coe cients appearing in the sum are all non-zeo.

We remark that this result improves [15, Thm 1, p.96] in two agpects. First, we generalize
the formula from certain directed distinguished words to al words; second, we replace the
lexicographical order used in [15] by the Bruhat type partia order 6.

For any commutative ring A which is an A-algebra and any A-module M, let M a0 =
A% A M denote the A2module obtained fromM by base change toA°

Theorem 6.3. For every 2 , choose an arbitrary wordw 2} (). The setfuy j 2

g is a Q(g)-basis of Hgg. Moreover, if all w are chosen to be distinguished, then this
setis anA p)-basis ofHa , ,, whereA( 1) denotes the localization ofA at the maximal
ideal generated byg 1.

1
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Proof. The theorem follows from Prop. 5.3 and the fact that' \}N(W ) is invertible in Ag 1

if w is distinguished.

Letg=n h n; be the Lie algebra overQ of type Q with generators g;;f;; h;. Let
U(g) be the universal enveloping algebra ofg. We also de ne monomialse, similarly for
w2 in U(n:). Then, we have the following.

Corollary 6.4. Forevery 2 , choose an arbitrary distinguished wordv 2 } ( ). The
setfey ] 2 gis a Q-basis ofU(n,).
Proof. The result follows from the isomorphism Hao=(q 1)Hao = U(n.), where A =
A(q 1), and Theorem 6.3.
Proof of Theorem 1.1 We rst observe that, for each w=i1i, im 2 ,
u, ?  2u, = v ™u,

where X
"(w) = hdim S;, ;dim S;,i:

16r<s 6m

Let, for w=j* j& in the tight form,

vt
m") .= Ej(lel) Ej(te‘) =( [&]) e 20’
-

=1

P
Sincthr:1 [e]l=v W Qﬁzl [e]', where (w)= " !, &€ 1t follows from Prop. 6.2
that
(w) v y 1, (w)+"(w) (W)+ " (w) X 2
m* = [e]) *v Uy = V w(vou : (7)
r=1 6} (w)

This together with Prop. 2.1 and Theorem 6.3 implies Theorem1.1 with =} () for
al 2 .

Remarks 6.5. (a) It is clear, from the de nition, that the monomial basis fEM)g con-
structed in [11, Thm 4.2] involves only directed distinguished wordsw .

(b) As a special case of [11, Thm 4.2], the monomial bases cdnscted in [9, 7.8] and
[15, pp.101{2] involve only those directed distinguished wrds de ned with respect to the
special directed partition | satisfying the conditions (5) and (4) in the previous sectio;
see [15, Thm 1] and [9, 4.12(c),4.18]

We now brie y look at the elementary and algebraic construction of the canonical basis
for U* (cf. [10, x6]). It should be pointed out that the elementary constructions given in,
e.d., [9], [6], [15] and [2] used a ner order than the one useith the geometric construction.
We now use the same order which has an algebraic interpretatin (1).

Foreach 2 , let

H = v dimm ( )+ dim End(M ( Dy -

2t seems to us that the condition (4) was not explicitly stated in [9], b ut was implicitly used in [9, 7.2].
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Then, by Prop. 2.1, U* is Z-free with basisE = fat : 2 g. Note that U* = 4U] is
NI -graded according to the dimension vectors, and eachly is Z-free with basisE \ U] =
fao : 2 40. Clearly, each 4 together with 6 is a poset.

De ne a ring homomorphism :U* ! U" by setting (Ei(m)) = Ei(m) and (v) = v 1
Clearly, preserves the grading olU*. Write for any o 2 Uy

X
(@)= 1 u: ®)

By [9, 9.10] (see [4] for more details), the existence of theanonical bases forU; follows
from the following property on the coe cients r .
r- =1;r. =0unless 6 : 9

We will use (7) to derive (9). We rst calculate (w)+ "(w) for directed distinguished words
(cf. [15, Lemma, p.102]).

Lemma 6.6. We have for any directed distinguished wordv 2
(w)+ "(w)= dimM (} (w))+dimEnd M (} (w)):

Proof. Let w2 be a directed distinguished word. Then, by de nition, ther e is a directed
partition | of | anda 2 suchthat w hasthe formw=w = w; wy with

Wr = | 1_{z_i} i”_{z_iT;

d”) dr

i1 In
whereM( )= M1 M, Mm, d® =(d"”;  :d{?)= dim M, 16 r 6 m, and the
sequencei;is; ;in of vertices are ordered to satisfy (4). Clearly, we have

x x dd 1y
(w) = %:
r=1j=1
Sincedim S;; ;dim S;i =0 for j > and Ext}(M;;Mg)=0foralll 6 r6 s6 m, we
obtain, for each 16 r 6 m,

¥ o0 1)
W= T
1=l
X i MNa - di Ng
+ hdim d °S;;;dim d; °S;,i
16j<I 6n

hdim Sij ;dim Siji

x(d™2 e ¢
hdim M, dim M,i ML i
. 2 2
j=1 j=1
X dP(d) + 1)

2

dimEnd( M;)
j=1
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and therefore,

xn X
"(w) = "(wy) + hdim M, ;dim Mgi
r=1 16r<s 6m
X
= "(wy) + dimHom(M,;Ms):
r=1 16r<s 6m
Noting Hom(M, ;M) =0 for r >s, we nally obtain
(w) + " (w)
xn X XX -
= dimEnd(M,) + dimHom(M,; M) dij
r=1 16r<s 6m r=1j=1

=dimEnd(M ( )) dimM( ):
This completes the proof.

By the lemma and (7), we have for a direct)cid distinguished wod w

") = by ) + Fy e (10)
<3 (w)
where 06 f , () 2 Z. If we x a representative set O=fw : 2 g wherew 2
consisting of directed distinguished words, then the aboveelation implies that, for any
2, X
g 2mW)+  zZmW):
<
Restricting to 4 where d is a xed dimension vector, we obtain the transition matrix
(f. ). 2 ,. Thismatrix has aninverse (g: ). » , satisfyingg, =1and g. =0 unless
6 . Thus we have X
g =mW)+ g mW):

Applying , we obtain by (10) X
w)=m"I)+ g mW)l=w + r. u: (11)
< <
This proves that the coe cients in (8) satisfy (9). Thus, the corresponding canonical basis
fc g o isuniquely de ned.

Remarks 6.7. (@) The canonical basis de ned above is the same as Lusztig'sanonical
basis. This is because the basi& is a PBW type basis (see [16, Thm 7]). We also note
that, as in the Hecke algebra case ([7], [8]), the partial orér used in this construction is the
same as the one used in the geometric construction (see [€9]).

(b) The relation (11) is derived via directed distinguished words. However, it can be
used to prove the following resulf which generalizes the formula given in Lemma 6.6 to
all distinguished words. Thus, we may also use non-directed igtinguished words in the
construction above to obtain canonical bases.

SWe thank the referee for pointing out the proof.
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Proposition 6.8.  For any distinguished wordw 2 , we have
(w)+ "(w)= dimM (} (w)) +dimEnd M (} (w)):
Proof. Let w2 be distinguished. By (7), we have
X
(") = Ve ) + hy ot (12)
< (W)

wheres = (w)+"(w)+dim M (} (w)) dimEndM (} (w))and0 & hy () 2Z for <} (w).
By applying to (12), we deduce from (11) that

(M) = v Sty ) + dy wt
<t (w)
for somedy y 2 Z. Since (m"W) = m"), equating coe cients yields v$ = v S. This
impliess=0, thatis, (w)+ "(w)= dimM (} (w))+dimEnd M (} (w)).

7. The type A case

In this section, we shall give a combinatorial description d the map} : !  for the
following linear quiver:

Q=A,:1! 21 | n 1! n:

We will also give an explicit description of the distinguished words in this case. SinceéAp
is a subquiver of a cyclic quiver, results obtained below andheir proofs are similar to (or
even simpler than) those given in [3] and will be mostly omitted.

Itis known that, for1 6 i 6 j 6 n, thereis a unique (up to isomorphism) indecomposable
kAp-module Mj; with top S; and of lengthj i+1,andall Mj,16i6 j 6 n, forma
complete set of non-isomorphic indecomposablkA ,-modules. By Gabriel's theorem, each
Mj; corresponds to a positive root j. Thus, we have * =f ;j16 i 6 j 6 ng. For each
map 2 ,weset j = ( j). First, we have the following positivity result which can be
proved by counting and induction on the length of w (cf. [3, Prop. 9.1]).

Proposition 7.1. For eachw 2 and each 2 , the polynomial' , lies in N[q].

Now, for eachi 2 I, we deneamap ;: ! as follows. For 2 ,if Sj+1 is not a
summand of M ( )=radM ( ) (i.e., i+1, =0, 8l), then ; is obtained by adding 1 to j;
sothat M( ; )= M() Si; gtherwise, i is dened by

2 s if (r;s)&(i;j);(i+1;))
(ids=_ j+1 if (r;s)=(i;])
' i+1 1 if (r,3)=(|+11j):
wherej is the maximal index with j+1;; 6 0. We have the following (cf. [3, Prop. 3.7]).
Proposition 7.2. Leti2 1l and 2 . Then
S M()=M(;):

Therefore, foranyw=1i; im2 ,} (W)= i, im(0).



ON BASES OF QUANTIZED ENVELOPING ALGEBRAS 13

Let w = j$j22  j& 2 be in the tight form. For each 0 6 r 6 t, we put w, =

jot jft and () = }(w): In particular, wo = w and w; = 1. Further, for r > 1, we

have

CD=3w 1)= |L{Z_j}( ().

The following result gives a combinatorial description of dstinguished words (cf. [3, 5.5]).

Proposition 7.3. Letw=jfj5? j&2 and (), 06 r 6 t, be given as above. Then

w is I(%istinguished if and only if, for each1 6 r 6 t, either J(:J) =0 forall j, 6] 6 n,or
&6 0.1 .. Wherel, is the maximal index for which J(:fr 60.

Proof. Using a similar argument as in [3, Thm 5.5], one can show thatwv is distinguished
if and only if, for each 1 6 r 6 t, M( " D) admits a unique submodule isomorphic
to M ( (). However, the latter condition is equivalent to the described combinatorial
condition, as shown in [3, Lemma 5.4].
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