
MULTI-PARAMETER CELLS OF FINITE COXETER GROUPS

JIE DU AND HEBING RUI

Abstract. Cells of Coxeter groups are certain equivalence classes de�ned by the
Kazhdan-Lusztig type basis of the associated Hecke algebra with a set of parameters.
In this paper, we prove that, for �nite Coxeter groups, cells arising from a multi-
parameter Hecke algebra are determined by those arising from a Hecke algebra with
parameters which are powers of a single parameter.

1. Introduction

Let (W; S) be a Coxeter system. For eachs 2 S, let us be an indeterminant such
that us = ut if s; t 2 S are W-conjugate. Let A = Z[�] be the group ring, where �
is the abelian group generated byus for all s 2 S. Let / be a total (or linear) order
on �, which is compatible with the group structure of �. In [7] ( see [6] for the equal
parameter case) Lusztig introduced the canonical basis with respect to/ for the Hecke
algebraH = H A overA associated toW (with parametersf usgs2 S). Via such a basis,
W can be divided into certain equivalence classes called generalized cells relative to
/ (or simply / -cells), which play an important role in the representation theory of
Hecke algebras. If � is not a cyclic group, these cells are calledmulti-parameter cells
in this paper.

Consider a group homomorphism� : � ! Z. It induces a homomorphism ~� :
A ! Z := Z[q

1
2 ; q� 1

2 ] such that ~� (us) = q� (us )=2 and let H � = H �
Z = H 
 Z . We

shall assume that� is admissible (see De�nition 3.1 below), and call the generalized
cells (or � -cells) arising from the canonical basis forH � the Kazhdan-Lusztig cells if
� (us) = � (ut ) for all s; t 2 S, or unequal parameter cells otherwise.

The unequal-parameter cells have been studied by many authors. For example,
in [7], Lusztig showed that all the left � -cell representations are simple if the Hecke
algebras of typeBn have unequal parametersq, q3=2 or q and q

1
2 . In [4], � -cells

were used to study certain endomorphism algebras. Also, beautifulrelations between
certain � -cells and Kazhdan-Lusztig cells were discovered in [1]. Moreover, � -cells are
the main objects discussed in the recent book [9].
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2 JIE DU AND HEBING RUI

However, it seems not clear for us to study the representations ofHecke algebras
with multi-parameters via cells. This is because the multi-parameter cells are harder
to be described. This motivates the authors to propose the following questions.

Question 1.1. (a) For any total order / on � , is there a specialization� such
that the multi-parameter / -cells coincide with� -cells?

(b) For any specialization� , is there a total ordering on� such that the resulting
/ -cells agree with the� -cells?

In this paper, we show that, for a �nite Coxeter group, Question1.1(a) is true.
However, Question 1.1(b) is not true in general. We will provide some examples to
illustrate it.

The contents of this paper are organized as follows. Inx2, we recollect some
de�nitions and results on multi-parameter cells. Inx3, we prove that multi-parameter
/ -cells of W coincide with � -cells for some specialization� . In x4, we describe all
multi-parameter / -cells for dihedral groups and multi-parameter/ -cells for the Weyl
group of type B3 in order to make a comparison with the unequal-parameter� -cells
described in [7]. Our example shows that Question 1.1(b) is not true in general.

2. Multi-parameter cells

In this section, we recollect some de�nitions and results. We shall restrict our
attention to �nite Coxeter groups although some of de�nitions and results in this
section are valid for in�nite Coxeter groups.

Let (W; S) be a �nite Coxeter system whereS = f s1; s2; : : : ; sng is the set of Coxeter
generators. For anysi 2 S, let usi be an indeterminate such thatusi = usj if si and
sj are W-conjugate. Write ui = usi for brevity. Let � = hu1; u2; : : : ; un i be the free
abelian group generated byu1; u2; : : : ; un , and let A = Z[�] be the group ring of �.
Then the Hecke algebraH associated toW is an associative algebra with freeA-basis
f Twgw2 W satisfying the following multiplicative rules:

(
(Tsi � u2

i )(Tsi + 1) = 0 ; if si 2 S,

TyTw = Tyw ; if l (yw) = l(y) + l(w).

Here l is the length function on (W; S).
Let uw =

Q k
j =1 ui j if si 1 si 2 � � � si k is a reduced expression ofw. It is known that uw

is independent of the choice of a reduced expression ofw. Putting eTw = u� 1
w Tw , we

obtain a new basisf eTwgw2 W for H . Following [7], let � be the Z-linear involution on
the ring A satisfying �
 = 
 � 1 for all 
 2 �, and extend it to H by setting

X

w

aw
eTw =

X

w

aw
eT � 1

w � 1 ; aw 2 A :
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For any x; y 2 W, let Rx;y 2 A be de�ned by eT � 1
y � 1 =

P
x2 W Rx;y

eTx : Clearly, Rx;y 6= 0
implies x 6 y where6 is the Bruhat-Chevalley order onW, and for sy < y , we have

eT � 1
y � 1 = eT � 1

s
eT � 1

(sy) � 1 =
X

z6 sy

Rz;sy
eTs

eTz + ( u� 1
s � us)

X

z6 sy

Rz;sy
eTz

=
X

z6 sy;sz>z

Rz;sy
eTsz + ( u� 1

s � us)
X

z6 sy

Rz;sy
eTz

+
X

z6 sy;sz<z

�
Rz;sy

eTsz + ( us � u� 1
s ) eTz

�

Consequently,

Rx;y =

(
Rsx;sy ; if sx < x and sy < y ,

(u� 1
s � us)Rx;sy + Rsx;sy ; if sx > x and sy < y:

(2.1)

Note that the polynomial Rx;y is the polynomial �R�
x;y de�ned in [7], and �Rx;y =

� x � yRx;y , where� w = ( � 1)l (w) .

Lemma 2.1. For any x; y 2 W with x 6 y, if
Q n

i =1 uai
i is a monomial appearing in

Rx;y , then
P n

i =1 jai j 6 l(y) � l (x). Moreover, if the inequality becomes an equality,
then Rx;y has the highest term� y � xuyu� 1

x and the lowest termuxu� 1
y .

Proof. By (2.1), Rx;x = Re;e = 1. Hence the result follows. Supposex < y . We prove
the result by induction on 2l(y) � l (x).

Sincex < y , we have 2l(y) � l (x) > l(y) + 1 > 2. If 2l(y) � l (x) = 2, then y 2 S
and x = e. Thus, the results follow immediately from the equalityRe;s = u� 1

s � us

with highest term � sus and lowest termu� 1
s . Assume 2l(y) � l (x) > 2. Then

(1) 2l(sy) � l (sx) < 2l(y) � l (x) if sx < x and sy < y , and
(2) 2l(sy) � l (sx) < 2l(sy) � l (x) < 2l(y) � l (x), if sx > x and sy < y .

In the �rst case, we have by (2.1)Rx;y = Rsx;sy . Sincel(y) � l (x) = l(sy) � l (sx),
all results follow from induction. In the second case, sincel(sy) � l (sx) < l (sy) �
l (x) < l (y) � l (x), we have

P n
i =1 jai j 6 l(y) � l (x) by (2.1) and induction assumption.

If the inequality is an equality, then the highest and lowest terms must appear in
(u� 1

s � us)Rx;sy . Thus, by induction, they are of the forms� us� x � syu� 1
x usy = � y � xuyu� 1

x

and u� 1
s uxu� 1

sy = uxu� 1
y , as desired. �

Consider a total order/ on � which is compatiblewith the group structure of � in
the sense that, ifa/b and c/d, then ac/bd. Such an order is said to beadmissibleif all
ui 2 � are strictly bigger than the identity element 1 of �. Let / be a �xed admissible
total ordering on �. Thus, if 1 /
 , then �
 = 
 � 1/ 1. Put � + = f 
 2 � j 1/
 g, � � = � � 1

+

and � 0 = f 1g. Let Z[� � ] (resp. Z[� + ]) be the Z-submodule ofZ[�] spanned by � �

(resp. � + ).
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Fix a linear ordering onW: w1; w2; : : : ; w� with � = jWj such that wi 6 wj implies
i 6 j . Let R = ( Rij ) be the � � � matrix with Rij = Rwi ;w j . It is known that Ri;i = 1
for all i , and Ri;j = 0 unlesswi 6 wj . Therefore,R is a pomatrix in the sense of [3,
1.2].1 Furthermore, R �R = I , the identity matrix. So the matrix R is a 1-pomatrix in
the sense of [3, 1.2]2. We now endow � a total ordering so that R can be uniquely
written as a product of an1 -pomatrix P and the 0-pomatrix �P � 1.

Lemma 2.2. Maintain the notation introduced above. There exists a unique upper
matrix P / = ( P /

i;j ) with P /
i;j = P /

wi ;w j
2 Z[� � ], P /

i;i = P /
wi ;w i

= 1 such that R =

P / �P / � 1:

Proof. We claim that P /
i;j are the unique solution to the system

x i;j =
X

k
w i 6 w k 6 w j

Ri;k �xk;j

with x i;i = 1 and x i;j 2 Z[� � ] for wi < w j . Thus, R = P / �P / � 1. The proof of the
claim is entirely similar to [2, 1.2] (cf. [8, 7.10]): writei 6 j if wi 6 wj and suppose
P /

k;j are known for all k, i < k 6 j . Then
X

k;
i<k 6 j

Ri;k
�P /

k;j =
X

k;
i<k 6 j

Ri;k

X

k0;
k6 k06 j

�Rkk 0P /
k0;j =

X

k0;
k6 k06 j

X

k;
i<k 6 j

Ri;k
�Rkk 0P /

k0;j

=
X

k0;
k6 k06 j

(� �Rik 0)P /
k0j = �

X

k;
i<k 6 j

Ri;k
�P /

k;j

Now P /
i;j 2 Z[� � ] is the unique solution satisfying

P /
i;j � �P /

i;j =
X

k;
i<k 6 j

Ri;k
�P /

k;j :

�

Note that P /
x;w is a multi-variable polynomial and is the polynomialP �

x;w discussed
in [7]. They can be calculated recursively by the following formulas:

(
P /

w;w = 1; for any w 2 W;

P /
x;w � �P /

x;w =
P

x<y 6 w Rx;y P /
y;w :

(2.2)

Also, we have X

x6 z6 y

� x � zP /
x;z P /

w0y;w0z = � x;y for all x; y 2 W;

1A pomatrix is a matrix A = ( aij ) i;j 2 I over a posetI satisfying aii = 1 and aij = 0 unless i 6 j .
2A 1-pomatrix R is a pomatrix R such that R �R = I . An 1 -pomatrix R (resp. 0-pomatrix ) is a

pomatrix such that every (i; j )-th entry Rij 2 Z[� � ] (resp. Rij 2 Z[� + ]).
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wherew0 is the longest element inW.
The decompositionR = P / �P / � 1 given in Lemma 2.2 is called anantipode de-

composition. Every admissible total orderings/ gives rise to such a decomposition.
However, the number of such decompositions is �nite as we shall seebelow.

De�nition 2.3. Two admissible total orders/ and / 0 on � are said to be equivalent
if P / = P / 0

.

Proposition 2.4. The number of non-equivalent admissible total orders on� is �nite.

Proof. First, we claim that, if a monomial
Q n

i =1 uai
i appears inP /

x;w for x < w , then
the inequality

P n
i =1 jai j 6 l(w) � l(x), independent of the total order/ . We prove it by

induction on l(w) � l(x). Indeed, if l (w) � l(x) = 1, then a reduced expression ofx can
be obtained fromw by dropping a factors 2 S. In this case,P /

x;y = u� 1
s , and our claim

follows. Assume nowl(w) � l(x) > 1. By Lemma 2.1, we have
P n

i =1 jbi j 6 l(y) � l (x)
if

Q n
i =1 ubi

i is a monomial appearing inRx;y for any x < y 6 w. Sincey > x , we have
l(w) � l(y) < l (w) � l(x). By inductive hypothesis, we have

P n
i =1 jci j 6 l(w) � l(y)

if
Q n

i =1 uci
i appears inP /

y;w for y < w . Therefore, by (2.2), any monomial
Q n

i =1 uai
i of

P /
x;w � �P /

x;w satis�es
P n

i =1 jai j 6 l(w) � l(x) (independent of / ). SinceP /
x;w 2 Z[� � ]

and �P /
x;w 2 Z[� + ], our claim follows immediately.

By the claim, for givenx 6 w, the number of such polynomialsP /
x;w is �nite. Since

P /
x;w = 0 if x 66 w and P /

x;x = 1 for all x 2 W, there are only �nitely many antipode
decompositions ofR. Consequently, the number of non-equivalent total orderings on
� is �nite. �

With the matrix P / , we may de�ne the canonical basisf C/
w j w 2 Wg for Hecke

algebraH whereC/
w =

P
y6 w P /

y;w
eTy. Such a basis was �rst introduced by Lusztig in

[7]3. He also gave the following formula:

C/
s C/

w =

(
(us + u� 1

s )C/
w ; if sw < w,

C/
sw +

P
z<w;sz<z M s;/

z;wC/
z ; if sw > w;

(2.3)

whereM s;/
z;w is de�ned by the condition that

P
z6 y<w;sy<y P /

z;yM s;/
y;w � usP /

y;w is aZ-linear
combinations of elements in �� . Note that �M s;/

z;w = M s;/
z;w since �C/

w = C/
w .

The canonical basisf C/
wg is used to de�ne cellsrelative to the total order / , or

simply / -cells. As de�ned in [6], let6 L;/ be the pre-order relation onW generated
by the relation \ x 6 L;/ y if there is s 2 S such that C/

x appears in the expression
of C/

s C/
y with non-zero coe�cient." In other words, x 6 L;/ y if there is a sequence

x1 = x; x2; � � � ; xk = y such that, for everyi = 1; 2; � � � ; k � 1, eitherx i = sxi +1 > x i +1

or M s;/
x i ;x i +1

6= 0 for some s 2 S. We denote byx 6 R;/ y if x � 1 6 L;/ y� 1. Let 6 LR;/

be the pre-order onW generated by6 L;/ and 6 R;/ . For any x 2 f L; R; LR g and

3The element C /
w is denotedC �

w there.
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w; w0 2 W, w � x;/ w0 if w 6 x;/ w0 6 x;/ w. Thus � L;/ , � R;/ and � LR;/ are equivalent
relations onW. The corresponding equivalence classes are called left, rightand two-
sided cells ofW relative to the given total order / , or simply, left, right and two-sided
/ -cells. If � is not cyclic, / -cellsare calledmulti-parameter cells; if � is cyclic and the
total order / is the natural order, then / -cells are calledKazhdan-Lusztig cellsif all
us are equal, orunequal-parameter cellsotherwise.

Recall from [7] that, if � is cyclic (thus, � �= Z), then us = qi s =2 for some integer
i s and indeterminate q

1
2 . In this case, the Hecke algebra is a one-parameter Hecke

algebra and the natural order onZ gives a unique decompositionR = P �P � 1, where
P = ( Pij ) is an 1 -pomatrix in the sense thatP is an upper unitriangular matrix
with Pij 2 q� 1=2Z[q� 1=2] for i < j . Using P, we may introduce a new basisCwj =
P

i 6 j Pij
eTwi (see [3,x2-3]), �xed under �. Thus, the Coxeter group is divided into

(single-parameter) cells, which were introduced in [6] wheni s = i t for all s; t 2 S, and
in [7] otherwise. These cells4 are uniquely de�ned by the given one-parameter Hecke
algebra. Such a Hecke algebra is a specializationH � of H via a map � : � ! Z. It is
natural to relate / -cells with the cells arising fromH � .

3. A Comparison on multi-parameter and unequal-parameter cells

In order to compare two kinds of cells, we �rst have to look at thespecialization
of the canonical basis forH relative to / . We hope that image of any canonical basis
element inH is a canonical basis element inH � . This requires that the specialization
� preserve the orderings. Recall from [6] that the de�nition of cells in one-parameter
case uses the natural ordering on the cyclic group. So we have the following de�nition.

De�nition 3.1. An abelian group homomorphism� : � ! Z, sendingus to i s, is
called admissibleif i s > 0 for all s 2 S and

P
asi s <

P
a0

si s whenever
Q

uas
s /

Q
ua0

s
s

in �.

Cells in a �nite Coxeter group W are determined by the cells in the irreducible
components ofW. Without loss of generality, we may assume thatW is irreducible
(i.e., the corresponding Coxeter graph is connected [5]). Wecan assume thatW is
of type Bn , Cn , F4, or I (m) (m > 3), since the Hecke algebras of typesAn� 1, Dn ,
E6; E7; E8, H3 and H4 have equal parameters. Consequently, the Hecke algebraH
associated toW has two parameters, say,u and v, and the groupZ � Z �= � under
the \exponential" isomorphism e : (a; b) 7! uavb for a; b 2 Z. If � is an admissible
specialization of � as given in Def. 3.1, theni = � (1; 0) > 0 and j = � (0; 1) > 0 and
� induces a map� : Z � Z ! Z with � (a; b) = a� (1; 0) + b� (0; 1), a; b2 Z. Note that

4The corresponding cell representations in this case have also been investigated in[4] in the
context of strati�cations of Hecke endomorphism algebras.
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� (a; b) < � (a0; b0) if uavb / u a0
vb0

. For any k 2 Z, let

L k = � � 1(k) = f (x; y) 2 Z � Z j � (x; y) = k; 8x; y 2 Zg:

De�ne \half 0-lines" L+
0 = f (a; b) 2 L0j a > 0g and L �

0 = f (a; b) 2 L0j a < 0g. Note
that, if ( a; b) 2 � 0, then ab < 0.

Lemma 3.2. Let � be an admissible specialization of� = hu; vi given as in Def. 3.1.

(1) We have eithere(L �
0 ) � � + and e(L+

0 ) � � � , or e(L �
0 ) � � � and e(L+

0 ) �
� + .

(2) If (a; b) 2 L k , (c; d) 2 L k0 and uavb . u cvd, then k > k0. When k = k0, we have
(a) a < c if and only if e(L �

0 ) � � + ;
(b) a > c, if and only if e(L+

0 ) � � + .

Proof. If (1) were false, then there would be (a; b) 2 L �
0 and (a1; b1) 2 L+

0 such
that uavb; ua1 vb1 2 � + . However, since (uavb)b1 = ( ua1 vb1 )b, b1 < 0 and b > 0,
(uavb)b1 2 � + \ � � = ; , a contradiction, forcing (1) to be true.

Since� is admissible anduavb.u cvd, k = � (a; b) > k0 = � (c; d) and e(a� c; b� d) 2
� + . If k = k0, then (a � c; b� d) 2 L0. Therefore,a < c (resp. a > c) if and only if
(a � c; b� d) 2 L �

0 (resp. 2 L+
0 ). Now, (a) and (b) follow immediately from (1). �

This lemma suggests us to introduce some special admissible orderson �.

De�nition 3.3. An admissible total ordering/ on � is called a parallel-line ordering
and write uavb / u a1 vb1 for (a; b) 2 L k and (a1; b1) 2 L k0 if one of the following
conditions holds true.

(1) either k < k 0, or k = k0 and a < a1.
(2) either k < k 0, or k = k0 and a > a1.

The following result shows that the parallel-line orderings exhaust the representa-
tives for the equivalence classes of admissible orderings (see Def. 2.3).

Theorem 3.4. Any admissible total ordering/ on � is equivalent to a parallel-line
ordering. Moreover, there are in�nite number of parallel-line orders, which are equiv-
alent to / .

Proof. Let R = P / �P / � 1 be the unique antipode decomposition with respect to/ . Let

X = f (� a; b) 2 Z> 0 � Z> 0j uavb appears inP /
x;y for somex; y 2 Wg;

Y = f (a; � b) 2 Z> 0 � Z> 0j uavb appears inP /
x;y for somex; y 2 Wg:

SinceW is a �nite Coxeter group, both X and Y are �nite sets.
First, assumeX 6= ; and Y 6= ; . Write

k = maxf
b

� a
j (� a; b) 2 X g and l = min f

� b
a

j (a; � b) 2 Yg:
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We claim k < l . Indeed, if this is not the case, then there are (� a0; b0) 2 X and
(a0

0; � b0
0) 2 Y such that k = b0

� a0
> l = � b0

0
a0

0
. Since P /

x;y 2 Z[� � ], ua0 / v � b0 and

ua0
0 vb0

0 2 � � . Consequently,

u� a0b0
0 = ( ua0 )� b0

0 / (v� b0 )� b0
0 = vb0b0

0 ; and ua0b0
0 . v � b0b0

0 . u a0
0b0 :

We have a0b0
0 > a0

0b0. This together with a0
0b0 > a0b0

0 implies a0
0b0 = a0b0

0. Hence
(ua0 vb0 )b0

0 = 1 62� + , a contradiction.
Let � : Z � Z ! Z be a specialization satisfyingk < � (1; 0)=� (0; 1) < l and

� (1; 0); � (0; 1) 2 Z> 0. Let / 0be the parallel-line order de�ned by� as in De�nition 3.3.
To show / 0 and / are equivalent, we need to prove thatP / = P / 0

. By the uniqueness
of the decomposition ofR-matrix, we only need to prove that any monomialuavb

appearing inP /
x;y ; x; y 2 W satis�es uavb / 01.

Supposeuavb is a monomial in P /
x;y for x; y 2 W. Then we havea; b < 0 or

(� a; b) 2 X or (a; � b) 2 Y. Obviously, uavb / 0 1 if a; b < 0. Assume (� a; b) 2 X .
Then b

� a 6 k < � (1;0)
� (0;1) , and hence,� (a; b) < 0. Thus uavb / 01. Similarly, � (a; b) < 0 if

(a; � b) 2 Y, and henceuavb / 01. So we conclude that any monomial ofP /
x;y , x; y 2 W

is in the set � 0
� de�ned by / 0. HenceP / = P / 0

and / and / 0 are equivalent.
We set k = 0 (resp. l = + 1 ) if X = ; and Y 6= ; (resp. X 6= ; and Y = ; ). If

X = Y = ; , we setk = 0 and l = + 1 . This case occurs only when all total orders on
� are equivalent. For each of these cases, one can prove the �rst assertion similarly.

Since there are in�nitely many rational numbers betweenk and l, it follows that
there are in�nitely many parallel-line orders which are equivalent to / . This proves
the second assertion. �

For any admissible� : Z � Z ! Z, let m� = � (1; 0)=� (0; 1). Let ~� be the induced
homomorphism fromZ[�] to Z[q

1
2 ; q� 1

2 ].

Corollary 3.5. Let k; l be integers determined by/ as in the proof above. If the
admissible� : Z � Z ! Z satis�es k < m � < l , then x 6 L;� y implies x 6 L;/ y.

Proof. From the proof of Theorem 3.4, we have that the image of any monomial of
P / under ~� is of form qi=2 with i < 0. By the uniqueness of antipode decomposition
of the R-matrix, we have ~� (P / ) = P � , and hence ~� (B /

w) = B �
w . Since ~� induces

a ring homomorphism ~� from H to H � , ~� (B /
xB /

y ) = ~� (B /
x )~� (B /

y ) = B �
x B �

y . Thus
~� (M s;/

x;y ) = M s;�
x;y for any x; y 2 W whereM s;/

x;y is de�ned in (2.3) and M s;�
x;y is de�ned

with / replaced by� in (2.3) for the Hecke algebraH � . Thus M s;/
x;y 6= 0 if M s;�

x;y 6= 0.
By the de�nition of the relation 6 L , we obtain that x 6 L;� y implies x 6 L;/ y. �

Theorem 3.6. For any / on � , there is a specialisation� such thatx � L;/ y if and
only if x � L;� y.
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Proof. It follows from Theorem 3.4 that there are in�nite number of specializations
� with k < m � < l satisfying ~� (P / ) = P � , and ~� (M s;/

x;y ) = M s;�
x;y for any x; y 2 W,

and the number of suchm� is also in�nite. Since W is a �nite Coxeter group, there
are only �nitely many non-zero M s;/

x;y . Thus, if M s;/
x;y 6= 0, then the number of m� for

which ~� (M s;/
x;y ) = M s;�

x;y = 0 is �nite. Therefore, there exists a specialization� such
that M s;�

x;y 6= 0 wheneverM s;/
x;y 6= 0. So x 6 L;� y if x 6 L;/ y. Now, the result follows

immediately from Corollary 3.5. �

Remark 3.7. The above theorem answers the question given in 1.1(a). At the same
time, the proof above shows that the 1.1(b) may not be true. Fora specialization�
which vanishes someM -polynomials, there could be no/ on � for which both / -cells
and � -cells agree. Explicit examples will be given in next section.

4. Examples of Multi-parameter cells

In this section, we shall describe/ -cells and � -cells for dihedral groups and the
Weyl group of type B3. Our results suggest that the problem 1.1(b) is not true in
general.

First, we recall [7, Proposition 4], which says that the polynomials M s;/
x;y 's satisfy

the following recursive formula

M s;/
x;y = P /

sx;y � P /
x;sy + usP /

x;y �
X

x<z<y;sz<z

P /
x;z M s;/

z;y ; (4.1)

The following lemma can be found in [10, 1.14.13].

Lemma 4.1. Let W be a �nite Coxeter group.

(1) For x; y 2 W with x < sx 6 y and sy < y , we haveP /
x;y = u� 1

s P /
sx;y .

(2) If x < y and l(y) = l(x) + 1 , then a reduced expression ofx can be obtained
from y by dropping a factors 2 S. Let t 2 S be with tx < x < y < ty . Then

M t;/
x;y =

8
>><

>>:

0; if ut < u s,

1; if ut = us,

utu� 1
s + usu� 1

t ; if ut > u s.

(I) The dihedral groups.Let W = I (m) be the dihedral group with S = f s; tg. Then
the order of the productst is m. We denote byus = u and ut = v.

Lemma 4.2. Suppose that/ is a total order on � = hu; vi such thatu / v . Then

(1) u� 1
s M s;/

x;y 2 Z[� � ] for all x; y 2 W and s 2 S.
(2) for any n with 1 6 n 6 [m=2] � 1, P /

(st)n � 1 ;(st)n = u� 1v� 1.
(3) for any n with 1 6 n 6 [m=2] � 2, M t;/

(ts)n ;(st)n +1 = 0.

(4) For any n with 0 6 n 6 [m=2] � 3, M t;/
t (st)n ;(st)n +2 = 1.
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Proof. (1) follows from Lemma 4.1(2) under the assumptionl(y)� l (x) = 1. In general,
it follows from (4.1) and the inductive hypothesis. By Lemma 4.1(1), P /

e;st = u� 1v� 1.
Thus (2) is true for n = 1. Supposen > 1. We have

P /
(st)n � 1 ;(st)n = uP /

(st)n � 1 ;t (st)n � 1 + P /
t (st)n � 2 ;t (st)n � 1 � M s;/

(st)n � 1 ;t (st)n � 1

= uv� 1 + P /
t (st)n � 2 ;t (st)n � 1

= uv� 1 + vP /
t (st)n � 2 ;(st)n � 1 + P /

(st)n � 2 ;(st)n � 1 � M t;/
t (st)n � 2 ;(st)n � 1 ;

= uv� 1 + vu� 1 + u� 1v� 1 � (uv� 1 + vu� 1)

= u� 1v� 1:

This proves (2). If (ts)n < z < (st)n+1 and tz < z , then z = ( ts)n t. By (4.1),

M t;/
(ts)n ;(st)n +1 � vP(ts)n ;(st)n +1 + P(ts)n ;(ts)n tM

t;/
(ts)n t; (st)n +1 2 Z[� � ]:

Using (1) and Lemma 4.1, we have

P(ts)n ;(ts)n tM
t;/
(ts)n t; (st)n +1 = v� 1M t;/

(ts)n t; (st)n +1 2 Z[� � ];

vP(ts)n ;(st)n +1 = u� 1:

Thus, M t;/
(ts)n ;(st)n +1 2 Z[� � ]. Since �M s;/

z;w = M s;/
z;w , we haveM t;/

(ts)n ;(st)n +1 = 0, proving

(3). By a direct computation, we haveM t;/
(ts)n +1 ;(st)n +2 = 0, P /

t (st)n ;t (st)n +1 = u� 1v� 1 +

v� 1u and M t;/
t (st)n +1 ;(st)n +2 = uv� 1 + vu� 1. Using (4.1) and noting that �M s;/

z;w = M s;/
z;w ,

we obtain (4). �

Proposition 4.3. Let W be the dihedral groupI (m) with S = f s; tg as its distin-
guished generator set. Letu = us and v = ut .

(1) If u = v, then W has 3 Kazhdan-Lusztig two-sided cellsf eg [ f w0g [
Wnf e; w0g.The last two-sided cell consists of two Kazhdan-Lusztig left cells
f w 2 Wj ws < w < wt g and f w 2 Wj wt < w < ws g.

(2) For any total order / on � with u / v , W has5 two-sided/ -cells f eg [ f w0g [
f sg [ f sw0g [ Wnf e; s; sw0; w0g. The last two-sided/ -cell consists of two left
/ -cells f w 2 Wj ws < w < wt; w 6= sg and f w 2 Wj wt < w < ws; w 6= sw0g:

(3) For any total order / on � with v / u , W has5 two-sided/ -cells f eg [ f w0g [
f tg [ f tw0g [ Wnf e; t; tw0; w0g. The last two-sided cell consists of two left
/ -cells f w 2 Wj ws < w < wt; w 6= tw0g and f w 2 Wj wt < w < ws; w 6= tg:

Proof. If u = v, then the Hecke algebraH has equal parameters. In this case, the
cells ofW are Kazhdan-Lusztig cells. The result (1) is known (see, e.g. [8]). We only
deal with (2). One can prove (3) by switchings to t.

First, we claim f sg is a two-sided / -cell. Otherwise, there existsz 2 W with
z � LR;/ s such that either s 6 L;/ z or s 6 L;/ z� 1. We need only deal withs 6 L;/ z
since we can switch the role betweenz and z� 1.

By the de�nition of 6 L;/ , either s = sz > z or M s;/
s;z 6= 0.
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In the �rst case, z = e, a contradiction sincee and s are not in the same two-sided
cell.

In the second case, we have, by [10, 1.20],f sg = R(s) � R (z), where R(w) =
f s 2 S j ws < wg. Notice that z 6= e, we haveR(z) = f sg. On the other hand,
tz < z . Otherwise, tz > z and sz > z which implies that z = e, a contradiction.
Consequently,z = ( ts) i for 1 6 i 6 [m=2] � 1. Using induction on l(y) � l (x) and
(4.1), one can proveM s;/

x;y = 0 if sx < x < y < sy (see [10, 1.21]). In particular,
M s;/

s;(ts) i = 0, a contradiction. Thus f sg is a two-sided/ -cell.
By the arguments similar to those in [6], one can verifyM s;/

x;y + � x � yM s;/
yw0 ;xw 0

= 0.
Thus, w � L;/ y if and only if ww0 � L;/ yw0. In particular, f sw0g is a two-sided/ -cell.
By [10, 1.17], we havef eg and f w0g are two distinct two-sided / -cells. Finally, we
show that the other elements forms a two-sided/ -cell. By Lemmas 4.1(2) and 4.2(4),
the elementst; st; tst; : : : ; w 0st are in the same left/ -cell. Sotw0; stw0; : : : ; w0stw0

are in the same left cell, too. SinceR(s) 6= R(t), s and t are not in the same left cells
(see [10, 1.20]). Note thatt � R;/ ts, Wnf e; s; sw0; w0g forms a two-sided/ -cell. This
proves (2). �

Remark 4.4. Note that Lemma 4.2 holds if we useqi=2 and qj= 2 with i < j instead
of u and v, respectively. Thus, the� -cells (in unequal parameters case) of a dihedral
group are given in Proposition 4.3(2) and (3) fori < j and i > j respectively. They
agree with the cells described in [9]. Moreover, the Kazhdan-Lusztig cells inI (m) do
not coincide with any / -cells.

(II) The Weyl group of typeW(B3). Let W be the �nite Weyl group of type B3 with
S = f s1; s2; s3g as its distinguished generator set. The relations amongs1; s2; s3 are
s1s2s1 = s2s1s2, s1s3 = s3s1, s2s3s2s3 = s3s2s3s2. Let u = us1 = us2 and v = us3 . We
assumeu / v / u 2.

By [10, 1.17], f eg and f w0g are two distinct two-sided / -cells of W. Recall [10,
1.20], R(x) = R(y) if x � L;/ y. Therefore, we only need to decompose the subsets
with a given R-set into left / -cells. On the other hand, since the conjugate map
sendingw 2 W to w0ww0 is an automorphism ofW, which �xes the Dynkin diagram
of W(Bn ), we havew0sw0 = s for s 2 S and R(ww0) = Snf sg if R(w) = f sg. Note
that x � L;/ y if and only if xw0 � L;/ yw0 (see the proof of Proposition 4.3). Thus,
we only need to deal with theR-setsf si g for i = 1; 2; 3.

Proposition 4.5. We have

f w 2 W j R (w) = f s1gg = X 1;1 [ X 1;2;

f w 2 W j R (w) = f s2gg = X 2;1 [ X 2;2 [ X 2;3 [ X 2;4;

f w j W j R (w) = f s3gg = X 3;1 [ X 3;2 [ X 3;3
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where

X 1;1 = f s1; s2s1g; X 1;2 = f s3s2s1; s2s3s2s1; s1s2s3s2s1g;

X 2;1 = f s2; s1s2g; X 2;2 = f s1s3s2; s3s2s1s3s2; s2s1s3s2g

X 2;3 = f s3s2; s2s3s2; s1s2s3s2g; X 2;4 = f s1s2s1s3s2; s1s3s2s1s3s2; s2s1s3s2s1s3s2g:

X 3;1 = f s3; s2s3; s1s2s3g; X 3;2 = f s3s2s3g;

X 3;3 = f s1s3s2s3; s2s1s3s2s3; s3s2s1s3s2s3g:

Proof. First, we consider the casei = 1. By Lemma 4.1(2), eachX 1;j ; j = 1; 2 is in a
left / -cell . We need to verifyX 1;1 and X 1;2 are not in the same left/ -cell. If it were
not the case, then there would bex 2 X 1;1 and y 2 X 1;2 such that either x = sy > y
or M s;/

x;y 6= 0 for some s 2 S. However, the �rst result is impossible sincel(x) 6 2
and l(y) > 3. On the other hand, all possibleM s;/

x;y for x 2 X 1;1; y 2 X 1;2 are given as
follows, which contradict the factM s;/

x;y 6= 0.

M s1
s1 ;s3s2s1

= M s1 ;/
s1 ;s2s3s2s1

= M s2 ;/
s2s1 ;s3s2s1

= M s2 ;/
s2s1 ;s1s2s3s2s1

= 0:

Consequently,X 1;1 and X 1;2 are two distinct left / -cells.
Supposei = 2. By a direct computation,

M s1
s1s3s2 ;s3s2s1s3s2

= M s1
s1s2s1s3s2 ;s2s1s3s2s1s3s2

= u2v� 1 + vu� 2:

Thus s1s3s2 6 L;/ s3s2s1s3s2 and s1s2s1s3s2 6 L;/ s2s1s3s2s1s3s2. Using Lemma 4.1(2)
again, we see that all the elements inX 2;j with j 2 f 1; 2; 3; 4g are in the same left
/ -cells.

Supposei = 3. Since M s1
s1s3s2s3 ;s3s2s1s3s2s3

= u2v� 1 + vu� 2, by Lemma 4.1(2), each
X 3;j is in a left / -cell.

One can check, fori = 2; 3 and j 6= k, X i;j and X i;k are not in the same left/ -cell
by the argument similar to those fori = 1. �

One sees easily that all results hold if we specializeu and v to q and q
3
2 , respectively,

since we only use the inequalityu / v / u 2 in the above proof. Thus the left/ -cells of
W(B3) coincide with the left � -cells ofW(B3) where � (u) = q; � (v) = q

3
2 .
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