INFINITESIMAL QUANTUM g, AND LITTLE ¢-SCHUR ALGEBRAS

JIE DU, QIANG FU AND JIAN-PAN WANG

ABSTRACT. We first follow De Concini and Kac [3] to give a presentation for the infinitesimal
quantum gl,,, ux(n), and then reconstruct or realize ux(n) in two different ways following the
Beilinson-Lusztig-MacPherson geometric setting approach [2]. Thus, we obtain three new bases
for ug(n). In the second part of the paper, we use ui(n) to introduce the little g-Schur algebra
ur(n,r) as a subalgebra of the g-Schur algebra Ui (n,r). The symmetry structure of a little g-
Schur algebra is then investigated through the construction of various bases of monomial, BLM
and PBW types for ux(n) and ¢-Schur algebras. We also obtain a formula for the dimension of

ug(n, 7).

1. INTRODUCTION

Let U = U(n) be the quantum enveloping algebra of gl,, over Q(v) defined by a Drinfeld—
Jimbo presentation. Using a geometric setting for ¢-Schur algebras, A. Beilinson, G. Lusztig
and R. MacPherson [2] reconstructed U as a “limit” of g-Schur algebras. They first constructed
an algebra K over A = Z[v, ’U_l] without identity, and then took its completion algebra K with
identity over Q(v). They proved that, inside IA(, there is a subspace V which is also a subalgebra
of K isomorphic to U. By a similar construction for g-Schur algebras, they constructed explicitly
the epimorphism ¢, from U(n) to the ¢-Schur algebra U(n,r).

The intimate relation between U(n) and U(n,r) has been further explored in [9]. Viewing a
g-Schur algebra as a “little quantum U”, B. Parshall and the first author presented U(n,r) with
3(n — 1) generators along the work of Beilinson—Lusztig-MacPherson (cf. a different approach
in [6] for a presentation with 3(n — 1) 4+ 1 generators), and introduced a monomial basis theory
for ¢-Schur algebras and their related subalgebras such as Borel subalgebras and Hecke algebras.

In this paper, we will present a parallel theory for the infinitesimal quantum group uy = ug(n)
associated to U and its associated little g-Schur algebras. Here k is a field containing a primitive
root € of 1 of odd order [, and uy, is defined at . We shall consider the k-algebra K = K® 4k by
specializing v to € and its completion algebra I/(\k, and construct a finite dimensional subspace W

as the counterpart of V over k. We then prove that W is a subalgebra of I/{\k and is isomorphic
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to uy via a Drinfeld-Jimbo type presentation for ui. We also prove that the k-algebra W is
isomorphic to the algebra K’ constructed in [2, §6].

The second part of the paper is devoted to investigating the image uy(n,r) of the restriction
of G == ¢ ®1 to ug(n). We call it a little g-Schur algebra. This algebra inherits many
nice properties from u, and ¢-Schur algebras including certain nice bases of monomial, BLM
and PBW types. In particular, its dimension is the dimension of the ¢-Schur algebra U(n,r)
“modulo [”. More precisely, if =, denotes the set of all n x n matrices over N whose entries sum
to r, then dim U(n,r) = #Z,. We shall prove that dimug(n,r) = #=, where =, is the image of
E, under the map sending a matrix (a;;) over Z to the matrix (a;;) over Z; := Z/IZ. We expect
that there should be a similar relation at the representation level. In a forthcoming paper, we
shall study representations of a little g-Schur algebra. For a comparison between wug(n,r) and
the infinitesimal ¢-Schur algebras investigated in [7] and [4], see [10].

We organize the paper as follows. We recall the definition and basic results on the infinitesimal

quantum gl,, ug, in §2, and describe its presentation by using a construction in [3]. In §3, we

n
review the Beilinson-Lusztig-Macpherson construction of U and ¢-Schur algebras, and in §4,
we introduce the algebra Y. The isomorphisms between W, u; and the quantum group K’
defined in [2, §6] are proved in Theorem 5.5. In §6, new monomial bases for ¢g-Schur algebras
are introduced, and as an application, we also constructed the bases conjectured in [6, 3.2].
The little g-Schur algebra wug(n,r) is defined and their basic properties are discussed in §7. We
construct in §8 various bases for ug(n,r) and display them in Table 8.6, indicating how they
stand in relation to the bases for U(n), U(n,r) and ug(n). In §9, we derive several dimension
formulas for little g-Schur algebras and their associated subalgebras. Finally, in the last section,
we investigate the structure of the Borel subalgebras of a little g-Schur algebra.

Throughout, let v be an indeterminate and let A = Z[v,v~!]. Let k be a field containing an
Ith primitive root ¢ of 1 with [ > 1 odd. Specializing v to ¢, k will be viewed as an A-module.

Let 7, = Z,/IZ.

2. LUSZTIG’S INFINITESIMAL QUANTUM gl,,

Most of the results in this section is known. For those we couldn’t find an appropriate
reference, we provide a brief proof. We first recall the definition of the quantum enveloping

algebra of gl,, (see, e.g., [8]).

Definition 2.1. The quantum enveloping algebra of gl is the algebra U over Q(v) presented
by generators
E, F; (1<i<n-1), Kj, Kj_l (1<j<n)
and relations (1 <i,7<n—1, 1<i,j <n)
(a) KyKj = Ky Ky, KyK;' = 1;



INFINITESIMAL QUANTUM gl,, AND LITTLE ¢-SCHUR ALGEBRAS 3

(b) Ky Ej = v WD E; Ky, where €(j,5) =1, e(j +1,7) = —1,and €(i’, j) = 0 otherwise;
(¢) Ky Fj = v=UI) F Ky with e(i', j) as in (b) above;

(d)EE—EEZ,FF Fthen|z—j|>1

(¢) EiF; — FjE; = §;;% P Ull , where K; = Kszrp

(f) E?Ej; — (v+v Y)E,E;E; + E;E? = 0 when |i — j| = 1;

(9) F?F; — (v+ v Y)F,F,F, + F;F? = 0 when |i — j| = 1.

Note that the subalgebra generated by the E;, F; and K (1 <i<n—1)is isomorphic with
the quantum enveloping algebra U(sl,), and that we will heneceforth denote the subalgebra by
U’

Following [12, 13], let U4 (resp., Uj{, U}) be the A-subalgebra of U generated by all EZ.(m),
Fi(m), K; and [Ki;o} (resp., Ei(m), F.(m)), where for m,t € N and ¢ € Z,

()

E(m) = Q F(m) — ﬁ and K7,7C ﬁ K,UC s+1 K 1 —c+s 1
o 1 p—
1

with [m]' = [1][2] - [m] and [i] = ”i:;’__l . Let UY be the A-subalgebra of U generated by all

v

K; and [Kyo}. Then there is a triangular decomposition
Ua=U U%UL 22U @UIe U,

compatible with the PBW type A-basis (see, e.g., [8, 2.2])

(2.1.1) IT &l HK‘5 [K“O} 1T 7¢ (Ga, bas ti € N, 6; € {0,1}).

a€RT a€ERT
Here R is the positive root system of the Lie algebra sl,, indexed by all pair (i,7) with 1 < i <
j <n, and E,, F, are certain root vectors defined by a braid group action [12, 1.3].1

Let k£ be a field containing an [th primitive root € of 1 with [ odd. Specializing v to €, we
obtain the A-module k and the quantum hyperalgebra Uy, = U @4 k over k. We will denote the
images of EZ-(m) ® 1 etc. in Uy by the same letters. Since ¢! —e~! = 0, we have E! = 0 = F! and
K2 =1in Uy (see [11, 4.4].)

Let g be the k-subalgebra of Uy generated by the elements F;, Fj;, K;—LI for all 4, j. Let ﬂg,
112, and wu,, be the k-subalgebras of 1y generated respectively by the elements E;’s, Kfl’s, and
F;’s. Inherited from (2.1.1), we have the triangular decomposition
(2.1.2) Uy, = G Yty =i @6 ®© iy .

Lemma 2.2. The set X = {]_n[ KlNl | 0 < N; < 20— 1} forms a basis for @Y. In particular,
i=1

dim @ = 2"".

IThis action on U’ can be easily extended to U.
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Proof. At the integral level, UBl(”) is isomorphic to U;? (n+1), the integral 0-part of the quantum
sl,41. Thus, there is an isomorphism f : U(n + 1) = UP(n) which sends the basis for the

infinitesimal O-part described in [12, 5.8] to the set X. Therefore, X is a basis for @}. O
The elements K! — 1,--- , K! — 1 are central in U, (and in ). They generate an ideal
(Kt — 1, KL — 1) of dy. Let up, = dg/(KL — 1, KL — 1). We call uy, the infinitesimal

quantum group of gl,. Let uk, uk and u respectlvely be the image of uk, uk, . Again, by

abuse of notation, we shall denote the images of F,, Fy, etc. in uy by the same letters.

Theorem 2.3. The algebras u;:, U, ug and uy, have the following k-bases :

uf IT Y  (0<Na<i-1),
a€ER*

up II 7Y (0<Na<i-1),
a€ER*
n

ul : HKN (0<N; <1—-1),

we: ] FNaHKN IT BY  (0<Na<I-1,0<N,<I-1, 0<N;<l-1)

acRt a€eR*

In particular, the dimension of uy is ",
Proof. We first observe that, as a k-space
up =20, @ (a))J) @ ).

Here J is the ideal of &2 generated by K! —1,--- K/ —1. So uk = uk The bases for uf are
given in [12, 5.8]. The claim for u follows from (2.1.2) and Lemma 2.2. The rest of the proof

is obvious. O

There is an alternative way to construct the algebra 4y and ug. Let Uy be the algebra over k
with generators Ej;, F; and K;El (1<i<n-—1,1<j < n)and the same relations 2.1(a)-(g)
for U but with v replaced by € (noting our assumption on [). This algebra is a gl,, version of
the k-algebra Us considered in [1, 1.3], attributed to De Concini and Kac [3].

Clearly, there is a algebra homomorphism g : Uy, — U, mapping the generators of Uy, to their
counterparts in Uy. The image of ¢ is the algebra .

Similar to U, we can define root vectors E,, F,,, where o € R", and triangular decomposition
for Uy,. We have the following PBW basis which can be proved in the same way as in [3] over C
(cf. the basis in [1, p.15(1)]).

Lemma 2.4. The elements [] FNe H KN T1 EY* (0 < NoyNY, (N1, Ny, -+, N,,) € Z")

a€ERT 1=1 a€ERT
form a k-basis for Uy,.
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Let I be the (two-sided) ideal of Uy, generated by Ell-, Fil, K]l —1,1<i<n—1,1<j<n
Theorem 2.5. There is an algebra isomorphism
Up /T = uy,.
Hence uy, is the k-algebra defined by generators
E;, Fi, K; (1<i<n-1,1<j<n)

and relations (a)—(g), which are the same as 2.1(a)—(g) with v replaced by e, together with the
relation:
(h) K!=1, El =0, F} =0;

Proof. By definition, the algebra epimorphism g : U, — Ui extends to an epimorphism g : Uy —
uj,. Observe from 2.4 and 2.3 that dim(Uy,/I) < I"° = dimuy. So we must have an equality of

dimensions and ker g = I, proving the statement. O

Remark 2.6. The presentation for infinitesimal quantum groups associated to semisimple Lie
algebras given in [12, 5.7] involves generators E,, F, for every positive root « € RT. The
presentation obtained above is a Drinfeld—Jimbo type presentation with generators involving
only simple roots, and is stated for the type A case. Clearly, one can use the same approach to

obtain similar presentations in general.

3. THE BLM CONSTRUCTION OF U AND ¢-SCHUR ALGEBRAS

Before we turn to other constructions of wuy, we first briefly review the geometric settings for
U and ¢-Schur algebras in [2].

Let = be the set of all n x n matrices over Z with all off diagonal entries in N, and let
= = M, (N) be the subset of = consisting of matrices with entries all in N. Let o : £ — N be the
map sending a matrix to the sum of its entries. Then, for 7 € N, the inverse image Z, := o~ !(r)
is the set of n x n matrices in = whose entries sum to r. We also write o(j) = j1 + - + jn, for
jeN" For 1<1i,j<n,let E;; € = be the matrix (ay;) with ay; = 0; 10,

Let Ua(n,r) be the algebra over A introduced in [2, 1.2]. It has a normalized A-basis
{[A]}4ez,. In particular, if A € N® with D =diag(\) € =, then (cf. [2, 1.2,1.3])

[A] if A =r0(A) [A] if A =co(A)
(3.0.1) [D][A] = and [A][D] =

0 otherwise; 0 otherwise,
where ro(A) = (3_; a1, -+, > ;an;) and co(A) = (32, ai1, - ,>_;ain) are the sequences of
row and column sums of A = (a; ;). We put U(n,r) = Ug(n,r) ®4 Q(v).

In [8, 1.4], the algebra U4(n,r) is shown to be naturally isomorphic to the g-Schur algebra
introduced in [5]. In the sequel, we shall call U4(n,r) and U(n,r) ¢-Schur algebras.
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Let K be the A-algebra (without 1), defined in [2, §4], with basis {[A]} ,.z. The multiplication
in K is defined in [2, 4.4] by specializing v to 1 from another algebra over Q(v)[v’, v'~!] whose
multiplication is induced from the stabilization property of the multiplication of g-Schur algebras.
Asin [2, 5.1], let K be the vector space of all formal (possibly infinite) Q(v)-linear combinations
> acs BalA] satisfying

(F): for amy x € Z7, the sets (€S | 8470, ro(4)=x}

{A€E | Ba#0, co(A)=x}
We shall regard K naturally as a subset of K. We can define the product of two elements
> acz BalAl, X pez V(B in K to be >-apBavs[A] - [B] where [A] - [B] is the product in K.
This defines an associative algebra structure on K. This algebra has a unit element: the sum of

are finite.

all [D] with D a diagonal matrix in Z.
Let ZF be the set of all A € Z whose diagonal entries are zero. Given r > 0, A € Z* and
j - (j17j27' o 7]71) € Zna we deﬁne
AGr) = Y R %A+ Dl € Un,r),
De=0
(3.0.2) oArpI=
Aj) = A(oo) = Y v> WA+ D] e K.
DeEO

where Z° (resp., EO) denotes the subset of diagonal matrices in = (resp., E) and d; are diagonal
entries of D.
Let V be the subspace of K spanned by

B = {A() | A=t jezn).
The next result is proved in [2, 5.5,5.7].

Theorem 3.1. (1) V is a subalgebra of K with Q(v)-basis B. It is generated by Ep h+1(0),
Ept+14(0) and 0(j) for all1 < h <mn andje Z".
(2) For any positive integer r, the q-Schur algebra U(n,r) is generated by the elements

Epp+1(0,7), Epy1n(0,7), and 0(j,r)

forall1<h<n andje N".
(3) There is an algebra isomorphism U = V satisfying

Ep = Epps1(0), K{'KJ - Kfr = 0(), Fy = Ept1,1(0)
and an algebra epimorphism (. : U(n) — U(n,r) satisfying
Ej = BEnj1(0,7), K{'KJ - Kjr = 0(,7), Fy = Eps1,(0.7).

(4) ¢ (AG) = AG,7), for any A€ =F, j € Z".
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We shall identify U with V and hence identify Ej, with Ej, 41(0) etc., in the sequel. Thus,
By = (mEppa)(0)  and  F™ = (mEi14)(0)

(see [2, p.673]).

Let ET (resp., Z7) be the subset of = consisting of those matrices (a; ;) with a; ; = 0 for all
i>7 (resp., i < j). For A€ Z, write A = AT + A" = AT + A0 4 A~ with AT € 2, A% ¢ 20,
A~ €7 and At € =,

For A € E* and j € Z" let

(3.1.1) EAY = I E“and P4 = [ B
1<i<h<ji<n 1<j<h<i<n

The orders in which the products F (4%) and F(7) are taken are defined as follows. Put

M; = BTN (B2 BB (B B BY)

Similarly, put

MJ, = (Fj(z]il) T F2(aj’1)F1(ajyl)) T (Fjgijijiz)FJ(gjéjig))Fj(ijlyjil)

Then EA") = M, M,_;--- My and F(A7) = M{Mj}--- M. We obtain another basis (see [2]).
Proposition 3.2. The set
(MWAD) .= EA9G)FAT) | A e =% j ez}

is a Q(v)-basis for U. This basis will be called the monomial basis of U.

4. THE ALGEBRA W

Recall that £ is a field and ¢ is a primitive [-th root of unity where [ > 1 is an odd integer.
Let K = K ® 4 k; this inherits from K a basis and a multiplication which will be denoted as
in K. Mimicking the construction of R, we define I/{\k to be the k-vector space of all formal
(possibly infinite) k-linear combinations ) , = Ba[A] satisfying the property (F) with a similar
multiplication. This is an associative algebra with an identity: the sum of all [D] with D a

diagonal matrix in Z. The elements A(j) defined in (3.0.2) become
AG) = e?[A+diag(z)] €Ky (-2 = Dijiz).
zZEL"
Clearly, A(j) = A(j’) whenever j = j'. Here ~: Z" — (Z;)" (Z; = Z/IZ) is the map defined
by (1,72, - +Jn) = (1,42, - +Jn). Thus, we shall write A(j) := A(j). Similarly, we shall use
A(j,r) := A(j,r) to denote the element defined in (3.0.2) with v replaced by ¢ for the g-Schur
algebra Uk (n,r) = Ua(n,r) @4 k over k.
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—_
—
—

Let T' be the set of all A = (a;;) €

such that a; ; < [ for all 7 # j. Let I'*t be the set of

all A € T whose diagonal entries are zero, and let I't (resp., I'", I'°) denote the subset of I'

consisting of those matrices (a; ;) with a; ; =0 for all i > j (resp. i < j, i # j).
Let W be the subspace of I/{\k spanned by

By, = {A() | AT, je (Z)"}.

This is the finite version of V over k. We have clearly dim W < I"*. As for V, we want to prove

that W is actually a subalgebra of Rk

Following the notation used in [2], we also denote by ~ : A — A the ring homomorphism

sending T to v~!. It should not be confused with the notation j on n-tuples of integers. Put

e;=(0,

- |
e2—1

and [a].

7071.70”' 70) EZn?

7

for a > 1. The following result is a version of [2, 5.3] over k.

Lemma 4.1. The subspace W is stabilized under the left multiplication by elements of the form
0(3), Enp11(0), Eny1.4(0). More precisely, for 1 < hyi < n (h #n), 5,7 € (Z)" and A € T*,

if we put oy, = ep — ept1, P = —en — entr, f(i) = f(5,A) = X5, an,

fl(@) = f'(i, A) = Zj<i Qh,j

o~

Kki

]
—
~—

(4.1.1)

where 0 stands for the zero matrix.

Enpni(0)AG) = Y

A(Jl) = exin Tk AGG + 1)

— 2 jsiGh1 and

— ngi an+1,5, then the following multiplication identities hold in

i

A(1)0G) = e A + §)

e/ Oan; + 1] (A + Epi — Bng1,0) ([ + an)

i<h;ah+1’i2l

ah7i+1<l

e/ Dan; + (A + En; — Enir)()

+

2.

i>h+1;”‘h+1,i>1
ah,i+1<l

(4.1.2)

-+ ael -1 (A= Eni1n) G+ 6n) = (A= Brirn) (G + Bn)

1—¢e2

+ el Moy, oy + 1] (A + Epjs1) ()
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where a s 1 if ap1 = 1 and is O otherwise.

Ehy10(0)A() = Z ef'® lans+1: + 1].(A = Ep; + Ept1,4) ()

i<hjap ;21
ah+1,i+l<l

+ Z e apt1i + (A = En; + Eny1)( — an)
(4.1.3) i>htliap ;>1

ah+1,i+1<l

(1= 1—1 (A= Enpi1)( — @n) = (A = Eppi1) (G + Bn)
1—¢2

+ el WHinTay o+ 1L (A + Engnn) ()

+ o/af/

where ' is 1 if ap p+1 = 1 and is 0 otherwise.
The same formulas hold in the q-Schur algebra Uy(n,r) = Ux(n,r) @4 k over k with A(j)
replaced by A(j,r) forj € N (and v = ¢ in (3.0.2)).

Proof. Note that the multiplication formulas given in [2, 5.3] hold? over the localization of A

2. Now specializing v to € gives formulas over k. Since [I]. = 0 and a;; < [, those

at 1 —w
terms with ap; +1 = [ in (4.1.2) and with ap41; + 1 = [ in (4.1.3) disappeared. This means
that the matrices appeared on the right hand sides are all in I'*. Therefore, W is closed under

multiplication by elements 0(j), Ep, n+1(0) and Ep41 4(0). O

Corollary 4.2. For any m > 0, we have the following formula in I/{\k :

P Uy =
(4.2.1) Epp0)™ = ] 1 (mErn1)(0)
i=1
~\m " €i — €_i =
(4.2.2) En1n(0)" =[] ———(mEn1,)(0)
=1
(4.2.3) 0(e;)! =1

In particular Eh7h+1(())l =0, Eh+1,h(6)l =0.

Proof. Using (4.1.2) for A = E}, 41, we get (4.2.1). Using (4.1.3) for A = Ej, 41 p,, we get (4.2.2).
By (4.1.1), we see that 0(€;)" = 0(le;) = 0(0) = 1. O

For A = (asy) € = and i < j, let oii(A) = ngi;t% asy and 0;,;(A) = Zs<m>j ats. Define
A’ < Aiff 0'1'7]‘(14/) < 0'1'7]‘(14) and O']‘J(A/) < Uj,i(A) foralll <i< j <n. Put A < Aif A <A
and, for some pair (7, j) with ¢ < j, either o; ;(A’) < 0;;(A) or 0j;(A") < 0;;(A).

Proposition 4.3. Let A = (a;;) € T and assume that the orders in which the products below

are taken are the same as in (3.1.1).

2This is because the formulas [2, 4.6(a),(b)] used in the proof of [2, 5.3] hold in the A-algebra K.



10 JIE DU, QIANG FU AND JIAN-PAN WANG
(1) We have the following formula in the q-Schur algebra Ug(n,r) = Ug(n,r) @4 k:
(4.3.1) I (@;Bun)©r)- I (@ijEnan)©,r) = AQ,r) + f
1<i<h<j<n 1<j<h<i<n
where f stands for a k-linear combination of elements A'(j,r) with A’ € T* and A’ < A.
(2) We have the following formula in I/(\k :
(4.3.2) IT (@iBnni)© -  JI  (ai;BEni1)(0) = AQ) + f
1<i<h<j<n 1<j<h<i<n

where f stands for a k-linear combination of elements A'(j) with A’ € T'* and A’ < A.

Proof. The statement (1) follows directly from the result [2, 5.5] for g-Schur algebras together
with the formulas in 4.1. We now prove (2). By [2, 5.5(c)], we have

IT  (@Bnni)© -  JI  (ai;Bni1)(0) = A®D) + f

1<i<h<j<n 1<j<h<i<n

I

where f is a formal k-linear combination of elements [A’] with A’ € E such that A’ < A. Since
A €T, [a;]L # 0 for any i # j, we have by 4.2 (a;;Epp41)(0) = Ej,11(0)% /[a;;]!. So we can
use 4.1 to obtain that f is also a (finite) k-linear combination of B(j) with B € I'* and B < A.
Hence (2) follows. O

As in [2, p.668], let for A € T*,

=y Gt oot D, e

r<s r>s

Theorem 4.4. (1) W is a subalgebra ofI/{\k.

(2) The elements Ep p41(0), Epy1,1(0), 0(€;) (for h € [1,n] and i € [1,n]) generate W as an

algebra.

Proof. The proof is almost the same as the proof of [2, 5.5]. Let W; be the subalgebra of
I/(\k generated by the elements indicated in (2). From 4.1, we see that W is stable under left
multiplication by elements of the form E}, 511(0), Ep+14(0), 0(&;); it follows that Wi C W. So
it is enough to prove A(j) € Wi for any j € (Z;)™ and A € T*. We shall prove this by induction
on ||A]. When ||A]| = 0, then A = 0 and 0(j) = [[; 0(e;)’ € Wi by the definition. Hence
we may assume that ||Al| > 0 and our statement is already known for A’ with ||A’|| < [|A||. By
(4.3.2), if A= (a;;) € T*, we have
II (@iBuni)© -  J] (aijBni1)(0) = A(0) + f
1<i<h<j<n 1<j<h<i<n

where f stands for a k-linear combination of elements A’(j) with A’ € T'* such that A’ < A
(hence ||A’|| < ||A]]). By induction, we see that f € Wj. Since the product on the left hand side
is also in Wy by 4.2, we have A(0) € W.
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For general j € (Z;)", we have A(j) = 0(j)A(0) for some a € Z by (4.1.1). Hence A(j) € W.
Thus Wy = W. O

5. REALIZATIONS OF ug

Recall that I' is the set of all A = (a; ;) € = such that a;j <l for all i # j. Following [2, §6],
we will denote by K the k-subspace of Kj, spanned by the elements [A] with A € T". Clearly, K

is infinite dimensional.

Lemma 5.1. ([2, 6.2]) (1) K is a subalgebra of K.
(2) Let D be any diagonal matriz in E. The map 1p : K — K given by [A] — [A+1D] is an

algebra homomorphism.

Let IV be the set of all n x n matrices A = (a;;) with a;; € N, a;; < [ for all i # j and
a;; € Zy for all i. We have an obvious map pr : I' — I" defined by reducing the diagonal entries
modulo /.

Let K’ be the free k-module with basis elements [A] in bijection with the elements A € T".
Following [2, 6.3], there is an algebra structure on K’ given, for A, A’ € I, by

0, if co(A) # ro(A’) in Z;,
[A] - [A] = -
> pin[pr(A”)],  otherwise,
where p 3, and A" are determined by a product in K: [A]-[A] =Y p A”[ "] for any A, A’ € T

satisfying co(4) = ro(4") (in Z), pr(A) = A and pr(A’) = A’. Unlike K or K, the algebra K’
has unit element: the sum all [A] with A € I diagonal.

It was remarked at the end of [2] that K is “essentially” the algebra defined in [12, §5]. The
rest of the section is devoted to prove this remark. More precisely, we shall prove the k-algebras
K’ and uy, are isomorphic. We shall achieve this by proving that uy is isomorphic to the algebra
W introduced in the previous section and that W is isomorphic to K'.

Recall that the map ~ : Z" — (Z;)" is defined by (j1,72, - ,jn) = (j1,J2:- - »jn). Given
AeT* and j= (j1, - ,jn) € Z", we rewrite

— Z &%[A + diag(z)] € K,

zEZL™
gz [A+ di
(5.1.1) =2 Zl + diag(x
zc Zl) XEZL

X=Z

> &7[A+ diag(2)]

ze(Zy)"
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where j-z = Y1 | jizi, &% = &} and

[A + diag(z)] = Z [A + diag(x)] € K.

€

X=z

I
3

Note that A + diag(x) € I and the elements [A], A € T’, are linearly independent.?

Lemma 5.2. (BLM bases) Each of the following sets forms a k-basis for W:
(1) B ={A() | AeT*, je (Z)"};
(2) B, ={[A] | AeI"}.

— an

In particular, dim W
Proof. Fix A € T'. By definition, for j € (Z;)",

(5.2.1) AG = Y STA+7].

je@)n

Note that the coefficient matrix of (5.2.1) is B,, = (63'3/)35,6(Zl)n. If we order the index set
(Zy)™ x (Z;)™ lexicographically, the matrix B,, with By = 1 is of the form

B,-1 Bp e Bp-1
Bn _ anl 5Bn71 e 5l_1Bn71
Bn—l Elian—l . (glfl)llen_l

Clearly, as a generalization of a Vandermonde determinant, we have
det(B,) =det(B,1)' [] (-¢7)°
0<i<i—1
with s = {"~!. Since ¢ is a [-primitive root of unity, we have det(B,) # 0 by induction. Thus,
the linearly independence of B, follows from the independence of B). Hence, B, is a basis,
proving (1). Now, the invertibility of the matrix B, also implies that %) is contained in WW. So

(2) follows from (1) since both sets have the same cardinality. O

There is a third basis for W, a monomial basis (cf. 3.2). For any A = (a;;) € I'%,j € (Z))",
let
MU = T[] (aijEnns)(0)-0G) - [ (aijEns10)(0),
1<i<h<j<n 1<j<h<i<n

where the ordering of the products is the same as in (3.1.1).

Corollary 5.3. The set {MA) | A e %, je (Z)"} forms a k-basis for W.

3Since W is naturally a subspace of the direct product [T acr k[A], the linear independence of the elements [A]
follows easily from the identity 3 , v pa[A] = > acrt PAtdiagx)[A + diag(x)].
xeZ"
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Proof. By (4.1.1) and (4.3.2), we see that

(5.3.1) M) = c2A(5) + lower terms
and the assertion follows from 5.2(1). O

Lemma 5.4. With E;, F;, K; being replaced by E; ;+1(0), Ei11,:(0), 0(€;), the relations (a)-(h)

given in 2.5 continue to hold in I/{\k

Proof. The relation 2.5(a) is obvious and 2.5(b) and (c) follow from (4.1.1). The other relations
can also be proved by 4.1 in a way similar to the proof of [2, 5.6]. O

We now are ready to prove the main result of this section.

Theorem 5.5. (1) There is an algebra isomorphism ¢ : ux — W satisfying Ej, +— Ej p4+1(0),

Fy — Eh+1,h(0)y Kj— O(é]‘).
(2) There is an algebra isomorphism 1 : W = K' satisfying [A] — [A] for A € T".

Proof. (1) By 2.5, 5.4 and 4.4, there is a surjective algebra homomorphism ¢ from uj to W
sending E}, (resp., Fy, and K;) to Ep 5+1(0) (resp., Ep414(0) and 0(g;)). By 2.3 and 5.2, we
have dimuy = " = dim W. Tt follows that © is an isomorphism.

(2) By 5.2, ¢ is a linear isomorphism. So it is enough to prove 1 is an algebra homomorphism.
Let j, j € (Z))", A, A’ € T*. Fix x, x' € Z" satisfying co(A + diag(x)) = ro( A’ + diag(x’)) and

X =j, x =j. By 5.1(1), we may assume in K

A+ diag(x)] - [A' + diag(x)] = Y pealC + diag(z)] (pca € F).
Ccel+,zezn

By the definition of the product in X', we have in K’

[A+diag(d)] - [A' + diag()] = D poalC + diag()).
Cert,zezn

On the other hand, we have in Kk

[A+diag(j)] - [A' + diag(i)] = D [A+diag(y)] - [A+ diag(y')]-

YELT,§=]
y'ezn,y'=j

If [A + diag(y)] - [A + diag(y’)] # 0, then co(A + diag(y)) = ro(A’ 4+ diag(y’)). Since the fixed
pair (x,x’) above satisfies the same conditions, it follows easily that there exists A € Z" such

that y = x + I\ and y’ = x' + I\. Moreover, the map (y,y’) — A is a bijection from the set of
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all such pairs to the set Z". Thus, we obtain

[A+ diag()] - [A' + diag(7)] = Y [A+ diag(x) + Idiag(V)] - [A" + diag(x) + Idiag(})]
AEZ™

= Z Z pczC + diag(z) + Idiag(\)]  (by 5.1(2))

AEZ™ Cel*, zeZn

- > pee Y [C+ diag(z) + Idiag())]

Ccel't,zezn AeZ™

= Z pcz[C + diag(z)].

Ccer+,zezn

Therefore,
D([A + diag(j)] - [A" + diag(i)]) = ¢([A + diag(3)]) - ¥([A" + diag(i")]),
and hence, it is an isomorphism of algebras. ]
With this theorem, we shall identify us with W and K’ in the remaining sections. In particular,
the identity 1 = Z)\EZf [diag(A)] in wg.
6. MONOMIAL BASES FOR ¢-SCHUR ALGEBRAS: A REVISIT

In the remaining sections, we will investigate little g-Schur algebras arising from the quantum
group uy. For later use, we first collect and improve in this section some results from [9] and
then construct some bases conjectured in [6, 3.2] for g-Schur algebras U(n,r) over Q(v )

Recall the map ¢, defined in 3.1(3). Let e; = (. (E;), f; = ¢, (F3), k; = (- (K;) for 1 <i <n—1,
1 < j < n. Let X be an indeterminate which is independent of v. For t € N, put

[(X;t) = (X —1)(X —v) - (X =o'
and [X;0]! = 1. The following theorem is given in[9] (cf. [6]).
Theorem 6.1. The q-Schur algebra U(n,r) over Q(v) is generated by the elements
e, i, ki (1<i<n-1)

subject to the relations:

(a) kik; = kjk;;

(0) [ki;t1]'ke;ta]! - - [kn—1;tn—1]! =0 for t; € N such that t1 + - +tp_1 =r+1;
(c) kie; = v<0ejk;, kif; = v fk; with (i, j) as in 2.1(b);

(d) eiej = eje;, £if; = £;f; when |i —j| > 1;

(e) e?e; — (v + v Yeeje; +eje? =0 when |i — j| = 1;

(f) £2; — (v + v HEEL; —I—ff2—0when li —j| =1;

(9) eif; — fje; = 5ij%, where k; = kiki !, with k, = v’k 'k, 1.
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Let, for r > 1,

An,r)={A=(A1,--, \) EN" | A1+ Ny =1},
the set of all compositions of 7 into n parts. Let Uj(n,r) (resp., Uy (n,7), UY%(n,r)) be the
A-subalgebras of Uy(n,r) generated by the egm) (resp., fi(m), k)), where k) = ﬁ [kilo} For
A € = = M,(N), we further introduce monomials in Uj (n,7): e = T(E(AJr)Z):land £fA7) =
G (FAT) (of. (3.1.1)).

For our convenience, we include the following useful results which are taken from [6] and [9)].

Lemma 6.2. (1) The set {ky | A € A(n,r)} is a complete set of orthogonal primitive idempotents
(hence a basis) for UY(n,r). In particular, 1 = D oreA(nr) Ka-

(2) Let A € A(n,7). Then kiky = viiky for 1 <i < n.

(3) Let A € A(n,r). If A€ =t (resp., A € ) and \; < 0;(A) for some i, then ek, =
0 (resp., kaf(H = 0).

(4) For a fized iy, the elements k]il K (i e N, jic = 0,51 + -+ 4+ jn < 1) form a basis for
U(n,r)°.

Following [9], for any A € Z* and A € A(n, 1), let
mAN = (AN, £(A7)

and, if o(A) =}, ;a;; =, let
m@ = ek, £(A7),

where A = A(A) = (01(4), - ,00n(A4)) with 03(A) = aii + 31 ¢ji(aij + aji).
The following result is proved in [9, 5.6] with the condition that all coefficients fp 4 € Q(v).
Since the basis is integral and m(4Y € Uy(n,r), it is in fact an relation over A. Recall the

partial ordering < defined above 4.3.

Lemma 6.3. Suppose m4N £ 0 for some A € E* and A € A(n,r). If there exists D € =0
such that co(A+ D) = X\ + co(A~) —r0(A™), then mAY = mA+D) - Otherwise

mAN = N am P (fp 4 € Q).

Be=,, B<A

The following integral monomial basis for the ¢-Schur algebra U(n,r) is given in [9, 6.4].
Theorem 6.4. The set
M={mW |45} ={e"k 1) | AcEF, AeA(n,r), \i >0i(A) for 1<i<n}

forms an A-basis for Uy(n,r).
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Corollary 6.5. Fiz any ig with 1 <ig < n and, for A € A(n,r), let
ki;0 Kiy—1;0] [Kip+1;0 k,; 0
K»io = . e )
’ A1 Aig—1 Aig+1 An

(e, ; £ | A e =5, X e An,r), A = 0,(A)Vi}

Then the set

forms an A-basis for U(n,r).

Proof. By 6.2(1,2), we have

o =kt Y H{ ]

HGA(n ™) i7#iQ

The product H#io [i:] is zero unless p; > \; for all 4 # ig. Assume A € =5, A € A(n,r), \; >
oi(A) for all i. Then, by 6.3,

ek, f47) = eI EAT) 4+ N gpm P (gp € A).

Be=,
B<A

Now, by 6.4, the result follows. O

Strictly speaking, if we consider these bases as bases for U(n,r) over Q(v), the middle part
of each basis element above is not a monomial in the generators k;. So it is not clear from [9]
how to get true monomial Q(v)-bases in the generators e;, f;, k;. We are going to answer this
question below.

We are now in a position to construct new monomial bases for U(n,r). For j € N" write
ki = k{l -k and recall o(j)=g1+ -+ Jjn

Theorem 6.6. (The monomial and BLM bases for U(n,r))

Let ig be a fized integer with 1 < igp < n. Each of the following sets forms a Q(v)-basis for
U(n,r):

(1) Ny = {e(Aﬂka V| Ae=t ,JEN,]ZO—OU() (A)gr};

(2) Z-O:{A.], ‘AGH,JEN" Jio = 0,0(j) r}

Proof. For notational simplicity, we prove the case ig = n; the general case can then be seen
easily.
(1) Let

n—1
N = Nn _ { (Aj) — e(A+)k{1kg2 . k]n 1f | Ac= 7]1 c N\V/’L Z’]Z + o A) S ’l"}

=1
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There is an obvious bijective map

{Gr, gn-1, A) | i+ + 1 +0(A) <r, A€ EF} — &,
n—1

(jla"' ajnflaA) . A+dlag(]13 ajnflar - (Z]’L +U(A)))
i=1

Hence it is enough to prove that the set A is linearly independent since dimU(n,r) = #=,. By
6.2(1-2), for A € =+, we have, for any ji,- - , jn,

e(Aﬂle'l kI fAT) = Z vz Aidig(AT) e, £(A7) 1 Z Vi1 uijie(Aﬂkuf(A’)_
AE€A(n,T) peA(n,r)
Vi Aj 2o (A) 3j, pj<o;(A)

Hence by 6.3, we have

(6.6.1) AN () = 3T T NG ) STy ym(P)
AEA(n,r) Be=,
A;=a;(A) B<A

where fp a4 € Q(v). Note that the monomials appearing in the first sum are part of basis
elements in 6.4.
For fixed A € =%, let

Na= {0 |G+ 4 g+ 0(A) <7, ji € N, Vil

Then N = Ugezt,(ay<Na. Consider the sets Ap,a = {X| X € A(n,7), A > 0i(A) for all i}

and
oA =101, dne1) EN"TH Gi 4 4 st + 0 (A) <)

There is an obvious bijective map

/
E—
TL,T’,A ATL,T‘,A

n—1

(s sdn1) > (L +01(A), a1 + on1(A),r = D (i + 0i(A))).
=1

Hence, from 6.4 and the calculation above, it is enough to prove that N4 is linearly independent.
This is equivalent to show that

n—1 -
6.6.2 det ( 2 m) 0
( ) € v )\eAn,r,AvjeA{n,,r,A #

We apply induction on o(A). If 0(A) = 0, then the matrix is the transition matrix from the
basis 6.2(4) to 6.2(1). So (6.6.2) is clearly true. Assume now o(A) > 0 and the result is true for
all B with 0(B) = (A) — 1. Now 0(A) =}, a;; > 0 implies that there exists some a;; > 0
for i # j. Without loss of generality, we can assume a2 > 0. Let B = A — Ey5, then B € EF,
o2(B) = 02(A) — 1 and 0;(B) = 0i(A) for i # 2. Since there is an obvious bijective map:
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Angra — Apr—1,B by sending (Ai,---, Ap) to (A1, A2 — 1, A3,--- ,A\,) and A/, = A;W_l By We
have

(U—jzvz;:f m) _ (UZ?: m)

AEAn,T,AJeA{n,T«,A UeAn,rfl,ijeA;%T,LB

Therefore,

n—1 n—1 .
det (Uzizl A = videt (vzi:l “"”)

7..72)
AEAn,r,Aa.iEA{,L,T’A NEAn,rfl,BajeA{n,T,LB

for some integer s, and so the result follows from induction.
By setting A;’L,T,A = {1, Jio—1sJiot1, "+ »Jn) € N1 Z#io ji + o(A) < r}, the above
proof works for a general 7.
(2) If ig = n, then by definition (3.0.2),
AGory= Y oMIEERedn A 4 diag(V)]
AeA(n,r—o(A))

= Z vM[A 4 diag(N\)].
AEAT | 4

(6.6.3)

Thus, for a fixed A € Ei, the coefficient matrix is (v/\’j) . From the argument above,

A,jeA;mA
we see that

n—1 _. - -
Zizl O'z(A)]zU)\J)

A -
(v J)A,jeAL,T,A = (v A€M AdEA, L AT

Thus,

det (U)“j) = v’det (U)"j)

N JEN, 4 AEAn r AJEN, | 4

for some integer s. So this matrix is invertible by (6.6.2). Therefore, B, is linearly independent,

and consequently, it forms a basis. The proof for any i is entirely similar. ]

For any A = (a;;) € Z,, let n) = e(Aﬂkga“) - k(a"l’l’"’l)f(Af). Then we have

N={nW|4aez}.
Corollary 6.7. Let A€ ZF, j= (1, ,jn) €N Ifj1 +jo+ -+ jn + 0(A) > r, then

(6.7.1) eIk ki fAT) = N fpun®
BeE,,B<A

where fp 4 € Q(v). The same is true for the basis Nj,.

Proof. Applying (6.6.1) to n™ . we see that each n is a linear combination of m®) with
B € E,,B < A, Thus, each m™ is a linear combination of n(®) with B € Z,, B < A,. This
together with (6.6.1) proves our result. O
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With the new monomial bases given in 6.6, we may follow the argument in [9, §6] to produce
new PBW type bases for ¢-Schur algebras.

Fix the reduced expression
i=(i1,42, - ,iy)=Mn—1,---,2/1,--- , n—1,n—2,n-1)
of the longest word wyp of the symmetric group &,,, that is,
Wo = 84 Siy *++ Si,, = (Sn—18n—2 " 51)(Sn—15n—2 "~ 52)(Sn—15n-2)Sn—1,

where s; = (7,14 1) are basic transpositions. For any ¢ = (¢1,--- ,¢,) € N, define monomials in
root vectors Ef and FF as in [13, 2.2], and let Al = (a;;) where the first n — 1 components of ¢
become the n-th column reading upwords, and the next n —2 components become the (n—1)-th

column and so on, i.e.,
Cl =0an—1,n, " ,Cn—-1 = AIn,Cn = An—-2n—1,""" -
Define A; symmetrically. Then {Ef}cenv resp. {Ff}cenv is a A-basis for UI resp. Uj.

Moreover, the transition matrix between this basis and the monomial basis is unipotent upper
triangular. More precisely, we have by [13, 7.8(b)] and [9, 6.2(2)]).

Lemma 6.8. Leti=(n—1,---,2,1,--- . n—1,n—2,n—1) and let c € N”. For any ¢ € N”,
there exists he oo € A such that
EWD =B+ Y hewBf and FU) = Ff+ Y heoFY.
Aj,<Ai A =AG
Let ef = (-(Ef) and £ = (.(FF). For any A € =+, let ¢(A") € N¥ (resp., c(A™) € N¥)
correspond to AT (resp., A7) under the bijection ¢ — AL (resp., ¢ — A7) above. We now
derive a new PBW-basis for U(n,r).

Theorem 6.9. (The PBW bases for U(n,r))
For any integer ig with 1 <19 < n, the set

Piy = {e{ " W) | A€ 2 j e N, iy = 0,0()) + 0(4) <1}
forms a Q(v)-basis for U(n,r).

Proof. We again assume iy = n for simplicity. Using 6.8, and noting that if A € Z* and

o(A*) > r (resp., 0(A™) > r), then ) =0 (resp., £47) = 0), we may write eic(A+) =y

lower terms and f; (7 = £(47) 4lower terms. Here the lower terms are relative to <. So (6.7.1)
gives

esA")

; K] kZL"_‘ll fic(Ai) = e(Aﬂka e kf;"_‘llf(Af) + lower terms (relative to <),

where A € Z%, j; €N, j1 + -+ jo_1 + 0(A) < r. Now the assertion follows from 6.6. O
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Remark 6.10. (1) The new monomial bases for U(n,r) constructed in 6.6 are the “little”
version of the monomial basis for U(n) in [2, 5.7]; while the bases in 6.9 are the g-Schur algebra
version of the PBW-basis given in [12, 1.13].

(2) Note that the bases given in Theorem 6.9 are the conjectured bases in [6, 3.2].

7. LITTLE ¢-SCHUR ALGEBRAS

We now define little ¢-Schur algebras.

By restricting the map ¢, : U(n) — U(n,r) to the A-form Ux(n), we obtain by [8, 3.4] a
surjective map ¢, : Ug(n) — Ug(n,r). Thus, base change induces a surjective homomorphism
Gk =G ®1: Ug(n) - Uk(n,r), and hence a map (i : 4x(n) — Ug(n,r) by restriction. The
image (. x(tr(n)), denoted ug(n,r), is called a little g-Schur algebra. Since, by 6.2(1)-(2),

Ki= > kki= Y k=1,
AeA(n,r) AEA(n,r)
it follows that (nk(Kf — 1) = 0 for all 7. Hence ¢, induces a surjective map, the version of ¢,
over k,

Gk ug(n) — ug(n,r).

Let ug(n, 7)™ = Gr(ur(n) ™), uk(n,r)™ = Gr(uk(n)™) and ug(n,7)? = ¢ k(ug(n)?). By abuse
of notation, we shall continue to denote the images of the generators E;, F;, K; for ug(n) by the

same letters ey, f;, k; used for U(n,r).

Lemma 7.1. There is a k-algebra anti-automorphism T on ug(n,r) satisfying
T(e;) =1, 7(f;) =e;, 7(k;) =k;.

In particular, T(ug(n,r)*) = ug(n,r)".

Proof. By [9, 4.2], there is a unique Q(v)-algebra anti-automorphism 7 on U(n,r) satisfying
T(e;) = £, 7(f;) = e;, 7(k;) = k;. It is clear 7(Ug(n,r)) = Ua(n,r). Hence 7 induces a

anti-automorphism 7 ® id on Ug(n, ). Since (T ® id)(ug(n,r)) = ug(n,r), the result follows. O

Our first aim to develop a relation between g-Schur algebras and little ones, analogous to the

relation between Uy and uy.

Lemma 7.2. Let A\, € A(n,r). The following are equivalent.
(1) A=m e (Z)";

(2) >\1j1 + -+ )\n—ljn—l = /~L1j1 + o+ ,Ufn—ljn—l f07’ any 0< j17 T 7jn—1 < l;
(3) the coefficients of ky and k,, in the expression of ki '--kil":f as a linear combination of

ky (A€ A(n,r)) are equal for any 0 < j1, -+ ,jn—1 < I;
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Proof. The first equivalence is clear. To see the second, we use the formula

n—1

kjll K = Z 5j1y1+"'+j"*11’”*1kl, c Uk(n,r),
veA(n,r)

which can be derived from 6.2(1)-(2). O

Let A(n,r) = {\ € (Z;)" | A € A(n,r)}, and let N; = {0,1,--- ,1 — 1} C Z. Note that the set

N; is a particular set of representations for elements of Z;. For X € (Z;)", define

> k, if A€ A(n,r)

Py = HEA(N,T), A=A

0 otherwise.

Proposition 7.3. Fix any ig with 1 < ig < n. FEach of the following sets form a k-basis for
U,k(n, T)O'

(1) Xy ={ =K' -k | j € NI, ji, = 0,0() < 7};

(2) Vip ={knrio | A€ Aln,r), N < 1,0 #ig} (see 6.5);

(3) Z={px | A€ An,r)}.
In particular, we have dim ug(n,r)? = #A(n,r).
Proof. By 2.3 and 6.1, ug(n,r)" is spanned by &;,. So dimug(n,r)? < #7I;, where

Il = {j - (j17j27 o 7.]TL) |j € N?vjio - 0,0'(j) g T}-
The condition \; < [ in (2) guarantees that );, is in the span of &j, and hence is contained in
ug(n,r)?. Thus, #Zo < dimug(n,r)? < #7; where
Iy = {)\ S A(n,r) ’ i <l 7é io}.

Since Y, is linearly independent by 6.5 and #Z1 = #I, it follows that both &;, and ), are
bases, proving (1) and (2). To prove (3), we use 7.2 to write a basis element k{l ---kzL":f in &),

(ip =n) as

(7.3.1) kjil . kj"—l — Z E)\ljl'i‘"“‘l‘An—ljn—le.

n—1 =
XE(Z[)"

Now both &,, and Z are linear independent sets in Ug(n,r) and #A(n,r) = #Z;. Thus, (7.3.1)
implies that all py € ug(n,r)? and Z forms a basis for uy(n,r)°, proving (3). O

Remark 7.4. By 6.2(1), the elements px (A € A(n, 7)) is a complete set of orthogonal primitive

idempotents in ug(n,r)°.

Recall from §5 the identity 1 = E/\EZ? [diag(N)].

Corollary 7.5. For X € (Z;)", we have (. x([diag())]) = py-
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Proof. Let sy = ¢, x([diag(A)]). In ui(n), we have

K; - [diag(V)] = 0(&;) - [diag(V)] = Y &[diag()] - [diag(V)] = £* [diag(V)]-
je@z/mr
Thus, k;sy = a)‘isx and, by 6.2, k;py = 5)‘ipx for 1 <7 < n. So both sets ksy and kpy are two
sided ideals of ug(n, ), and we obtain two central primitive idempotent decompositions:
= Y s Yo
RE(Zy)™, sp#0 XeA(n,r)
If X € A(n,r), then Py = PySp = sp for some 7. Multiplying the equation by k; gives eAipX =

etisy which implies A =7 and so Sy = Px- ]
The result below is the little version of [9, 8.3]. Recall the sets I, T'F, I't, I'~ defined in §4.

Proposition 7.6. The set {e) | A €T, o(A) <7} (resp., {fAN) | Ac T, o(A) <)) forms

a k-basis of ug(n,r)* (resp., ug(n,r)7).

Proof. By 5.3 and 5.5(1), we can easily deduce a monomial basis of the form {E} opy for
ug(n) (see (3.1.1) for the notation E(). Thus, we have uy(n,r7)* = span{e®) | A € Tt}
For A € T, if 0(A) = Y ,0i(A) > r, then e = 3, eWky = 0 by 6.2(1),(3); if
o(A) < r, then e = DoNEA (), As S0i(A) eky # 0 by 6.2(3). By [9, 8.3], we see that the set
{e | A €T, 0(A) < r} is linearly independent. Therefore, the result is proven. O

We derive some commutator relations between the generators of ug(n,r). The following result
follows from [6, 2.4] or [9, 4.8,4.12(1)]. Recall from 4.1 o; = e; — ;1.

Proposition 7.7. Let A € A(n,r). Then in the k-algebra ug(n,r) we have the following.
(1) If there exist some u € A(n,r) such that i = X\ and pir1 > 1, then €iPy = Px,q:©i;
otherwise e;px = 0.
(2) If there exist some p € A(n,r) such that t = A and p; > 1, then £;py; = px_g.fi; otherwise
fipy=0.
Proof. The statement (2) follows by applying the anti-automorphism 7 given in 7.1 to (1). We
now prove (1). Recall from [9] that, in Ua(n,r),
(a) If A\jiy1 > 1, then e;ky = ky1q,€;; otherwise, e;ky = 0. ([9, 4.8,4.10])
(b) If A\; =0 for some ¢ with 1 <i < n — 1, then kye; = fiky = 0. ([9, 4.12])
Thus, if there exists a p € A(n,7) such that 7 = X and p;11 > 1, then
epy= Y. kuae (by(a)), Pygei= > ke (by (b))

nEA(n, ), A=\ vEA(n,r), T=X+a;
Hip121 viz1
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It is clear that
{pH—ai | pweAn,T), T=X\ fis1 = 1} = {1/ ‘ veAln,r), T=\+a, v > 1}.
Hence e;py = Py 4. If {u € A(n,r) ! =X\, flit1 = 1} = @, then e;py = 0 by (a). O

Corollary 7.8 (cf. [9, 4.9]). Let A € T't. Then we have the following result in the k-algebra
uk(nv T)'
(1) If there exist some p € A(n,r) such that i = X and p; > o;(A1) for all i, then e(AﬂpX =
pxxe(“ﬁ) where X = X — co(AT) +ro(AT); otherwise, e(“ﬁ)px =0.
(2) If there exist some u € A(n,r) such that it = X and p; > o;(A~) for all i, then pr( ) =
)

f£A~ Py where N =X+ co(At) —ro(A~); otherwise, pr(A_) =0.

Proof. Assume there exist some p € A(n,7) such that 1 = X and u; > 0;(AT) for all 4. If
i<j,a<pjand 0<a<l—1,by 7.7, (ef ---€f_;)px = pole] - €f_) where 7 = \ + a(a; +

.- 4+ w(j—1)). Since 4" = 1<1<_[4< ega”) . 'eg»ciiji), we obtain e(4" ) ps = pX/e(AJr) where X =
<IN

A — co(At) + ro(AT). On the other hand, if {¢x € A(n,7) | B =X, p; > 0i(A") for all i} = @,
then by 6.2(3), e(AﬂpX = 0. Hence the result in (1) follows. Applying 7 in 7.1 to the result in
(1) gives that in (2). O

8. BASES FOR A LITTLE ¢-SCHUR ALGEBRA

Recall from §4 that for A € T'F, j € Z"
AGr= 3 A+ diag(f).
j’eA(n,r—o(A))

Note that by (3.0.2) A(§,r) = A(j,r)‘vze.

It is known that from 3.1(4) the map ¢, : U(n) — U(n,r) satisfies that (.(A(j)) = A(j,r).
Since A(j) is not necessarily in U4, the first part of the following result at k level can not be
deduced from the fact at Q(v) level. Recall from §5 the basis {A(j)} for uy(n).

Lemma 8.1. (1) We have (,x(A(§)) = AG,r) for AT+, je (Z)".
(2) Fixz any A € TF with o(A) < r and let

Va = spang {A(,7) | j € (Z1)"}
Then dimgVa < #A(n,r —o(A)).

Proof. (1) We apply induction on ||A||. If |Al| = 0, then A = 0. It is obvious that (.x(0(j)) =
0(j,r) for j € (Z;)™. Assume ||A| > 0. We apply (5 to (4.3.2) to obtain

H (aij Enp+1)(0,7) H (aijEnt1,0)(0,7) = G e (A(0)) + G (f)-

1<i<h<j<n 1<<h<i<n
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By induction, we see that ¢.x(f) is a k-linear combination of elements A’(j,r) € Uy (n,r) with
A" € T* and A’ < A (hence ||4|| < ||A]]). Equating this with (4.3.1), we obtain (.x(A(0)) =
A0, 7).

In general, we have A(j) = e2ik4%: A(0)0(j) by (4.1.1). Hence, by (4.1.1) for the g-Schur
algebra, we have (. 1(A(j)) = EZZ!’“JZ%”A( 0,7)0(,r) = A(,r).

(2) For j € (Z;)", we have (cf. (5.1.1))

AGr) = > A+ diag(V)]
AeA(n,r—o(A))

=y M > [A + diag(p)]

AeA(n,r—a(A)) pEA(n,r—o(A)), T=X

where

[A+diagN),r] = > [A+diag(p)] € Ug(n,r).

HEA(n,r—0(A))
T=X

Thus, V4 is spanned by all [A+diag()), 7] with A € A(n,r — o(A)). Hence the result follows. [

We now derive the first two bases for ug(n,r) as the counterparts of the basis M in 6.4 and
the basis in 5.2.

Theorem 8.2. FEach of the following sets forms a k-basis for ug(n,r).
(1) My = { ADpfA) | AeTE X e An,r), A > 03(A) w} .
(2) L = {[A+diag(A),r] | AeT*, 6(A) <7, A€ A(n,r —o(A4))}.

Proof. (1) By 7.3, we have py € u(n,r). Hence e(Aﬂpr(Aj € ug(n,r) for any X € (Z1), A€
I't. By 6.4, the set My, is linearly independent. By 5.2 and 8.1(1), we have

up(n,7) = spany, {A(j,7) [ A€ T*, je (Z)"}.
Note that we can easily show that
#{O1, - A) € (Z)" | (M, -+ An) € Aln, 1), A = 04(A) for all i} = #A(n,r — o(A)).

By 8.1(2), we have dimgug(n,7) < > acrt #A(n,7 — 0(A)) = #M}. Hence the result follows.

o(A)Kr

(2) Assume A € TF and (A) < r. By the proof above, we have dim;V4 = #A(n,r — o(A)).
Let V/, be the subspace of Ug(n,r) spanned by the elements [A + diag(\),r] for A €
A(n,r — o(A)). Then dim V), = #A(n,r — 0(A)) = dimgVa. Since V4 C V'y, we have V4 = V.
In particular, we have [A + diag(X),r] € Va C ug(n,r) for A € I't, X € A(n,r — o(A)). Since
the set Ly, is k-linearly independent and #Lj, = dimyug(n,r), the result follows. O
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Let ~: M, (Z) — M,(Z;) be the map defined by (a;;) = (a;;).
Lemma 8.3. Let Z, = {A | A € Z,}. There is a bijective mapping from =, to the set
{(A,N) | AeTE XeAln,r), N\ > oi(A)Vi}.

Proof. For A € Z,, let A* be the matrix obtained by replacing the diagonal entries of A by

zeros. Then the map
f:2 —={(B,\)|Be=F e Aln,r),\ = 0s(A)Vi},

defined by f(A) = (A%, \) for all A € Z,, where A = (01(4),--- ,0,(A)), is a bijection. Since,
for each A € Z,, there exist a unique B € I't such that A* = B, it follows that f induces a

bijection

—{(AN) |AeTE N € A(n,r), \i > 0i(A) Vi)

)
[I]I

With this lemma, we may rewrite a basis element in M, as

m) .= B £(B7),

where B € T+, X\ € A(n,r) with \; > 0;(B) for all i, and f(A) = (B, ). The last assertion of

the following is seen easily from 6.3.

Corollary 8.4. We have My = {E(A) | A € ET}. In particular, dimpuy(n,r) = #=,.. More-
over, for A € T* and i € A(n,r) satisfying that if X € A(n,r) with X = T then \; < o;(A) for
some i, we have
e Npaf(7) = > gpam®  (gpack),
BEE,,BE<A
where BT is the matriz obtained by replacing the diagonal entries by zeros and is regarded a

matriz in TF.

We have also the following monomial, BLM and PBW bases for u(n,r) which are analogous
to the bases in 6.6 and 6.9. Recall, for j € N*, ki = k{l kI and o(j) =ji1+ -+ jn, and
N, ={0,1,---,1 -1}

Theorem 8.5. Fiz any integer ig with 1 < ig < n. Each of the following set forms a basis for

ug(n,r).
(1) Ny = {eUDREAT | A €T j € N iy =0, a(') +a<A> <r);
(2) Biow = {AG,7) | A€TE,j €N j;y = 0,0()) + <r);

(3) Piok = {e; o(4 )kaC(A ) | AeT*,jeNP, j;) = O,a( )—i—a(A ) <7}, where i is as in 6.8.
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Proof. The proofs of these results are similar to those of 6.6 and 6.9. We prove (1) for example.
As for 6.6(1), we prove the case ig = n. Let N = N, ;. Clearly, #Nj, = #Mj. So it is enough

to prove the set N, is linearly independent.
By 6.2(1-2) and the definition of py, we have

k{l e k%” — Z 521-21 )\z]sz —

AeA(n,r)
It follows that for A € I'*,

At j A7) _
el )k11"‘k¥z"f( ) — Z
N:AEA(n,T)
Aizoi(A)

Hence by 8.4, we obtain (cf. (6.6.1))

e p () |

2.

peA(n,r)
Fi,uy<o; (A)

5 (AT
chigA™)

pﬁf(A_).

e(“ﬁ)k{l K fAT) = Z AdmAn) Z fp.amP)
NAEA(n,T) BEE,
A;i=0i(A) BE<A
where fp 4 € k, and A\ = A+diag(A\; —o1(4), - on(A)). Now, the linear independence
Aj

of N}, follows from the invertibility of the coefﬁment matrix (

Ara={N [ AeA(n, 1), N >

))\eAn rAnueAn r,A

where

oi(A)V i} and AnTA—{.]ENl | jn =0,0() + o(A) < r}.

The rest of the argument is entirely similar to the proof of (6.6.2) with A, » 4 and A;Lm 4 replaced

by Ay 4 and A/ and v by €, of course.

n,r,A’

O

Table 8.6. We display various bases discussed in previous sections in the following table.

Uocation) U(n) U(n,r) ui(n) ui(n,v)
gl monomil — | mWaes | | mWaes
(3.21\;452?;;?1&5) M(A) eANdfa7) M (Ad) (A)deAT)
(3.1;6%15:/.[2;8.5) A() Aj,r) AG) A(T> )
s o femer | e e
B - — [A],AeT [A,7],...
where for rows 2-4 | A € E*,j € Z" Aefg)’ii%gg:o AeT*jeny Ae{f;)’f\(‘j:’)gg:“




INFINITESIMAL QUANTUM gl,, AND LITTLE ¢-SCHUR ALGEBRAS 27
9. DIMENSION FORMULAS

Let Xy, .0 :={X € A(n,r) ’ X2, A < U} and put ay .; = #Xp, . It is well known that we

have the following generating function:

1 s+m—1
9.0.1 R s
®-01) A= o ZO( m—1 )”“’

where z is an indeterminant and m is a positive integer.

Lemma 9.1. We have the following equality:
n—1\/n+r—sl—1
n,rl :Z(_l)s< 5 )( n—1 )
s>0

Proof. Let t; (1 < i < n) be a collection of n commuting indeterminate and x be another

indeterminate. Define functions f,(t1,--- ,t,) by
H = fr‘(tla"' 7tn)xT~
1-— tl.%‘ o 1— tia: >0
Then f,(t1,--- ,t,) is the sum of all monomials of degree r in {t;} such that for any 2 < i < n,
the exponent of ¢; does not exceed [. Thus ay, ,; is obtained by evaluating f,.(¢1, - ,t,) at t; =1

for all 7; that is,

1 (1—ah)nt
l—z (I—a) 1 > anri’

>0
However, on the other hand,
1 . (1 — ml)nil — (1 o xl)n—l . 1
l—2z (1—z)nt (1—2x)"
—1 —1
_ Z(_1)S<n )mls 3 <" o ) >1‘“ (by (9.0.1))
s>0 o u>0 n
—1 —1
s n—1
r2>20 r=u+ls
720 520 5 n=
The desired equality follows by equating coefficients. O

Theorem 9.2. We have the following formula

— n—1\/n+r—sl—1
9.2.1 A = —1)° .
(02,1 = (") ()

In particular, we have
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(1) i = (1 () ()
(2) dimug(n, )" =350~ ("7 (VRTTT) with N = () + 1

(3) dimgne (1) = ,z0(=1)° (") ().

Proof. By restricting the map ~: Z"™ — (Z;)" to the subset X,, ;;, we obtain a map from X, ,; to
A(n,r). For any A € A(n,r), we choose 0 < pig, - - - jin, < I, such that 7ig = g, -+, Tin = Ap. Then
S i K N < Let g =7 — 3 o >0, then g =7 — Y0 o pti =T — Sor g Ni = A1
and m = X. So the restriction is onto. On the other hand, if A, € Xp 1 such that
X =T, then Ay = po,-- ,A\n = i, by the definition of Xpr1. It follows that A\ = pp since
A st € A(n, 7). Hence the map from X,,,; to A(n,r) is bijective. Thus, (1) follows immediately
from 7.3, and (2) and (3) follow from 7.6 and 8.4, respectively, as we may identify the set
{AeT* | o(A) < r} with Xy, and Z, with A(n2r). O

Remark 9.3. From the dimension formulas, we see that the little g-Schur algebra ug(n,r) is
different from the infinitesimal Schur algebras investigated in [7], [4]. We shall compare them in
[10].

10. PRESENTING BOREL SUBALGEBRAS OF uy(n,T)

Let ug(n, r)>0 (resp., uk(n r) 9) be the k-subalgebra of ug(n,r) generated by e; (resp., ;)
and k; (1<i<n—1,1< n). These algebras are called Borel subalgebras of ug(n,r) and
will play an important role in the representation theory of ug(n, ).

The various bases for uy(n,r) give rise to bases for ug(n,r)?%. As examples, we list some of

them below.

Proposition 10.1. Fiz any ig with 1 < 19 < n. FEach of the following sets forms a basis for

ug(n,7)>0.
(1) M,fo = {e(A)pX | AeTt, AXeAln,r), \; = 0;(A) for all i};
(2) N7 ={eWki | AT+ je N, ji, =0,0() + o(A) <r};
(3) Bfook ={AQG,r) A €T je N, ji, =0,0()) +o(A) < r};

(4) £>0 = {[A +diag(\),7] | AeTt, a(A) <r, A€ A(n,7 —o(A))}

In particular, dimug(n, 7)™ = 2320(_1) (Ns 1) (N+]\}__Sll_1) with N = (”;1).
<0,

A similar result holds for ug(n,r)

Proof. By 7.1, it suffices to prove the case for ug(n,r)?". )2 =

ug(n, ) ug(n, r)°.
AcT*, Xe (Z)" By 6.2(3), if for any u € A(n,r) with 7 = ), there exist some ¢ such that

Ai < 0i(A), then e(A)pX = 0. It follows that u(n,r)>" is spanned by the elements e(A)pX with

It is clear that wug(n,r

Hence by 7.3 and 7.6, uy(n,r)>° is spanned by the elements e(A)pX with
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AeTt, M€ A(n,r) and \; = 0;(A) for all i. So (1) follows by 8.2. Clearly, (2) and (3) follows
form 8.5 and (1). We now prove (4).
Assume A € T'. By (5.3.1) and 8.1, we have
e(A)kJ = 5aA(jv T) + Z fB,j’B(jla T)

B<A, Ber'*
j’GZ"

where fpj € k. Note if A € I'" and B < A, then B € I'"". It follows that

eWK = A, r) + Z feyB@T).

B<A, Ber+
j/EZTL
By definition, for B € I'"", we may write
B(',r) = Z ' [B + diag(X), 7] € span £k>0.

XeA(n,r—o(B))
Hence by (2), we have uy(n,r)?° C span Efo. Thus, we have
dim uy(n,7)?° < #L;, = #M,?O = dim ug(n, r)=°.
Therefore, EI?O is a basis. U

We turn to investigate presentations for Borel subalgebras.

Theorem 10.2. The k-algebra uy(n,r)>" is generated by the elements

e (1<i<n—1), py (A€ A(n,r))

subject to the following relations

(a) pxpr = Oxzp% 1= 22 Py
AEA(n,r)

(b) efej — (e + e 1)ejeje; + eje? =0 when |i — j| = 1;

(c) eiej = eje; when |i — j| > 1;

(d) ef =0; -
(e) eipy = Pxia;® if piy1 =1 for some p € A(n,r) with @ = X;

(f) e<A+)pX =0 for At € 't and \ € A(n,r) satisfying that if u € A(n,r) with \ = [ then
wi < ai(A) for some i.

A similar result holds for ug(n,r)<C.

Proof. Let sk)o be the algebra defined by generators e; (1 < i < n— 1), px (A € A(n,7))
and relations (a)-(f). By 6.1, 7.5, 7.7 and 7.8, there is naturally an algebra epimorphism
sfo — ug(n,r)?%. This in fact is an isomorphism as we now prove that dim s,?o < dim ug (n, )20,

Let s; (resp. s?) be the subalgebra of sfo generated by e; (1 <i < n—1) (resp. py (A €

A(n,r))). By (e), we have sfo = s,":sg. From 2.5, we may easily obtain a presentation for u;: and
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thus, an algebra epimorphism u; — sz. Hence, using the monomial basis for uy in 5.3, we see

that s; is spanned by the elements e with A € I't. Now the relation (e) guarantees that, for
AeT+and A € A(n,r),if \; > 0;(A) for all i, then e(py = pX/e(A) where X = A—co(A)+ro(A)
(see the proof of 7.8). This together with (f) implies that sfo is spanned by the elements e(A)pX
with A € T, A € A(n,7) and \; > 0;(A) for all . Thus, the dimension inequality follows from
10.1. g

Remarks 10.3. (1) We remark that the relations involved in (f) are not simple at all. It is
natual to expect that if (f) can be replaced by
(f) eipx =0 if pi;11 = 0 for all p € A(n,r) with = X.
Unfortunately, this is not the case. We have constructed an counterexample.
(2) There is no nice and simple presentation for uy(n, r) either as given in 6.1 for the ¢-Schur
algebra. In fact ker ¢, |uk (n) is more complex than ker ¢, since it can not be generated by certain
elements in u(n). For example, in the case assume n = 2 and | = r = 3, if ker Cr kel ug (2) Was

generated by certain elements in ux(2)°, then by 7.5 we would have

(Z)", X & A(2,3)).

ker Cr,k’uk(2) - ([[dlag(X)]] ‘ A€

Let 8= (1,—1) € Z2. It is clear for A ¢ A(2,3) we have A + 3 ¢ A(2,3). We can easily see that
FEi[diag(\)] = [diag(A + B)]F1 and Fi[diag(\)] = [diag(A — B)]F1, where [diag(\)] € ug(2).

Hence we have

ker G gl (2) = span{ E{ [diag(\)]F} | X & A(2,3), 0 < a,b < 3}.

It follows that dimker(.xly, 2y = 54. But dimug(2) = 81 and dimug(2,3) = E3 = 17, so
dimker (. k|y, (2) < dimug(2) — dimug(2,3) = 64. This is a contradiction.
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