LINEAR QUIVERS, GENERIC EXTENSIONS AND KASHIWARA
OPERATORS

BANGMING DENG, JIE DU AND GUANGLIAN ZHANG

Abstract. In the present paper, we introduce the generic extension graph G of a Dynkin or cyclic

quiver Q and then compare this graph with the crystal graph C for the quantized enveloping algebra

associated to Q via two maps }q; o : ! o induced by generic extensions and Kashiwara

operators, respectively, where ¢ is the set of isoclasses of nilpotent representations ofQ, and

is the set of all words on the alphabet I, the vertex set of Q. We prove that, if Q is a ( nite or

in nite) linear quiver, then the intersection of the bres } Ql( ) and Ql( ) is non-empty for every
2 o. We will also show that this non-emptyness property fails fo r cyclic quivers.

1. Introduction

Let Q be a Dynkin or cyclic quiver with vertex set | = f1;2;:::;ng, and let be the set of
all words on the alphabetl. Let o denote the set of isoclasses of ( nite dimensional) nilpotat
representations ofQ. In [2, 3], the rst two authors introduced a map, the generic extension map

} = }Q . ! QZ
The bre of } o is described as those wordsv = i; iy in  which de ne the same generic
extension S, Si,, of simple modulesS;,;:::;S;, . Also, the map} gives a strong monomial

basis property for the -part U of the associated quantized enveloping algebrd) = U, (Q).
In [11], M. Kashiwara introduced certain operators E; 2 End(U*) (i 2 I) in the construction of
his crystal bases forU*. Kashiwara proggzd that, if

L = A1 (Ey 1) U™

w2
whereEy = Ej;, E;, forw=1i1 iy and
Ap =ff(v)2Q(v)jf(v Y)isregularatv=0g;

then the setB = fE,, 1+v L jw2 gforms a basis forL =v L which in turn determines
the canonical basisB = fb j 2 g L of U". Here the index set can be identied as q.

Thus, one obtains a map

= Q! ! q

dened by E,w 1 Db (w(modv 1L ). The description of is a hard problem. In particular, the
bres of are not known.

In this paper, we investigate the relations between the two naps o and} . We shall see that
in general, o as a map is not equal to } o. However, it is always true that q(w) 6 } q(w) for
all w2 and given Q. Here6 is the partial ordering on . Further relations will be discussed
when Q is one of the following quivers:
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IThis is contrary to an earlier incorrect computation in the t ype A case announced in [6].
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Fig 1. Linear and cyclic quivers

In particular, we prove that, if Q is a nite linear or in nite linear quiver, then }Ql( )N Ql( )6 ;
forall 2 o, and show by counter-example that this fails if Q is a cyclic quiver.

We may interpret these relations in terms of graphs. There ae two graphs with the same vertex
set glthe crystal graph Cand the generic extension graplGlassociated to  and} , respectively.
Forw2 , (w)= (resp. } (w)= ) means that there is a path from vertex O to the vertex
in C (resp. G) and every such a path is given by an element in ; so 6 } means that the two
graphs are not identical (i. e., they have di erent edge set3. However, for linear quivers, there is
at least one path in common among all paths from 0 to any given ertex 2 g.

We organize the paper as follows. We present the basics for quer representations and the generic
extension map inx2, and Ringel-Hall algebras and quantum groups inx3. In x4, we introduce the
map and discuss its properties, built on a work by Reineke in [16] The last two sections are
devoted to proving the main results mentioned above for linar quivers.

Acknowledgment.  The rst two authors would like to thank S.-J. Kang and J.-H. K won for some
earlier discussions on Problem 2 in [6] which conjectures it } o = ¢ for someQ.?

2. Quiver representations and the generic extension map

Let Q = (I;Q1) be a quiver, i .e., a nite directed graph, wherel = Qg is the set of vertices
f1;2;::: ;ngand Q1 is the set of arrows. If 2 Q; is an arrow from tail i to head |, we write h( )
for j and t( ) for i.

A ( nite dimensional) representationV = (V;;V ) of Q, consisting of a set of nite dimensional

vector spacesV; for eachi 2 | and a set of linear transformationsV : V() ! V) for each
2 Qq, is identi ed with a (left) module over the path algebrg kQ of Q. We call dim V :=
(dim V1;:::;dimV,) the dimension vector of V and d(V) = i”=1 dimV; the dimension of V.

The representationV = (V;; V) is called nilpotent if for each oriented cycle , ::: 1 at a vertex i,
the k-linear map VvV, V, : Vi ! V is nilpotent. Obviously, each vertexi 2 Qg gives rise to a
one-dimensional nilpotent representationS;. Note that if Q contains no oriented cycles, then every
representation is nilpotent.

Example 2.1. Let Q be a Dynkin quiver, that is, its underlying graph is a (simply laced) Dynkin
graph of type ADE. By Gabriel's theorem [7], there is a bijection between the set of isoclasses of
indecomposable representations of) and a positive system * = *(Q) of the root system ( Q)

2A few typos in the statement of Problem 2 should be corrected. For example, (1) = fw (1) really meant that
their images are equal.
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associated withQ. Forany 2 *,let M( )= My( ) denote the corresponding indecomposable
representation of Q over k. By the Krull-Remak-Schmidt theorem, every representation M of Q is

isomorphic to M
M( )= M():= ( IMi( )
2 +
for some function : * ! N. Thus, the isoclasses of representations dp are indexed by the set

+ +
= qo=f : ' Ng=N
We embed * into ¢ naturally.

Example 2.2. Let Q be the cyclic quiver , (n > 2). For each integerl > 1, there is a unigue
(up to isomorphism) indecomposable nilpotent representaibn S;[I] of length | with top S;. It is
well-known that Si[l] (i 2 I;1 > 1) yield all isoclasses of indecomposable nilpotent repregtations
of Q, and this classi cation is independent of the eld k. Thus, one way to describe the isoclasses
of nilpotent representations of Q is to use n-tuples of partitions. Namely, for each n-tuple =
(®; @:::0: M) of partiions O =( > 0 ), 1 6 i 6 n, we dene a nilpotent
representatior? of Q M
M( )= My( )= sil 1
i21;j >1

If we write the partiton () as

) =@ ;202,000 ws0)

Then is uniquely determined by = ( ;). Thus, we obtain a bijection between the set ofn-tuples
of partitions and the set

o=Ff I Z+! Njsupp()is nite g;
where Z, denotes the set of all positive integers, and supp() = f(i;1)j (i;1) 6 0g. We may also
rewrite M ( ) as M
M()=M():= i1 Sifll:
i21>1

We now assume for the rest of the section thak is algebraically closed Fix d = (d;); 2 N" and

de ne the a ne space v v
R(d) = R(Q;d) := Homy (k%) ; kIO = kdne) %O

2Q1 2Q1

Thus, a Qgint x = (x ) of R(d) determines a representationV (x) of Q. The algebraic group
GL(d)= T, GLg (k) acts on R(d) by conjugation

(@) (X)) =(gh()X &)

and the GL (d)-orbits Oy in R(d) correspond bijectively to the isoclassesV (x)] of representations
of Q with dimension vector d.

The stabilizer GL(d)x = fg2 GL(d) j gx = xg of x is the group of automorphisms ofM := V(x)
which is Zariski-open in Endkg (M) and has dimension equal to dim Engig (M ). It follows that the
orbit Oy = Oy of M has dimension

dimOy =dim GL(d) dimEndyg(M):

3The module M ( ) de ned here is indeed the module M (~) de ned in [20], where ~ = (~®;:::;~") and ~()
denotes the dual partition of (Vi 2 1.
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For two representations M;N of Q, dene [N] 6 [M] (or simply N 6 M) if Oy Oy, the
closure of Oy . This gives rise to a partial order on g by

6 0 Mk()6 Mk():
From now on, we assume thatQ is a Dynkin or cyclic quiver. Given nilpotent representations
M; N of Q, consider the extensions

o/ N!' E! MI! O

of M by N. Note that E is again nilpotent. By [1, 17, 2], there is a unigue (up to isonorphism)
such extensionG with dim Og maximal (or equivalently, with dim End o (G) minimal). We call G
the generic extensionof M by N, denoted byM N.

Let be the set of all words on the alphabet |
}(w) 2 o be the element de ned by

f1,2;:::;ng. For w = iqip im 2 , let

(2.2.1) Si, Si, Si, = M} (w)):
Thus, we obtain a map
}=}o: ! Qs W7l }(w):
Moreover, if Q is a Dynkin quiver, then } is surjective; if Q is a cyclic quiver, then} is not surjective
withIm } = 2, the set of all aperiodic n-tuples of partitions, that is, those = ( @®; @;:::; (M)

satisfying that for each t > 1, there is somei 2 | such that t is not a partin (.

For eachi 2 1, there is a map
(2.2.2) i Q | Q; 7! i
de ned by

M(i)=S M():

It is clear that for each w = iqiz:::im, it holds
(2.2.3) W)= iy i, in(0);
where 0 is the element in g corresponding to the isoclass of zero module.

We end this section with the de nition of the generic extension graph.
De nition 2.3.  Let Q be a Dynkin or cyclic quiver. The generic extension graphassociated toQ
is the directed graph G with vertices 2 g andarrows !' ,where; 2 gand ; = for
somei 2 1. Indeed, it is an | -colored graph.

Thus, by (2.2.3), every wordw 2 de nes a path fromOto =} (w). Clearly, } *( ) consists
of all such paths, and the map} sends every such a path to the other endpoint .

3. Ringel-Hall algebras and quantum groups

Let Q be a Dynkin or cyclic quiver. By [19, 20, 9], for ; ; in g, there is a polynomial
" . (T) 2 Z[T], called aHall polynomial, such that for any nite eld k of g elements," . () is
the number of submodulesX of M( ) satisfying X = M( ) and My( )=X = Mg( ).

Let Z = Z[v;v 1] be the Laurent polynomial ring over Z in indeterminate v. The (twisted
generic) Ringel-Hall algebraH,(Q) of Q is by de nition the free Z -module having basisfu =
Um(yJ) 2 g and satisfying the multiplicatio; rules

uu = v C(Au
2 9

whereh; i =dim (Homg(M( );N()) dimgExt &Q(M( ); N ( )) is the Euler form associated
to the quiver Q. For eachi 2 |, we simply write uj = Ug;.
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On the other hand, every quiver Q determines uniquely a symmetric (generalized) Cartan matix
C(Q). Let U = U,(Q) be the quantized enveloping algebra associated t€(Q). Note that U is

a deformation of the universal enveloping algebra of the seimsimple Lie algebrag(Q) (resp. Qn)
with Cartan matrix C(Q) if Q is a Dynkin (resp. cyclic) quiver. Let U* = U} (Q) be the positive
part of U, that is, the Q(v)-subalgebra ofU generated byE;; i 2 I, with quantum Serre relations.
Further, for each m > 1, let

Vm m

_ v L _ :
[m] = VvV v 1 and [m] =[1][2] [m]:
The Lusztig integral form U* = U; (Q) is the Z -subalgebra of U™ generated by divided powers

Ei(m) = % wherei 21 andm > 1.

Theorem 3.1. [19, 20]Let Q be a Dynkin or cyclic quiver andU; (Q) be the Lusztig integral form
of UJ (Q).
(1) If Q is a Dynkin quiver, then H,(Q) is generated byui(m) = % i21 andm > 1, and
there is aZ -algebra isomorphism
US(QIH (@) E™M 71 u™: (i 21;m > 1)
(2) If Q is a cyclic quiver, then there is aZ -algebra isomorphism
Us(@!c (Q; EM™ 71 uf™: (i 21m > 1y,

where G,(Q) is the Z -subalgebra ofH,(Q) generated by aIIui(m), called the composition
algebra ofQ.

In the sequel, we shall identify U; (Q) with H,(Q) (resp. G,(Q)) in case Q is a Dynkin (resp.
cyclic) quiver. We nally note that the generic extension map } can be applied to obtain a strong
monomial basis property for the corresponding quantized eveloping algebral = U, (Q) in [2, 3].

4. Canonical bases, global crystal bases and the map

In this section we review the canonical and global crystal baes forU* = U} (Q) de ned by
Lusztig and Kashiwara, respectively. The map : ! o will be de ned in terms of Kashiwara
operators.

Again, let Q be a Dynkin or cyclic quiver. For each 2 g, dene

B =V dim M ( )+dim End( M ( ))u 2 HV(Q):

Note that 4; = u;.
By [13, 15] (see also [22, 18, 3, 5]), for each2 g, there is a unique element
X

(4.0.1) b =4 + p. & 2H,(Q);

<

wherep. 2 v 1Z[v 1]. All the elements b are invariant under the Z-algebra involution

Ut U EM7r EMivr vk
If Q is a Dynkin quiver, then Bqg = fb j 2 @gis aZ -basis ofH,(Q) = U*; if Q is a cyclic
quiver, then Bg = fb j 2 gg isaZ -basis ofG,(Q) = U*. In both cases,B = B is called the
canonical basisof U (Q). Lusztig [13] shows that this basis has many remarkable prperties.

Independently, Kashiwara [10, 11] introduces the global cystal basis for a quantized enveloping
algebra, which is shown in [14, 8] to coincide with Lusztig'scanonical basis. We follow [11, 2.2]
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to de ne the global crystal basis* of U*. For eachi 2 |, let E; : UT | U* be the Kashiwara
operator. Let A; be the subring of Q(v) consisting of all rational functions f (v) such that f (v 1)
is regular atv=0 and dene L to be the A; -submodule ofU* generated by the elements

(4.0.2) E,E, E, 1

m

for all words w = iii, im 2 , where 1 is the identity element of U*. By B we denote the
subset ofL =v 1L consisting of the images of all elements of the form (4.0.2) nder the canonical
projection L ! L =v L . Kashiwara shows the following facts:

(1) The set B is a Q-basis ofL =v 1L , called the global crystal basis ofU* .

(2) For eachb?2 B, there is a unique elementy 2 U* such that 52 L \ L and that the image

of b under canonical mapL ! L =v L ish.

(3) The setB%:= fbjb2 Bgis aZ -basis ofU™.

Following [14, Theorem 2.3], we haveB = BO Thus, for each wordw = ijis:: i, there is a
uniqgue (w)= 2 ¢ such that

Ei,Ei, Ei, 1 b (modv L):

m

This gives rise to a map

= g ! W7l = (w):
Clearly, if Q is a cyclic quiver, then Im = %
Further, for each i 2 I, there is a map
(4.0.3) i o! Qo 7!

de ne by
Ei(b) b, (modv L):

In caseQ is a Dynkin quiver, by (4.0.1), this is equivalent to
Ei(¢) &, (modv L ):
Note that in this case all & liein L .
From the de nition, for each w = iji2:::im 2 , we have
(4.0.4) W= i, in(O):
Now the crystal graph C (see [10, 11]) is the directed graph with vertices 2 o and arrows

1 , where ; 2 g and ; = forsomei 2 |. Itis also an | -colored graph. Like the
generic extension graphG, (4.0.4) can be used to identify the word set with the set of all paths
starting at 0.

It is interesting to compare the crystal graph C with the generic extension graphG. By de nition,
it su ces to compare the maps i; i: ! o. We will see shortly that ; and ; are not equal
in general. However, by [14, Corollary 2.5] and the de nition of ;, we have the following.

Proposition 4.1. Let Q be a Dynkin quiver andi be a sink ofQ, i. e., there is no arrow  with
t()=1i.Then ;= jandforeach 2 o, § = | isdenedbyM(; )=S§ M().

Based on this fact, Reineke [16] obtains the following chareterization of each ; if Q is a Dynkin
quiver. Given a Laurent polynomial f (v) 2 Z[v;v 1], the degree off (v) is de ned to be the smallest
integer d such thatv 9 (v) 2 Z[v 1]. Fori 21 and 2 o, de ne

ai( ) :=max degf;. . ;

4Note that Kashiwara de nes the crystal basis of U at v =0. By using the isomorphism U! U;E; 7! Fi; F;i 7!
Ei; Ki 7! Ki; v 7! v !, this can be reformulated as a basis ofU* at 1 .
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P
where tyet = fi .o
The following result is a combination of [16, 3.2] and [16, 6L,7.1], from which the cyclic quiver
case also follows (see the discussion in [12, 4.4] or the corams after Proposition 7.2).

Theorem 4.2. Let Q be a Dynkin quiver of type other thanEg or a cyclic quiver. Then, for
i21land; 2 o, E(¢) & (modv L) (e, ; = )ifandonlyif f; . 60 and
degfi, ; =a()>a() 1

The theorem together with the fact that f;. . 6 0implies 6 ( ),i.e,M( )6 S M( )=
M ( i ) gives the following nice relation.

Corollary 4.3. Let Q be a Dynkin quiver of type other thanEg or a cyclic quiver. Then for each
w2 , we have

Q(w) 6 } q(w):

Proof. Let w = ijiz::iim2 . If m=0or1,then}(w)= (w). Let m> 1andsetw; =is::!im,
= (wi1) and = (w). By Theorem 4.2, we have

(w)=i; (w1)6 i, (wi):

Using an inductive argument, we may suppose that (w;) 6 }(wsi). This together with [17,
Proposition 2] and [2, Proposition 3.4] implies

W) 6 iy (W1) 6 i} (wi)= }(w);

as required.

However, the two maps g and} g are not equal in general as seen from the following example.

Example 4.4. Let Q be the quiver Q=L,: —. Let 1 and » denote the simple roots.
Then *(Q)=f 1; 1+ 2 20. Hence, each 2 ¢ can be identi ed with a triple ( a;b; 9 of
non-negative integers, wherea = ( 1), b= ( 1+ »2),andc= ( »). Foreach =(a;b;92 o,
we have by [3, 7.1]

.+ _ (at+1;b;0 if c=0,
@bi0= apr1ic 1) if c> 1
and by [16, 3.2]
e (at+1;b;0 if a> c,
H@&b9= (apr1c 1) if a<c.

Thus, 16 1. On the other hand, we have by Proposition 4.1 , = 5. This shows that the edge
sets of the generic extension graph and the crystal graph ardi erent.
The generic extension graphG of Q consisting of all with dim M ( ) 6 4 is illustrated as follows:
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(0;0;0)

(1;0;0) (0;0;2)

VAR /N

(2;0,0) (1;0;1) (0;1,0) (0;0;2)

|

(3:;0;0) (2;0;1) (1;0;2) (1;1,0) (0;1;2) (0;0;3)

o

(4,0,00 (3;:0;1) (2;0,2) (1;0:;3) (2;1,00 (1;1,1)  (0;200  (0;1;,2)  (0;0;4)

Fig 2. The graph G(A>)

Whereas, the crystal graphC of Q is given by:

(0;0;0)

(1;0;0) (0;0;1)

(2;0;0) (1;0;1) (0;1;0) (0;0;2)

VA N

(3;0,0) (2;0;2) (1;0;2) (1;1;0) (0;1;2) (0;0;3)

PRI

(4;0,0)  (3;0;1) (2:02 (1;0;3)  (2;1,00 (1;1;1)  (0;2,00) (0;1,2) (0;0;4)

Fig 3. The graph C(A»)

Here, in both cases, the color 1 is represented by a dark arrgwvhile the color 2 is represented by
a gray arrow. Note that the two graphs have the same gray arrows since , = ».

For ; 2 @, we set
h. =dimHom«M( );M()) and d =dim M( ):

In particular, we set h = h. =dimEnd (M ( )). We need the following result [16, x5] in the
next section.

Proposition 4.5. Let Q be a Dynkin quiver. Let ; 2 g andi 2 | be such thatM( ) is an
extension of S§; by M ( ). Then

deg'; (T)= h, h :
5. The finite linear quiver case

In this section, we assume thatQ is the nite linear quiver L, giveninFig 1. Thenthe set *(Q)
of positive roots can be identied with f(i;j) j16 i 6 j 6 ng. Let Mj; be the indecomposable
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representation of Q associated to the pair {;j ). Its top and socle are isomorphic toS; and S,

respectively. Foreach 2 q,weset jj = (i;j)forall16i6 )6 n.
Lemma 5.1. Leti<j beinl =f1;2;:::;ngand 2 ¢ be such that
M
M()= irs Mi:s i+1Mi+1;  N;

s=j

where N satis es that its top contains no summands isomorphic toS; or Sj+1. Then

ai( )= is and | = j:
s=]

Moreover, if 415 =0,then ; = ; = isdenedbyM( )=S M();if s > 0, then
i = i = isdened by

< sptl if (1) = (i),

st=. st 1 it (s;t)=(i+1;]),

T st otherwise.
Proof. Let be given in the lemma. Since Exq{Q(Si; 8= isMis) =0 and Ext &Q(Si;N) =0, we
have

M
S M()= isMis N (Si i+1; Mi+1):
s=j
It is easy to see that
o My S it 1y =0;
Sl ( |+l;JM|+1;J) - Mi;j ( 15 1)Mi+1;j if 15 > 0.
Hence,§ M( )= M( ) (resp. M( ))if 1, =0 (resp. > 0), thatis, ; = (resp. ).
If i+ =0, then Ext 1(Si;:M () =0, that is, M( ) is the unique extension ofM ( ) by S;,

and so X

tht = fi .o =f; . &:
On the other hand, by de nition, we have

e = v Qgu =V T (g
Thus, f;; , = v d*f i h+d(y2) By Proposition 4.5, we get
a( )=degfi; . =h d+h; i h +d +2(h. h)

X
hi =dimHom (M ( );Si) = is
P !
Replacing by in the above yieldsaj( ) = 2:1- is +1= a( )+ 1. Hence, by Theorem 4.2,
we getEi(t) o (modv L) ie, i = .
Suppose now i+1;; > 0. Again, by de nition, we have
b = v Qg =V I+ (VW)

where
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Then, by Proposition 4.5, we get
degfi. . =2h. h  h +1+ h; i and degfi. . =2h. h  h +1+ h; i:

Set
M
M = isMis  (is1j  DMijay N
s=j
Then
M()=M Mz and M( )= M  Mj;:
Hence, we get
degfi; . =dimHom kQ(M;M i ) dim Hoka(M;M i+l;j) dim Hoka(Mij M)
+dimHom g (Mij+1;; M)+ hdim S;;dim M( )i +1
An easy calculation shows that

X
dimHomyq (M; M j ) = dimHom ko (M;M j.1;) + s
s=j
dim Hoka(Mij ;M) dim Hoka(Si;M ) =dimHom kQ(Mi+1 iR M) i+1;j T 1;
hdim S;;dim M ( )i =dimHom kQ(Si;M) i+13 -
n

P P
Ehis gives dedf; . = 2:1- is. Similarly, we have dedf;; ; = o is i+1;. Thus, ai( ) =
n

s=j iis-
Repeating all the arguments above for replaced by , we obtain that

X
ai( )= is+1=a()+1:
s=]

This together with Theorem 4.2 implies ; =
We conclude that | = ; in both cases.

Remark 5.2. Although one may use the explicit formula ; (for the linear quiver case only) given
in [17, x1] to prove the lemma, we provided a proof which directly usesTheorem 4.2.

let 2 ganddeneforl6i6j6n
Wi = Wi ()= |{z}| +1 :{'Z:i +]}::::::i:_{z:i};
ij ij i
and
W=W( )= WnpnWn 1n 1Wn 1n:iii i WEaWep il i Wep'!
We now show that the paths corresponding tow in the generic extension graph and the crystal
graph have the same endpoints.

Theorem 5.3. Let 2 o andw = w( ) be de ned as above. Then
Pwy= = (w):
In particular, } )\ ()6 ;.
Proof. Since Extio(Mij ;M) =0, we get
M} (wij)) = i Mij:
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Further, from the fact Ext &Q(Mi;j iMst) =0 for i > s it follows
M (} (W)) = n;nMn;n n 1n 1Mn 1in 1 n 1;nMn 1n

;1M 11 nMzpn = M();
i.e,}(w)= N
For16i6j6 n,wedene ()2 4 by
(i) _ st Ifs<iors=it>j;
st = 0 otherwise.

We use induction on the lengthl( ) := ij i to show (w)= . Ifl( )=0orl,itis clear.
Let now I( ) > 1. Then th_ere are 16 i 6 j 6 n suchthat j; 6 0, but st =0 forall s>i or
s=1i,t<j,hence, = @) Forsimplicity wesetm= i and = G*D_ Thenl( )<I()
and

w=w()= ';_{;Z'_'}::::::':':j w( ):
EC 123
By induction hypothesis, we may suppose (w( ))= . Then
(w) = im J_m 1 J_m :
Since
M M
M( )= i:s Mi:s stMs:t;
s=i+1 sGSTiGn

we have by repeatedly applying Lemma 5.1 thatM ( jm ) = mS; M( ). By further applying
Lemma 5.1 to J-m , we getM ( J-ml jm )= mM; 1;  M( ). Inductively, we nally deduce

MC™ MM )=mMy M()=M();

thatis, (w)=

Example 5.4. We useFig 2 and Fig 3 to compute the intersection} *( )\  %( )forall with
dimM () =4 in the following table:

(4;0,0) | (3;0;1) | (2;0;2) | (1;0;3) | (2;1,0) (1;11) (0;2;0) (0;1;2) (0,0;4)
1 1
}ooO)N ()] 12 213 2211 231 132 | 1221: 2122 | 1212 1222 | 2212: 2122; 128 | 24

6. The infinite linear quiver case

The consideration for linear quiversL, can be easily transferred to the in nite linear quiver
L; . As in the nite case, for all i;j 2 Z with i 6 j, there is an indecomposable representation
Mi; of Ly with top S; and socleS;, where S; and S; are simple representations corresponding
to vertices i and j, respectively. Thus, the set of isoclasses of ( nite dimensnal) indecomposable
representations ofLq is identi ed with

1 =f@i)iti2zi6jg
and the isoclasses of representations &f; are indexed by the set

S|

1 =f 1 1 Njsupp()is nite g;
where supp() = f(i;j)2 1 (i;j)60g.
The existence of Hall polynomials allows us to de ne the Ringl-Hall algebra H,(L; ) of L, ,

which can be identi ed with the Lusztig integral form Uy (sl; ) of the positive part U} (sl; ) of the
quantized enveloping algebra ofsl; (see [12]).
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As in the L, case, for eachi 2 Z, the generic extension ofS; by a representation and the
Kashiwara operator E? , respectively, induce maps

1.1 .

T R | 1

Let ; denote the set of all words on the alphabetl = Z. We further de ne maps
Pttt 1
by respectively
Frw= L L LO@and tw= g5 0
wherew = iiio:::im 2 1 . Theorem 5.3 implies the following

Proposition 6.1. Foreach 2 ;,we have}! (w)= 1 (w)= forsomew?2 .

7. The cyclic quiver case

In this section, we assume thatQ is the cyclic quiver = n (n > 2) with vertex set | =
f1,2;:::;ng. We rst compare maps ;and ; (16 i 6 n)for , withthose for L, .
Forall16i6 n 1, wedene
= 5 15 = ieienez, 7 ()
by
M M
M(C ()= sjiMs;s+j 1
s=1 j>1
In other words, for (s;t) 2 7, we have
‘1) = s ifj=t s+1,
(s 0 otherwise.
Further, we de ne
nto b1 7H a()
by
M 1M M
M( n())= s Ms+1:s+j mj M1
s=1 j>1 ji>1

Proposition 7.1. (1) We have the following commutative squares

iy and LA/

PR

iy o,

wherel6i6 n 1
(2) For ; 2 and 16 i 6 n, we have

M=) O

Proof. (1) This follows from [2, Proposition 3.7] and [3, Proposition 7.3].
(2) If there exists an exact sequence

(7.1.1) 0! S! M()! M()! o
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then there is anl > 1 such thaé

2 il 1 if (s;0)=(1i;1)
st = o i+l 1+1 if(s;)=(i+1;1 1)
T st otherwise :
Let X X
a= . (resp. b= i)

>l ji=1
An easy calculation shows (see the proof of [2, Proposition.®])

M= OM =TT T

If there is no exact sequence of the form (7.1.1), then; (T)=0=" :Ei))' o )(T).
The following result has been given in [12, 4.43.

Proposition 7.2. The following squares commute

PR

/I 16i6n 1), /i
We remark that Theorem 4.2 for the cyclic quiver case can be esly obtained form 7.1(2), 7.2
and the Dynkin case. Moreover, based on Proposition 7.2, Léerc et al [12, Theorem 4.1] have
explicitly worked out ; which we now describe.

For each 2 , let X
Siim = (i i+1:1);
I>m
where ;1 = 1y incasei = n. Let mg be the minimal positive integer such that

Simo = Maxfsim jm> 1g:
By de nition, if mg> 1, then8 i+1:mo 1> 1. In this case, we dene 2 by

< imet1 if (s;t)=(i;myo)
st=. i+lme 1 1 if(si)=(i+1;mg 1)
T st otherwise.

In other words, M () is obtained from M ( ) by replacing a summandS;.+1 [mg 1] with a summand

Si[mg]. f mg=1, isdenedbyM( )=S M().
In contrast, for the given i and , let m; be the maximal numberj such that j.;;; 6 0 and
dene 2 by 8
<

im, +1 if (s;t)=(i;mq)
st = . i+1m; 1 1 if(si)=(i+1;my 1)
T st otherwise.
Theorem 7.3. Let 2 , 121 andlet ; be dened as above. Then
@) ([12, Thm4.1) ; = ;
2 ([2,3.7) i =
Sit was not pointed out in [12, 4.4] that the case for i = n is slightly di erent from the cases for i =1;2;:::;n 1.

We separate this through the second commutative diagram.
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We now apply the theorem to show that there exists 2 satisfying} ( )\ ()= ;.

Example 7.4. Let n=3 and Q be the cyclic quiver 3. Let 2 be such that
M()=S Sif2] Si[3] Sof2] Ss[3):
Let N be a maximal submgdule withM=N = Sjfor16 i 6 3. Ifi =1, then

< S1 S1[2] S2[2] So[2]  S3[3] =: Ni or
N = S1 S1[3] S S2[2] S3[3]=: N or
S1[2] &3] S2[2]  Sg[3] = Na:

By Theorem 7.3 (2), we have
St N1=S1 Si[2] Si[3] Sp[2] Sg[3]=M();
S1 N2=S1 $[3] Si[38] Sz S33f;
S1 N3=$[2] $4[3] Si[3]  S3[3l:
In a similar way, for i =2 or 3, we can showS; N 6 M( ). Let 2 satisfy M( )= N;. Then
1( )= and
} ) =fwjw2} Y()g
Repeating the arguments above, we nally obtain
} ()= fy=132213322%g
But, by Theorem 7.3 (1), we have
M(C () =S1 S1 Si[2] Sf2] Sp[2] S3[3]6 M( ):
This means that} *( )\ ()= ;. Infact, by applying Theorem 7.3 (1) repeatedly, we get
1( )= £122312132321%2312132?; 1°2312312321°23123132;
1223213232 122321 322?; 122321312321223213132;
123212132321232121%22; 123212312321%32123133¢:

Remark 7.5. Although Theorem 5.3 fails for cyclic quivers, it is natural to expect that the same
result holds for all Dynkin quivers. Furthermore, with the t echniques of Frobenius morphisms on
quiver representations developed in [4], the truth for the smply-laced case would imply that for
the non-simply laced case.
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