GENERIC EXTENSIONS AND CANONICAL BASES
FOR CYCLIC QUIVERS

BANGMING DENG, JIE DU AND JIE XIAO

ABSTRACT. We use the monomial basis theory developed in [4] to present an elementary
algebraic construction of the canonical bases for both the Ringel-Hall algebra of a cyclic
quiver and the 4+-part U of the quantum affine sl,,. This construction relies on analysis
of quiver representations and the introduction of a new integral PBW-like basis for the
Lusztig Z[v,v™"]-form of UT.

Dedicated to Claus Michael Ringel on the occasion of his 60th birthday

1. INTRODUCTION

As a landmark in Lie theory, G. Lusztig introduced in [18] the canonical basis of the
quantum enveloping algebra of a simple complex Lie algebra and showed that this basis
has some remarkable properties such as the positivity property for structure constants (cf.
the work [15] for Hecke algebras), the compatibility with various natural filtrations, and
the fact that this basis is well adapted to all finite dimensional irreducible representations.
In this case Lusztig actually gave two constructions of the canonical bases, namely, the
elementary algebraic construction, involving analysis of quiver representations, and the
geometric construction, based on perverse sheaves on representation varieties of a quiver.
Nevertheless, the key steps in the proof of the existence of the canonical bases are the use
of Ringel’s Hall algebra associated to the representation category of a quiver [25, 27]. The
geometric construction was soon extended in [19, 20] to an arbitrary Kac-Moody algebra
(see, e.g., [23]). Though there are other elementary constructions including Kashiwara’s
crystal basis approach [14] for arbitrary Kac-Moody algebras and, in the affine case, the
constructions given in [1] and [2], the algebraic construction for the general case involving
analysis of quiver representations remains unclear.

In this paper, we will present such a construction for cyclic quivers. The main ingredient
in this construction is the strong monomial basis property established in [4]. This property
is a systematic construction of many monomial bases for the subalgebra, the composition
algebra, generated by simple modules of the generic (twisted) Ringel-Hall algebra of a cyclic
quiver. It is proved in [26] that the composition algebra is isomorphic to the positive part U™
of the quantum enveloping algebra U of the affine Lie algebra ;[n This realization together
with the strong monomial basis property allows us to introduce integral monomial /PBW-like
bases for the Lusztig Z-form U} (Z = Z[v,v™!]) of UT and to see the triangular relations
of the bar involution on these basis elements. In this way, a new basis is constructed
through a standard linear algebra method. We then prove that this basis agrees with
Lusztig’s canonical basis; cf., e.g., [16, 30]. We further extend the approach to produce a
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2 BANGMING DENG, JIE DU AND JIE XIAO

similar construction for the canonical basis of the whole Ringel-Hall algebra. Note that the
“PBW” bases constructed in this paper do not involve braid group actions. It would be
interesting to find a relation between our “PBW” bases and those constructed in [2]. Note
also that the construction for the cyclic quiver case is a key step towards the completion of a
similar construction suitable for all affine Kac-Moody algebras with symmetric generalized
Cartan matrices; see [17].

The paper is organized as follows. We start with nilpotent representations of a cyclic
quiver A and their associated Ringel-Hall algebra H in §2. We investigate in §3 the generic
extension monoid M of A through a minimal set /¢ of generators consisting of simple and
sincere semisimple representations. Thus we obtain a monoid epimorphism @ from the free
monoid over I¢ to M. With @, we construct in §4 a distinguished word in every fibre of p,
and discuss the Strong Monomial Basis Property for Ringel-Hall algebras in §5. From §6
on wards, we use the twisted Ringel-Hall algebra Hz and its composition algebra Cz as a
realization of U g (§6) to introduce a new integral “PBW” basis from which we construct
a so-called “IC basis” for Ug (8§7). In §8, we show that this elementarily constructed “IC
basis” coincides with the (geometrically constructed) canonical basis for Ug , and in the last
section, we further extend the construction to the whole Ringel-Hall algebra Hz.

Some notation. For a finite dimensional quiver representation (or a finite dimensional
module over an algebra) M, let soc'M = socM (resp. rad'M = rad M) denote the
socle (resp. radical) of M. Let soc M =0, 1ad°M = M and, for i > 1, soc’M be the
inverse image of soc (M /soc =1M) in M under the natural projection M — M /soc~'M
and rad*M = rad (rad "' M). We also set top M = M /rad M.
Let LI(M) denote the Loewy length of M, that is,
LI(M) = min{s | rad*M = 0} = min{t | soc'M = M}.

Then M admits two natural filtrations: the radical filtration

M>DradM D ---D rad 1M D) rad'M =0
and the socle filtration

M =soc!M Dsoc™ "M D ---Dsoc'M D 0,
where [ = LI(M). We have obviously the following lemma.
Lemma 1.1. For each 0 < s < I, soc®M is the unique mazimal submodule of M of Loewy
length s, while M /rad®M is the unique maximal quotient module of M of Loewy length
I — s. In other words, any filtration M = Mg 2O My O -+ D M;_1 O M; = 0 satisfying the

property that My (resp. M /M) is a maximal submodule (resp. quotient module) of Loewy
length s (resp. | — s) coincides with the socle (resp. radical) filtration of M.

2. NILPOTENT REPRESENTATIONS AND RINGEL-HALL ALGEBRAS

Let A = A(n) be the cyclic quiver

1 2 3 n—2 n—1

with vertex set I :=Z/nZ = {1,2,... ,n} and arrow set {i — i+ 1|1 < i < n}, and let
kA be the path algebra of A over a field k. For a representation M = (V;, fi); of A, let
dim M =" ;dimV; and dim M = (dim V4, ... ,dimV,) € N" denote the dimension and
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dimension vector of M, respectively, and let [M] denotes the isoclass (=isomorphsim class)
of M. Further, for each a > 1, we write

aM:=M&---&M.
—_—
a

If a =0, we let aM = 0 by convention.

A representation M = (V;, fi); of A over k (or a kA-module) is called nilpotent if the
composition f, - - - fof1 : Vi — Vi is nilpotent, or equivalently, one of the f;_1--- fufi--- fi:
Vi — Vi (2 <i < n) is nilpotent. Let Ty = Tx(n) denote the category of finite-dimensional
nilpotent representations of A over k, and let S; = (S;),, ¢ € I (resp. Si[l]y, i € I and
[ > 1) be the irreducible (resp. indecomposable) objects in Ty. Here S;[l]; is the (unique)
indecomposable object with top (.5;), and length (i.e., dimension) [.

Following [16], a (cyclic) multisegment is a formal finite sum

T = Z milisl),

i€l i>1

where m;; € N. Let II denote the set of all multisegments. Then each multisegment
m =), mili;1) € Il defines a representation in Ty

My () = @ i 193U k-

i€l 1>1

In this way we obtain a bijection between II and the set of isoclasses of representations in
Ty. Note that this bijection is independent of the field k. Thus, throughout, the subscripts
k are often dropped for notational simplicity. We shall also write End (M), Hom(M, N),
etc. for End ya (M), Hompa (M, N), etc.

Remark 2.1. In [28, 4], nilpotent representations of A are parametrized by n-tuples of
partitions. In fact, if we identify a multisegment 7= = Zi,l miyli;1) € II as the n-tuple
(7r(1),7r(2), . ,77(”)) of partitions, where, for each 1 < i < n, 7 is the partition dual to
the partition (m™m, ... 272 17:1) where m is the maximal [ for which m;; # 0 (i. e.,
m = LI(M(m))), then the two parametrizations coincide.

A multisegment 7™ = Zi,l mia[is1) in I is called aperiodic' (see [19, p.417]) if, for each
[ > 1, there is some i € I such that m;; = 0. Otherwise, 7 is called periodic. By II* we
denote the set of aperiodic multisegments. A representation M in T is called aperiodic
(resp. periodic) if M = M (7) for some 7 € II* (resp. 7 € II\II%).

For d € N”, let

Ig={\ell|dimM(\) =d} and II%=1II"NIl4.

Associated to a cyclic quiver, or more precisely, to T, Ringel introduced an associative
algebra, the Ringel-Hall algebra, which can be defined at the two levels: the integral level
and the generic level.

Let k be a finite field of g elements and, for L, M, N in Ty, let FAL/[N be the number
of submodules V of L such that V= N and L/V = M. More generally, given modules
M, Ny,...,Np in Ty, we let FJJ\\I/{...Nm be the number of the filtrations

M=My2My 22 Mp12My=0

1The corresponding n-tuple of partitions is called separated in [26, 4.1].
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such that M;_1/M; = Ny for all 1 < ¢ < m. By [26] and [13], FJJ\\f/{...Nm is a polynomial in
qr- In other words, for 7, 1, ..., py, in II, there is a polynomial ¢, (q) € A = Zlq]
such that for any finite field & of ¢ elements
90/711 Ny (ar) = Fﬂﬂﬁ((lfl))ka(#m)'
The (generic) Ringel-Hall algebra H = H 4(n) of A(n) is by definition the free .A-module
with basis {ur|m € II} and multiplication given by

Uy O Uy = Z gozy(q)uﬂ.
mell

By specializing ¢ to the prime power g, we obtain the integral Ringel-Hall algebra associ-
ated to Ty.

In practice, we sometimes write ur = u[ps(r)) In order to make certain calculations in
terms of modules. Denote by C = Ca(n) the subalgebra of H generated by u; = ug,,
i € I. This is called the (generic) composition algebra of A(n). It is easy to see that C is a
proper subalgebra of H. Moreover, both H and C admit a natural N"-grading by dimension
vectors:

(2.1.1) H = ®denn'Hda and C = ®dennCq
where Hgq is spanned by all uy with A € IIq and Cq = C N Hqg.

3. THE GENERIC EXTENSION MONOID OF A CYCLIC QUIVER

Let M (resp. M.) be the set of all isoclasses of representations (resp. aperiodic repre-
sentations) in T. Given two objects M, N in T, there exists a unique (up to isomorphism)
extension G of M by N with minimal dim End (G) ([3, 24, 4]). The extension G is called
the generic extension® of M by N and is denoted by G =: M % N. Thus, if we define
[M]# [N] = [M = NJ, then it is known from [4] that * is associative and (M, x) is a monoid
with identity [0].

Every semisimple module in T has the form Sq = &} ,a;S5; for some a = (a;) € N*. We
shall see below that every module in T is a sequence of generic extensions by semisimple
modules.

For each multisegment 7 =}, , m;[i;1) and each i € I, we define

ixm=m—[i+ 1;lp) + [¢;l0 + 1),
where [y is maximal such that m; 41, # 0. Then, by [4, Proposition 3.7], we have
Six M(m) = M(ixm).
Further, for each i € I, we set n(9) = Zl>1 migli;1). Then 7 = D 4+ 7@ 4.y 7)),
Finally, for every a = (a;) € N", we define
— %k e % g oxGD)
ax*T iezlz*z*ai k0 KT .

2Geometrically, when k is algebraically closed, each isoclass [M] of dimension vector d = da = (d;) € N”
corresponds to a unique GL(d)-orbit On in the representation variety R(d) = []}, Homy (k% k%+1) on
which GL(d) = [[_, GLq4,(k) acts by conjugation. Thus, M * N of dimension vector d = da + dn
corresponds to the unique dense orbit O (of maximal dimension) in the extension variety

E(M,N)={z € R(d) | = defines an extension of M by N}.
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Lemma 3.1. Let a € N" and m € 1. Then we have
M(a * ) = Sq * M(r).
Dually, a similar result holds for the generic extension of a module by a semisimple one.

Proof. For each 1 <i < n, we set
Mi(r) = M(x") = @ mi, 1 Sill].
1>1
Then M (7)) = @& M;(r). Since Ext *(S;, M;(m)) = 0 for all j # i + 1, we have
Sa x M(m) = @(ai&-) * Miyq1(m).
el
Applying [4, Proposition 3.7] repeatedly gives
(a;S;) % Miyq () =2 Sy -5 Sy« M(wTFD) 2 M (G s -5 0D,
a; a;
Hence, M (a * ) = Sq * M (7). O
By Lemma 3.1, we obtain the following (cf. [22]).
Corollary 3.2. Let M € T with | = LI(M). Then we have
M = (M/rad M)  (rad M /rad > M) # - - - % (rad "2 M /rad "1 M) % (rad =1 M)
and
M = (M /soc!=YM) % (soc ' = M /soc =2 M) % - - - % (soc 2M /soc M) * (soc M).
In particular, we have for each 0 < s <,
(M/rad*M) % (rad*M) = M = (M /soc®*M) x (soc*M).
A semi-simple module S = @} a;5; is called sincere if all a; > 1. Clearly, sincere
semi-simple modules are in one-to-one correspondence with sincere vectors a = (a;) € N™.

Let
I° = I U {all sincere vectors in N"}.

We have already proved the following result (cf. [22]).

Proposition 3.3. The generic extension monoid M is generated by [Sa),a € I¢, and this
generating set is minimal.

In [22], the structure of the monoids M and M. in terms of generators and relations is
investigated.

Let ¥ (resp. ) denote the set of all words on the alphabet I¢ (resp. I). For each
wW=aias---a, €2, we set

M(w) = Sq, * Say * -+ * Sa,,-

Then there is a unique 7 € II such that M (w) = M(7), and we set p(w) = 7. In this way
we obtain a surjective map

p: X —1I, wr— 7= p(w).

Note that the map g is independent of the field k£ and that g induces a surjection g :  — I1¢
(see [4, Theorem 4.1]).



6 BANGMING DENG, JIE DU AND JIE XIAO

Besides the monoid structure, M has also a poset structure. For two representations
M,N € T, we say that M degenerates to N (or N is a degeneration of M), following [3],
and write M <geg N, if

dim Hom(X, M) < dim Hom(X, N)

for all X in T (see also [31]).
Since the order relation is independent of the field k, we may turn II into a poset with
the opposite partial order <:= (gdeg)op defined by setting®

<A = M(A) <o M(p).

4. DISTINGUISHED WORDS AND DISTINGUISHED DECOMPOSITIONS

We recall from [26, 2.3] and [4, Section 5] the definitions of a reduced filtration and
distinguished words in 2. We now generalize them to the words in X.
For a € I°, we set uq = u[g,). Let w = aiaz---amn be a word in X and let @ (q) be the

Hall polynomial 90/); v (@) With M (1) = Sg,. Then w can be uniquely expressed in the
tight form w = b{*b5? - - - by*, where e, = 1 if b, € I°\I, and e, is the number of consecutive
occurrences of b, if b, € I. A filtration
M=M03M13"'3Mt_1DMt:0
of a nilpotent representation M is called a reduced filtration of type w if M,_1/M, = e, Sy,
forall 1 < r < t. By v, (q) we denote the Hall polynomial @21 (@), where M (p,) = €,.Sp, .
Thus, for any finite field k of g elements, 7\ (qgz) is the number of the reduced filtrations
of Mg () of type w. A word w is called distinguished if the Hall polynomial 'yff,(w)(q) =1
Note that w is distinguished if and only if, for an algebraically closed field k, My (p(w)) has
a unique reduced filtration of type w.
For each multisegment 7 =}, m;[i; 1), we define
p(m) = max{l | m;; # 0 for all 1 <i < n}.

If no such an [ exists, we set p(m) = 0. This is exactly the case where 7 is aperiodic. In
particular, a multisegment 7 is called strongly periodic if m;; = 0 for all i € I and [ > p(m).
Clearly, we have

(4.0.1) p(a* ) = p(m) + 1 whenever a € N" is sincere.
Let 7 € II with p = p(7) and consider the submodule M’ = soc?M(7) of M (7). Then

M = M(m)/M = P @ miSill - pl.

i€l I>p

Let 7/, 7" € II be such that M (7’) = M’ and M (") = M". Then, obviously, 7’ is strongly
periodic, 7" is aperiodic, and both 7" and 7" are uniquely determined by w. We call (#/, 7")
the associated pair of m. We have the following.

Lemma 4.1. Maintain the notation introduced above. We have M (m) = M(x") x M(7').
Moreover, M' is the unique submodule of M(x) isomorphic to M(r").

Proof. The isomorphism follows from Corollary 3.2, while the uniqueness follows from
Lemma 1.1 since M' = soc? M (). O

We have the following characterization of a strongly periodic multisegment.

3Geometr1cally, this ordering coincides with the Bruhat type ordering: pu < X if and only if Op,) C
Oy the closure of Onn); see [4, §3].
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Lemma 4.2. Let 7 € Il and M = M(x). Then w is strongly periodic with p = p(w) if and
only if p = LI(M) and every subquotient Sq, = soc? *TIM/socP*M, 1 < s < p, in the
socle filtration of M is sincere. Moreover, putting y. = a1 -- - ap, we have p(y.) = 7, and
any filtration M = My O My D --- D My—1 O M, = 0 satisfying Ms_1/Ms = Sq,for all
1 < s <p is the socle filtration of M.

Proof. The sufficient part follows from (4.0.1). To see the necessary part, we apply induction
on p; the case for p = 1 is trivial. Assume now p > 1 and let m = Zi,l miy[i;1). Then
a1 = (T1p,... ,Tnyp) is sincere. Putting

mo=7— > miplisp) + > mipli+ 1ip— 1),
il il

we have m = a; * 71, and m is strongly periodic with p(m1) = p — 1. Hence Sq, * M (m) =
M (7) by Lemma 3.1. Clearly, M () is isomorphic to a maximal submodule M; of M (7
with Loewy length p — 1. Hence, M; = soc?~!M(m) by Lemma 1.1, and the assertion

follows from induction. O
For an aperiodic 7 € II%, we have the following which was not explicitly stated in [4].

Proposition 4.3. For any m € II%, there ezists a distinguished word w, = ji*---j;* €
QN () where j._1 # jr, e, = 1 for all v, that is, M(7) has a unique filtration

M(r)=MyD>MD--- DM 1 2M; =0
satisfying My_1 /M, = e,.S;, for all 1 <r <t.
Proof. Let m = 3, m;li;l) be an aperiodic multisegment. For each i € I, we set M; =

@®;>15i[l]. Then there is a j € I (not necessarily unique) such that LI(M;) > LI(Mj41). We
write

M; = S;[lh] @ S;llo] ® - - ® Sj[l,]
withl; > lo > --- > [, > 1. Choose e > 1 such that [, > l.11 and [, > Ll(Mj+1)7 and define

p= = () e+ 510) + (14 Ll = Db+ [+ Tl = 1)),

By [4, Lemma 5.4], there is a unique submodule X of M(7) such that X = M(u) and
M(m)/X = eSj. We may assume that p is aperiodic. For example, taking the maximal
index e with the property lo > lc41 and o > LI(Mj;1) ensures that p is aperiodic. By
induction, there is a distinguished word w; € QNp~' (). Then w := jw, is a distinguished
word in QN p~1(7), as desired. O

Note that by [4, Theorem 5.5], every distinguished word in p~!(7) can be obtained in
the above way.

Example 4.4. Let n = 3 and
m=[1;4)+[1;3)+[2;2) +[2;1) + 2[3; 1).

Then 7 is aperiodic. From the proof of Proposition 4.3, we can take j; = 1 or 2. Moreover,
if j71 = 1, then ey = 1 or 2, and if j; = 2, then e; = 1. If we fix j; = 1 and e;=2, then
jo =2 and eg = 1 or 3. Continuing this process, we finally get all the 7 distinguished words
-1

in o~ (m):

1213323132, 1221342213, 1223323132, 12233921, 2121342213, 2122342213, 212223°21.
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In general, for any 7 € II with p = p(n), let (7', 7") be the associated pair, where 7’ is
strongly periodic with p(7’) = p and 7" is aperiodic. By Lemma 4.2 and Proposition 4.3,
there are distinguished words

(4.4.1)
Wen = § - € QN (n”)  and  yp =ajaz---a, € XN ()

associated to 7’ and 7”. Thus, we obtain a word
(4.4.2) Wi = Weny = 45+ jtar - ap € o (),
and a decomposition
M(m) = e1Sj, * - * €1 Sj,  Sa; * -+ * Sq,.
We shall call such a decomposition a distinguished decomposition because of the following.
Proposition 4.5. For any w € 11, the word w, defined in (4.4.2) is distinguished.

Proof. The existence of a reduced filtration of type w, obtained by refining M(7) O M’ =
socPM(m) 2 0, follows from Lemmas 4.1 and 4.2, and Proposition 4.3. Suppose now that
M () has another filtration

M(m)=Nog2N1 2+ 2Np1 2N 22 Npjp1 2 Neyp =0

satisfying Ns_1/Ns = €5S;, for 1 < s <t and Nyji—1/Neyi = Sq, for 1 < i < p. Then we
have LI(N;) < p. Since M’ is the maximal submodule of M () of Loewy length p, we infer
N; € M’, and consequently, N; = M’ as dim N; = dim M’. Now the uniqueness of the
filtrations given in Lemma 4.2 and Proposition 4.3 forces that the filtration above must be
unique. Hence, w, is distinguished. ]

5. THE STRONG MONOMIAL BASIS PROPERTY

e1
For m > 1, let [m]' = [1][2] - - - [m], where [e] = =
For any w = a1as---a,, € 3, let

Uy = Ugy OUgy O -+ O Ug,, -
The proof of the following is entirely similar to that of [4, Proposition 9.1].

Lemma 5.1. For each w € ¥ with the tight form bi1®'bs®? - - - b, we have

(5'1'1) Uy = H[[er]]! Z ’71):;(‘.7)“)\-

P2l A<p(w)

In other words, we have the relation v (q) = [1'_ [e-]"va(q). Moreover, the coefficients
appearing in the sum are all non-zero.

For any 7 € II, choose an arbitrary w, € p~'(m). We shall call the set {w, | 7 € II} a
section of X over II. Similarly, we may define a section of 2 over II*. A section is called
distinguished if all its members are distinguished words. By the invertibility of the matrix
arising from (5.1.1) over the component Hq, Lemma 5.1 implies immediately the following
strong monomial basis property for the Ringel-Hall algebra associated to a cyclic quiver;
see [4, 8.1] and [5, 1.1] for the quantum group case.
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Theorem 5.2. Let Hyg) = H®4 Q(q) and, for w € 3, let u®) = muw.
r=1l6r]
(1) If {wy | m € 11} is a section of ¥ over II. Then the set {u,,,_ | m € II} forms a basis
for Ho(q)- In particular, the Ringel-Hall algebra He,) is generated by uq, a € I°.
(2) If the section {wy | = € I} is distinguished, then {u(“=) | = € II} forms an integral
basis for H.

6. TWISTED RINGEL-HALL ALGEBRAS AND QUANTUM AFFINE s,

Let Z = Z[v,v~!] be the Laurent polynomial ring over Z in indeterminate v. For each
m =1, let
vt =™ |
[m] = E—— and [m] = [1][2] - [m].
The twisted Ringel-Hall algebra Hz = Hz(n) of A(n) is by definition the free Z-module
with basis {ur = u[ps(xy|7 € II} and multiplication defined by

Uy, = pEBv) (uy 0 uy) = EBv) Z ‘PZV(UQ)UW-

mell

Here e(u,v) = e(dim M (u), dim M (v)) is the Euler form e(—, —) : Z" x Z™ — Z associated
with the cyclic quiver A and defined by

e(a,b) = z”: aib; — Zn: aibiy1,
=1 =1

fora=(a1,...,an), b= (b1,...,by) (noting n+1=11n 7). It is well-known that for two
representations M, N € T, there holds

e(dim M, dim N) = dim ;Hom (M, N) — dim ;Ext ' (M, N).

The Z-subalgebra Cz of Hz generated by ugm) = éﬂu i € I and m > 1, is called the
twisted composition algebra. Then Cz is also generated by up,s,, ¢ € I, m > 1, since

ugm) = Um(mfl)u[msi]. Clearly, both Hz and Cz inherit the grading given in (2.1.1).
Let

H=Hz:®zQw) and C=Cz®zQ(v).
Let U = U,(sl,) be the quantum sl, (n > 2) over Q(v), and let Ej, F}, KE! (i € I) be its
generators; see, e.g., [21]. Then U admits a triangular decomposition
U=UUU"

where U™ (resp. U™, UY) is the subalgebra generated by the F;’s (resp. F’s, K'’s). We
denote by Ug the Lusztig form of U™, that is, U g is generated by all the divided powers

(m) ,_ Ep"
E™ = o,

Theorem 6.1. (1) ([26]) There is a Z-algebra isomorphism

We have the following important results.

Cz — Uf, ugm) »—>Ei(m), 1el,m>1,

and hence a Q(v)-algebra isomorphism UT = C.
(2) (129]) The algebra H is isomorphic to Ut Qg Q(v)[x1, T2, . . . | where Q(v)[z1, 2o, ... ]
is an infinite polynomial algebra over Q(v) with z, central of degree (r,... ).
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In the sequel, we will identify the two algebras Ujg and Cz. In particular, we shall

identify ugm) with EZ-(m), etc. Note that the Ringel-Hall algebra notation u) will be used to
facilitate calculations involving modules.

The elementary construction of the canonical bases for Uz and Hz uses (integral) mono-
mials which we now define. For each w =41 -+ iy, = j{* -+ j;* € Q with j,_1 # j, for all r,
let?

(6.1.1)
My = iy -y, = By oo By, and m®) = oyl = gl ple),
Then we have by Lemma 5.1
(6.1.2) my, = 021y, = %) Z o) (V) uy,
A<p(w)
where 01(w) = 31 ¢, €(dim S; . dim S; ). If we put
Le (e, — 1)
(6.1.3) Sp(w) =Y = and  §(w) = 01 (w) + da(w),
r=1 2
then [T, [e,]' = o™ ]} _ [e,]', and
t t
) = ([le)) M m = (T [ L) TP

(6.1.4) r=1 r=1

0 S

ASp(w)
We now define (integral) monomials in Hz. For each a = (a;) € N", we set ||lal| =, a?

and |a| =), a;, and define
g — plimEnd (Sa)—dimSa , _ llal—lal, ¢ pr_.
In particular, for ¢ € I and e > 1, we have
i = v ;= u”)|
where ue; = uj.g;). Note that if a = (a;) € N™ is insincere, say a; = 0, then

Ug = aaifl(i—l) “e - Uay1 Uapn aai+1(i+1)
is a monomial in Ug defined above.

In general, for a given word w = a1as - - - a,, € ¥ with the tight form b;*b2%? - - - b;*t, we
define monomials in Hz (cf. (6.1.1))

My = Uq, * - Ug,, and m®) = Ueyby = - Ueyby -
Again by Lemma 5.1, we obtain
My, = UZK,.Q)SWs(dimSar,dimSas) Z 902)(02)“)\
A<p(w)

and

(6.1.5) mt) = 7 (Pun,
A<p(w)

4The element m,, is denoted as E,, in [5].
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where

5’@):2(63”@”—er|br|—@)+ Y e(dim S,,,dim Sq,).

r=1 1<r<ssm

Note that, if w € Q, then all ||b,.|| = |b,| = 1, and so ¢'(w) = §(w). Since ¢’ extends ¢, we
will use the same letter § for ¢’ in the sequel.

Here are the twisted version and the (non-integral) quantum group version of the Strong
Monomial Basis Property (Theorem 5.2). The integral quantum group version of this
property was not given in [4] and will be discussed in next section as a key step to the
elementary construction.

Theorem 6.2. (1) For each € 1, choose a word wy, € p~'(x). Then the set {m,,_|r € IT}
is a Q(v)-basis of H. Moreover, if all wy are chosen to be distinguished, then the set
{m)|r € 1T} is a Z-basis of Hz.

(2) (14, 8.1]) Let {w, | m € I*} be a section of Q over I1*. Then the set {m,, |n € 1%}
is a Q(v)-basis of UT.

By [30, Proposition 7.5]), there is a Z-linear ring involution ¢ : Hz — Hz satisfying
L(v) = v~! and L(m(ww)) — mwnr),

Remark 6.3. The construction of the ring involution ¢ is not algebraic and elementary,
though its restriction to U ;g can be seen easily through the Drinfeld-Jimbo presentation.
However, if we note that the ring homomorphism condition is not required in the (linear
algebra) construction of IC bases, then we may use the basis {m(*)|w € D} for Hz described
in Theorem 6.2(1) to define a semi-linear involution (D) on Hz, and then to construct an
IC basis with respect to ¢(D) (see, e.g., [9]). By Theorem 9.2, we shall see that the resulting
IC bases constructed from the semi-linear maps ¢(D) are the same. This in turn shows
that the definition of ¢« = ¢(D) is independent of the selection of distinguished sections (cf.
Corollary 8.3). Hence, this definition for ¢ is also somehow natural.

7. INTEGRAL “PBW?” AND CANONICAL BASES FOR QUANTUM AFFINE sl,

In this section, we give two applications of Theorem 6.2(2). First, it can be used to prove
that the Z-form Ug is Z-free with many monomial bases determined by distinguished
words. Second, from every such a monomial basis, we may construct an integral “PBW?”
basis for U g from which the canonical basis can be constructed by a standard linear algebra
argument.

Lemma 7.1. Let P be the subspace of H spanned by all uy with A € II\II*. Then as a
vector space

H=U"'gP
Proof. If suffices to prove that, for each d € N,
Hq = Uj @ Py,

where Pq is the Q(v)-subspace of Hq spanned by all uy with A € IIg\II§.
First, we show Ug NPgq =0. Take an = € Ug NP4 and suppose = # 0. Since x € Ug,
we use the basis {m,, |7 € II%} for U} constructed in Theorem 6.2 to write

T = E ArMyy,

mellg
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for some ar € Q(v). Let now p € II§ be maximal such that a, # 0. Using (6.1.2), we
can rewrite £ = 3, . baux. By the maximality of y, we have b, = auv‘sl(w“)gpﬁ“ (v?) #0.
This contradicts the fact that z € P4q. Hence, Ujl NPgq = 0. Now a dimension comparison
forces Hq = Uj P Pq. O

For each 7 € II% we now fix a distinguished word w, € QN p~!(7) (see 4.3). Since
vo (v?) =1, we may rewrite (6.1.4) as

(7.1.1) m(Wn) = Own)y, 4 4y0(wn) Z Yoy (V2)uy.
AL

Definition 7.2. For each given distinguished section D = {w, | # € II*}, we define
inductively the elements Er = E(D), m € II*, as follows. For any d € N” and 7 € II%, if
7 is minimal, put

By =m") € U} .= UgNUS.
Assume in general that Fy € U ; have been defined for all A € II§ with A < 7. Then we
define

(7.2.1) Ep = mlwr) — Z v‘s(w”)_d(wk)*yf;ﬁ (WHE\ e UJ.
AEMG, A<

In other words, we have

(7.2.2) m) =B Y PN (0B,
AETIG, A<m

Lemma 7.3. Let {w, | m € 1I*} be a given distinguished section. For each d € N™ and
each m € 11§, we have

E7|- ey ,U(;(’wﬂ')uﬂ_ _|_ Z é';\ruA
AETG\IT4, A<
for some &5 € Z.

Proof. By (7.1.1), we have
me) = 37 P = 3D g (e € P
AEILE AT AETg\I1%, A<
On the other hand, replacing m(*=) in the left hand side by (7.2.1) yields
men) = § e 2y = § i S (2)(, — ofeny,) € P,
AETIS, AT AETIS, AT
Now an inductive argument concludes F, — v‘s(“’")u7r € P. Hence,
Er =0y, 4+ Z &luy for some &5 € Z,
AETG\IT%, A<
as required. O

Example 7.4. Let n = 3 and d = (1,2,3). Then Il consists of 18 elements, i.e., there
are 18 isoclasses of nilpotent representations of A(3) of dimension vector d. Let 7 =
[1;3) + [2;1) +2[3;1) € Mg, i.e., M(n) = S1[3] @ Sp ® 2S3. Then II5™ := {7’ € g | 7’ <
m} = {m, A\, u,v,7} such that
M()\) = 51[2] ©® 52[2] ©® 253, M(u) = Sl [2] ©® SQ ©® 353,
M(I/):Sl@SQ[Q]EBSQEBQS3, M(T):S1EB252€B353.
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Clearly, 7, A, v are aperiodic, v, 7 are periodic, and the Hasse diagram of (HEW, <) has the
form
™

|
O\,
N,

Take distinguished words wy = 12332 € o~ 1(7), wy = 21332 € p~1()\), and w3 = 13322 ¢
© 1(i). Then we get

m®) = 2, 4+ v?uy + (0 4 02y, + v, + (0 4 0P,
ml2) = vur + 0w+ 0ty + (07 + 0% )ur
m(ws) — v6uu + v%u,.

Thus, with respect to the chosen distinguished words w1y, we, w3, we obtain

E, = v*u, — v'u, m®) = g+ v By + (v_2 + v_4)EM
Ey = v3uy + v2u, +v°u, and  m2) = E\+ U_SEM
E, = v6uu + vﬁuT m(ws) — E,

Theorem 7.5. For each given distinguished section D = {w, | m# € 1%} of Q over 11® |
each of the following sets forms a Z-basis for Ug.

(1) {m() |7 € 1I°};
(2) {Ex | A € 11}, where E\ = E\(D).

In particular, Ug is a free Z-module.

Proof. By Theorem 6.2(2), m(*=), 1 € II%, are Z-linearly independent. It suffices to prove
that, for any dimension vector d € N the Z-module U:{ = Ug N Uér is spanned by
{m(w=) | 7 € I3}, or equivalently, spanned by {E, | 7 € 4} by (7.2.2).

Let z € U;’ and write

T = Z azuy; (mod P),
mellg

where a, € Z. Then we get by Lemma 7.3 that
T — Z I CLIPI g Z v_‘s(w”)aﬂ(v‘s(w’f)uﬂ —E;) € U('f NnP.

melld mellg
Since U; NP =0 by Lemma 7.1, we have z — Zweng v g E. =0, as required. O

With the basis {Fr}reme, we may follow the standard linear algebra method to define
(uniquely) an “IC basis” {Cr}, as follows (see, e.g., [10]).

The involution ¢ : Hz — Hz defined at the end of the last section restricts to an
involution ¢ : Ug — Ug taking EZ-(m) — i(m) and v — v, For each polynomial f € Z, we
will denote ¢(f) by f.

For each fixed dimension vector d € N", by restricting to I1%, (7.2.2) gives a transition
matrix (f>\,77)>\771'€ng' This matrix has an inverse (9/\,7r)>\,7renad satisfying gy » = 1 and gy r = 0
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unless A < 7. Thus we have
(75.1) B =m0 £ 37 gy m),
AL
Applying ¢, we get
L(Eﬂ_) = m(wﬂ') + Z gAyﬂ_m(wk) = Eﬂ_ —+ Z TA,T('E)\'
A<m AL<m
By [18, 7.10] (see [10] for more details), the system
DPar = Z SN for A <7, A\, melly
ASpugr

has a unique solution satisfying px = 1, par € v 1Z[v™1] for A < 7. Moreover, the
elements

Cﬂ' = Z p)x,ﬂEAa e Hg7
A<, AeTTg

form a Z-basis of U]. We shall prove in next section that {Cy|r € II} is in fact the
canonical basis of UT constructed in [20].

8. A COMPARISON OF CANONICAL BASES FOR QUANTUM AFFINE s,

We first recall the geometric construction of Lusztig’s canonical basis for the (generic
twisted) Ringel-Hall algebra Hz.
For each m € II, we denote by O the orbit corresponding to the module M () (see
footnote 2). Let x, be the characteristic function of O, and put
<O7r> = Udim OWXTP

Thus, the Ringel-Hall algebra H% defined geometrically by Lusztig (see [16, 3.2]) has the
(twisted) multiplication

(ON(O) = Y v MR (072)(On),

T

where
a(A, p,m) =dim Oy + dim O, — dim O + m(A, p)

with m(X, ) = D0 Nipsi + D g Nifbig1-
If we define for each 7 € II

(802) Uy = UdimEnd(M(ﬂ'))—dimM(W)uﬂ_7
then we have the following.

Lemma 8.1. For A\, u,m € I1, let w;\r“(v) € Z satisfy
lnty = Y Y3, (v)ir.
Then
Y3, (v) = 0 AT (7).,

Thus, we have a ring isomorphism L : Hz — H% sending v to v and @y to (O,).
Proof. By [16, 3.3(7)], we have

a(\, p,m) = —(dim End M (X) + dim End M () — dim End M (7)) 4 e(\, ).
Now the equality follows from the definition. O
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We further recall the geometric construction of the canonical basis for H ZLZ at v =0. Let
Hp, (ICo,) be the stalk at a point of O, of the i-th intersection cohomology sheaf of the

closure O, of Oy, and let

bl = Y o T AmOmdmOrdim 1, (ICo,)(0y).
iy AT
Then the set {bL|7m € II} is the canonical basis (at v = 0) of H% introduced in [16, 30].
Denote by b, the corresponding basis for Hz, that is, b, is sent to b,Lr under the map L.
Then the set {b,|m € II} is the canonical basis (at v = 00) for Hz and the elements b, with
7w € II are characterized as the unique elements of £ such that

(8.1.1) U(br) = by, br€ Y Zp iy and by = iy (mod v L),
A<

where ¢ is an involution on Hz satisfying t(v) = v™! and «(iig) = g for all @ € N?, and £
is the Z[v~!]-submodule of Hz spanned by i, 7 € II. In other words, for any A < 7 in II,
the Laurent polynomials

P)\Jr — Z ,Ui—dim Or+dim O*dim H}Q)\ (ICOW)
i
satisfy Pr =1, P\, € v 1Z[v™!] for A < 7, and b, = > oaen Partia.
Note that it is shown in [20] that the subset {b.|m € II°} over II* is a basis for Uz and
is called the canonical basis of Ug. We now use the uniqueness to prove that the basis
{Cx }reme coincides with the basis {b|m € II*}. We need a lemma.

Lemma 8.2. Let m € II be aperiodic. Then, for each distinguished word w € QN o~ (7),
we have

0(w) = 61 (w) + d2(w) = dim End (M (7)) — dim M (7).

e] :e2

Proof. Let w = iyig---im € p () be distinguished with the tight form j{'45% - - - j5*. We
write 7 = j1 and e = e, and let
w = je—leez . _jtet_
From the definition of a distinguished word, we have that w’ is again distinguished. We
further set © = p(w’). Thus, Sj * M(pu) = M(n).
We use induction on the length m of w. If m = 1, it is clear. Let now m > 1. By
induction hypothesis, we have for w’

S(w') = 61 (W) + d2(w') = dim End (M (p)) — dim M ().
On the other hand, we have clearly (see (6.1.2))

S1(w) =) e(dim Sy, dim S;,) + 61 (w') = 61 (w') + e(dim Sy, dim M (1))
5=2
and (see (6.1.3))
e(e—1)

ba(w) = ——— + Sa(w') — w = So(w') +e— 1.

Thus, we obtain
(8.2.1) S(w) = §(w') + e(dim Sy, dim M (1)) + e — 1.
Let pp =3, piali;1) and take lp maximal such that pj1,4, # 0. Then j* p = 7 implies
vi=m—[ilo+1)=p—1[j+1).
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In other words, M(w) = M (v) ® Sjllo+ 1] and M(u) = M(v) @ Sj41lo]. Thus, we have
dim Hom(M (v), S;[lo + 1]) — dim Hom (M (v), S;+1[lo)) Z vil = (Tjo4+1— 1)+ Z )l
>l [>lp+1

Since w is distinguished, M (7) has a unique submodule isomorphic to M (p(j5*--- ji*)).
Equivalently, M;(7) = M(x")) has a unique submodule N with M;(7)/N = eS;. By 4,
Lemma 5.4], the uniqueness implies e = Zl>l0 m;,1. Hence,

dim Hom(M (v), S;[lop + 1]) — dim Hom (M (v), Sj11[lo]) = e — 1.
From the maximality of [y, we compute

dim Hom(S;[lp + 1], M (v)) — dim Hom(S;11[lo], M (v)) = s — ¢,
where s denotes the multiplicity of S; in soc M (v) and t = 3,5, vj41,. This is because each
map from S;[lp + 1] into soc M (v) is zero when restricted to Sj41[lo]; while each surjective
map from S;ii[lg] onto each summand Sj;1[l] of M(v) can not be lifted to S;[ly + 1].
Further, we have
dim End (Sj+1[lo]) +1 if n|lo
dim End (Sj41[lo]) otherwise

since soc Sj[lp + 1] = S; if and only if n|ly. Altogether, we obtain

. _f dimEnd (M(p)) +s+e—t if n|lo
dim End (M(r)) = { dimEnd (M (p)) +s+e—t—1 otherwise.

We also have
e(dim S;,dim M (1)) = dim Hom(S;, M (11)) — dim Ext *(S;, M (1))

_{s—t if n|lo

dim End (SJ [lo + 1]) = {

s—t—1 otherwise.
Finally, putting everything into (8.2.1), we obtain that
0(w) = d1(w) + d2(w) = dim End (M (7)) — dim M (7),
as required. O

For each 7 € I1%, we pick a distinguished word w, € QN p~!(7) to form a distinguished
section D = {w, | m € 1%}, and let {E, | 7 € 11"} be the basis of UZ defined with respect
to D in 7.2. Then by Lemmas 7.3 and 8.2 we have for each 7 € II{

(8.2.2)

Er =ty + Z TIWA (773? € Z),
AETIG\TIG, A<

m(“’”) B+ Z f>\,7rE)\ (f>\,7r _ Ué(um)—6(’Ll»\),y1>l\)7r (UQ) c Z)
AEME, A<

Corollary 8.3. The basis {Er | m € 11} is independent of the selection of distinguished
sections.

Proof. Suppose D and D’ are two distinguished sections. Then E. (D) — E.(D’) is a linear
combination of uy, A € II\I1%, i.e., (D) — E.(D') € Ut N P. Hence it is zero by Lemma
7.1 ([

Lemma 8.4. For m € 114 and X € II\II* with A < 7, we have n} € v Z[v™1], that is,
E. € £ and E; = tuz(mod v_lﬁ).
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Proof. First, let m € II§ be minimal, then

Er—br= Y (- Pu)ix€U{NPq.
AEMG\IT%, A<

By Lemma 7.1, E; — by must be zero, that is, Er = b, and ] = P\, € v 1Z[v™1 for all
A < 7 with A € II§. Let now 7 € 1I§ and assume that the result is true for all p € 113
with o < 7, that is, for such a u, we have 1l € v='Z[v™1] for all v € IIg\II§ with v < .
Consider the element

br— > PuaBa=(iz—Ex)+ Y. Pur(ip—E)+ Y Poglo

Aellg, AT HEILG, p<m o€llg\Il§, o<m
Uy -~ ~
= - § mux — E Pp,ﬁny}juu + E PO'JI'U/O'
AEMG\TTG, A< RETY, p<m o€llg\llg, o<m

VeI \TIE, v<p

which is clearly in U;' NPg4. Again, by Lemma 7.1, we must have b, — ZAeHg,A<w Py E\ =
0, that is,

Z nj\ra)\ = - Z P;L,Trngﬂu + Z Pa,rracr-

A€lla\Ilg, A<m uHGI'I\adH,:Qr o€\, o<m
vellg\llg, v<wp

This implies by induction n§ € v™1Z[v™!] for all A < 7, A & II4. O

With what we have done above, the following comparison now follows easily.
Theorem 8.5. For each w € I1%, we have C; = b,.

Proof. From the construction, we have ((Cr) = C and

Cr=E:+ Y  pacE,
A<, eIl

where py » € v 'Z[v™!]. By Lemma 8.4, we see that

Cr € Z Z[v Yy and Cy = E; = tiz(mod v 18).

AT

Thus, {C; | m € II?} also satisfies the three properties in (8.1.1). Hence, Cr = b, for each
m e 1% g

Remark 8.6. (1) The basis {E; | # € I} plays a role as a PBW basis. It would be
interesting to know if the PBW type basis (for affine type A) constructed in [2, 3.9, 3.39],
involving braid group actions, is the same as the basis E; presented here. It would be also
interesting to know the meaning of the coefficients n} given in (8.2.2).

(2) This elementary construction is an important component in a more general elementary
construction [17] of canonical bases for quantum groups associated to all symmetric affine
Kac-Moody Lie algebras. It is expected that one can extend this elementary construction
to the symmetrizable affine case using the theory developed in [7, 8], or the new approach
developed in [6].
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9. AN ALGEBRAIC CONSTRUCTION OF THE CANONICAL BASIS FOR Hz

In this section, we shall use distinguished words of the form in (4.4.2) to present an
algebraic construction of the canonical basis for the whole Ringel-Hall algebra Hz.
Let 7 € IT and (7/,7"”) be its associated pair. Choose distinguished pair as in (4.4.1):

War =gt it € QN 9_1(7?//) (Jr—1 # Jr,Vr) and yr = @1---a@p € XN @_1(77,)
and form w, = wyry. By (6.1.4) and (6.1.5), we have

(w "y _ 1 (| " 2
- u€1]1 T Ueygy = VT ’}/ww// (U )ul“

u<n!
and
m¥=) = Uq, - Ua, = = o00m) Z ’Yy uua
v’

where

P
(9.0.1) S(yw) =Y (las| —lash + D> e(dim S,,,dim Sa,).

s=1 1<s<t<p
Finally, we get

m(wﬂ') f— m(wﬂ-”)m(yﬁ’)

(902) — v&(w 11)+6(y ) +e(dim M (7'"),dim M (7 Z ,wa

AL

A key step in such a construction is to prove that the coefficient of @, (see (8.0.2)) in (9.0.2)
is 1.

Proposition 9.1. Letm =} _,; 5, miilis1) € Il with p = p(m) and (7', 7") be the associated
pair. For each distinguished word wy» € QN o~ 1(7"), we have

dim End (M (7)) — dim M (1) = §(war) + 6(yrr) + e(dim M (7"), dim M (7")).

Proof. We prove the proposition by induction on p. If p =0, i.e., 7 is aperiodic, this is the
case treated in Lemma 8.2. Suppose now p > 1 and write M = M (7). Let y = a1az - - - a,.
Then soc M = S,,. Let p € II be such that M (u) = M/soc M. Then p” = 7" and y,» =

aiasy---ay,_1. In particular, wyry,, is a distinguished word in © 1(n). Since p(u) =p—1,
we have by induction that

dim End (M (p)) — dim M (p) = §(wzr) + 6(y,w) + e(dim M (7"), dim M (1')).

It is clear that
dim M = dim M (p) + dimsoc M = dim M (p1) + |ap),

0(yn) = 0(y) + llapll = lap| +e(ar +--- + ap-1,ap),
and
e(dim M (7"),dim M (7)) = e(dim M (7"), dim M (1)) + e(dim M (7"), dim soc M).

On the other hand, since each indecomposable summand of M is uniserial, we have

dim End (M) = dim End (M /soc M) + dim Hom (M, soc M)

= dim End (M (1)) + dim Hom(top M, soc M).
Note that ||a,| = dim End (soc M), a, = dimsoc M and
e(ar + -+ ap_1,a,) + e(dim M (7"), dimsoc M) = e(dim M (u), dim soc M).
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Hence, it remains to show that
dim Hom(top M, soc M) = e(dim M (u), dim soc M) + dim End (soc M ).

Let now [ = LI(M) and for each 1 < r < I, set soc/ "' M/soc!""M = Sq_for some
d, € N". In particular, soc M = Sq,, i. e., d; = ap. Now, for a = (a;),b = (b;) € N, we
define

n
Ta = (ap,a1,... ,ap—1) and a-b= Zaibi.
i=1
Then, we have by definition that (a,b) = a-b—7a-b = (a — 7a) - b. Further, we have
top M = S, with
!

C = dimtopM = (ZT['LII, c. ,Zﬂ'n’l/) = Z(T[‘Ll/, N ;ﬂ'n,l’)-
14 v

I'=1
Hence, ¢ =d; + (d2 —7d;) + - - + (d; — 7d;_1). Finally, we obtain
-1
dim Hom(top M,soc M) =c¢-d; = Z(dr —7d,)-d;+d;-d;
r=1
= €(d1 +---+ dl—hdl) + ||le
= e(dim M /soc M, dimsoc M) + dim End (soc M),

as desired. n

We have now had all the ingredients for the elementary construction of a canonical basis.
First, the Ringel-Hall algebra Hz admits the involution ¢; see (8.1.1). Second, we use the
basis {t,|m € II} as a PBW basis. To see the triangular relation when applying ¢ to ., we
use a monomial basis of the form {m(“=)|x € II} constructed in (9.0.2) whose members are
fixed by ¢. Thus, for each m € II with the associated pair (7, 7"), we fix a distinguished
word wyr € QN p~1(7”). By Proposition 4.5, the word w; = wy»y, is also distinguished.
By Theorem 9.1, (9.0.2) becomes

(9.1.1) mm) = i + ) 0y i,

AL
where 0y , = UdimEnd(1‘4(7‘))_dimEnd(1‘/"()‘))7;})7r (v?). Solving (9.1.1) gives
iy = mr) Z Cnam@y).
A<

Now, applying the standard construction at the end of §7 yields a new basis {c;|m € II} of

Hz satisfying
Cr = Z O ml,
A7
where o, = 1 and oy, € v 'Z[v™!] for A < 7. Since the basis {b.|r € II} satisfying
the same property (see (8.1.1)), the uniqueness of the canonical basis implies the following
theorem (cf. Theorem 8.5).

Theorem 9.2. For each w € Il, we have ¢; = b;. In particular, we have, for each m € 11%,

&= Chr.
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