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1. Ordina ry Dierential Equations

First-Order Systems

Associated with any functon F : R" R ! R" is the rst-o rder
di erential equation

dx
— = F(x;t 1
= F(xi) (1)
where x = X(t) = (xq1(t);:::;xn(t)). The single vecto r equation (1)
IS equivalent to a (coupled) system of n scalar equations:
Xm
—— = F1(X1;X2;:0 Xn; t);
ddt 1(X1; X2 n; t)
X2
— = Fa(X1;X2;:: 1, Xn; 1),
v 2(X1; X2 n; t)
d
Xn _ Fn(X1;Xo;:::7;Xn;t):

dt



Often, a rst-o rder system of ODEs arises as a reformulation of a
single, higher-o rder ODE.

1.1 Example. Van der Pol's equation

d2X 2 dx

- 1 x°)—+ x=20

dt2 ( ) dt

IS second-o rder, and iIs equivalent to the rst-o rder system
dx
dt

dV 2
— = 1 ;
v ( X“)V X

We way that (1) is autonomous Iif F is indep endent of t. By letting
y = (X;t) we can convert a non-autonomous system (1) in R" to
an autonomous system in RN*1:

" #
dy _ F(y) .
dt 1



Van der Pol Equation withm=1

2.5



The system (1) is linear if F(x;t) is linear in X, ie., If

F(x;t) = A(t)x + b(t) (2)

where A(t) is an n n matrix and b(t) is an n-dimensional column

vector. A linear rst-o rder system has constant coecients if A is
indep endent of t.

1.2 Example. The Lorenz equations

dx _ C i+ vae
gt - y 7
y
- = + Z’
dt 4
dz _ w4 .
at y y :

are autonomous and nonlinear. With the parameter values

= 10; = 28; = 8=3;

the system possesses a strange attracto r.



Lorenz Attractor




Initial V alue Problems

Given a vecto r of initial data X, we seek a solution x = x(t) to the
Initial value problem

C(lj—)t(: F(x;t) forallt, with x(0) = Xp. (3)

In geometric terms, X(t) is a curve passing through X whose tan-
gent is always parallel to the vector eld F.

For simplicit y, we state the next theorem for the autonomous case
F = F(x).

1.3 Theo rem. If F(x) is continuous for jx XgJ r and if jF(X)]
M there, then the initial value problem (3) has at least one solu-
tion x(t), dened for jtj r=M. This solution is unique If @j=@X;
exists and is bounded for jx Xgoj r and fori, | 2f1;2;:::;ng.
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1.4 Example. The Initial value problem

d _
g 3x°=3;  x(0) = O;
dt
has innitely many solutions, namely, for each a> 0,
8
<
x(t):_o for0 t a,

' (t a)® fort> a

In this case f (x) = 3x273 so f{x) = 2x 173 and f {0) does not exist.

1.5 Example. The initial value problem
dx _
dt

has a unique solution for 0 t< =4,

1+ x2; x(0) = 1;

X(t) = tan t+ — ;|
(1 ;

but this solution blows up at t = =4,



We can generate approximate solutions to (3) via Euler's metho d:
choose asmall t> 0 and, for a given Xgp, compute X1, X2, ... Uusing
the formula

Xk+1 = Xk+ ( YF(xy); k O:
We expect
Xk X(tx) where ty = k t
because the exact solution satises

X(t+ t) x(t)
t

F Xx(t)
and so
x(t+ t) x(t)+ ( t)F x(t) :

In fact, it can be shown that if the @j=@; are bounded then there
are positive constants C and L such that

iX(ty) Xij Cteettk



For a linear system of ODEs, it can be shown that if A(t) and b(t)
are continuous fora t Db, then for every choice of xg the initial
value problem

((jj_):: A(t)x + b(t); X(a) = Xo; (4)

has a unique solution Xx(t) dened fora t b

The linear system of ODEs in (4) is homogeneous if b(t) = O for
all t, so that
dx

= ADX; (5)

Forl J n,let x = Ej(t) denote the solution of (5) with E;(a) =
€.
J
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1.6 Lemma. The solution of the initial value problem

2X 3
01
d
d—)t(: A(DX:  x(a) = Xg= ngzz
X0n
IS
0
X(t) = XoiEi(t) = Xp1E1(t) + Xg2E2(1) + + XonEn(t): (6)
=1

1.7 Theo rem. The set of solutions to the homogeneous linear
system (5) is a vecto r space of dimension n with basis Eq, ..., En.

The formula (6) looks very simple but in practice it may be more
convenient to use another basis of solutions.
11



Of particula r imp ortance is the case of a homogeneous system of

ODEs with constant coe cients, l.e.,
dx
— = AX; 4
™ (7)

with A a constant matrix.

1.8 Lemma. If Av= v with vé 0, ie., if vis an eigenvecto r of A
with eigenvalue , then

x(t) = elv

IS a solution of (7).

1.9 Exercise. Find a basis for the space of solutions of the system
Xm

dt
dX2

dt

= 5X1+ 2Xo9;
= 6x1 + 3Xo:

12



Linea r Dierential Op erato rs

We now shift focus from Xx(t) satisfying a system of rst-o rder
ODEs, to u(x) satisfying a scalar, mth-o rder ODE.

Given coecients ap(x), aj(x), ..., am(x) we dene the mth-o rder
linear dierential operator L by
X0 .
Lu (X) = aj (x)Dlu(x): (8)
] =0

Here, we have used the notation DJ/u = d u=dx! for the jth derivative
of u, with the usual convention that D% = u. We will always assume
that the aj(x) are smooth functions of x on some given interval.

1.10 Example. The linear dierential operator
Lu = (X 3)u00(a5<) (1 + cos x)uo(x) + 6U(X)

Is of order 3. 13



1.11 Example. The dierential operator N(u) = u%% u2u® uis
second-o rder but nonlinear.
Observe that any L of the form (8) is indeed linear, i.e.,

L(cquqg + Coup) = ciLuq + coluo

for any constants c¢q, ¢ and any (m-times dierentiable) functions
uq, Us. Hence, the set of solutions to the homogeneous equation

Lu = O

IS a vecto r space.

The leading coecient of L is the coecient of the highest deriva-
tive, 1.e., am(X).

14



am(x) 6 0O

then the homogeneous equation Lu = 0 can be written as a rst-
order linear homogeneous system.

1.12 Example. By putting y; = u, yo = u%and y3 = u% the

third-o rder linear homogeneous equation
(x 3)u%%) (@ + cosx)udx) + 6u(x) = 0

may be re-written as the rst-o rder system

dy; .
C?—X_ Y2,
Yo _ .
ddx BREE
1
23 (1 + cosx)y, 6yy :
dx X

provided x 6 3.
15



For the general case with m = 3,

Lu = aguoogr a2u00+ a1u0+ agu;
we put y; = u, yo = u® y3 = u%to re-write the homogeneous
equation Lu = 0 as
dy; _
O(ljx = Y2,
Y2
L =y, 9
C(,jx Y3 (9)
1
o = apyi1 t+ azyz + axys
dx as
W ritten more compactly ,
dy
Lu = 0 () &: A(X)Y;
where
2 3
0 1 0
A(X) = 9 o 0 1 4

ap=as a1 =as do>=asg
16



1.13 Theo rem. |If am(x) 6 0 for a X b then the space of
solutions to the linear homogeneous equation Lu O on the interval
[a; b] has dimension m.

If fuq;us;:::;umg is a basis for the solution space of Lu = 0 then
every solution can be written uniquely as

u(x) = crus(x) + caup(x) +  + Cmum(X) (10)

fora x b Accordingly, we say that (10) is the general solution
of the homogeneous equation Lu = 0 on [a;Db].

1.14 Theo rem. If am(x) 6 0 and f(x) Is continuous fora Xx D,
then the initial value problem

Lu = f on [a;b], wu(a) = Cq; uO(a) = Co;:: u(m l)(a) = Cm;

has a unique solution for every choice of initial data Cq1, Co, ...,

Cm.
17



Let up be some particula r solution to
Lu = f on [a;b].

If uis any other solution, then the dierence u up is a solution of
the homogeneous equation because

L(u up)=Lu Lup=f f =0 on[ab.

Hence, u(x) up(X) = cqiuq(x) + + Cmum(Xx) for some constants
Ci, ..., Cm, and so

u(x) = up + Flul(x) + {Z+ cmum(x%; a X Db
up (X)

IS the general solution of the inhomogeneous equation Lu

f.

18



Consider the simplest case, when the dierential operator

Lu = amD™u+ ay D™ lu+ + a;Du+ agu

has has constant coecients , and de ne the associated polynomial p
of degree m,

p(z) = amz™+ ay 1z™ 1+ + ajz+ ag:

Formally , we write L = p(D).

Since D!eX = JeX we have
p(D)e* = am M+ an 1 ™M1+ +a +ageX = p()eX;
and so

p(D)e” = 0 () p( )= 0

If p has m distinct roots 1, 2, ..., m then the general solution
of Lu = 0 s

u(x) = cre X+ coe 2% + + cme MX:
19



1.15 Exercise. Show that if 1< 2 < 3 then the functions e 1%,
e 2X, e 3% are linearly indep endent over any interval [a;b] with a < b.

In general, we have a facto rization

p(z) = am(z )Xz Nk (z )k,

where 1, o, ..., r are the distinct roots of p and the corresp ond-
ing multiplicities  kq, ko, ..., kr sum to m. By writing

L=p(D)=am(D (D Dk (D )k

we see that if (D j)kiu: O forsome j 2 f1;2;:::;rgthen Lu = 0.
1.16 Lemma. (D )xleX = jxI leX forj 1.

1.17 Lemma. (D )kxleX = 0forj=10,1, ...,k 1.

20



1.18 Theo rem. If (z )K is a facto r of p(z) then the function
u(x) = xX leX js a solution of the homogeneous equation Lu = O.

Thus, to each root with multiplicit y k we obtain k solutions

Xklx

X eX:

eX: xeX: x%eX; i
and since the mulitplicittes sum to m we have m solutions in total.

These solutions are linearly indep endent and hence give a basis for
all solutions to Lu = O.

1.19 Example. From the facto rization
D*+ 6D3+ 9D? 4D 12= (D 1)(D + 2)%(D + 3)
we see that the general solution of
u%9% 6y%Q 9y% 4y% 12u= o0
IS

U= cie+ cpe X+ cgxe X+ cue 3K

21



1.20 Example. From the facto rization

D3 7D?%+ 17D 15= (D? 4D+ 5)(D 3)
= (D 2 i)YD 2+ i)D

we see that the general solution of

u%0 74u%% 17u° 15u= 0
IS

U(X) — Cle(2+ i)X+ Cze(z i)X+ C3e3X

= c4e?Xcos x + cge?Xsinx + c3eX:

3)

22



W ronskians

The Wronskian of the functions uq, up, ..., um is the function

W(x) = W(X;uq;Up;:::;Um) = de’[[Dj 1ui]:

For instance, if m = 2 then

0
ui u
W(x) = det 1 "1 = uuf wuoud:
1.21 Lemma. If uq, ..., um are linearly dependent over an interval

[a;b] then W(X;uq;:::;um) = 0fora x b

1.22 Lemma. If ug, uo, ..., um are solutions of Lu = 0 on the
interval [a;b] then their Wronskian satis es

am(X)WAX) + am 1(X)W(X) = 0; a x b

23



1.23 Theo rem. Supp ose that

am(x) 6 0 fora x b,

and let uq, up, ..., um be solutions of Lu = 0 on the interval [a;b].
Either

W(x) = 0 fora x Dband the m solutions are linearly depen-
dent,

or else

W(x) 6 O fora x band the m solutions are linearly indep en-
dent.

1.24 Theo rem. (Sturm separation theorem) Assume aj(x) 6 O for
a X Db If ug and us are linearly indep endent solutions of

00,

ar>(x)u al(x)u0+ ag(x)u=0

then uq1 must have at least one zero between any two successive

zeros of u» In the interval [a;D. y



Series Solutions

ot
1.25 Exercise. Show that the power series u(x) = akxk satis es
k=0

(1 x2)uOO 5xu® 4u = 0; u = 1; uO(O) = 2;

k+ 2
k+ 1

ag= 1; ar)= 2; and ag4r = a for k O

Consider a general second-o rder, linear, homogeneous ODE

ax(x)u%x) + a;(x)udx) + ap(x)u(x) = O: (11)
or equivalently ,
u%x) + p(x)utx) + q(x)u(x) = 0; (12)
where
az(x) _ag(x)
a0 AT

p(x) =

25



Supp ose that p and q are analytic at O, i.e., they have power series
expansions converging in a disk In the complex plane:

X ’ S .
p(z) = Pz and q(z) = agz" for jzj<rr. (13)
k=0 k=0
We can try to construct a series solution
X K
u(z) = Az
k=0

Formal manipulations Yyield

u%z) + p(z)uf2) + q(z2)u(z) = 2A2+ poA1L+ doAg)
+ (6A3+ 2pgAs+ p1A1+ A1+ 1Ag)z +

where, on the right hand side, the coecient of z" 1 for a general
n 1is
% 1h | i
(N+ 1)nApsg + (N 1)PjAn |+ GAn 1 j
]=0
26



Thus, the left hand side is identically zero if

1 i o |
Apnsr = ~ ( PDPjAR jF GAr 1§ o n 10 (14)

We can use the recurrence relation (14) to compute Ay, A3z, Ay,
... for any given

Ap= u(0) and A;= ub0):

1.26 Theo rem. If the power series expansions (13) of the coe -
cients p(z) and g(z) converge for jzj < r, then the formal power series
for the solution u(z), determined by the recurrence relation (14) ,
converges for jzj < r and for any choice of ag and aj.

Note: to expand about zg instead of 0, write u(z) = U( ) where
= Z Zp and use the transfo rmed ODE

U% )+ p( + zo)UY )+ g( + zo)U( ) = O:

27



Reduction of Order

Supp ose we have found one solution u = uq(x) to a second-o rder
linear ODE,

% p(x)u®+ g(x)u = o:

We can look for a second, linearly-indep endent solution in the form

u= v(x)uqg(x):
Substituting into the ODE and rearranging terms we obtain

P1+ plfgﬁ qUJ})V+ upv®% (2uf + pug)vP= 0;

which is just a rst -order, linear, homogeneous ODE for w = v°

U1WO+ (2u2+ pui)w = O:

1.27 Example. Find the general solution of the Cauchy{Euler

equation x2u% xu0%+ u= 0. ,



V ariation of P arameters

Consider a linear, second-o rder, inhomogeneous ODE with leading
coecient 1:

Lu €' u%x) + p(x)udx) + g(x)u(x) = f(x): (15)

Let uq(x) and uo(x) be linearly indep endent solutions to the homo-
geneous equation and let W(x) = W(X;uq;us) denote their Wron-
skian. Thus,

Llu;i=0; Luo=0; WE®E O:
We will seek the general solution to (15) in the form

u(x) = (x)ur(x) + (x)uz(x) (16)

where the coe cients and  satisfy

Yur(x) + Ix)uz(x) = 0: (17)

29



The condition (17) implies that

u¥= u9+ ug

SO

0% %% %% 49+ QY
and hence

Lu = Lu 1+ Luo+ QJ(1)+ %8: ch(l)+ %8:

Thus, (16) Is a solution of (15) | and  satisfy

" #" # " #

u%(X) u%(X) ™ _ o .

uf(x) ud(x)  qx) F(x) °
l.e., |

" 4 " "
) _ 1 () uxx) 0
Ax) W(x) uf(x) wup(x) f(x)
or in other words,

Cw(0f(x) w0 (%)
W= =W 0 WE e

30



Conclusion: if we know uq and us and can evaluate the inde nite
integrals

Z
o = _u200f00 o
W (x)
and .
R (COLICOIN

W (x)
then (16) gives a solution to the inhomogeneous equation (15) .

1.28 Example. Find the general solution to

3u? 6u’+ 30u = € tan 3x:

31



Frob enius Normal Form

We have seen how to construct power series solutions to ODEs of
the form

u9% p(z)u0+ g(z)u= 0 (18)
where p and g are analytic at z = 0. What if p and g are not
analytic at z = 0? For example, some imp ortant applications lead
to equations of the form

22u9%% zP(z)u0+ Q(z)u = 0; (19)
where P(z) and Q(z) are analytic at z= 0. Writing (19) In the form
(18) we have

P(2)

Q(2).

and q(z) = 2

p(z) =

Terminology: The ODE (19) is in Frobenius normal form and has

a reqgular singular point at z= 0.
32



1.29 Example. The Cauchy{Euler ODE
1
zzuo?z) + zuo(z) Zu = 0;

Is of the form (19) with P(z) = 1 and Q(z) = 1=4, and has
the general solution u(z) = Az1¥ + Bz 172 which is not analytic
at z= 0.

For a general ODE in Frobenius normal form (19) with
* K * k
P(z) = Pkz" and Q(z) = Qkz™;
k=0 k=0
we look for a series solution of the form

— I’%A k: rA + A + A 2+ .
u(z) = z kZ" = Z (Ao 12 2Z );

k=0
or equivalently

*
u(z) = AzKt T = Apz' + Az o+ ALZT2 4 ;
k=0

where r may be any real or complex exponent. i



Formal manipulations lead to
h i
22u%2) + zP(2)ul2) + Q(2)u(z) = r(r 1)+ rPg+ Qg AgZ'

+ terms in z't1 22 (20)

The coecient of Agz' is a quadratic in r, called the indicial poly-
nomial

l(r) =r(r 1)+ rPg+ Qo= (r rq)(r r»2); Reri1 Rers:

Without loss of generalit y we can assume that Ag 6 0, and then
the coecient of z" vanishes i [I(r) = 0, i.e.,

= rq Or ro.

For a general k 1, the coecient of zX*' on the RHS of (20)
equals
k¢ 1
I(k+ 1A+ O[(J + )P+ Qk jlA}:
J:

34



Let us dene Ay(r) for k 0O by the recurrence relation

A 1 X ' P A 21
r) = + 1 P+ JA (r
(D= iy, [0 P QA @D
for k 1, with
Ao(r) = 1:

Notice that we need I(k+ r) 6 0 for all k 1. The series

%

F(z;r) = Ap(r)zk*r

k=0

will then satisfy
22F9% 2P (2)F% Q(2)F = 1(r)z": (22)

Since I(r) 6 0 for Rer > Rerq it follows that I(k+ rq) 6 0 for
all k 1 giving asolution uq(z) = F(z;rq). If r; roisnot an integer,

then a second, linearly indep endent solution is u(z) = F(z;r2).
35



1.30 Example. Construct two linearly indep endent solutions to

22(z+ 2)uOO zu%+ (z+ )u= 0:

Supp ose now that rq = ro. Therefo re, I(r) = (r rq1)2 so (22) tak es
the form

22F% zp(2)F%+ Q(2)F = (r rq1)%Z":
The function v = @ =@ satis es
22v0% zP(2)v%+ Q(z)v= 2(r r)z"+ (r r1)%Z" log z;

and the RHS is zero If r = rq, so a second, linearly indep endent
solution is

P
uz(2) = gF(z;r) = AQUr)Z T+ A(r)z¥ Mlog z

r=rq k=0

36



W e can also write this second solution as

*
Us(z) = uq(z)log z + AQ(rq)z"* "

k=0

1.31 Example. Construct two linearly indep endent solutions to

22090 ZzyO+ (1 2z)u= O:

Finally , consider the case when r1 = ro+ n for an integer n 1.
Since I(n+ ro) = 0 the recurrence relation (21) has a division by
zero when k= nif we put r = ro. To avoid this problem, we dene

Bo(r) = (r r2)
and, for k 1,

1 1

B = [y, 0 DR B0 @3

37



The series

G(z;r) = X B (r)zK* "

k=0
satis es
22G% zP(2)GY%+ Q(2)G = 1(r)Bg(r)z" = (r ry)(r ry)%z";
SO V= @G=@ now satis es
22v0% 2P (2)v0+ Q(z2)v= (r )22
+ 2(r r)(r r)Z2"+ (r ry)(r r2)%z log z
and a second, linearly-indep endent solution is

»
Uuo(z) = gG(z; r) = Bg(r2)2k+ r2 + |3k(r2)zk+ 21og z

r=ro k=0

38



W e can also write this second solution as

Us(z) = Cuy(z) log z + B(rp)zK* 2
k=0
where C = Bn(rp), because
8
<0 if0 k n 1,

Br(ro) =
(ra) = . CA, n(ry) ifk n.
1.32 Example. Construct two linearly indep endent solutions to

22u9%% Z(z 6)uO 3zu = 0:

1.33 Example. Construct two linearly indep endent solutions to

0

22u00+ 3zu zu = 0O:

39



Bessel's Equation

The Bessel equation with parameter IS
z2u% zu%+ (22 %)u= o: (24)

This equation is in Frob enius normal form so we seek a series solu-
tion
*
u(z) = A<t
k=0
and nd that
22u% zu% (22 Pu= (r+ Yr HAyZ
provided
(r+ 1+ )(r+ 1 YA1 =
(k+ r+ )(k+r JAk+ A o= 0; k 2:
Thus, the indicial polynomial s
I(r)=(r+ )(r ),

giving r{ = and ro = If we assume that Re 0.

!
e

40



Taking r = gives the recurrence relation
Ak 2

Ay = for k 2,
k(k+ 2 )
so with Agq arbitra ry and A1 = 0 we obtain
u(z) = Apz 1 (2=2)° + (=)
1+ 22 + Y + ) "
(z=2)° .
33+ )2 + Y1 + )
With the normalisation
Ag = !
2 1 + )
this solution is called the Bessel function of order and is denoted
e P I € (z=2)*
1 + ) 1+ 2'(1 + )2 + ) "
(z=2)° N

31+ )2 + )3 + )
41



From the functional equation (1 + z) = z( z) we see that

1 () = (72 (z=2) > (z=2) ** (z=2) *° |
@+ ) @+ ) 213 + ) 3@ + )

X 1K@z=2) %Kk
o KICk+ 1+ )

If is not an integer then a second linearly indep endent solution is
*(k(z=2)%

J (z) =

J (z)= K K+ 1 ) :
k=0 -
If = nis an integer, then since ( k+ 1) = k! we have
N Ki5>—o)2k+ n
n@= - LA
k=0 ' '
Also, since 1=( z) = 0forz=0, 1, 2,...,we nd that Jy and

J n are linearly dependent; in fact,

J n(2) = ( 1)"In(2):
42



The Neumann function or Bessel function of the second kind Y Is
de ned by

J (z) cos J y4
Y (2= (R cos (2)
sin
if is not an integer. L'Hospital's rule shows that if ! n for an

integer n then Y (z) tends to a nite limit, so we can de ne

Yn(z) = Ii!mnY (2):

The functions J and Y are linearly indep endent solutions of (24)
for all complex

As z! 0 with xed,

J (2) (z=2) ; 1, 2; 3;:::;
( +1)

Yo(2) E log z;

Y (2) () : Re > 0:

(2=2)
43



Bessel Functions of Order O

44



0.8

0.6

Bessel Functions of Order 1

y=J,(x)
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Legendre's  Equation

The Legendre equation with parameter IS
(1 22)uOO 2zu%+ ( + ))u= 0O:

The leading coecient 1 z%2iszeroi z= +1 or 1, so we can
expand about z = 0 using an ordinary Taylor series:

P
u= Akzk:
k=0
We nd that the Ay must satisfy

(k+ 1)(k+ 2)Akso  [k(k+ 1) ( + D]JAx=20
for k 0, and since

k(k+ 1) ( +1)=k% 2+ (k )

(k k+ + 1);

the recurrence relation Is
(k k+ + 1)

A for k O.
(k+ 1)(k+ 2)

Ak+2 =

46



Thus, the general solution of Legendre's equation is

(+1 o, 2+ +3 ,

u(z) = Apg 1
(2) = Ao 2! 41 |
D + 2 1) + 2)( + 4 '
v AL 2 ( )( ) 3, C 3 )( )( ) 5
3! 51
Supp ose now that = n is a non-negative integer. If n is even then

the rst series terminates, and if n is odd then the second series
terminates.

The terminating solution is called the Legendre polynomial of de-
gree n and is denoted by Pn(z) with the normalization

Pn(l) = 1:
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The rst few Legendre polynomials are

Notice that Pp is an even or odd function according to whether

even or odd.

Po(z) =
P1(z) =
P2(z) =

P3(z) =
P4(z) =

P5(z) =

1;

Z;

%(3 2% 1);

%(5 23 32);

%(35 7% 30z + 3);
1

8

(6325 70Z° + 152z):
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2. Tw o0-P oint Bounda ry Value Problems
An lllustrative Example

Consider the second-o rder ODE

W% u= 0 for0< x<

The general solution is
u(x) = Acosx + B sinx:

There exists a unique solution satisfying the boundary conditions
u0) = 1 and u( ) = O;

namely u(x) = sin Xx. However, no solution exists which satis es
u@ =0 and u( )= 1;

and innitely many solutions exist which satisfy

u@ =0 and u( )= 0:

Moral: BVPs can be trick er than IVPs. 50



Existence and Unigueness

Consider a two-p oint boundary value problem

Lu=f fora<x<Db with Biju= 1 and Bou= », (25)

where

00

Lu = aru"+ a1u0+ apgu

Is a 2nd-o rder linear dierential operator and the boundary operato rs
have the form

Biu = byiufa) + bjgu(a);

Bou = bpyudb) + byou(h):

2.1 Exercise. Solve

u% u=x 1 for 0 < x < log 2,
u= 2 at x = 0,
u® 2u= 2log2 4 at x = log 2.
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Since L, B; and B> are all linear, the solutions of the homogeneous
boundary value problem

Lu = 0 fora<x<b with Bju= 0 and Bou= 0, (26)

form a vector space: if u; and u, are solutions of (26) then so is
cCiUq + Cou»o for any constants c¢q and c».

Also, any two solutions of the inhomogeneous problem (25) dier
by a solution of the homogeneous problem: if u; and u», satisfy (25)
then u= uq; up satises (26) .

Furthermo re, if uq satises (25) and u, satises (26) then uq + cus
satises (25) for any constant c.

Thus, if the only solution to the homogeneous problem (26) is the
trivial solution u 0, then the inhomogeneous equation (25) can

have at most one solution.
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Supp ose that the general solution of the homogeneous equation
Lu = 0 is ciuq(x) + couo(x), and suppose that up(x) Is a particu-
lar solution of the inhomogeneous equation Lu = f. The general
solution of Lu = f will then be

u(x) = cpua(x) + cauz(x) + up(x):

To satisfy the boundary conditions in (25) we must choose ci1 and
C> SO that

Bi(ciug + Cpuz + up) = 1
Bo(couz + coup + Up) = 2
or in other words, since B; and B, are linear,
(1] #ll # (1] #
Bjup Bauz ¢ _ 1 Baup 27)
Boup Bauz C2 2 Boup

Thus, a solution u to (25) exists I a solution cq, ¢y exists for this
2 2 linear system.
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Simila rly, the function

u(x) = cpua(x) + cauz(Xx)

IS a solution of the homogeneous equation (26) I c¢q and co satisfy
" #" # " #
B]_U]_ B]_UZ C1 _ 0
Bous Bous © 0

The 2 2 matrix on the left will be non-singula r i the only solution
of this homogeneous Ilinear system is ¢4 = ¢ = 0. Hence, the
follo wing Is true.

2.2 Theo rem. If the homogeneous problem (26) has only the trivial
solution, then for every choice of f, 1 and > the inhomogeneous
problem (25) has a unique solution.
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Formal Adjoint

We now intro duce some concepts to explain a little about existence
and uniqueness for solutions of boundary value problems. These
Ideas are also imp ortant for later topics.

The inner product hf;gi of a pair of continuous function f, g:[a;b]!

R is dened by
Zh
;g = f (x)g(x) dx:
a

The corresponding norm of f is dened by

q Z p 5
kfk= H:fi= [f (x)] 2 dx
a

1=2

We say that f and g are orthogonal if hf;gi = O.

The inner product and norm for functions behave like the dot prod-

uct and norm for vectors in R". o



For any functions f, g, h and any constant

1. if + g;hi = K ;hi + hg;hi

2. hf;g+ hi

h;gi + h;hi

3. hf ;gr= Hh;gi=H; gi

4. ;g = hg;fi

5. kfk= 01if and only f(x) = 0 fora< x<Db

6. jhf;gij  kf kkgk (Schw arz inequalit y)

7. kf + gk kf k+ kgk (triangle inequalit y)



Consider an mth-o rder, linear dierential operator L,

X0 .
Lu = aj (x)D!u:

j=0
Integrating by parts | times we see that
D . E D o E X h _ i
ajDJU;V = U,( 1)JDJ(aJV) + k ( 1)k 1(DJ kU)Dk 1(ajV) )

=1

Thus, iIf we dene the formal adjoint L and the bilinear concomi-
tant P(u;v) by

XN .
L v= ( DD & (x)vl;
] =0
X X .
( ¥ I(p) kup* Y(ayv);
j=1 k=1
then the Lagrange identit y holds:

P(u;v)

h i,
hLu; vi = hu;L vi+ P(u;vV) a:

57



The di erentiated version

luv=ulL v+ iP(u;v)
dx

Is also called the Lagrange identit y. We say that L is formally self-
adjoint 1If L = L.

For simplicit y, we now restrict our attention to the case m = 2:

2.3 Example. When m = 2,

00

Lu = aru—"+ a1u0+ agu;

and we have
L v= (aav)?0 (a;v)%+ agv
= a2v00+ (2 ag al)v0+ (ag0 a8+ apg)V
with

P(u;v) = u%a,v) u(anv)%+ u(aiv):
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2.4 Theo rem. A second-o rder, linear dierential operator L is

formally self-adjoint 1 it can be written in the form
Lu = (pud%+ qu= pu®® pU%+ qu; (28)

In which case the Lagrange identit y tak es the form
Luv ulLv = p(x)(uQ/ uv% O; (29)

or in other words, the bilinear concomitant tak es the form

P(u,v) = p(x)(UQ/ uv%:
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If we can nd an integrating factor satisfying

(a2)°= ajy;

then the associated second-o rder, linear ODE is equivalent to
formally self-adjoint one:

a2u00+ a1u0+ agu = f(x);
a2u00+ I?Z% u¥+ aou= f (x);

(ay)d
(au9% agu= f (x);

2.5 Example. Legendre's equation
(1 x2)uOO 2xu O+ ( + HDu=20
IS equivalent to

(@ x»u9® ( + HYu=0
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Fredholm Alternative

W e say that
L v=g for a< x < b,
B,v= at x = a, (30)
Bov= > at x = b,
IS an adjoint boundary value problem (or dual bvp) for (25) if there
are boundary operato rs Rj and R; such that
h ib X2
hbu; vi hu;L vi= P(u;v) o= BiuR;v+ RjuBjv : (31)
=1

2.6 Exercise. Find an adjoint boundary value problem for

uO% y=f for a< x < b,

u= 1 at x = a,

u¥= 2 at x = h.
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Of particula r imp ortance is the homogeneous adjoint problem

Lv=0 fora< x<b,
B,v=0 at x= a, (32)
Bov= 0 at x=h

In fact, if uis a solution of the inhomogeneous problem (25) and v
IS a solution of the homogeneous adjoint problem (32) , then on the
one hand

hLu; vi hu;L vi= h;vi hu;0i = H;vi
and on the other hand, by (31) ,
hu; vi hu;L vi= 1Rqv+ SRov+ Rqu0+ RouO:

Hence, a necessary condition for the existence of a solution to (25)
Is that the data f, ¢ and » satisfy

H;vi= (Riv+ oSRov (33)

for every solution v of (32) .
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It can be shown that, provided as(x) 6 0 fora x b, the con-
dition (33) Is also sucient for the existence of u, l.e., U exists |
(33) holds for all v satisfying (26) .

2.7 Example. The 2-point boundary value problem

uO% u=f for0< x< |
u= at x = 0,
u= »o at x =
has a solution i
Z
Of(x)sin(x)dx: 1+ 2!

In this case, if u is one solution then every other solution is of the
form u+ Csinx for some constant C.
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2.8 Example. The boundary value problem

x2u%% xu® u=f for 1 < x < 2,
u= 1 at x = 1,
6u’ 5u-= 2 at x = 2,
has a solution 1 f, 41 and o satisfy
Z 2

2 Ta X 2Ydx = 4 1+

In this case, if u is one such solution then every other solution is of
the form u+ C(x x 1) for some constant C.

It can also be shown that the dimension of the solution space is
the same for the homogeneous problem (26) and the homogeneous
adjoint problem (32) . In particula r, the former problem has only the
trivial solution 1 the same is true for the latter.
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Summing up, the Fredholm alternative holds:

Either both homogeneous problems (26) and (32) have only the
trivial solution, in which case

the inhomogeneous problem (25) has a unique solution u for
every choice of f, 1 and o,

or else the homogeneous problems admit non-trivial solutions, In
which case

the inhomogeneous problem (25) has a solution ui1 f, 1
and - satisfy (33) for every solution v of the homogeneous
adjoint problem (32) .

In the latter case, the solution u is not unique. o



2.9 Theo rem. If
Biu= 0= B,v at x = a,
Bou= 0= Byv at x = b,
then

hLu; vi = hu; L vi:

A nal observation: the follo wing result means that if L = L then
the homogeneous adjoint problem (32) and the homogeneous prob-
lem (26) coincide.

2.10 Theo rem. |If L is formally self-adjoint, then we obtain an
adjoint boundary value problem to (25) by taking B4 = B; and
@2 = B2 In (30) :
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Green's Functions

Let
Lu = u% p(x)u0+ g(x)u
and consider the boundary value problem

Lu = f fora< x< Db
u(a) = 0;
u(b) = O:

We say the G(x;y) is a Green's function for this problem

Zp
u(x) = R G(x;y)f(y)dy; a

satises (34) for any continuous f.

X

b;

If

(34)
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2.11 Theo rem. If Luqg= 0 and Lus = 0 on [a;b] with

ui(a) = 0; ug(b) = 1,
uz(a) = 1; uz(b) = O;

then a Green's function for (34) is
8

Sup(xX)uz(y)=W(y); a x y b;

Y = =W a Yy x b

2.12 Example. Find the Green's function for the boundary value
problem

u%® u=f for0<x<§,

u@ = 0;
u( =2) = 0:
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Complete  Orthogonal Systems

Recall the de nition of the inner product of functions on (a;b):
Zh
;g = f (x)g(x) dx:
a

If w:(a;b! R satises
w(x) > 0 fora< x< b,
then we de ne the inner product with weight function w by
Zh
nf;giw= h;gwi = f (x)g(x)w(x) dx;
a

and the corresp onding norm by

S 5
q ‘b 5
kKf kw = H;fiw = [f (x)] “w(x) dx:
a

Tw o functions f and g are orthogonal with respect to wif nf;giw = O.
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Let Lo(a;b;w) denote the set of all functions f : (a;b) ! R such
that kfkw < 1 . The Cauchy{Schw arz inequalit y states that if f,
g2 Lo(a;b;w) then K ;giw exists and is nite, with

jhf;giwj]  kf kwkgkw:
Furthermo re, Lo(a;b;w) is vecto r space with

Kf kw= | jkfkw; Kkf + gkw Kkf kw+ kgkw:

A set of functions S Lo(a;b;w) Is said to be orthogonal if every
pair of functions in S is orthogonal and if no function is identically
zero on (a;b). We say that S is orthono rmal if, in addition, each
function has norm 1.

2.13 Lemma. If S is orthogonal then S is linearly indep endent.

214 Lemma. If f q;:::; NOQIs orthogonal then
X 2 N . .
Aj j = Aj k jkW for any real constants A1, ..., Apn.
j=1 w j=1
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215 Lemma. If f is in the span of an orthogonal set of functions

f 1; 2;::7; NnOiIn Lo(a;b;w), then the coecients in the represen-
tation
X
f(x) = Aj j(x)
j=1

are given by
f ; j | w

kjk\%, for1 ] N. (35)

Aj:

We call Aj the jth Fourier coecient of f with respect to the given
orthogonal set of functions.
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216 Lemma. If f 1; o;:::; N9OIs orthogonal in Lo(a;b;w) and if
f 2 Lo(a;b;w) then
I
min_ f Ci | = kfkg T
Cq1:::CN =1 W =1 k' j kw

The minimum Is achieved (uniquely) when Cj = A; is the jth Fourier
coecient (35) .

Thus, if f is not in the span of 1, ..., N then the best approxi-
mation (in the weighted Lo-norm) to f(x) by a sum of the form
X
Ci j(x)
J=1

IS obtained by cho osing

j 1w .
Ci=Aj= >~ forl j N.
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Now let S=f 1; 2; 3;:::9g be a countably innite orthogonal set
in Lo(a;b;w). Given any f 2 Lo(a;b;w) we write

%
f(x) Aj j(x)
j=1
to indicate that A; is the jth Fourier coecient of f, Le,
nf; i .
Aj = —sz for all j 1.
k ik

By the preceding lemma, the Fourier coecients satisfy Bessel's
iInequalit y:

*

j=1

Ak ki kfkg:
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2.17 Example. The functions

j(x) = sinjx; | =1;2;3;:::;

are orthogonal with respect to the weight w(x) = 1 over the

(a;b) = (0; ). Since

Z
k (ki =  sinjxdx= —

j Kw 0 J 5
the Fourier (sine) coecients of a function f(x) are

hf ; j i 2 z .

Aj = 5 = — f (x) sinjx dx;

K jkw 0
and Bessel's inequalit y is

st Z

AZ = f(x)%dx:

Interval
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An orthogonal set S is complete If there is no non-trivial function
in Lo(a; b;w) orthogonal to every function in S, i.e., If the condition
hf; iw= 0 forevery 23S

implies that f 0 on (a;b).

2.18 Theo rem. The follo wing prop erties are equivalent:

1. S is complete;

2. for each f 2 Lo(a;b;w), if Aj denotes the jth Fourier coe cient
of f then

f Aj I 0 asN! 1;

j=1 w

3. each function f 2 Lo(a;b;w) satises Parseval's identit y:
%
kf k2, = Afk kg
j=1
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Sturm{Liouville Problems

An ODE of the form

[p()ud%+ [r (x) q(x)]u=0; a< x<b; (36)

Is called a Sturm{Liouville equation. The coecients p, g, r must
all be real -valued with

p(x) >0 and r(x) >0 fora<x<h
De ning the formally self-adjoint dierential operator
Lu = [p(x)ul’+ g(x)u (37)
we can write (36) as
Lu = ru on (ab).

Any non-trivial, possibly complex-valued , solution u (satisfying ap-
propriate boundary conditions) Is said to be an eigenfunction of L

with eigenvalue e



2.19 Example. Legendre's equation
(1 x2)uOO 2xu O+ ( + H)u=20
IS equivalent to
(1 x*)uf®+ ( + Du=0
which is of the form (36) with
p(x) = 1 x% q(x)=0; r(x)= 1
and

= ( + 1):

Recall that for a real, symmetric matrix:

eigenvecto rs with distinct eigenvalues are orthogonal;

every eigenvalue is real.
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2.20 Lemma. Let L be a Sturm{Liouville dierential operator (37) .

1. If u, v:[a;b]! C satisfy

Lu = ru;, Lv=ryv [p(UQ/ uv(}]g: ;
then
Z b
( ) u(x)v(x)r(x) dx = 0:
a

2. If u:[a;b]! Cis not identically zero and satis es

Lu = r u; [plm(uql)]gz 0;

then IS real.
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221 Theo rem. Let L be a Sturm{Liouville di erential opera-
tor (37) .

1. If u, v:[a;b]! C satisfy
Lu

ru on (a;b), with Bju= 0= Bou,
and
Lv = rv on (ajb), with Biv= 0= Boyv,

and if 6 |, then u and v are orthogonal on the interval (a;b)
with respect to the weight function r(x), i.e.,
Z
hu; vip = R u(x)v(x)r(x)dx = O:

2. If u:[a;b]! Cis not identically zero and satis es

Lu = ru on (ab), with Bqu= 0= Bou,

then IS real.
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A regular Sturm{Liouville eigenp roblem is of the form

Lu = ru for a< x < b;
b11UO+ bijpu= 0 at x = a, (38)
b21u0+ boou = 0O at x = b,

where a and b are nite with
p(a) 6 0O and p(b) 6 O;

and where byg, b1, bpg, bp1 are real with

Jbro] + Jb11) 6 O and  jbpo) + jbp1) 6 O:

2.22 Example. Find all eigenfunctions and eigenvalues for the
regula r Sturm{Liouville problem
ud% y for 0 < x< ;

u=0 at x = 0,
u%= 0 at x =
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Recall that for each n n real symmetric matrix A there is an
orthogonal basis for R" consisting of eigenvecto rs of A.

2.23 Theo rem. The regular Sturm{Liouville problem (38) has an

In nite  sequence of eigenfunctions 1, 2, 3, ...with corresp onding
eigenvalues 41, 2, 3, ...and moreover:

1. the eigenfunctions 1, 2, 13, ...form a complete orthogonal
system on the interval (a;b) with respect to the weight func-
tion r(x);

2. the eigenvalues satisfy 1< o< 3< with ;! 1 asj! 1.
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The various trigonometric  Fourier series arise from the the Sturm{
Liouville ODE

% u = o:

For the interval [ ; ], periodic boundary conditions
uC)=u( ) and ul)=ut )
lead to the eigenfunctions
] X :
2j(X) = cos—— forj=0,1, 2, ...,
o 1(x) = sn > forj=1,2 ...,

and (non-distinct!) eigenvalues

o= 0; 2i = 2 1= — . ] L
Alternatively , we can tak e

J(X) = ei jX:\ and j = — forj = (), 1’ 2’
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For the interval [0; ], homogeneous Dirichlet boundary conditions
u@ = u()=20
lead to
j(x):sinj\—X and = = forj =1, 2, 3, ...,
whereas homogeneous Neumann boundary conditions
uO(O) = u({‘) =0
lead to

j(X):COSJ\—X and = = forj=20,1, 2, ....
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Inhomogeneous Sturm{Liouville Problems

An inhomogeneous Sturm{Liouville @ ODE with parameter |,

[PO)u%+ [r (x)  a(x)Ju+ f(x) = 0
may be written as
(L r)u= f; where Lu = (pu%0+ qu. (39)

For simplicit y, we assume homogeneous boundary conditions of the
standa rd type,

b11UO+ bijpu= 0 at x = a,
0 (40)
bo1u"+ hgu= 0 at x = h.

Let 4, o,...and 1, 2, ...Dbethe eigenvalues and eigenfunctions
of the associated Sturm{Liouville  eigenp roblem (38) .
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Formally applying the dierential operator L r to the eigenfunc-

tion expansion

ux) = o0 v = L
=1 | J k Jkr2
gives
» »
(L ryu(x) = uj (L r) j(x) = uj ( j
J=1 j=1
»
= r(x) (] Juj j(x);
J=1
so to satisfy the ODE (39) we require
* 1
(5 )y j(x) = r(x) “T(x):
J=1
Since
00 Moo= TR I
iz kK jKk? J

(41)

)r(x) j(x)
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and
Z y Z 1

e s ogir= r(x) M) jOOr(x)dx = f(x) j(x)dx = K ji;
a a

we see that u satises (39) I

hf; ji
K jkrz
Also, u in (41) satises the (linear, homogeneous) boundary condi-
tions (40) because each eigenfunction j does.

( Juj =

for all j 1.

Conclusion: if is not an eigenvalue of L then
X h itj(x)

u(x) =
k ;K2

ji=1 ]
IS the unique solution to the inhomogenous Sturm{Liouville  problem
(39) , (40) .
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However, if is an eigenvalue, then a (non-unique) solution u exists
| f satises

ht; ji=0 when ;= |, (42)
In which case u is of the form
X X H; i (x)
u(x) = Ci j(x)+
= 6 K jkr2
i~ j
with the C; arbitra ry constants.

Notice that (42) is just the usual condition for existence in the

Fredholm alternative, because j = | v = jisasolution of the

homogeneous (self-adjoint) equation (L r )v= 0.
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As an example, consider the problem
00,

u u + f(x)

0 for 0 < x< 1,

u=20 at x = 0,

u= 20 at x = 1,

where
8
<

f(x) = .

The associated eigenproblem is

+1 for 0 < x <
1 for%< X <

1
71
1.

vVO% v = 0 for 0 < x< 1,
v=20 at x = 0,
v=20 at x = 1,

and we nd that

= ()% and j(x) = sin(j x)

forj = 1, 2,
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Juj j(X);

u(x) = uj j(x) = uj sin(j x)
j=1 j=1
then
x - %
u uo= TG )2 usingg x) = ()
J=1 j=1
SO we require
_ hsg . _
( )uj—kjk2 forj=1,2 3, ....
Since
Z1 1 h i
ht; i = . f(x)sin(] x)dx = j_1+ cos(j ) 2cos(] =2)
8
) Eji forj = 2, 6, 10, 14, ...,
'>O otherwise,
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and

Z1
1
k k%= sin?(j x)dx = =
j 0 (J x) 5
we see that
8
<__8 forj = 2, 6, 10, 14, ...,
uj = . O )
-0 otherwise,
unless = = (] )2 for some | 2 (mod4), in which case no

solution exists.

When u exists and is unique, its Fourier sine series Is
X 8

u(x) = _ — sin(j] X):
i 2 modal 1) ]
If = | for some k6 2 (mod 4), then u exists but is not unique:
we may add a term Csin(k x) with C an arbitra ry constant.
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Singula r Sturm{Liouville Problems

Later, we will see the imp ortance of the ODE (with 0),
x2u%% xu O+ (X 2 2)u = 0;
which can be written in Sturm{Liouville @ form as
(xu(}O+ X °2x L u=o0; (43)
l.e.,

2

p(x) = x;  r(x) =% q(x) = "

On the interval [0;'], we do not have a regular Sturm{Liouville
problem because

p0) = 0

and q(x) is unbounded as x! O". The appropriate boundary con-
ditions are now

u(x) bounded as x! 0",

; (44)

Ciu-+ copu= 0 at x = ~
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2.24 Lemma. Consider the BVP given by (43) and (44) , and
supp ose that cgcqy 0.

1. If a non-trivial solution u exists, then 0.

2. A non-trivial solution u exists for = 0 only when = 0 and
co = 0, in which case u is a constant.

2.25 Theo rem. Assume that cgcy 0. If cg®& O or > O, then the
eigenvalues 1, o, ...and eigenfunctions 1, 2, ...of the Bessel
equation (43) with boundary conditions (44) are given by

i=kf oand  j(x) = J (kx) forj 1,

where k;j is the jth positive solution of the equation
cod (k) + c1kIOKk) = 0:

If co= 0= , sothat u{’) = 0 by (44) , then we have an additional
eigenvalue and eigenfunction

o= 0 and o(x) = 1:
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2.26 Theo rem. Assume that cpcq 0. The eigenfunctions for
the Bessel equation (43) with boundary conditions (44) have the
orthogonalit y property

7 -
. i(x) j(X)xdx=0 116 ].
If ¢4 6 O, then
“ 2 1 ‘Co! ’ 2 2# 2
(X)“xdx = — — + (ki J (ki for | 1,
Oj() 2kj2 ot (kj ") (kj ") J
whereas if ¢ = 0, so that () = O by (44) , then
Z - “2
j(x)2x dx = > « (kj)% forj 1.
In the case cp = 0= , we have
Z 2
o(x)zxdx: —

2

93



For instance, when c¢q = 0 we have the Fourier{Bessel expansion

*
f (x) AjJ (kjx); 0<x<7
J=1
with
R- 7 .
of (x)J (kjx)xdx _ 2

0J (kjx)2xdx 23 4 (k)2 o

Aj = f(x)Jd (kjx)xdx:
Now consider Legendre's equation,
[(1 x2)uq0+ ( + Du=0 for 1< x<1.
Since p(x) = 1 x? satis es
p( 1) = 0= p(1)

we again have a singular Sturm{Liouville problem, and the appro-
priate boundary conditions are

u bounded as x! 1 and as x! 1.
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Since

(+1)= ( +1) if = 1
we may as well assume that z.

One of the tuto rial problems shows that if is not an integer then

only the trivial solution exists, but if = n then all solutions are of
the form

u= CPn(Xx);
so we have

n(X) = Pn(x) and n= n(n+ 1)
forn=0, 1, 2, ....
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Since r(x) = 1, the Legendre polynomials have the

prop erty
Zq

1Pn(x)Pm(x) dx = 0 if m#6 n.

It can be shown that

Zq 2
Pn(x)2dx = ,
1 n(X) 2n+ 1
so we have the Fourier{Legendre series
%
f(x) AnPn(x); 1< x<1;
n=0
where
on+ 141

An = > 1f(x)Pn(x) dx:

orthogonalit y
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3. Partial Dierential Equations
The Vib rating String

W e begin our study of PDEs with a classical example that illustrates
some key ideas.

Consider a stretched string having the follo wing prop erties:

1. the string iIs xed at x= 0 and x = L;
2. the string Is perfectly elastic and oers no resistance to bending;
3. the weight of the string Is negligible compa red to tension;

4. the motion of the string is purely transverse and the de ection
Is small.
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The dependent variable in this problem is

u= u(x;t) = transverse de ection at position x and time t.

For the piece of string between x and x+ X, we have
longitudinal momentum = O;
_ Q.
transverse momentum = X —:
@
Let

T = T(x; t) = magnitude of tension ;
= (x;t) = tangent angle.

There is no motion In the longitudinal direction so

T(x+ x;t)cos (x+ Xx;t) = T(x;t)cos (x;t); (45)
and the transverse motion obeys Newton's 2nd law so
!
—@ x@ = T(x+ x;t)sin (x+ x;t) T(x;t)sin (x;t): (46)

@ @
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W e deduce from (45) that

Tcos = Ty
for some Tg indep endent of x, and we deduce from (46) that

@u _ (Tsin )(x+ xt) (Tsin )(xt)

@z X
Taking the limit as x! 0 gives
%: g(Tsin ) = Tog(tan ):
But
_ @
tan = —
@
SO

@u @u
o7

_—TO
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g

Putthng c= Tgp=, we have an initial-b oundary value problem for
u(x; t):
@ CZ@:(); O< x<L;t>0;
@2 @2
u(o;t) = 0; t> 0;
u(L;t) = 0; t> O; (47)
u(x; 0) = v(x); 0 < x<L;
@

@(X;O):O; 0< x< L

assuming that the string Iis initially at rest with a known de ec-
tion v(Xx).

In the metho d known as separation of variables, we look for solutions
of the form

u(x;t) = X(x)T(t):
Such a u satsies the PDE |

XTO 2x% = o:
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Thus, we want
TOO xOO
2T X'
Since T9%(c?T) is a function of t only, and X 92X is a function of x
only, there must be a separation constant such that
TOO XOO

2T X

Since
u(0;t) = X (0) T(1);
u(L; t) = X (L)T(1);
@0 = x0T ;
@}
we also want

X (0) = 0; X (L) = O; T90) = o:
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In this way, we obtain a Sturm{Liouville  eigenp roblem:

x% x =0 for 0< x< L;
X =20 at x = 0;
X =20 at x = L.
As In a previous example, we nd that the eigenvalues = , and
eigenfunctions X = X are
| |
n . N
n = T and Xnp(x) = sin Tx forn=1, 2, 3, ....

For T(t) we require T% ¢ 2T = 0, or, writng T = Tn,
!
n c

2

Tr?0+ Th=0 fort> 0,

subject to the initial condition Tr?(O) = 0. Hence,
!

n c
Tn(t) = Ancos T t
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The function
! !
n c

.n

Un(X;t) = Xn(x)Tnh(t) = Apsin TX CoS Tt
Is known as the nth normal mode of vibration or pure harmonic .
The smallest numb er > 0 such that up(x;t+ n) = un(x;t) for all
x and t is called the period of the nth normal mo de. Obviously ,

n c

Tl
SO
— 2L-
n— —.
nc

The corresponding frequency is

1 nc

n 2L
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The function up satises all four homogeneous equations in (47) ,

@un CZ@un = 0;
@2 @2
un(0;t) = 0O; (48)
un(L; t) = O;
%(x; 0) = 0;
but since |
un(x; 0) = Anpsin nTx (49)

the inhomogeneous initial condition will not be satised unless v(x)
happ ens to be of the form Apsin(n x=L).

106



However, since each equation in (48) is linear and homogeneous,
any superposition of normal mo des,
| I
% n nc.
u(x;t) = Apsin —Xx cos —t ; (50)
n=1 . .
will also satisfy (48) .

We can now hope that (50) is the general solution of the initial-
boundary value problem (47) , in the sense that for any given v we
can nd A4, Ao, ...such that the remaining condition holds:

u(x;0) = v(x); 0 x L:

But this just means that

* N
V(X) = Apsin —x ; 0 x L; (51)
n=1 L

l.e., the Ap are the Fourier sine coecients of v.
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Thus, the solution to (47) is given by (50) with
Z, |

2 n X
Apn= — v(x)sin —— dx:
=T (x) 1
3.1 Example. If L = 1 and the initial de ection s given by
8
< : < < L.
V(Xx) = | 2X; g_) X 2’
21 x); < x<1
we nd that the Fourier sine coecents of v are
Z1=2 Z1 |
An = 2 2xsin(n x)dx + 2 2(1 Xx)sin(n x) dx
0 3 1=2
k
8sin(n =2) €8 (1) ; = 2k 1;
= (n )2 — . 2 (2k 1)2
- 0; n= 2k;:
SO the solution is
g % 1k
uix;t) = — 1 sin 2k 1) x cos (2k 1) ct :

(52)
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Three Imp ortant PDEs

In this course, we are mainly interested in three PDEs.

Poisson's equation (elliptic ): r (pr u) = f.

Heat equation (parab olic): % r (pru)=f.

W ave equation (hyperbolic): % r (pru)=f.

Here, p= p(X) must be strictly positive for x 2 R" and we note that

X e . a
r (pr U)_izl@p(X)@i.
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Elliptic Eigenp roblems

Let be a bounded open subset of RY with a piecewise smo oth
boundary @ and outward unit normal n.

By analogy with the Sturm{Liouvile @ ODE we now consider the PDE

r (pru)+ [r gu= 0 in . (53)
Here, the coecients p, g, r are given real-valued functions with p
and r strictly positive in = | @. We dene

Lu = r (pr u) + qu
so that (53) can be written as

Lu = r u;

Dene the (real) inner product in Lo() by

8
Z < R

Higi= fgdv= mr IXW 4= 2

fgdxdydz; d= 3:
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Since

r [(pru)vl=[r (pru)]v+ pru rv
we have

vLu = pru rv+ quv r [(pr u)v]
and by applying the divergence theorem we obtain the rst Green
identit v,

Z Z @
hv:Lul = ru r v+ quv dV — v ds: 54
P q @ p@ (54)

The Lagrange identit y tak es the form

vLu uLv = r [p(ur v vr u)]

and by applying the divergence theorem we obtain the second Green
identit v,
: @ @
hv;Lui  hu;Lvi = p u— Vv— dS:
@ @n @n
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Supp ose that @ is divided into two parts, p and |y, where the
D and N stand for Dirichlet and Neumann boundary conditions.

If u: ! C s not identically zero and if

Lu = ru in

u= 0 on D> (55)

p@: 0 on N,

@n
then u is said to be an eigenfunction with eigenvalue . Applying
the rst Green identit y with v = u we see that

Z
juj’r dv = pir uj? + qjuj? dv

SO must be purely real. Also, must be non-negative If q Is

non-negative on
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If u, v are eigenfunctions with eigenvalues , then
( Yhu;vri = hr u;vi  hu; rvi= hu; vi  hu;Lvi=0

so, as in the Sturm{Liouville  case, eigenfunctions of L with distinct
eigenvalues are orthogonal with respect to the weight r.

3.2 Example. The eigenvalues |, and eigenfunctions u = ,(X;Y)
for

r2u+ u = 0; O<x<1, 0O0<y<1;
with bounda ry conditions
u(x;0) = u(x;1) = 0; 0< x<1;
and
%(O;y) = %(l;y) = 0; O0<y<1;
are given by
«n = (k%+ n?) 2 and «n(X;y) = cos(k x)sin(n y)

fork=20,1,2, ...and n=1, 2, 3, ....
113
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3.3 Example. Intro duce polar coordinates in R2,

X = I COS and y=rsin ;
and recall that

[
5 1@ @ 1 @u
r “u= — r + - —
re @ 2 @2

The eigenvalues = for
rlu+ u=20, 0 r<1; <

with bounda ry conditions
u(l; ) = 0; < 3
are, forn=20,1, 2, ...and j = 1, 2, 3, ...,
nj = kij  where  Jn(kp) = O:
The corresponding eigenfunctions u= p are
f,,:j = Jn(kpjr)cos(n ); n O;
n = JIn(knjr)sin(n); n 1
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J 3(k32r)cos.(3pq)
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If several eigenfunctions share the same eigenvalue then they are
not necessarily orthogonal. In this case, however, we can always
orthogonalise them using the Gram{Schmidt procedure.

In general, the elliptic eigenproblem (55) has a sequence of eigen-

values = ; and corresponding eigenfunctions u = such that
1. the eigenvalues satisfy 1 2 3 with ;! 1 asj! 1;
2. the eigenfunctions 1, 2, 13, ...form a complete orthogonal

system on with respect to the weight function r.
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Mo re Elliptic Eigenp roblems

As before let

Lu = r (pr u) + qu

but suppose now that @ is divided into three parts: , p and .
If u: ! C s not identically zero and if
Lu = 0 in
@ _
p—= r u on |,
o (56)
u= 0 on p,
@i
—=0 on :
P @ N

then we again say that u is an eigenfunction with eigenvalue
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3.4 Example. The eigenvalues p and eigenfunctions u= n(X;Yy)
for

r2u:0; O<x<1, 0O<y<]1l;
@(x;l): u(x;1); 0< x< 1;
@
u©;y) = u(dl;y)=0; 0<y<1;
@(X;O):O; 0< x< 1;
@

are
n=n tanh( n ) and n(X;y) = sinn xcoshn vy

forn=1, 2, ....

119



sin(4p x) cosh(4p y)
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Applying the rst Green identit y (54) with v= u we nd that
Z Z

juj?r ds = pir uj? + qjuj® dv

so must be purely real. Also, must be positive if g, like p, is
non-negative on

If u, v are eigenfunctions with eigenvalues
Green identit v,

, then by the second

Z Z Z
( ) uvrdS = u( r v) dS (ru)vdSs =
Ve !
pu@ v@ dS= hv;Lui hu;Lvi = O;
@ @ @

S0, once again, eigenfunctions corresponding to distinct eigenvalues
are orthogonal with respect to the weight function r, but this time
over the boundary piece
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In general, (56) has a sequence of eigenvalues = j and corre-

sponding eigenfunctions u = such that

1. the eigenfunctions 1, 2, 13, ...are orthogonal with respect
to r on ;

2. the eigenvalues satisfy 1 2 3 with ;! 1 asj! 1.

However, the  are not complete on Iif the homogeneous problem

Lv = O in

v=20 on [ D> (57)
p@ =0 on
@] ]
has a nontrivial solution v because, by the second Green identit v,

Z
@
i p—dS = O:
P a
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However, provided g2 Ly() satises

‘£ @
gp@ds = 0 for all v satisfying (57) ,

we have
X hg jri
12
k Jkr;

g:
j=1
where
Z q
hf;gi = fgdS and kfk,. = h;fri
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Elliptic Bounda ry Value Problems

Once again we let
L=r (pr u) + qu;

and suppose that @ is divided into two pieces p and

Consider the boundary value problem

Lu = f n
U= 0Jp on p,

p@= ON on N
@ :

(58)

where the source term f, the Dirichlet data gp and the Neumann

data gy are all given. The homogeneous problem is

Lv = 0 in
v=0 on p,
pgz 0 on -

@n

(59)
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3.5 Theo rem. (Fredholm Alternative) Either

the homogeneous problem (59) has only the trivial solution v =
0, in which case the inhomogeneous problem (58) has a unique
solution u for every choice of f, gp and gy;

or else
there are m linearly indep endent solutions vi, Vo, ..., vm of the
homogeneous problem, in which case the inhomogenous prob-
lem (58) has a solution | the data f, gp and gy satisfy
Z Z @ Z
kadV: gDp—de ngde
D @n N
fork=1, 2, ..., m.

T echnical remark: forzu to count as a solution we require that

ir uj?+ juj® dv < 1 :
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3.6 Example. To solve
Lu

f in
=0 on p,

u
p%: 0 on N,

nd the eigenvalues 1, 2, ...and eigenfunctions 1, 2, ... satisfying
L j= jr | n
i =20 on p,
@]
p— =0 on :
@ N
then u exists |
ht; j1= 0 whenever = 0,
In which case
X X hf : ji
u(x) = Ci j(x)+ T i (X);
j:O j@O J ] ™r:

R
where the C; are arbitra ry constants and h;gi = fgdV.
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3.7 Example. Consider

@

Lu = 0in , u= gon p, p@:Oon N -
Let vi, Vo, ..., Vm be a basis for the set of solutions v to the
homogeneous problem
. @
Lv = 0 In v= 0 on : p— = 0 on :
D @ N
and let 1, o, ...and 1, 2, ...Dbe the eigenvalues and eigenfunc-
tions satisfying
. @ j
L i=0iIn , p—- = ir ; on : p—- = 0 on :
| @ I D @ N
A solution u exists I g satises
yA .
gp@dS: O forl | m,
D @
In which case
X0 X hg; iri
u(x) = Cjvj(x) + LD (x):

j=1 ] = 1% b
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3.8 Example. To solve

Lu = 0 in , u= 0on p,
p@: gon N
@] ]
we nd the eigenvalues 1, o, ...and eigenfunctions
L j=0in , j= 0on p,
p@: irioon
| @ I N -
De ning >
hf;gi = f gdS;

N
a solution u exists |

hg; ji = 0 whenever 0,
In which case

u(x) = Cj j(x)+

1,

2

. . . satisfying
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3.9 Example. To handle the most general situation

L _ @ _
Lu = f in u= gp on p, P— = gy ON N,

@n

we write u as a sum of three terms
u= uq+ Uz + U3,

where each term solves one of the cases treated above:

Luq = f in | ups = 0 on p, p@:Oon N
and
Luo = 0 in Uo = gp on p, p@:Oon N ;
@n
and
Lugz = 0 in , uz= 0 on p, p%:gNon N
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If a function w: [ @ ! R can be found that satises just the
bounda ry conditions in (58) , i.e.,

W= gp On p and = gN On N,

e
then we can solve (58) by putting f?= f Lw, solving

lu’=f? in .
D

u' =0 on p,
?

p@: 0 on N>
@n

and then putting u= u?+ w. This will usually be much easier than
nding three sets of eigensystems.
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3.10 Example. Consider the pure Neumann problem

r 2u= f in
@) (60)
—— = on @,
@ g
where = [0;1] [O;1] is the unit square.

The rst Green identit y shows that v is a solution of the homoge-

neous problem (f Oand g O) I vis constant on . Therefo re,
the inhomogeneous problem (60) is solvable i
Z Z
f dVv + gdS = O:
@

Find the general solution to (60) in the case
8

< 1; forx=0and 0<y< 1,

f 1 and g= |
- 0; elsewhere on @.
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Heat Equation

Let the scalar u = u(Xx;t) denote the temp erature and the vector
d= q(x;t) denote the heat ux . According to Fourier's law of heat

conduction
q= Kr u;

where K is the thermal conductivit y. In the most general case,
K= K(X;tu)=[Kj]isa3 3 matrx, Ie.,

3
G = Kijj @; = 1;2;3
j=1 @;
We put
= mass density; = specic heat;

f = volume density of heat sources.
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The thermal energy inside a region IS
Z

udvVv:

The rate of change of thermal energy,
d Z Z

— udV = —@(
dt @

must equal the heat ux entering through
Internal sources create heat,

Z Z
n dS +
@( ) g
By the divergence theo rem,
Z Z
n dS = r dv =
o ( n)g q
SO
Z Z

u) dv

@ plus the rate at which

f dV:

Z
r (Kr u)dVv

g( u) dv = r (Kru)+ f dV:
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Thus, |
’ —@( uy r (Kru) f dV = 0;
@
and since IS arbitra ry, we obtain the heat equation

g( uy r (Kru) f = 0:

In the simplest case, , , K are all constant and K is scalar, so the
heat equation takes the form
@ 2 f K
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For a given initial temp erature prole ug = ug(x), we want to solve
the initial-b oundary value problem

@ 2

— ar“u=0 in , fort>0,
@
u= upg in , when t= 0,
u= 0 on @ fort> 0.
Intro duce the associated eigenfunctions 1, 2, ...and eigenvalues
1, 2, ...satisfying
r 2 j = j j; n ,
j = 0 on @.
We have
G = w005 () = m(kt’j)k’z“:

j=1
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Since

X du
@ o 2y= —L+aju j(x)
@ _, dt
] =1
we require
duj o= o Oy = e = Mo
Thus, uj(t) = e @ itug; and
%
u(x;t) = e @ ilug j(x):
j=1

In this way, knowledge of the relevant eigenfunctions and eigenvalues
converts the PDE into a sequence of uncoupled ODEs.
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3.11 Example. Solve the initial-b oundary value problem

— r“u=0in , fort> 0,
@
u= 0in , when t= 0,
u=1on p, fort> 0,
@:Oon N, for t > 0,
@n
where IS the quarter-disc

X2 + y2< 1; x>0; y>0;

D is the part of @ lying on the circle x2+ y2= 1, and p consists

of the parts of @ Ilying along the x- and y-axes.

Hint: look for u = u?(r; ;t) + w(r; ) where w is the steady-state
solution.
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W ave Equation

Consider a stretched memb rane in the shape of a planar region

Assuming that the memb rane is xed along @, has initial displace-
ment v = v(X) and is initially at rest, we have the follo wing initial
bounda ry value problem for the transverse displacement u = u(Xx;t):

@ czrzu:Oin, for t > 0O,

@2
@lJJ: v in , when t= 0, (61)
—=0iIn, when t= 0,
@

u= 0 on @ fort> 0.

This problem is a 2D version of the vibrating string problem, and
the constant c? depends on how tightly the memb rane is stretched
and on the density of the memb rane.

As with the heat equation, we intro duce the eigenfunctions 1, 2,
3, ...and eigenvalues 1, 2, 3, ...associated with the steady-

state problem.
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This tme, the Fourier coecient u;j(t) satises a second -order
ODE:

d?u; du;
J 2 . = 0N . — . - ]l — -
dt2+C juj = 0;  uj(0) = vj; W_O’
so uj(t) = vjcos ¢ jt and hence
* q —
u(x;t) = vjcos ¢ jt j(X):
j=1

In the usual way, we refer to the separable solution

cos ¢ jt j(X)

as the jth normal mo de of vibration . The period and frequency of
this mo de are

i
[
1
Q
>
o
|
I
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Semilinea r First-Order PDEs

For u= u(x;t) we will use the notation

@ _ @i
ux = — and u;= —:
@ @
A rst-o rder PDE of the form
a(x; tyug + b(x; thux = f(x;t; u) (62)

IS said to be semilinear; it i1s linear if f(x;t;u) is linear in u. Let
be a curve in the (x;t)-plane with parametric representation

x= () and t= () for pg< < 1,

then the Cauchy problem is to nd, for given data g( ), a solution
of (62) satisfying

u(x;t) = g( ) when x= (), t= ().
In the simplest case, IS an interval on the x-axis, i.e.,, x = and

t = 0, so we have an Initial condition

u(x; 0) = g(x) for xg< x< Xjq. 0



W e associate with (62) the pair of ODEs

dt e dx _ .
g a(x; t); d b(x; t); (63)

called the characteristic equations . Any solution x( );t( ) de-
scrib es a curve in the (x;t)-plane parameterised by and called a
characteristic .

Let
x= X(;); t=T(; ), (64)
be the solution of (63) satisfying the initial conditions
X(50 = () T(;0 = ();

and supp ose that

@x; t)

Q ;)
By the inverse function theorem we can, at least in principle, locally
iInvert (64) to obtain and as functions of x and t.

6 O:
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W riting

U(; )= ulxt);
the characteristic equations (63) imply

U = aui + buy

so the semilinear PDE (62) becomes

U=1FX(; )T(; ),U; (65)
and the initial condition for the Cauchy problem is just
U(;0) = g( ):

The point is that in (65) the variable plays the role of a parameter,
so we have essentially transfo rmed a PDE into an ODE.

3.12 Example. Solve the Cauchy problem

(t+ 2)ut+ 2Xux = 2u;
u= Xx forx>0and t= 0.
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