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1. Ordina ry Di�erential Equations

First-Order Systems

Asso ciated with any function F : Rn � R ! Rn is the �rst-o rder
di�erential equation

dx
dt

= F ( x ; t ) (1)

where x = x ( t) = ( x1( t ) ; : : : ; xn( t )). The single vecto r equation (1)
is equivalent to a (coupled) system of n scala r equations:

dx1

dt
= F1( x1; x2; : : : ; xn; t ) ;

dx2

dt
= F2( x1; x2; : : : ; xn; t ) ;

...
dxn

dt
= Fn( x1; x2; : : : ; xn; t ) :
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Often, a �rst-o rder system of ODEs arises as a refo rmulation of a
single, higher-o rder ODE.

1.1 Example. Van der Pol's equation

d2x

dt2 � � (1 � x2)
dx

dt
+ x = 0

is second-o rder, and is equivalent to the �rst-o rder system

dx

dt
= v;

dv

dt
= � (1 � x2) v � x:

W e way that (1) is autonomous if F is indep endent of t . By letting
y = ( x ; t ) we can convert a non-autonomous system (1) in Rn to
an autonomous system in Rn+1 :

dy
dt

=

"
F ( y )

1

#

:
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The system (1) is linea r if F ( x ; t ) is linea r in x , i.e., if

F ( x ; t ) = A( t) x + b( t) (2)

where A( t) is an n � n matrix and b( t) is an n-dimensional column
vecto r. A linea r �rst-o rder system has constant co e�cients if A is
indep endent of t .

1.2 Example. The Lo renz equations

dx
dt

= � � x + yz;

dy

dt
= � � y + � z;

dz

dt
= � xy + �y � z;

are autonomous and non linea r. With the parameter values

� = 10 ; � = 28 ; � = 8=3;

the system possesses a strange attracto r.
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Initial V alue Problems

Given a vecto r of initial data x 0, we seek a solution x = x ( t) to the
initial value problem

dx
dt

= F ( x ; t ) fo r all t , with x (0) = x 0. (3)

In geometric terms, x ( t ) is a curve passing through x 0 whose tan-
gent is alw ays parallel to the vecto r �eld F .

For simplicit y, we state the next theo rem fo r the autonomous case
F = F ( x ).

1.3 Theo rem. If F ( x ) is continuous fo r jx � x 0j � r and if jF ( x ) j �
M there, then the initial value problem (3) has at least one solu-
tion x ( t ), de�ned fo r jt j � r =M . This solution is unique if @Fi =@xj
exists and is bounded fo r jx � x 0j � r and fo r i , j 2 f 1; 2; : : : ; ng.
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1.4 Example. The initial value problem

dx

dt
= 3x2=3; x(0) = 0;

has in�nitely many solutions, namely , fo r each a > 0,

x( t ) =

8
<

:
0 fo r 0 � t � a,

( t � a) 3 fo r t > a.

In this case f ( x) = 3x2=3 so f 0( x) = 2x� 1=3 and f 0(0) do es not exist.

1.5 Example. The initial value problem

dx

dt
= 1 + x2; x(0) = 1;

has a unique solution fo r 0 � t < � =4,

x( t ) = tan

 

t +
�

4

!

;

but this solution blo ws up at t = � =4.
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W e can generate app roximate solutions to (3) via Euler's metho d:
cho ose a small � t > 0 and, fo r a given x 0, compute x 1, x 2, . . . using
the fo rmula

x k+1 = x k + (� t ) F ( x k) ; k � 0:

W e exp ect

x k � x ( tk) where tk = k� t

because the exact solution satis�es

x ( t + � t ) � x ( t )

� t
� F

�
x ( t )

�

and so

x ( t + � t ) � x ( t ) + (� t ) F
�
x ( t )

�
:

In fact, it can be shown that if the @Fi =@xj are bounded then there
are positive constants C and L such that

jx ( tk) � x kj � CtkeLt k � t:
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For a linea r system of ODEs, it can be shown that if A ( t ) and b( t)
are continuous fo r a � t � b, then fo r every choice of x 0 the initial
value problem

dx
dt

= A( t) x + b( t) ; x ( a) = x 0; (4)

has a unique solution x ( t ) de�ned fo r a � t � b.

The linea r system of ODEs in (4) is homogeneous if b( t ) = 0 fo r
all t , so that

dx
dt

= A( t) x : (5)

For 1 � j � n, let x = E j ( t ) denote the solution of (5) with E j ( a) =
ej .
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1.6 Lemma. The solution of the initial value problem

dx
dt

= A( t) x ; x ( a) = x 0 =

2

6
6
6
4

x01
x02

...
x0n

3

7
7
7
5

is

x ( t ) =
nX

i =1
x0i E i ( t ) = x01 E 1( t ) + x02 E 2( t ) + � � � + x0nE n( t ) : (6)

1.7 Theo rem. The set of solutions to the homogeneous linea r
system (5) is a vecto r space of dimension n with basis E 1, . . . , E n.

The fo rmula (6) lo oks very simple but in practice it ma y be mo re
convenient to use another basis of solutions.
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Of particula r imp ortance is the case of a homogeneous system of
ODEs with constant co e�cients, i.e.,

dx
dt

= Ax ; (7)

with A a constant matrix.

1.8 Lemma. If Av = � v with v 6= 0, i.e., if v is an eigenvecto r of A
with eigenvalue � , then

x ( t ) = e�t v

is a solution of (7) .

1.9 Exercise. Find a basis fo r the space of solutions of the system

dx1

dt
= � 5x1 + 2x2;

dx2

dt
= � 6x1 + 3x2:
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Linea r Di�erential Op erato rs

W e now shift fo cus from x ( t) satisfying a system of �rst-o rder
ODEs, to u( x) satisfying a scala r, mth-o rder ODE.

Given co e�cients a0( x), a1( x), . . . , am( x) we de�ne the mth-o rder
linea r di�erential op erato r L by

Lu ( x) =
mX

j =0
aj ( x) D j u( x) : (8)

Here, we have used the notation D j u = dj u=dxj fo r the j th derivative
of u, with the usual convention that D 0u = u. W e will alw ays assume
that the aj ( x) are smo oth functions of x on some given interval.

1.10 Example. The linea r di�erential op erato r

Lu = ( x � 3) u000( x) � (1 + cos x) u0( x) + 6u( x)

is of order 3.
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1.11 Example. The di�erential op erato r N ( u) = u00+ u2u0� u is
second-o rder but non linea r.

Observe that any L of the fo rm (8) is indeed linea r, i.e.,

L ( c1u1 + c2u2) = c1Lu 1 + c2Lu 2

fo r any constants c1, c2 and any ( m-times di�erentiable) functions
u1, u2. Hence, the set of solutions to the homogeneous equation

Lu = 0

is a vecto r space.

The leading co e�cient of L is the co e�cient of the highest deriva-
tive, i.e., am( x).
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If

am( x) 6= 0

then the homogeneous equation Lu = 0 can be written as a �rst-
order linea r homogeneous system.

1.12 Example. By putting y1 = u, y2 = u0 and y3 = u00, the
third-o rder linea r homogeneous equation

( x � 3) u000( x) � (1 + cos x) u0( x) + 6u( x) = 0

ma y be re-written as the �rst-o rder system

dy1

dx
= y2;

dy2

dx
= y3;

dy3

dx
=

1

x � 3

�
(1 + cos x) y2 � 6y1

�
;

provided x 6= 3.
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For the general case with m = 3,

Lu = a3u000+ a2u00+ a1u0+ a0u;

we put y1 = u, y2 = u0, y3 = u00 to re-write the homogeneous
equation Lu = 0 as

dy1

dx
= y2;

dy2

dx
= y3;

dy3

dx
=

� 1

a3

�
a0y1 + a1y2 + a2y3

�
:

(9)

W ritten mo re compactly ,

Lu = 0 ( )
dy
dx

= A( x) y ;

where

A( x) =

2

6
4

0 1 0
0 0 1

� a0=a3 � a1=a3 � a2=a3

3

7
5 :
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1.13 Theo rem. If am( x) 6= 0 fo r a � x � b then the space of
solutions to the linea r homogeneous equation Lu = 0 on the interval
[a; b] has dimension m.

If f u1; u2; : : : ; umg is a basis fo r the solution space of Lu = 0 then
every solution can be written uniquely as

u( x) = c1u1( x) + c2u2( x) + � � � + cmum( x) (10)

fo r a � x � b. Acco rdingly , we say that (10) is the general solution
of the homogeneous equation Lu = 0 on [a; b].

1.14 Theo rem. If am( x) 6= 0 and f ( x) is continuous fo r a � x � b,
then the initial value problem

Lu = f on [a; b], u( a) = C1; u0( a) = C2; : : : u( m� 1) ( a) = Cm;

has a unique solution fo r every choice of initial data C1, C2, . . . ,
Cm.
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Let uP be some particula r solution to

Lu = f on [a; b].

If u is any other solution, then the di�erence u � uP is a solution of
the homogeneous equation because

L ( u � uP) = Lu � Lu P = f � f = 0 on [a; b].

Hence, u( x) � uP( x) = c1u1( x) + � � � + cmum( x) fo r some constants
c1, . . . , cm, and so

u( x) = uP + c1u1( x) + � � � + cmum( x)| {z }
uH( x)

; a � x � b;

is the general solution of the inhomogeneous equation Lu = f .
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Consider the simplest case, when the di�erential op erato r

Lu = amD mu + am� 1D m� 1u + � � � + a1D u + a0u

has has constant co e�cients , and de�ne the associated polynomial p
of degree m,

p( z) = amzm + am� 1zm� 1 + � � � + a1z + a0:

Formally , we write L = p( D ).

Since D j e�x = � j e�x we have

p( D ) e�x =
�
am� m + am� 1� m� 1 + � � � + a1� + a0

�
e�x = p( � ) e�x ;

and so

p( D ) e�x = 0 ( ) p( � ) = 0:

If p has m distinct ro ots � 1, � 2, . . . , � m then the general solution
of Lu = 0 is

u( x) = c1e� 1x + c2e� 2x + � � � + cme� mx :
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1.15 Exercise. Show that if � 1 < � 2 < � 3 then the functions e� 1x ,
e� 2x , e� 3x are linea rly indep endent over any interval [a; b] with a < b.

In general, we have a facto rization

p( z) = am( z � � 1) k1( z � � 2) k2 � � � ( z � � r ) kr ;

where � 1, � 2, . . . , � r are the distinct ro ots of p and the corresp ond-
ing multiplicities k1, k2, . . . , kr sum to m. By writing

L = p( D ) = am( D � � 1) k1( D � � 2) k2 � � � ( D � � r ) kr ;

we see that if ( D � � j ) kj u = 0 fo r some j 2 f 1; 2; : : : ; r g then Lu = 0.

1.16 Lemma. ( D � � ) x j e�x = j x j � 1e�x fo r j � 1.

1.17 Lemma. ( D � � ) kx j e�x = 0 fo r j = 0, 1, . . . , k � 1.
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1.18 Theo rem. If ( z � � ) k is a facto r of p( z) then the function
u( x) = xk� 1e�x is a solution of the homogeneous equation Lu = 0.

Thus, to each ro ot � with multiplicit y k we obtain k solutions

e�x ; xe�x ; x2e�x ; : : : ; xk� 1e�x ;

and since the mulitplicities sum to m we have m solutions in total.
These solutions are linea rly indep endent and hence give a basis fo r
all solutions to Lu = 0.

1.19 Example. From the facto rization

D 4 + 6D 3 + 9D 2 � 4D � 12 = ( D � 1)( D + 2) 2( D + 3)

we see that the general solution of

u0000+ 6u000+ 9u00� 4u0� 12u = 0

is

u = c1ex + c2e� 2x + c3xe� 2x + c4e� 3x :
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1.20 Example. From the facto rization

D 3 � 7D 2 + 17D � 15 = ( D 2 � 4D + 5)( D � 3)

= ( D � 2 � i )( D � 2 + i )( D � 3)

we see that the general solution of

u000� 7u00+ 17u0� 15u = 0

is

u( x) = c1e(2+ i ) x + c2e(2 � i ) x + c3e3x

= c4e2x cos x + c5e2x sin x + c3e3x :
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W ronskians

The W ronskian of the functions u1, u2, . . . , um is the function

W ( x) = W ( x; u1; u2; : : : ; um) = det[ D j � 1ui ]:

For instance, if m = 2 then

W ( x) = det

"
u1 u0

1
u2 u0

2

#

= u1u0
2 � u2u0

1:

1.21 Lemma. If u1, . . . , um are linea rly dep endent over an interval
[a; b] then W ( x; u1; : : : ; um) = 0 fo r a � x � b.

1.22 Lemma. If u1, u2, . . . , um are solutions of Lu = 0 on the
interval [a; b] then their W ronskian satis�es

am( x) W 0( x) + am� 1( x) W ( x) = 0; a � x � b:
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1.23 Theo rem. Supp ose that

am( x) 6= 0 fo r a � x � b,

and let u1, u2, . . . , um be solutions of Lu = 0 on the interval [a; b].
Either

W ( x) = 0 fo r a � x � b and the m solutions are linea rly dep en-
dent,

or else

W ( x) 6= 0 fo r a � x � b and the m solutions are linea rly indep en-
dent.

1.24 Theo rem. (Sturm separation theo rem) Assume a2( x) 6= 0 fo r
a � x � b. If u1 and u2 are linea rly indep endent solutions of

a2( x) u00+ a1( x) u0+ a0( x) u = 0

then u1 must have at least one zero between any two successive
zeros of u2 in the interval [a; b].
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Series Solutions

1.25 Exercise. Show that the power series u( x) =
1X

k=0
akxk satis�es

(1 � x2) u00� 5xu 0� 4u = 0; u(0) = 1; u0(0) = 2;

i�

a0 = 1; a2 = 2; and ak+2 =
k + 2

k + 1
ak fo r k � 0.

Consider a general second-o rder, linea r, homogeneous ODE

a2( x) u00( x) + a1( x) u0( x) + a0( x) u( x) = 0: (11)

or equivalently ,

u00( x) + p( x) u0( x) + q( x) u( x) = 0; (12)

where

p( x) =
a1( x)

a2( x)
and q( x) =

a0( x)

a2( x)
:
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Supp ose that p and q are analytic at 0, i.e., they have power series
expansions converging in a disk in the complex plane:

p( z) =
1X

k=0
pkzk and q( z) =

1X

k=0
qkzk fo r jzj < r . (13)

W e can try to construct a series solution

u( z) =
1X

k=0
A kzk:

Formal manipulations yield

u00( z) + p( z) u0( z) + q( z) u( z) = (2 A 2 + p0A 1 + q0A 0)

+ (6 A 3 + 2p0A 2 + p1A 1 + q0A 1 + q1A 0) z + � � �

where, on the right hand side, the co e�cient of zn� 1 fo r a general
n � 1 is

( n + 1) nA n+1 +
n� 1X

j =0

h
( n � j ) pj A n� j + qj A n� 1� j

i
:

26



Thus, the left hand side is identically zero if

A n+1 =
� 1

n( n + 1)

n� 1X

j =0

h
( n � j ) pj A n� j + qj A n� 1� j

i
; n � 1: (14)

W e can use the recurrence relation (14) to compute A 2, A 3, A 4,
. . . fo r any given

A 0 = u(0) and A 1 = u0(0) :

1.26 Theo rem. If the power series expansions (13) of the co e�-
cients p( z) and q( z) converge fo r jzj < r , then the fo rmal power series
fo r the solution u( z), determined by the recurrence relation (14) ,
converges fo r jzj < r and fo r any choice of a0 and a1.

Note: to expand ab out z0 instead of 0, write u( z) = U( � ) where
� = z � z0 and use the transfo rmed ODE

U00( � ) + p( � + z0) U0( � ) + q( � + z0) U( � ) = 0:
27



Reduction of Order

Supp ose we have found one solution u = u1( x) to a second-o rder
linea r ODE,

u00+ p( x) u0+ q( x) u = 0:

W e can lo ok fo r a second, linea rly-indep endent solution in the fo rm

u = v( x) u1( x) :

Substituting into the ODE and rearranging terms we obtain

( u00
1 + pu0

1 + qu1| {z }
=0

) v + u1v00+ (2 u0
1 + pu1) v0= 0;

which is just a �rst -order, linea r, homogeneous ODE fo r w = v0:

u1w0+ (2 u0
1 + pu1) w = 0:

1.27 Example. Find the general solution of the Cauchy{Euler
equation x2u00� xu 0+ u = 0.
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V ariation of P arameters

Consider a linea r, second-o rder, in homogeneous ODE with leading
co e�cient 1:

Lu
def
= u00( x) + p( x) u0( x) + q( x) u( x) = f ( x) : (15)

Let u1( x) and u2( x) be linea rly indep endent solutions to the homo-
geneous equation and let W ( x) = W ( x; u1; u2) denote their W ron-
skian. Thus,

Lu 1 = 0; Lu 2 = 0; W 6= 0:

W e will seek the general solution to (15) in the fo rm

u( x) = � ( x) u1( x) + � ( x) u2( x) (16)

where the co e�cients � and � satisfy

� 0( x) u1( x) + � 0( x) u2( x) = 0: (17)
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The condition (17) implies that

u0= �u 0
1 + � u0

2

so

u00= �u 00
1 + � u00

2 + � 0u0
1 + � 0u0

2

and hence

Lu = �Lu 1 + � Lu 2 + � 0u0
1 + � 0u0

2 = � 0u0
1 + � 0u0

2:

Thus, (16) is a solution of (15) i� � and � satisfy
"
u1( x) u2( x)
u0

1( x) u0
2( x)

# "
� 0( x)
� 0( x)

#

=

"
0

f ( x)

#

;

i.e., i�
"
� 0( x)
� 0( x)

#

=
1

W ( x)

"
u0

2( x) � u2( x)
� u0

1( x) u1( x)

# "
0

f ( x)

#

;

or in other words,

� 0( x) =
� u2( x) f ( x)

W ( x)
; � 0( x) =

u1( x) f ( x)

W ( x)
:
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Conclusion: if we kno w u1 and u2 and can evaluate the inde�nite
integrals

� ( x) =
Z � u2( x) f ( x)

W ( x)
dx

and

� ( x) =
Z u1( x) f ( x)

W ( x)
dx

then (16) gives a solution to the inhomogeneous equation (15) .

1.28 Example. Find the general solution to

3u00� 6u0+ 30u = ex tan 3x:

31



F rob enius No rmal F orm

W e have seen how to construct power series solutions to ODEs of
the fo rm

u00+ p( z) u0+ q( z) u = 0 (18)

where p and q are analytic at z = 0. What if p and q are not
analytic at z = 0? For example, some imp ortant applications lead
to equations of the fo rm

z2u00+ zP ( z) u0+ Q( z) u = 0; (19)

where P ( z) and Q( z) are analytic at z = 0. W riting (19) in the fo rm
(18) we have

p( z) =
P ( z)

z
and q( z) =

Q( z)

z2 :

T erminology: The ODE (19) is in Frob enius normal fo rm and has
a regula r singula r point at z = 0.
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1.29 Example. The Cauchy{Euler ODE

z2u00( z) + zu0( z) �
1

4
u = 0;

is of the fo rm (19) with P ( z) = 1 and Q( z) = � 1=4, and has
the general solution u( z) = Az 1=2 + B z� 1=2, which is not analytic
at z = 0.

For a general ODE in Frob enius normal fo rm (19) with

P ( z) =
1X

k=0
Pkzk and Q( z) =

1X

k=0
Qkzk;

we lo ok fo r a series solution of the fo rm

u( z) = zr
1X

k=0
A kzk = zr ( A 0 + A 1z + A 2z2 + � � � ) ;

or equivalently

u( z) =
1X

k=0
A kzk+ r = A 0zr + A 1zr +1 + A 2zr +2 + � � � ;

where r ma y be any real or complex exp onent.
33



Formal manipulations lead to

z2u00( z) + zP ( z) u0( z) + Q( z) u( z) =
h
r ( r � 1) + r P0 + Q0

i
A 0zr

+ terms in zr +1 , zr +2 , . . . : (20)

The co e�cient of A 0zr is a quadratic in r , called the indicial poly-
nomial

I ( r ) = r ( r � 1) + r P0 + Q0 = ( r � r 1)( r � r 2) ; Re r 1 � Re r 2:

Without loss of generalit y we can assume that A 0 6= 0, and then
the co e�cient of zr vanishes i� I ( r ) = 0, i.e.,

r = r 1 or r 2.

For a general k � 1, the co e�cient of zk+ r on the RHS of (20)
equals

I ( k + r ) A k +
k� 1X

j =0
[( j + r ) Pk� j + Qk� j ]A j :

34



Let us de�ne A k( r ) fo r k � 0 by the recurrence relation

A k( r ) =
� 1

I ( k + r )

k� 1X

j =0
[( j + r ) Pk� j + Qk� j ]A j ( r ) (21)

fo r k � 1, with

A 0( r ) = 1:

Notice that we need I ( k + r ) 6= 0 fo r all k � 1. The series

F ( z; r ) =
1X

k=0
A k( r ) zk+ r

will then satisfy

z2F 00+ zP ( z) F 0+ Q( z) F = I ( r ) zr : (22)

Since I ( r ) 6= 0 fo r Re r > Re r 1 it follo ws that I ( k + r 1) 6= 0 fo r
all k � 1 giving a solution u1( z) = F ( z; r 1). If r 1 � r 2 is not an integer,
then a second, linea rly indep endent solution is u( z) = F ( z; r 2).
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1.30 Example. Construct two linea rly indep endent solutions to

z2( z + 2) u00� zu0+ ( z + 1) u = 0:

Supp ose now that r 1 = r 2. Therefo re, I ( r ) = ( r � r 1) 2 so (22) tak es
the fo rm

z2F 00+ zP ( z) F 0+ Q( z) F = ( r � r 1) 2zr :

The function v = @F =@r satis�es

z2v00+ zP ( z) v0+ Q( z) v = 2( r � r 1) zr + ( r � r 1) 2zr log z;

and the RHS is zero if r = r 1, so a second, linea rly indep endent
solution is

u2( z) =
@

@r
F ( z; r )

�
�
�
�
�
r = r 1

=
1X

k=0

�
A 0

k( r 1) zk+ r 1 + A k( r 1) zk+ r 1 log z
�

:
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W e can also write this second solution as

u2( z) = u1( z) log z +
1X

k=0
A 0

k( r 1) zk+ r 1:

1.31 Example. Construct two linea rly indep endent solutions to

z2u00� zu0+ (1 � z) u = 0:

Finally , consider the case when r 1 = r 2 + n fo r an integer n � 1.
Since I ( n + r 2) = 0 the recurrence relation (21) has a division by
zero when k = n if we put r = r 2. T o avoid this problem, we de�ne

B 0( r ) = ( r � r 2)

and, fo r k � 1,

B k( r ) =
� 1

I ( k + r )

k� 1X

j =0
[( j + r ) Pk� j + Qk� j ]B j ( r ) (23)
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The series

G( z; r ) =
1X

k=0
B k( r ) zk+ r

satis�es

z2G00+ zP ( z) G0+ Q( z) G = I ( r ) B 0( r ) zr = ( r � r 1)( r � r 2) 2zr ;

so v = @G=@r now satis�es

z2v00+ zP ( z) v0+ Q( z) v = ( r � r 2) 2zr

+ 2( r � r 1)( r � r 2) zr + ( r � r 1)( r � r 2) 2zr log z

and a second, linea rly-indep endent solution is

u2( z) =
@

@r
G( z; r )

�
�
�
�
�
r = r 2

=
1X

k=0

�

B 0
k( r 2) zk+ r 2 + B k( r 2) zk+ r 2 log z

�

38



W e can also write this second solution as

u2( z) = Cu1( z) log z +
1X

k=0
B 0

k( r 2) zk+ r 2

where C = B n( r 2), because

B k( r 2) =

8
<

:
0 if 0 � k � n � 1,

CA k� n( r 1) if k � n.

1.32 Example. Construct two linea rly indep endent solutions to

z2u00+ z( z � 6) u0� 3zu = 0:

1.33 Example. Construct two linea rly indep endent solutions to

z2u00+ 3zu0� zu = 0:
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Bessel's Equation

The Bessel equation with parameter � is

z2u00+ zu0+ ( z2 � � 2) u = 0: (24)

This equation is in Frob enius normal fo rm so we seek a series solu-
tion

u( z) =
1X

k=0
A kzk+ r ;

and �nd that

z2u00+ zu0+ ( z2 � � 2) u = ( r + � )( r � � ) A 0zr

provided

( r + 1 + � )( r + 1 � � ) A 1 = 0;
( k + r + � )( k + r � � ) A k + A k� 2 = 0; k � 2:

Thus, the indicial polynomial is

I ( r ) = ( r + � )( r � � ) ;

giving r 1 = � and r 2 = � � if we assume that Re � � 0.
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T aking r = � gives the recurrence relation

A k =
� A k� 2

k( k + 2� )
fo r k � 2,

so with A 0 arbitra ry and A 1 = 0 we obtain

u( z) = A 0z�
"

1 �
( z=2) 2

1 + �
+

( z=2) 4

2(2 + � )(1 + � )

�
( z=2) 6

3!(3 + � )(2 + � )(1 + � )
+ � � �

#

:

With the normalisation

A 0 =
1

2� �(1 + � )
this solution is called the Bessel function of order � and is denoted

J� ( z) =
( z=2) �

�(1 + � )

"

1 �
( z=2) 2

1 + �
+

( z=2) 4

2!(1 + � )(2 + � )

�
( z=2) 6

3!(1 + � )(2 + � )(3 + � )
+ � � �

#

:
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From the functional equation �(1 + z) = z�( z) we see that

J� ( z) =
( z=2) �

�(1 + � )
�

( z=2) � +2

�(2 + � )
+

( z=2) � +4

2!�(3 + � )
�

( z=2) � +6

3!�(4 + � )
+ � � �

and so

J� ( z) =
1X

k=0

( � 1) k( z=2) 2k+ �

k!�( k + 1 + � )
:

If � is not an integer then a second linea rly indep endent solution is

J� � ( z) =
1X

k=0

( � 1) k( z=2) 2k� �

k!�( k + 1 � � )
:

If � = n is an integer, then since �( k + 1) = k! we have

Jn( z) =
1X

k=0

( � 1) k( z=2) 2k+ n

k!( k + n)!
:

Also, since 1=�( z) = 0 fo r z = 0, � 1, � 2, . . . , we �nd that Jn and
J� n are linea rly dep endent; in fact,

J� n( z) = ( � 1) nJn( z) :
42



The Neumann function or Bessel function of the second kind Y� is
de�ned by

Y� ( z) =
J� ( z) cos � � � J� � ( z)

sin � �
if � is not an integer. L'Hospital's rule shows that if � ! n fo r an
integer n then Y� ( z) tends to a �nite limit, so we can de�ne

Yn( z) = lim
� ! n

Y� ( z) :

The functions J� and Y� are linea rly indep endent solutions of (24)
fo r all complex � .

As z ! 0 with � �xed,

J� ( z) �
( z=2) �

�( � + 1)
; � 6= � 1; � 2; � 3; : : : ;

Y0( z) �
2

�
log z;

Y� ( z) �
� �( � )

� ( z=2) � ; Re � > 0:
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Legendre's Equation

The Legendre equation with parameter � is

(1 � z2) u00� 2zu0+ � ( � + 1) u = 0:

The leading co e�cient 1 � z2 is zero i� z = +1 or � 1, so we can
expand ab out z = 0 using an ordina ry T aylo r series:

u =
1X

k=0
A kzk:

W e �nd that the A k must satisfy

( k + 1)( k + 2) A k+2 � [k( k + 1) � � ( � + 1)] A k = 0

fo r k � 0, and since

k( k + 1) � � ( � + 1) = k2 � � 2 + ( k � � )
= ( k � � )( k + � + 1) ;

the recurrence relation is

A k+2 =
( k � � )( k + � + 1)

( k + 1)( k + 2)
A k fo r k � 0.
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Thus, the general solution of Legendre's equation is

u( z) = A 0

 

1 �
� ( � + 1)

2!
z2 +

( � � 2) � ( � + 1)( � + 3)

4!
z4 � � � �

!

+ A 1

 

z �
( � � 1)( � + 2)

3!
z3 +

( � � 3)( � � 1)( � + 2)( � + 4)

5!
z5 � � � �

!

:

Supp ose now that � = n is a non-negative integer. If n is even then
the �rst series terminates, and if n is odd then the second series
terminates.

The terminating solution is called the Legendre polynomial of de-
gree n and is denoted by Pn( z) with the normalization

Pn(1) = 1:
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The �rst few Legendre polynomials are

P0( z) = 1;

P1( z) = z;

P2( z) =
1

2
(3 z2 � 1) ;

P3( z) =
1
2

(5 z3 � 3z) ;

P4( z) =
1

8
(35 z4 � 30z2 + 3) ;

P5( z) =
1

8
(63 z5 � 70z3 + 15z) :

Notice that Pn is an even or odd function acco rding to whether n is
even or odd.
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2. Tw o-P oint Bounda ry V alue Problems

An Illustrative Example

Consider the second-o rder ODE

u00+ u = 0 fo r 0 < x < � .

The general solution is

u( x) = A cos x + B sin x:

There exists a unique solution satisfying the bounda ry conditions

u0(0) = 1 and u( � ) = 0;

namely u( x) = sin x. However, no solution exists which satis�es

u(0) = 0 and u( � ) = 1;

and in�nitely many solutions exist which satisfy

u(0) = 0 and u( � ) = 0:

Mo ral: BVPs can be trick er than IVPs.
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Existence and Uniqueness

Consider a two-p oint bounda ry value problem

Lu = f fo r a < x < b, with B 1u = � 1 and B 2u = � 2, (25)

where

Lu = a2u00+ a1u0+ a0u

is a 2nd-o rder linea r di�erential op erato r and the bounda ry op erato rs
have the fo rm

B 1u = b11 u0( a) + b10 u( a) ;

B 2u = b21 u0( b) + b20 u( b) :

2.1 Exercise. Solve

u00� u = x � 1 fo r 0 < x < log 2,

u = 2 at x = 0,

u0� 2u = 2 log 2 � 4 at x = log 2.
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Since L , B 1 and B 2 are all linea r, the solutions of the homogeneous
bounda ry value problem

Lu = 0 fo r a < x < b, with B 1u = 0 and B 2u = 0, (26)

fo rm a vecto r space: if u1 and u2 are solutions of (26) then so is
c1u1 + c2u2 fo r any constants c1 and c2.

Also, any two solutions of the in homogeneous problem (25) di�er
by a solution of the homogeneous problem: if u1 and u2 satisfy (25)
then u = u1 � u2 satis�es (26) .

Furthermo re, if u1 satis�es (25) and u2 satis�es (26) then u1 + cu2
satis�es (25) fo r any constant c.

Thus, if the only solution to the homogeneous problem (26) is the
trivial solution u � 0, then the inhomogeneous equation (25) can
have at most one solution.
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Supp ose that the general solution of the homogeneous equation
Lu = 0 is c1u1( x) + c2u2( x), and supp ose that uP( x) is a particu-
lar solution of the inhomogeneous equation Lu = f . The general
solution of Lu = f will then be

u( x) = c1u1( x) + c2u2( x) + uP( x) :

T o satisfy the bounda ry conditions in (25) we must cho ose c1 and
c2 so that

B 1( c1u1 + c2u2 + uP) = � 1;

B 2( c2u2 + c2u2 + uP) = � 2;

or in other words, since B 1 and B 2 are linea r,
"
B 1u1 B 1u2
B 2u1 B 2u2

# "
c1
c2

#

=

"
� 1 � B 1uP
� 2 � B 2uP

#

: (27)

Thus, a solution u to (25) exists i� a solution c1, c2 exists fo r this
2 � 2 linea r system.
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Simila rly, the function

u( x) = c1u1( x) + c2u2( x)

is a solution of the homogeneous equation (26) i� c1 and c2 satisfy
"
B 1u1 B 1u2
B 2u1 B 2u2

# "
c1
c2

#

=

"
0
0

#

:

The 2 � 2 matrix on the left will be non-singula r i� the only solution
of this homogeneous linea r system is c1 = c2 = 0. Hence, the
follo wing is true.

2.2 Theo rem. If the homogeneous problem (26) has only the trivial
solution, then fo r every choice of f , � 1 and � 2 the inhomogeneous
problem (25) has a unique solution.
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F ormal Adjoint

W e now intro duce some concepts to explain a little ab out existence
and uniqueness fo r solutions of bounda ry value problems. These
ideas are also imp ortant fo r later topics.

The inner pro duct hf ; gi of a pair of continuous function f , g : [a; b] !
R is de�ned by

hf ; gi =
Z b

a
f ( x) g( x) dx:

The corresp onding norm of f is de�ned by

kf k =
q

hf ; f i =

 Z b

a
[f ( x)] 2 dx

! 1=2

:

W e say that f and g are orthogonal if hf ; gi = 0.

The inner pro duct and norm fo r functions behave lik e the dot pro d-
uct and norm fo r vecto rs in Rn.
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For any functions f , g, h and any constant � .

1. hf + g; hi = hf ; hi + hg; hi

2. hf ; g + hi = hf ; gi + hf ; hi

3. h�f ; gi = � hf ; gi = hf ; �g i

4. hf ; gi = hg; f i

5. kf k = 0 if and only f ( x) = 0 fo r a < x < b

6. jhf ; gij � kf kkgk (Schw arz inequalit y)

7. kf + gk � kf k + kgk (triangle inequalit y)
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Consider an mth-o rder, linea r di�erential op erato r L ,

Lu =
mX

j =0
aj ( x) D j u:

Integrating by parts j times we see that

D
aj D j u; v

E
=

D
u; ( � 1) j D j ( aj v)

E
+

jX

k=1

h
( � 1) k� 1( D j � ku) D k� 1( aj v)

i b

a
:

Thus, if we de�ne the fo rmal adjoint L � and the bilinea r concomi-
tant P ( u; v) by

L � v =
mX

j =0
( � 1) j D j [aj ( x) v];

P ( u; v) =
mX

j =1

jX

k=1
( � 1) k� j ( D j � ku) D k� 1( aj v) ;

then the Lagrange identit y holds:

hLu; vi = hu; L � vi +
h
P ( u; v)

i b

a
:
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The di�erentiated version

Lu v = u L � v +
d

dx
P ( u; v)

is also called the Lagrange identit y. W e say that L is fo rmally self-
adjoint if L � = L .

For simplicit y, we now restrict our attention to the case m = 2:

2.3 Example. When m = 2,

Lu = a2u00+ a1u0+ a0u;

and we have

L � v = ( a2v) 00� ( a1v) 0+ a0v

= a2v00+ (2 a0
2 � a1) v0+ ( a00

2 � a0
1 + a0) v

with

P ( u; v) = u0( a2v) � u( a2v) 0+ u( a1v) :
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2.4 Theo rem. A second-o rder, linea r di�erential op erato r L is
fo rmally self-adjoint i� it can be written in the fo rm

Lu = � ( pu0) 0+ qu = � pu00� p0u0+ qu; (28)

in which case the Lagrange identit y tak es the fo rm

Lu v � u Lv = �
�
p( x)( u0v � uv0)

� 0
; (29)

or in other words, the bilinea r concomitant tak es the fo rm

P ( u; v) = � p( x)( u0v � uv0) :
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If we can �nd an integrating facto r � satisfying

( �a 2) 0= �a 1;

then the associated second-o rder, linea r ODE is equivalent to a
fo rmally self-adjoint one:

a2u00+ a1u0+ a0u = f ( x) ;

�a 2u00+ �a 1| {z }
( �a 2) 0

u0+ �a 0u = �f ( x) ;

( �a 2u0) 0+ �a 0u = �f ( x) ;

2.5 Example. Legendre's equation

(1 � x2) u00� 2xu 0+ � ( � + 1) u = 0

is equivalent to

� [(1 � x2) u0]0� � ( � + 1) u = 0
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F redholm Alternative

W e say that

L � v = g fo r a < x < b,
eB 1v = � 1 at x = a,
eB 2v = � 2 at x = b,

(30)

is an adjoint bounda ry value problem (o r dual bvp ) fo r (25) if there
are bounda ry op erato rs Ri and eRi such that

hLu; vi � hu; L � vi =
h
P ( u; v)

i b

a
=

2X

i =1

�
B i u eRi v + Ri u eB i v

�
: (31)

2.6 Exercise. Find an adjoint bounda ry value problem fo r

u00+ u = f fo r a < x < b,

u = � 1 at x = a,

u0= � 2 at x = b.
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Of particula r imp ortance is the homogeneous adjoint problem

L � v = 0 fo r a < x < b,
eB 1v = 0 at x = a,
eB 2v = 0 at x = b.

(32)

In fact, if u is a solution of the inhomogeneous problem (25) and v
is a solution of the homogeneous adjoint problem (32) , then on the
one hand

hLu; vi � hu; L � vi = hf ; vi � hu; 0i = hf ; vi

and on the other hand, by (31) ,

hLu; vi � hu; L � vi = � 1
eR1v + � 2

eR2v + R1u 0 + R2u 0:

Hence, a necessary condition fo r the existence of a solution to (25)
is that the data f , � 1 and � 2 satisfy

hf ; vi = � 1
eR1v + � 2

eR2v (33)

fo r every solution v of (32) .
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It can be shown that, provided a2( x) 6= 0 fo r a � x � b, the con-
dition (33) is also su�cient fo r the existence of u, i.e., u exists i�
(33) holds fo r all v satisfying (26) .

2.7 Example. The 2-p oint bounda ry value problem

u00+ u = f fo r 0 < x < � ,

u = � 1 at x = 0,

u = � 2 at x = � ,

has a solution i�
Z �

0
f ( x) sin( x) dx = � 1 + � 2:

In this case, if u is one solution then every other solution is of the
fo rm u + C sin x fo r some constant C.
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2.8 Example. The bounda ry value problem

x2u00+ xu 0� u = f fo r 1 < x < 2,

u = � 1 at x = 1,

6u0� 5u = � 2 at x = 2,

has a solution i� f , � 1 and � 2 satisfy

2
Z 2

1
f ( x)(1 � x � 2) dx = 4� 1 + � 2:

In this case, if u is one such solution then every other solution is of
the fo rm u + C( x � x � 1) fo r some constant C.

It can also be shown that the dimension of the solution space is
the same fo r the homogeneous problem (26) and the homogeneous
adjoint problem (32) . In particula r, the fo rmer problem has only the
trivial solution i� the same is true fo r the latter.
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Summing up, the Fredholm alternative holds:

Either both homogeneous problems (26) and (32) have only the
trivial solution, in which case

the inhomogeneous problem (25) has a unique solution u fo r
every choice of f , � 1 and � 2,

or else the homogeneous problems admit non-trivial solutions, in
which case

the inhomogeneous problem (25) has a solution u i� f , � 1
and � 2 satisfy (33) fo r every solution v of the homogeneous
adjoint problem (32) .

In the latter case, the solution u is not unique.
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2.9 Theo rem. If

B 1u = 0 = eB 1v at x = a,

B 2u = 0 = eB 2v at x = b,

then

hLu; vi = hu; L � vi :

A �nal observation: the follo wing result means that if L � = L then
the homogeneous adjoint problem (32) and the homogeneous prob-
lem (26) coincide.

2.10 Theo rem. If L is fo rmally self-adjoint, then we obtain an
adjoint bounda ry value problem to (25) by taking eB 1 = B 1 and
eB 2 = B 2 in (30) .
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Green's F unctions

Let

Lu = u00+ p( x) u0+ q( x) u

and consider the bounda ry value problem

Lu = f fo r a < x < b,

u( a) = 0;

u( b) = 0:

(34)

W e say the G( x; y) is a Green's function fo r this problem if

u( x) =
Z b

a
G( x; y) f ( y) dy; a � x � b;

satis�es (34) fo r any continuous f .
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2.11 Theo rem. If Lu 1 = 0 and Lu 2 = 0 on [a; b] with

u1( a) = 0; u1( b) = 1;

u2( a) = 1; u2( b) = 0;

then a Green's function fo r (34) is

G( x; y) =

8
<

:
u1( x) u2( y) =W ( y) ; a � x � y � b;

u2( x) u1( y) =W ( y) ; a � y � x � b:

2.12 Example. Find the Green's function fo r the bounda ry value
problem

� u00� u = f fo r 0 < x <
�

2
,

u(0) = 0;

u( � =2) = 0:
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Complete Orthogonal Systems

Recall the de�nition of the inner pro duct of functions on ( a; b):

hf ; gi =
Z b

a
f ( x) g( x) dx:

If w : ( a; b) ! R satis�es

w( x) > 0 fo r a < x < b,

then we de�ne the inner pro duct with weight function w by

hf ; gi w = hf ; gwi =
Z b

a
f ( x) g( x) w( x) dx;

and the corresp onding norm by

kf kw =
q

hf ; f i w =

s Z b

a
[f ( x)] 2w( x) dx:

Tw o functions f and g are orthogonal with resp ect to w if hf ; gi w = 0.
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Let L 2( a; b;w) denote the set of all functions f : ( a; b) ! R such
that kf kw < 1 . The Cauchy{Schw arz inequalit y states that if f ,
g 2 L 2( a; b;w) then hf ; gi w exists and is �nite, with

jhf ; gi wj � kf kwkgkw:

Furthermo re, L 2( a; b;w) is vecto r space with

k�f kw = j� jk f kw; kf + gkw � kf kw + kgkw:

A set of functions S � L 2( a; b;w) is said to be orthogonal if every
pair of functions in S is orthogonal and if no function is identically
zero on ( a; b). W e say that S is orthono rmal if, in addition, each
function has norm 1.

2.13 Lemma. If S is orthogonal then S is linea rly indep endent.

2.14 Lemma. If f � 1; : : : ; � N g is orthogonal then











NX

j =1
A j � j












2

w
=

NX

j =1
A 2

j k� j k2
w fo r any real constants A 1, . . . , A N .
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2.15 Lemma. If f is in the span of an orthogonal set of functions
f � 1; � 2; : : : ; � N g in L 2( a; b;w), then the co e�cients in the represen-
tation

f ( x) =
NX

j =1
A j � j ( x)

are given by

A j =
hf ; � j i w

k� j k2
w

fo r 1 � j � N . (35)

W e call A j the j th Fourier co e�cient of f with resp ect to the given
orthogonal set of functions.

71



2.16 Lemma. If f � 1; � 2; : : : ; � N g is orthogonal in L 2( a; b;w) and if
f 2 L 2( a; b;w) then

min
C1;:::;CN











f �

NX

j =1
Cj � j












2

w
= kf k2

w �
NX

j =1

 
hf ; � j i w

k� j kw

! 2

:

The minimum is achieved (uniquely) when Cj = A j is the j th Fourier
co e�cient (35) .

Thus, if f is not in the span of � 1, . . . , � N then the best app roxi-
mation (in the weighted L 2-no rm) to f ( x) by a sum of the fo rm

NX

j =1
Cj � j ( x)

is obtained by cho osing

Cj = A j =
hf ; � j i w

k� j k2
w

fo r 1 � j � N .
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Now let S = f � 1; � 2; � 3; : : :g be a countably in�nite orthogonal set
in L 2( a; b;w). Given any f 2 L 2( a; b;w) we write

f ( x) �
1X

j =1
A j � j ( x)

to indicate that A j is the j th Fourier co e�cient of f , i.e.,

A j =
hf ; � j i w

k� j k2
w

fo r all j � 1.

By the preceding lemma, the Fourier co e�cients satisfy Bessel's
inequalit y:

1X

j =1
A 2

j k� j k2
w � kf k2

w:
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2.17 Example. The functions

� j ( x) = sin j x; j = 1; 2; 3; : : : ;

are orthogonal with resp ect to the weight w( x) = 1 over the interval
( a; b) = (0 ; � ). Since

k� j k2
w =

Z �

0
sin2 j x dx =

�

2
the Fourier (sine) co e�cients of a function f ( x) are

A j =
hf ; � j i

k� j k2
w

=
2

�

Z �

0
f ( x) sin j x dx;

and Bessel's inequalit y is
1X

j =1
A 2

j �
2

�

Z �

0
f ( x) 2 dx:
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An orthogonal set S is complete if there is no non-trivial function
in L 2( a; b;w) orthogonal to every function in S, i.e., if the condition

hf ; � i w = 0 fo r every � 2 S

implies that f � 0 on ( a; b).

2.18 Theo rem. The follo wing prop erties are equivalent:

1. S is complete;

2. fo r each f 2 L 2( a; b;w), if A j denotes the j th Fourier co e�cient
of f then











f �

NX

j =1
A j � j












w
! 0 as N ! 1 ;

3. each function f 2 L 2( a; b;w) satis�es Parseval's identit y :

kf k2
w =

1X

j =1
A 2

j k� j k2
w:
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Sturm{Liouville Problems

An ODE of the fo rm

[p( x) u0]0+ [�r ( x) � q( x)] u = 0; a < x < b; (36)

is called a Sturm{Liouville equation. The co e�cients p, q, r must
all be real -valued with

p( x) > 0 and r ( x) > 0 fo r a < x < b.

De�ning the fo rmally self-adjoint di�erential op erato r

Lu = � [p( x) u0]0+ q( x) u (37)

we can write (36) as

Lu = �r u on ( a; b).

Any non-trivial, possibly complex-valued , solution u (satisfying ap-
prop riate bounda ry conditions) is said to be an eigenfunction of L
with eigenvalue � .
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2.19 Example. Legendre's equation

(1 � x2) u00� 2xu 0+ � ( � + 1) u = 0

is equivalent to

[(1 � x2) u0]0+ � ( � + 1) u = 0

which is of the fo rm (36) with

p( x) = 1 � x2; q( x) = 0; r ( x) = 1;

and

� = � ( � + 1) :

Recall that fo r a real, symmetric matrix:

� eigenvecto rs with distinct eigenvalues are orthogonal;

� every eigenvalue is real.
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2.20 Lemma. Let L be a Sturm{Liouville di�erential op erato r (37) .

1. If u, v : [a; b] ! C satisfy

Lu = �r u; Lv = �r v; [p( u0v � uv0)] b
a = 0;

then

( � � � )
Z b

a
u( x) v( x) r ( x) dx = 0:

2. If u : [a; b] ! C is not identically zero and satis�es

Lu = �r u; [p Im ( u0�u)] b
a = 0;

then � is real.
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2.21 Theo rem. Let L be a Sturm{Liouville di�erential op era-
to r (37) .

1. If u, v : [a; b] ! C satisfy

Lu = �r u on ( a; b), with B 1u = 0 = B 2u,

and

Lv = �r v on ( a; b), with B 1v = 0 = B 2v,

and if � 6= � , then u and v are orthogonal on the interval ( a; b)
with resp ect to the weight function r ( x), i.e.,

hu; vi r =
Z b

a
u( x) v( x) r ( x) dx = 0:

2. If u : [a; b] ! C is not identically zero and satis�es

Lu = �r u on ( a; b), with B 1u = 0 = B 2u,

then � is real.
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A regula r Sturm{Liouville eigenp roblem is of the fo rm

Lu = �r u fo r a < x < b;

b11 u0+ b10 u = 0 at x = a,

b21 u0+ b20 u = 0 at x = b,

(38)

where a and b are �nite with

p( a) 6= 0 and p( b) 6= 0;

and where b10 , b11 , b20 , b21 are real with

jb10 j + jb11 j 6= 0 and jb20 j + jb21 j 6= 0:

2.22 Example. Find all eigenfunctions and eigenvalues fo r the
regula r Sturm{Liouville problem

� u00= �u fo r 0 < x < � ;

u = 0 at x = 0,

u0= 0 at x = � .
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Recall that fo r each n � n real symmetric matrix A there is an
orthogonal basis fo r Rn consisting of eigenvecto rs of A .

2.23 Theo rem. The regula r Sturm{Liouville problem (38) has an
in�nite sequence of eigenfunctions � 1, � 2, � 3, . . . with corresp onding
eigenvalues � 1, � 2, � 3, . . . and mo reover:

1. the eigenfunctions � 1, � 2, � 3, . . . fo rm a complete orthogonal
system on the interval ( a; b) with resp ect to the weight func-
tion r ( x);

2. the eigenvalues satisfy � 1 < � 2 < � 3 < � � � with � j ! 1 as j ! 1 .
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The various trigonometric Fourier series arise from the the Sturm{
Liouville ODE

u00+ �u = 0:

For the interval [� `; ` ], perio dic bounda ry conditions

u( `) = u( � ` ) and u0( `) = u0( � ` )

lead to the eigenfunctions

� 2j ( x) = cos
j � x

`
fo r j = 0, 1, 2, . . . ,

� 2j � 1( x) = sin
j � x

`
fo r j = 1, 2, . . . ,

and (non-distinct!) eigenvalues

� 0 = 0; � 2j = � 2j � 1 =

 
j �

`

! 2

; j � 1:

Alternatively , we can tak e

� j ( x) = ei� j x=` and � j =

 
j �

`

! 2

fo r j = 0, � 1, � 2, . . . .
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For the interval [0 ; ` ], homogeneous Dirichlet bounda ry conditions

u(0) = u( `) = 0

lead to

� j ( x) = sin
j � x

`
and � j =

 
j �
`

! 2

fo r j = 1, 2, 3, . . . ,

whereas homogeneous Neumann bounda ry conditions

u0(0) = u0( `) = 0

lead to

� j ( x) = cos
j � x

`
and � j =

 
j �

`

! 2

fo r j = 0, 1, 2, . . . .
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Inhomogeneous Sturm{Liouville Problems

An inhomogeneous Sturm{Liouville ODE with parameter � ,

[p( x) u0]0+ [�r ( x) � q( x)] u + f ( x) = 0

ma y be written as

( L � �r ) u = f ; where Lu = � ( pu0) 0+ qu. (39)

For simplicit y, we assume homogeneous bounda ry conditions of the
standa rd t yp e,

b11 u0+ b10 u = 0 at x = a,

b21 u0+ b20 u = 0 at x = b.
(40)

Let � 1, � 2, . . . and � 1, � 2, . . . be the eigenvalues and eigenfunctions
of the associated Sturm{Liouville eigenp roblem (38) .
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Formally applying the di�erential op erato r L � �r to the eigenfunc-
tion expansion

u( x) =
1X

j =1
uj � j ( x) ; uj =

hu; � j i r

k� j k2
r

; (41)

gives

( L � �r ) u( x) =
1X

j =1
uj ( L � �r ) � j ( x) =

1X

j =1
uj ( � j � � ) r ( x) � j ( x)

= r ( x)
1X

j =1
( � j � � ) uj � j ( x) ;

so to satisfy the ODE (39) we require
1X

j =1
( � j � � ) uj � j ( x) = r ( x) � 1f ( x) :

Since

r ( x) � 1f ( x) =
1X

j =1

hr � 1f ; � j i r

k� j k2
r

� j ( x)
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and

hr � 1f ; � j i r =
Z b

a
r ( x) � 1f ( x) � j ( x) r ( x) dx =

Z b

a
f ( x) � j ( x) dx = hf ; � j i ;

we see that u satis�es (39) i�

( � j � � ) uj =
hf ; � j i

k� j k2
r

fo r all j � 1.

Also, u in (41) satis�es the (linea r, homogeneous) bounda ry condi-
tions (40) because each eigenfunction � j do es.

Conclusion: if � is not an eigenvalue of L then

u( x) =
1X

j =1

hf ; � j i

� j � �

� j ( x)

k� j k2
r

is the unique solution to the inhomogenous Sturm{Liouville problem
(39) , (40) .
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However, if � is an eigenvalue, then a (non-unique) solution u exists
i� f satis�es

hf ; � j i = 0 when � j = � , (42)

in which case u is of the fo rm

u( x) =
X

� j = �
Cj � j ( x) +

X

� j 6= �

hf ; � j i

� j � �

� j ( x)

k� j k2
r

with the Cj arbitra ry constants.

Notice that (42) is just the usual condition fo r existence in the
Fredholm alternative, because � j = � i� v = � j is a solution of the
homogeneous (self-adjoint) equation ( L � �r ) v = 0.
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As an example, consider the problem

u00+ �u + f ( x) = 0 fo r 0 < x < 1,

u = 0 at x = 0,

u = 0 at x = 1,

where

f ( x) =

8
<

:
+1 fo r 0 < x < 1

2 ,

� 1 fo r 1
2 < x < 1.

The associated eigenp roblem is

v00+ �v = 0 fo r 0 < x < 1,

v = 0 at x = 0,

v = 0 at x = 1,

and we �nd that

� j = ( j � ) 2 and � j ( x) = sin( j � x) fo r j = 1, 2, 3, . . . .
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If

u( x) =
1X

j =1
uj � j ( x) =

1X

j =1
uj sin( j � x)

then

� u00� �u =
1X

j =1
[( j � ) 2 � � ]uj sin( j � x) =

1X

j =1
( � j � � ) uj � j ( x) ;

so we require

( � j � � ) uj =
hf ; � j i

k� j k2 fo r j = 1, 2, 3, . . . .

Since

hf ; � j i =
Z 1

0
f ( x) sin( j � x) dx =

1

j �

h
1 + cos( j � ) � 2 cos( j � =2)

i

=

8
><

>:

4
j �

fo r j = 2, 6, 10, 14, . . . ,

0 otherwise,
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and

k� j k2 =
Z 1

0
sin2( j � x) dx =

1

2
we see that

uj =

8
<

:

8
j � ( � j � � ) fo r j = 2, 6, 10, 14, . . . ,

0 otherwise,

unless � = � j = ( j � ) 2 fo r some j � 2 (mo d 4), in which case no
solution exists.

When u exists and is unique, its Fourier sine series is

u( x) =
X

j � 2 (mo d 4)

8

j � [( j � ) 2 � � ]
sin( j � x) :

If � = � k fo r some k 6� 2 (mo d 4), then u exists but is not unique:
we ma y add a term C sin( k� x) with C an arbitra ry constant.
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Singula r Sturm{Liouville Problems

Later, we will see the imp ortance of the ODE (with � � 0),

x2u00+ xu 0+ ( �x 2 � � 2) u = 0;

which can be written in Sturm{Liouville fo rm as

( xu 0) 0+
�
�x � � 2x � 1

�
u = 0; (43)

i.e.,

p( x) = x; r ( x) = x; q( x) =
� 2

x
:

On the interval [0 ; ` ], we do not have a regula r Sturm{Liouville
problem because

p(0) = 0

and q( x) is unb ounded as x ! 0+ . The app rop riate bounda ry con-
ditions are now

u( x) bounded as x ! 0+ ,

c1u0+ c0u = 0 at x = `.
(44)
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2.24 Lemma. Consider the BVP given by (43) and (44) , and
supp ose that c0c1 � 0.

1. If a non-trivial solution u exists, then � � 0.

2. A non-trivial solution u exists fo r � = 0 only when � = 0 and
c0 = 0, in which case u is a constant.

2.25 Theo rem. Assume that c0c1 � 0. If c0 6= 0 or � > 0, then the
eigenvalues � 1, � 2, . . . and eigenfunctions � 1, � 2, . . . of the Bessel
equation (43) with bounda ry conditions (44) are given by

� j = k2
j ; and � j ( x) = J� ( kj x) fo r j � 1,

where kj is the j th positive solution of the equation

c0J� ( k`) + c1kJ 0
� ( k`) = 0:

If c0 = 0 = � , so that u0( `) = 0 by (44) , then we have an additional
eigenvalue and eigenfunction

� 0 = 0 and � 0( x) = 1:
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2.26 Theo rem. Assume that c0c1 � 0. The eigenfunctions fo r
the Bessel equation (43) with bounda ry conditions (44) have the
orthogonalit y prop ert y

Z `

0
� i ( x) � j ( x) x dx = 0 if i 6= j .

If c1 6= 0, then

Z `

0
� j ( x) 2x dx =

1

2k2
j

" 
`c0

c1

! 2

+ ( kj ` ) 2 � � 2
#

J� ( kj ` ) 2 fo r j � 1,

whereas if c1 = 0, so that � j ( ` ) = 0 by (44) , then

Z `

0
� j ( x) 2x dx =

`2

2
J� +1 ( kj ` ) 2 fo r j � 1.

In the case c0 = 0 = � , we have
Z `

0
� 0( x) 2x dx =

`2

2
:
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For instance, when c1 = 0 we have the Fourier{Bessel expansion

f ( x) �
1X

j =1
A j J� ( kj x) ; 0 < x < `;

with

A j =

R`
0 f ( x) J� ( kj x) x dx
R`
0 J� ( kj x) 2x dx

=
2

`2J� +1 ( kj ` ) 2

Z `

0
f ( x) J� ( kj x) x dx:

Now consider Legendre's equation,

[(1 � x2) u0]0+ � ( � + 1) u = 0 fo r � 1 < x < 1.

Since p( x) = 1 � x2 satis�es

p( � 1) = 0 = p(1)

we again have a singula r Sturm{Liouville problem, and the app ro-
priate bounda ry conditions are

u bounded as x ! � 1 and as x ! 1.
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Since

� ( � + 1) = � ( � + 1) if � = � � � 1

we ma y as well assume that � � � 1
2 .

One of the tuto rial problems shows that if � is not an integer then
only the trivial solution exists, but if � = n then all solutions are of
the fo rm

u = CPn( x) ;

so we have

� n( x) = Pn( x) and � n = n( n + 1)

fo r n = 0, 1, 2, . . . .
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Since r ( x) = 1, the Legendre polynomials have the orthogonalit y
prop ert y

Z 1

� 1
Pn( x) Pm( x) dx = 0 if m 6= n.

It can be shown that
Z 1

� 1
Pn( x) 2 dx =

2

2n + 1
;

so we have the Fourier{Legendre series

f ( x) �
1X

n=0
A nPn( x) ; � 1 < x < 1;

where

A n =
2n + 1

2

Z 1

� 1
f ( x) Pn( x) dx:
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3. P artial Di�erential Equations

The Vib rating String

W e begin our study of PDEs with a classical example that illustrates
some key ideas.

Consider a stretched string having the follo wing prop erties:

1. the string is �xed at x = 0 and x = L ;

2. the string is perfectly elastic and o�ers no resistance to bending;

3. the weight of the string is negligible compa red to tension;

4. the motion of the string is purely transverse and the de
ection
is small.
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The dep endent variable in this problem is

u = u( x; t ) = transverse de
ection at position x and time t.

For the piece of string between x and x + � x, we have

longitudinal momentum = 0;

transverse momentum = � � x
@u

@t
:

Let

T = T ( x; t ) = magnitude of tension ;
� = � ( x; t ) = tangent angle.

There is no motion in the longitudinal direction so

T ( x + � x; t ) cos � ( x + � x; t ) = T ( x; t ) cos � ( x; t ) ; (45)

and the transverse motion ob eys Newton's 2nd law so

@

@t

 

� � x
@u

@t

!

= T ( x + � x; t ) sin � ( x + � x; t ) � T ( x; t ) sin � ( x; t ) : (46)
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W e deduce from (45) that

T cos � = T0

fo r some T0 indep endent of x, and we deduce from (46) that

�
@2u

@t2 =
( T sin � )( x + � x; t ) � ( T sin � )( x; t )

� x
:

T aking the limit as � x ! 0 gives

�
@2u
@t2 =

@
@x

( T sin � ) = T0
@

@x
(tan � ) :

But

tan � =
@u

@x
so

�
@2u

@t2 = T0
@2u

@x2 :
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Putting c =
q

T0=� , we have an initial-b ounda ry value problem fo r
u( x; t ):

@2u
@t2 � c2 @2u

@x2 = 0; 0 < x < L; t > 0;

u(0 ; t ) = 0; t > 0;

u( L; t ) = 0; t > 0;

u( x; 0) = v( x) ; 0 < x < L;
@u

@t
( x; 0) = 0; 0 < x < L;

(47)

assuming that the string is initially at rest with a kno wn de
ec-
tion v( x).

In the metho d kno wn as separation of variables , we lo ok fo r solutions
of the fo rm

u( x; t ) = X ( x) T ( t ) :

Such a u satsi�es the PDE i�

X T 00� c2X 00T = 0:
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Thus, we want

T 00

c2T
=

X 00

X
:

Since T 00=( c2T ) is a function of t only , and X 00=X is a function of x
only , there must be a separation constant � such that

T 00

c2T
= � � =

X 00

X
:

Since

u(0 ; t ) = X (0) T ( t ) ;

u( L; t ) = X ( L ) T ( t ) ;
@u

@t
( x; 0) = X ( x) T 0(0) ;

we also want

X (0) = 0; X ( L ) = 0; T 0(0) = 0:
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In this way, we obtain a Sturm{Liouville eigenp roblem:

X 00+ �X = 0 fo r 0 < x < L ;

X = 0 at x = 0;

X = 0 at x = L .

As in a previous example, we �nd that the eigenvalues � = � n and
eigenfunctions X = X n are

� n =

 
n�

L

! 2

and X n( x) = sin

 
n�

L
x

!

fo r n = 1, 2, 3, . . . .

For T ( t ) we require T 00+ �c 2T = 0, or, writing T = Tn,

T 00
n +

 
n� c

L

! 2

Tn = 0 fo r t > 0,

subject to the initial condition T 0
n(0) = 0. Hence,

Tn( t ) = A n cos

 
n� c

L
t

!

:
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The function

un( x; t ) = X n( x) Tn( t ) = A n sin

 
n�

L
x

!

cos

 
n� c

L
t

!

is kno wn as the nth normal mo de of vib ration or pure harmonic .
The smallest numb er � n > 0 such that un( x; t + � n) = un( x; t ) fo r all
x and t is called the perio d of the nth normal mo de. Obviously ,

n� c

L
� n = 2�

so

� n =
2L

nc
:

The corresp onding frequency is

1

� n
=

nc

2L
:
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The function un satis�es all four homogeneous equations in (47) ,

@2un

@t2 � c2 @2un

@x2 = 0;

un(0 ; t ) = 0;

un( L; t ) = 0;
@un

@t
( x; 0) = 0;

(48)

but since

un( x; 0) = A n sin

 
n�

L
x

!

(49)

the in homogeneous initial condition will not be satis�ed unless v( x)
happ ens to be of the fo rm A n sin( n� x=L ).
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However, since each equation in (48) is linea r and homogeneous,
any sup erp osition of normal mo des,

u( x; t ) =
1X

n=1
A n sin

 
n�

L
x

!

cos

 
n� c

L
t

!

; (50)

will also satisfy (48) .

W e can now hop e that (50) is the general solution of the initial-
bounda ry value problem (47) , in the sense that fo r any given v we
can �nd A 1, A 2, . . . such that the remaining condition holds:

u( x; 0) = v( x) ; 0 � x � L:

But this just means that

v( x) =
1X

n=1
A n sin

 
n�

L
x

!

; 0 � x � L; (51)

i.e., the A n are the Fourier sine co e�cients of v.
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Thus, the solution to (47) is given by (50) with

A n =
2

L

Z L

0
v( x) sin

 
n� x

L

!

dx: (52)

3.1 Example. If L = 1 and the initial de
ection is given by

v( x) =

8
<

:
2x; 0 < x < 1

2 ;

2(1 � x) ; 1
2 < x < 1:

we �nd that the Fourier sine co e�cents of v are

A n = 2
Z 1=2

0
2x sin( n� x) dx + 2

Z 1

1=2
2(1 � x) sin( n� x) dx

=
8 sin( n� =2)

( n� ) 2 =

8
>><

>>:

8

� 2
( � 1) k

(2 k � 1) 2 ; n = 2k � 1;

0; n = 2k;

so the solution is

u( x; t ) =
8

� 2

1X

k=1

( � 1) k

(2 k � 1) 2 sin
�
(2 k � 1) � x

�
cos

�
(2 k � 1) � ct

�
:
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Three Imp ortant PDEs

In this course, we are mainly interested in three PDEs.

Poisson's equation ( elliptic ): �r � ( pr u) = f .

Heat equation ( parab olic ):
@u

@t
� r � ( pr u) = f .

W ave equation ( hyp erb olic ):
@2u

@t2 � r � ( pr u) = f .

Here, p = p( x ) must be strictly positive fo r x 2 Rn and we note that

r � ( pr u) =
dX

i =1

@

@xi

 

p( x)
@u

@xi

!

:
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Elliptic Eigenp roblems

Let 
 be a bounded op en subset of Rd with a piecewise smo oth
bounda ry @
 and out ward unit normal n .

By analogy with the Sturm{Liouville ODE we now consider the PDE

r � ( pr u) + [�r � q]u = 0 in 
. (53)

Here, the co e�cients p, q, r are given real-valued functions with p
and r strictly positive in 
 = 
 [ @
. W e de�ne

Lu = �r � ( pr u) + qu

so that (53) can be written as

Lu = �r u:

De�ne the (real) inner pro duct in L 2(
) by

hf ; gi =
Z



f g dV =

8
<

:

RR

 f g dx dy; d = 2;

RRR

 f g dx dy dz; d = 3:
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Since

r � [( pr u) v] = [r � ( pr u)] v + pr u � r v

we have

vLu = pr u � r v + quv � r � [( pr u) v]

and by applying the divergence theo rem we obtain the �rst Green
identit y,

hv; Lu i =
Z




�
pr u � r v + quv

�
dV �

Z

@

p

@u

@n
v dS: (54)

The Lagrange identit y tak es the fo rm

vLu � uLv = r � [p( ur v � vr u)]

and by applying the divergence theo rem we obtain the second Green
identit y,

hv; Lu i � hu; Lv i =
Z

@

p

 

u
@v

@n
� v

@u

@n

!

dS:

111



Supp ose that @
 is divided into two parts, � D and � N, where the
D and N stand fo r Dirichlet and Neumann bounda ry conditions.

If u : 
 ! C is not identically zero and if

Lu = �r u in 
,

u = 0 on � D ,

p
@u

@n
= 0 on � N,

(55)

then u is said to be an eigenfunction with eigenvalue � . Applying
the �rst Green identit y with v = �u we see that

�
Z



juj2r dV =

Z




�
pjr uj2 + qjuj2

�
dV

so � must be purely real. Also, � must be non-negative if q is
non-negative on 
.
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If u, v are eigenfunctions with eigenvalues � , � then

( � � � ) hu; vr i = h�r u; vi � hu; �r vi = hLu; vi � hu; Lv i = 0

so, as in the Sturm{Liouville case, eigenfunctions of L with distinct
eigenvalues are orthogonal with resp ect to the weight r .

3.2 Example. The eigenvalues � kn and eigenfunctions u = � kn( x; y)
fo r

r 2u + �u = 0; 0 < x < 1; 0 < y < 1;

with bounda ry conditions

u( x; 0) = u( x; 1) = 0; 0 < x < 1;

and
@u

@x
(0 ; y) =

@u

@x
(1 ; y) = 0; 0 < y < 1;

are given by

� kn = ( k2 + n2) � 2 and � kn( x; y) = cos( k� x) sin( n� y)

fo r k = 0, 1, 2, . . . and n = 1, 2, 3, . . . .
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3.3 Example. Intro duce pola r co ordinates in R2,

x = r cos � and y = r sin � ;

and recall that

r 2u =
1

r

@

@r

 

r
@u

@r

!

+
1

r 2
@2u

@� 2 :

The eigenvalues � = � nj fo r

r 2u + �u = 0; 0 � r < 1; � � < � � � ;

with bounda ry conditions

u(1 ; � ) = 0; � � � � < � ;

are, fo r n = 0, 1, 2, . . . and j = 1, 2, 3, . . . ,

� nj = k2
nj where Jn( knj ) = 0:

The corresp onding eigenfunctions u = � nj are

� C
nj = Jn( knj r ) cos( n� ) ; n � 0;

� S
nj = Jn( knj r ) sin( n� ) ; n � 1:
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If several eigenfunctions share the same eigenvalue then they are
not necessarily orthogonal. In this case, however, we can alw ays
orthogonalise them using the Gram{Schmidt pro cedure.

In general, the elliptic eigenp roblem (55) has a sequence of eigen-
values � = � j and corresp onding eigenfunctions u = � j such that

1. the eigenvalues satisfy � 1 � � 2 � � 3 � � � � with � j ! 1 as j ! 1 ;

2. the eigenfunctions � 1, � 2, � 3, . . . fo rm a complete orthogonal
system on 
 with resp ect to the weight function r .
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Mo re Elliptic Eigenp roblems

As befo re let

Lu = �r � ( pr u) + qu

but supp ose now that @
 is divided into three parts: �, � D and � N.
If u : 
 ! C is not identically zero and if

Lu = 0 in 
,

p
@u

@n
= �r u on �,

u = 0 on � D ,

p
@u

@n
= 0 on � N,

(56)

then we again say that u is an eigenfunction with eigenvalue � .
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3.4 Example. The eigenvalues � n and eigenfunctions u = � n( x; y)
fo r

r 2u = 0; 0 < x < 1; 0 < y < 1;
@u

@y
( x; 1) = �u ( x; 1) ; 0 < x < 1;

u(0 ; y) = u(1 ; y) = 0; 0 < y < 1;
@u

@y
( x; 0) = 0; 0 < x < 1;

are

� n = n� tanh( n� ) and � n( x; y) = sin n� x cosh n� y

fo r n = 1, 2, . . . .
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Applying the �rst Green identit y (54) with v = �u we �nd that

�
Z

�
juj2r dS =

Z




�
pjr uj2 + qjuj2

�
dV

so � must be purely real. Also, � must be positive if q, lik e p, is
non-negative on 
.

If u, v are eigenfunctions with eigenvalues � , � then by the second
Green identit y,

( � � � )
Z

�
uvr dS =

Z

�
u( �r v) dS �

Z

�
( �r u) v dS =

Z

@

p

 

u
@v

@n
� v

@u

@n

!

dS = hv; Lu i � hu; Lv i = 0;

so, once again, eigenfunctions corresp onding to distinct eigenvalues
are orthogonal with resp ect to the weight function r , but this time
over the bounda ry piece �.
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In general, (56) has a sequence of eigenvalues � = � j and corre-
sponding eigenfunctions u = � j such that

1. the eigenfunctions � 1, � 2, � 3, . . . are orthogonal with resp ect
to r on �;

2. the eigenvalues satisfy � 1 � � 2 � � 3 � � � � with � j ! 1 as j ! 1 .

However, the � j are not complete on � if the homogeneous problem

Lv = 0 in 
,

v = 0 on � [ � D ,

p
@v

@n
= 0 on � N,

(57)

has a nontrivial solution v because, by the second Green identit y,
Z

�
� j p

@v
@n

dS = 0:
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However, provided g 2 L 2(�) satis�es
Z

�
g p

@v

@n
dS = 0 fo r all v satisfying (57) ,

we have

g =
1X

j =1

hg; � j r i �

k� j k2
r ;�

� j on �,

where

hf ; gi � =
Z

�
f g dS and kf kr ;� =

q
hf ; f r i � :
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Elliptic Bounda ry V alue Problems

Once again we let

L = �r � ( pr u) + qu;

and supp ose that @
 is divided into two pieces � D and � N.

Consider the bounda ry value problem

Lu = f in 
,

u = gD on � D ,

p
@u

@n
= gN on � N,

(58)

where the source term f , the Dirichlet data gD and the Neumann
data gN are all given. The homogeneous problem is

Lv = 0 in 
,

v = 0 on � D ,

p
@v

@n
= 0 on � N.

(59)
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3.5 Theo rem. (F redholm Alternative) Either

the homogeneous problem (59) has only the trivial solution v =
0, in which case the inhomogeneous problem (58) has a unique
solution u fo r every choice of f , gD and gN;

or else

there are m linea rly indep endent solutions v1, v2, . . . , vm of the
homogeneous problem, in which case the inhomogenous prob-
lem (58) has a solution i� the data f , gD and gN satisfy

Z



f vk dV =

Z

� D
gD p

@vk

@n
dS �

Z

� N
gN vk dS

fo r k = 1, 2, . . . , m.

T echnical rema rk: fo r u to count as a solution we require that
Z




�
jr uj2 + juj2

�
dV < 1 :
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3.6 Example. T o solve

Lu = f in 
,

u = 0 on � D ,

p
@u

@n
= 0 on � N,

�nd the eigenvalues � 1, � 2, . . . and eigenfunctions � 1, � 2, . . . satisfying

L� j = � j r � j in 
,

� j = 0 on � D ,

p
@� j

@n
= 0 on � N,

then u exists i�

hf ; � j i = 0 whenever � j = 0,

in which case

u( x ) =
X

� j =0
Cj � j ( x ) +

X

� j 6=0

hf ; � j i 


� j k� j k2
r ;


� j ( x ) ;

where the Cj are arbitra ry constants and hf ; gi 
 =
R

 f g dV .
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3.7 Example. Consider

Lu = 0 in 
, u = g on � D , p
@u

@n
= 0 on � N.

Let v1, v2, . . . , vm be a basis fo r the set of solutions v to the
homogeneous problem

Lv = 0 in 
, v = 0 on � D , p
@v

@n
= 0 on � N,

and let � 1, � 2, . . . and � 1, � 2, . . . be the eigenvalues and eigenfunc-
tions satisfying

L� j = 0 in 
, p
@� j

@n
= � j r � j on � D , p

@� j

@n
= 0 on � N.

A solution u exists i� g satis�es
Z

� D
g p

@vj

@n
dS = 0 fo r 1 � j � m,

in which case

u( x ) =
mX

j =1
Cj vj ( x ) +

1X

j =1

hg; � j r i � D

k� j k2
r ;� D

� j ( x ) :
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3.8 Example. T o solve

Lu = 0 in 
, u = 0 on � D ,

p
@u
@n

= g on � N,

we �nd the eigenvalues � 1, � 2, . . . and eigenfunctions � 1, � 2, . . . satisfying

L� j = 0 in 
, � j = 0 on � D ,

p
@� j

@n
= � j r � j on � N.

De�ning

hf ; gi � N
=

Z

� N
f g dS;

a solution u exists i�

hg; � j i � N
= 0 whenever � j = 0,

in which case

u( x ) =
X

� j =0
Cj � j ( x ) +

X

� j 6=0

hg; � j i � N

� j k� j k2
r ;� N

� j ( x ) :
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3.9 Example. T o handle the most general situation

Lu = f in 
, u = gD on � D , p
@u

@n
= gN on � N,

we write u as a sum of three terms

u = u1 + u2 + u3;

where each term solves one of the cases treated ab ove:

Lu 1 = f in 
, u1 = 0 on � D , p
@u1

@n
= 0 on � N,

and

Lu 2 = 0 in 
, u2 = gD on � D , p
@u2

@n
= 0 on � N,

and

Lu 3 = 0 in 
, u3 = 0 on � D , p
@u3

@n
= gN on � N.
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If a function w : 
 [ @
 ! R can be found that satis�es just the
bounda ry conditions in (58) , i.e.,

w = gD on � D and p
@w

@n
= gN on � N,

then we can solve (58) by putting f ? = f � Lw , solving

Lu ? = f ? in 
,

u? = 0 on � D ,

p
@u?

@n
= 0 on � N,

and then putting u = u? + w. This will usually be much easier than
�nding three sets of eigensystems.
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3.10 Example. Consider the pure Neumann problem

�r 2u = f in 
,
@u

@n
= g on @
,

(60)

where 
 = [0 ; 1] � [0 ; 1] is the unit square.

The �rst Green identit y shows that v is a solution of the homoge-
neous problem ( f � 0 and g � 0) i� v is constant on 
. Therefo re,
the inhomogeneous problem (60) is solvable i�

Z



f dV +

Z

@

g dS = 0:

Find the general solution to (60) in the case

f � 1 and g =

8
<

:
� 1; fo r x = 0 and 0 < y < 1,

0; elsewhere on @
.
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Heat Equation

Let the scala r u = u( x ; t ) denote the temp erature and the vecto r
q = q( x ; t ) denote the heat 
ux . Acco rding to Fourier's law of heat
conduction ,

q = � K r u;

where K is the thermal conductivit y. In the most general case,
K = K ( x ; t; u) = [K ij ] is a 3 � 3 matrix, i.e.,

qi = �
3X

j =1
K ij

@u

@xj
; i = 1; 2; 3:

W e put

� = mass densit y; � = speci�c heat ;

f = volume densit y of heat sources.
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The thermal energy inside a region 
 is
Z



�� u dV:

The rate of change of thermal energy ,

d

dt

Z



�� u dV =

Z




@

@t
( �� u) dV

must equal the heat 
ux entering through @
 plus the rate at which
internal sources create heat,

Z

@

( � n ) � q dS +

Z



f dV:

By the divergence theo rem,
Z

@

( � n ) � q dS = �

Z



r � q dV =

Z



r � ( K r u) dV

so
Z




@

@t
( �� u) dV =

Z




�

r � ( K r u) + f
�

dV:
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Thus,
Z




 
@

@t
( �� u) � r � ( K r u) � f

!

dV = 0;

and since 
 is arbitra ry, we obtain the heat equation

@

@t
( �� u) � r � ( K r u) � f = 0:

In the simplest case, � , � , K are all constant and K is scala r, so the
heat equation tak es the fo rm

@u

@t
� ar 2u =

f

��
; a =

K

��
> 0:
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For a given initial temp erature pro�le u0 = u0( x ), we want to solve
the initial-b ounda ry value problem

@u

@t
� ar 2u = 0 in 
, fo r t > 0,

u = u0 in 
, when t = 0,

u = 0 on @
, fo r t > 0.

Intro duce the associated eigenfunctions � 1, � 2, . . . and eigenvalues
� 1, � 2, . . . satisfying

�r 2� j = � j � j ; in 
,

� j = 0 on @
.

W e have

u( x ; t ) =
1X

j =1
uj ( t ) � j ( x ) ; uj ( t ) =

hu( t; �) ; � j i

k� j k2 :
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Since

@u

@t
� ar 2u =

1X

j =1

 
duj

dt
+ a� j uj

!

� j ( x )

we require

duj

dt
+ a� j uj = 0; uj (0) = u0j =

hu0; � j i

k� j k2 :

Thus, uj ( t ) = e� a� j tu0j and

u( x ; t ) =
1X

j =1
e� a� j tu0j � j ( x ) :

In this way, kno wledge of the relevant eigenfunctions and eigenvalues
converts the PDE into a sequence of uncoupled ODEs.
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3.11 Example. Solve the initial-b ounda ry value problem

@u

@t
� r 2u = 0 in 
, fo r t > 0,

u = 0 in 
, when t = 0,

u = 1 on � D , fo r t > 0,
@u

@n
= 0 on � N, fo r t > 0,

where 
 is the qua rter-disc

x2 + y2 < 1; x > 0; y > 0;

� D is the part of @
 lying on the circle x2 + y2 = 1, and � N consists
of the parts of @
 lying along the x- and y-axes.

Hint: lo ok fo r u = u?( r ; � ; t ) + w( r ; � ) where w is the steady-state
solution.
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W ave Equation

Consider a stretched memb rane in the shap e of a plana r region 
.
Assuming that the memb rane is �xed along @
, has initial displace-
ment v = v( x ) and is initially at rest, we have the follo wing initial
bounda ry value problem fo r the transverse displacement u = u( x ; t ):

@2u

@t2 � c2r 2u = 0 in 
, fo r t > 0,

u = v in 
, when t = 0,
@u

@t
= 0 in 
, when t = 0,

u = 0 on @
, fo r t > 0.

(61)

This problem is a 2D version of the vib rating string problem, and
the constant c2 dep ends on how tightly the memb rane is stretched
and on the densit y of the memb rane.

As with the heat equation, we intro duce the eigenfunctions � 1, � 2,
� 3, . . . and eigenvalues � 1, � 2, � 3, . . . associated with the steady-
state problem.
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This time, the Fourier co e�cient uj ( t ) satis�es a second -order
ODE:

d2uj

dt2 + c2� j uj = 0; uj (0) = vj ;
duj

dt
= 0;

so uj ( t ) = vj cos
�
c
q

� j t
�

and hence

u( x ; t ) =
1X

j =1
vj cos

�
c
q

� j t
�
� j ( x ) :

In the usual way, we refer to the separable solution

cos
�
c
q

� j t
�
� j ( x )

as the j th normal mo de of vib ration . The perio d and frequency of
this mo de are

Tj =
2�

c
q

� j
and

1

Tj
=

c
q

� j

2�
:
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Semilinea r First-Order PDEs

For u = u( x; t ) we will use the notation

ux =
@u

@x
and ut =

@u

@t
:

A �rst-o rder PDE of the fo rm

a( x; t ) ut + b( x; t ) ux = f ( x; t; u) (62)

is said to be semilinea r; it is linea r if f ( x; t; u) is linea r in u. Let �
be a curve in the ( x; t )-plane with parametric representation

x = � ( � ) and t =  ( � ) fo r � 0 < � < � 1,

then the Cauchy problem is to �nd, fo r given data g( � ), a solution
of (62) satisfying

u( x; t ) = g( � ) when x = � ( � ), t =  ( � ).

In the simplest case, � is an interval on the x-axis, i.e., x = � and
t = 0, so we have an initial condition

u( x; 0) = g( x) fo r x0 < x < x1.
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W e associate with (62) the pair of ODEs

dt

d�
= a( x; t ) ;

dx

d�
= b( x; t ) ; (63)

called the characteristic equations . Any solution
�
x( � ) ; t ( � )

�
de-

scrib es a curve in the ( x; t )-plane parameterised by � and called a
characteristic .

Let

x = X ( � ; � ) ; t = T ( � ; � ) ; (64)

be the solution of (63) satisfying the initial conditions

X ( � ; 0) = � ( � ) ; T ( � ; 0) =  ( � ) ;

and supp ose that

@( x; t )

@( � ; � )
6= 0:

By the inverse function theo rem we can, at least in principle, lo cally
invert (64) to obtain � and � as functions of x and t.
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W riting

U( � ; � ) = u( x; t ) ;

the characteristic equations (63) imply

U� = aut + bux

so the semilinea r PDE (62) becomes

U� = f
�
X ( � ; � ) ; T ( � ; � ) ; U

�
; (65)

and the initial condition fo r the Cauchy problem is just

U( � ; 0) = g( � ) :

The point is that in (65) the variable � plays the role of a parameter,
so we have essentially transfo rmed a PDE into an ODE.

3.12 Example. Solve the Cauchy problem

( t + 2) ut + 2xu x = 2u;
u =

p
x fo r x > 0 and t = 0.
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