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Examples

/6:13(1 + 2%)? do =

/ cosh x cosh(sinh ) =

/26233 cos(e*®) dx =

/ tan(z) dz = -
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Examples

/63:(1 + 23 de=(1+2%)°+C
/ cosh x cosh(sinh x) = sinh(sinh z) + C
/2625'j cos(e*?) dx = sin(e**) + C

/tan(x) dxr = —log(cosx) + C

-
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(0.1) Substitution

MATH1231 CALCULUS - p.4/6.



-

(0.1) Substitution

MATH1231 CALCULUS - p.4/6.



-
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(0.1) Substitution

I—/f du—/h(u)du
This is only useful if [ h(u)du is easier than [ f(xz)dx.
- o
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Example

COS I
/ , dx
1 +sinx
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Example

Put

SINT = U

COS I
/ , dx
1 +sinx

cos x dx = du

-
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Example

COS T
/ . dx
1 +sinzx

PUt Siﬂ,f[f = U — COSQEdQE _ du

1
/ 1 ioiiig; dr = / T du = log(1+u)+C = log(1+sina)+(C

-
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(0.2) Integration by parts
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(0.2) Integration by parts

/u(x)j—z dr = u(z)v(z) — /v(x)j—z dx

o -
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(0.2) Integration by parts

/u(x)j—z dr = u(z)v(z) — /v(x)j—z dx

Example

r e doe= x e' — e’ . 1 dox=xe*—e*+C
"~ =~ N~ =~ N~

u(r) L u(z) v(x) v(x) 4

dx dx

-

MATH1231 CALCULUS - p.6/6:



- .

(0.2) Integration by parts

u(x)d—v dr = u(z)v(z) — v(x)d—u dx
/ dx / dx

Example

/ r e de= x e" —/ et . 1 dx=xe"—e"+C
=~ N~ —~— =~
u(z) u(z) v(x) v(z) L

Try

[
| u(w) g -
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(2.1) Trigonometric Integrals
/ sin® z cos®  dz

/ cos® = dx

/ tan® x sec® T dx

/ sinh?® z cosh® z dx

o -

MATH1231 CALCULUS - p.7/6:



ho Cares?
Many problems in three dimensional space can be simplified using
spherical polar co-ordinates

z

(r. 6. ¢) r = rsingcosf
- y = rsin¢sinf
y Z = TCOoSQ

Integrals over powers of trig functions then arise,
e.g., volume calculations, charge distributions, acoustic vibrations,
angular momentum of electrons, trajectories of falling space junk

\_ht tp://sn-callisto.]sc.nasa.gov/Index. htnl J
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xample

cos  cos? z dx

/COSSIdQE — /
= /COSLIZ(l — sin® z) dx

(1 —u?) du u = sinx

1
= u——u’

1
— COS$—§0083$—|—C

o -
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(2.1.1)

f cos™ rsin” x dx




(2.1.1) | [ cos™ zsin" x dx

e If m IS 0odd, say m = 2k + 1, then factor

2

=

cos™ zsin™ x = cos z(cos® z)¥ sin™ x = cos (1 — sin’ z)¥ sin™ x

The substitution |« = sin z,

du = cosx dx

polynomial to integrate.

gives a

-
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(2.1.1) | [ cos™ zsin" x dx

e If m IS 0odd, say m = 2k + 1, then factor

cos™ zsin™ x = cos z(cos® z)¥ sin™ x = cos (1 — sin’ z)¥ sin™ x

The substitution |u =sinx, du=cosx dx|givesa
polynomial to integrate.

e If n IS 0dd, use the analogous method with the roles of
sin z and cos x Interchanged.
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Examples

/ cos® rsin* rdr =

/ sin® rcos? rdr =

/Sin7 rdr =

o -

MATH1231 CALCULUS - p.11/6;



-

Examples

/ cos® zsin® z dz / (cos ) cos® zsin® = da
/ sin® ¢ cos® x de = / (sin z) sin® z cos® z dx

/ sin’ zdr = / (sin ) sin® = dz

o -
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Examples

/ cos® zsin® z d /(COS z)(1 — sin® z) sin® = dz
/ sin® z cos® v dr = /(Sin z)(1 — cos® x) cos®  dx

/sin7xdx = /(sinx)(l — cos® z)% da

o -
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Examples

A&

N

/ cos® zsin z dz /(COS z) (1 —sin? z) sin* = da

u=sIin x

/sin3 rcos?wdr = /(sin z) (1 — cos® z) cos® x da

\

~\~
U—COS T

/Sin7xdw = /(Sinx) (1 —cos®z)° dx

\ . J/
N

U=—COS T

o -
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f cos™ rsin™ x dx

olf both . and n are even, we use the identities

9 1 + cos2x . 9 1 —cos2x
cos” x = ; and sin“x = 5

to change the integral into a sum of integrals of the form
f cos’ 2z dx

If 7 1S odd, we use the method of the first section

If 7 1S even, we use the method of this section again.

o -
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Example

I = fsinzxcoszxdw

o -
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Example

I = fsinzxcoszxdw

7 /(1 —cos2x ., 1+ cos22x

G

o -
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Example

I = fsiancoszxdw

[:/(1—00823; 1+€082I)dw

A

1 — cos? 2 1
I= |/ 5 x)d:z;: — [ 1—cos*2xdx
4 4

o -
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Example

I = fsiancoszxdw

[:/(1—00823; 1+€082I)dw

A

1 — cos? 2 1
I= |/ 5 x)d:z;: — [ 1—cos*2xdx
4 4
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(2.1.2)

Use the identities

sin A cos B
sin Asin B

cos A cos B

o

f sin nx cos mx dzx

f sin nax sin mx dx

f COS N cos mx dx

1

= 5 (sin(A+ B) +sin(A - B))

1

1

= 5 (cos(A — B) + cos(A + B))

5 (cos(A — B) — cos(A+ B))

-
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xample

1
/Sin 3xsin 2z dx = 5 / (cos(3z — 2x) — cos(3x + 2x)) dx

o -
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(2.1.3)

[ tan” z dx

or

[ sec™ x dzx




=

(2.1.3)| [ tan" x dz|oOr| [ sec™ x dz

Exploit the relationships

2 2 d 2 d
sec” xr = 1+4+tan” x, . tanxr = sec” x, . secxr = secxrtanx
x x

-
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(2.1.3)| [ tan" x dz|oOr| [ sec™ x dz

Exploit the relationships

2 2 d 2 d
sec” xr = 1+4+tan” x, . tanxr = sec” x, . secxr = secxrtanx
x x

eReduction Formula (apply repeatedly)

I, = /tann rdr = /ta]ﬂn_Q:z:(tan2 x)dx

/ an"“x(sec’*r — 1)dx p— 9

L (until) I, :f(sjicgﬁdlen\secx]—i—C(or) Iy=[dz=2+C J
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Example

Iy = [tan* z dx



(2.1.4)

f tan™ x sec™ x dx




(2.1.4) | [ tan™ z sec” x dx

Examples



(2.1.4)

Examp

) 4
/tan rsec” x dx

f tan™ x sec™ x dx

€S

even

/(tan2 r sec’ x)

factor

—~

SCEC

2

x dx

/tan2 z(1 4 tan? z) sec® x dx

J/

IV

u=tanx

-
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(2.2) Reduction formulae

Suppose we have an integrand that is a function of both an
Independent variable x and an integral index n

e.g., [(logx)"dx, [a"e*dz, [a"coszdx

If we now integrate by parts and obtain a similar integrand
but with a smaller index n then we have a reduction formula
that can be applied repeatedly.

In general if [[f(x)]"g(z) dz then integrate by parts with
u(z) = [f(=)]" and g2 = g()

o -
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I, = fx”ex dx
Integrate by parts with u = 2™ and % = ¢®

I, = /x"exdx

= z"e’ —n/xnleg’j dx

xample

= z2"e’ —nl,_1

-
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I, = [ sin" z dx.

Integrate by parts with v = sin” ' 2 and 2 = sinz

xample

I, = —sin" tzcosz+ /((n — 1)sin" %z cos ) cos x d

= —sin" tzcosz+ (n—1) /sim”2 x(1 — sin® ) dx

1

= —sin" "xcosr+ (n—1)I,—o— (n—1)I,

Now solve for [,

sin™ 1 7 cos x n—1
[n — (

L " + - ) In—2. J
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* Wallis’s Product
/W/Q.Qm Jr 2m — 1 2m — 3 1 (z)
: sin“" xdx = o s AR - 5
/2 om 2m — 2 y
- 2m-—+1 _ =
/O Sin rdr = <2m+1> <2m—1>'”<3>

v 224466 2m [ 2m  [7Psin?"zda
2 133557 "2m-—1 2m + 1 /2 gy 2m1

T dx

s 224262  (2m — 2)? (m!)?22™m
lim — = 1 . 2 =
Mmoo 2 mmoo 325272 T (Zm — 1)2 V= lim (2m)!/m

o -
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(2.2.3) Proposition

=

( (2=d) 1,2, provided m > 2

m-—+n

/2
]m,n — / cos 0sin” 0 df = £
0

. (n—l ) ]m,n—Q provided n > 2

m-+n

/2 1
I = / cosfsinfdo = =
0 2

71'/2 7'('/2 -
IO]_ — / Slﬂ@d@zl 100:/ d@:_
’ 0 : ; 2

/2
[1,02/ cosfdf =1
0

Proof: See Notes

- B
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xample

2 3 -4
cos” xsin” xdr = I34
0

o -
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Sample Test Question

3

I, = /4 tan” 6 sec 6 do
0

Show that

Hint

d
sec f tan f = pT] (sec )

MATH1231 CALCULUS - p.25/6;
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/4
0

1;an”’_1 0 tan 0 sec 6 do

Ve

~
(7 dv
do

T

tan™ ! Osecd | — / ¥ sec O(n — 1) tan™ 2 @ sec? 0 df

0

-
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I
= / 1;an”’_1 Q&an@sec@l do
0 M L
a0

T

= tan" '@sech | —/4 secO(n — 1) tan™ "2 @ sec? 6 db
0

V2 —(n— 1)/4L secftan™ "2 @ (tan2 0+ 1) do
0

\/5—(77,—1)/4 SeCHtan”HdG—(n—l)/4 secftan™ "2 6 df
0 0

V2 —(n—1)I, —(n—1)I, o

-
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I, = /4 1:aulr1”’_1 0 tan 0 sect df
0 M P
0
= tan" ! 6Osech & - / * sec O(n — 1) tan™ 2 @ sec? 0 df
0
In = V2—(n-— 1)/4L secftan™ "2 @ (tan29—|— 1) do
0

= \/5—(77,—1)/4 Secetan”HdQ—(n—l)/4 secftan™ "2 6 df
0 0

L solve for I, J
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f(z.:%) Trigonometric and hyperbolic substitution T

Substitution is inspired guesswork. This table is for inspiration.

integral factor | substitutions identities

Va2 — g2 r = asinb r = acosb cos2f +sin?fh =1
dx = acos 0 df dr = —asin 0 df

Va2 + x2 xr = asinh # r=atanb sec? 0 = tan?0 + 1
dx = a cosh 6 db dr = asec? 0 do

Va2 — a2 r = asecl v =acosh® | cosh? = sinh?0 + 1
dr = asecOtan0df dx = asinhdf

MATH1231 CALCULUS - p.27/6;
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Example

[=[V]1—a?de



-

Example
[=[V]1—a?de
substitution x = sin 6, g—g = cos

o -
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Example
[=[V]1—a?de

substitution x = sin 6, g—g = cos

~
|

/COS@-COS@d@z /(1—|—C082(9)d(9

B 9+sin29+0_ (9_|_SiIl(9COS(9
2 4 2 2

sinlae vVl — 22

B = ——+ = +C a

MATH1231 CALCULUS - p.28/6;
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Example — Find the area of the ellipse

(0.0)

y
“h 2_:52 T
e

L A =mab exercise J

MATH1231 CALCULUS - p.29/6;



-

Example

3

I=J x§—16

substitution
r = 4sech

dx



e

[:f\/xQ—ana; x>a>0

xample

substitution
r = asec (See notes)

I a? (x\/wzaz
2

— In

SH IR

2 2
L Yei-a >+0

a2

compare the substitution
x = acoshb

o -
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Example — Planetary Motion — Kepler (1609,1619)

=

The motion of a planet around the sun is described by

+C

r

bL:

- it

2,u7“2 )

E. 0 u, k, C are constants
What are the possible motions of the planets?

Substitute v = 1 then du = — = dr

_0d
fdu 4O

B /\/QMEHW” u?) o
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Complete the square in the denominator

xample ctd.
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fExample ctd. T

abolae=1 a

qraola, & = *_hyperbola, € > 1 ; = 1+ e€cosb

62

o = ——

ellipse,0<e<1 ,LL]C
\ 2
cirgle, € = O\ 2E€

| | €E = 1+
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(2.4) Rational functions and partial fractions
A rational function has the form

@ where p(x),q(x) are polynomial functions

q(x)

Example

r— 3
/(x—2)(x2—4x+8) e

Any rational function can be integrated by systematic reduc-

Ltion with partial fractions J

MATH1231 CALCULUS - p.35/6;
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° Step 1 — SIMPLIFY
using long division

@_SSIZ @ (X X

o -
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° Step 1 — SIMPLIFY
using long division

—:s(x)Jr% deg r(z) < deg q(z)

° Step 2 — FACTORIZE

the denominator ¢(x) as product of linear (z 4+ a) and
irreducible quadratic (2% + bz + ¢), b* — 4c < 0 factors.

o -

MATH1231 CALCULUS - p.36/6;



- .

° Step 1 — SIMPLIFY
using long division

—:S(SIZ)—F@ deg r(z) < deg ¢q(z)

q(x)

° Step 2 — FACTORIZE
the denominator ¢(x) as product of linear (z 4+ a) and

irreducible quadratic (2% + bz + ¢), b* — 4c < 0 factors.

° Step 3 — DECOMPOSE

ggg as a sum of rational functions whose denominators

L contain only one of the factors of ¢(x) from step 2. J
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(2.4.1) () = a(z + a) — linear

degr(x) < deggq(zr) = r(x)=r=const

/ﬁd - Tfa(xdi@

— Zln\x+a\+0 (x # —a)

0}



-

- 203+ 712 +3
Example = g > dx

x2 +2x—3

2x—|—3) 23 + T2 +3
— 213 — 322
42

— 422 — 6x
— 6x + 3
6x + 9

12

12
20 + 3

dx

[ = /(x2+2:z:—3)+

3
= $—+x2—3:€+61n\2x+3]+0

o i -
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(2.4.2)

q(x) =alz+a)(x+a2)...(x+ ap)

=

— distinct linear factors

We can write

Then

o

7“(13) A1 AQ
q(x) T4+a1 T+ as

/%dwz}/xf‘j&j dx

How to find A;?

Tr -+ ap

-

MATH1231 CALCULUS - p.39/6;



-

To find the constants A; T

For example, to find As, multiply both sides of (x) by = + a-
then

r(z)

alx+ar)(z+asz) - (x+ap) T+ aq B T+ an

Now substitute © = —as.

In effect, we find A5 by covering up the factor (z + as) in the

denominator of ggg and then substituting 2 = —ao:

Ay — r(—as)

L a(—az +a1)||(z +a2)||(—a2+a3) - (—az2 + ap) J
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Example




- B .

Example I=]¢

o -
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Example I=]¢

[ /—da:_|_/ dx
B xr— 2 r—3

-3
= Injz—3|—-Injlz—2|+C=1In ’

e
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(2.4.3) |q(z) = a(z + a)F — a power of a linear factor

We can write
r(x) Ay As A

@:x+a+(x+a)2+.“+(x+a)k =

Multiply both sides of () by (z + a)* then substitute z = —a
to find A,

Multiply both sides of () by (x + a)”* then differentiate and
substitute ©+ = —a to find A,_4

Multiply both sides of (xx) by (z + a)* then differentiate twice
Land substitute x = —a to find Ax_» ... J
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fExample

f(i_—_f))gdx

o -
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(2.4.4) |q(z) = oz + a1)™ (x + a2)? ... (x + a,)"
— powers of distinct linear factors

r(x A A A
Q _ 11 n 12 M 1k1k n
q(x) r+a;  (r+ar) (x +ap)™
A A
LA szk
T + a9 (x+a2)2
A
R nl T nk“k
T+ ap (x + ap)®n

Finding the constants A;; involves solving simultaneous
equations.

o -
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Example
dx
I'= | saiie

1 A B C D

— = + +
r(x+1)3 +x+1 (x4+1)2 (x4 1)3

-
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Example
dx
= f x(z+1)3
1 B é N B N C N D
r(x+1)3 x x+1 (z+1)2  (x+1)3

multiply by z(x + 1)

1=A(x+1)°+ Bx(z +1)*+ Cx(x+ 1)+ Dz

-
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Example
. dx
I = f x(r+1)3

1 A B C D

r(r+1)3 :E+x+1+(x+1)2+(x+1)3

multiply by r(x+ 1)

1=A(x+1)°+ Bx(z +1)*+ Cx(x+ 1)+ Dz

substitute r=0—1=A
substitute r=—1—1=-D
l=(+ 1P +Ba(z+1)*+Cax(z+1)—=x J

MATH1231 CALCULUS - p.45/6;
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Example ctd.
We need two more equations for B and C

o -
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Example ctd.
We need two more equations for B and C

substitute r =1 —1=8+4B+2C -1 = -3=C+2B
substitute r =2 — —4=0C+ 3B

solve simultaneously then B = —1, C=-1

-
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Example ctd.
We need two more equations for B and C

substitute r =1 —1=8+4B+2C -1 = -3=C+2B
substitute r =2 — —4=0C+ 3B

solve simultaneously then B = —1, C=-1
Finally
/ 1 (1 / 1 / 1 / 1
r(r+1)3 T r+ 1 (x 4+ 1)? (x 4+ 1)3
T 1 1
— 1 C
B nx+1‘+x+1+2(x+1)2+ B

MATH1231 CALCULUS - p.46/6;
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Sample Class Test Problem

x4+ 3
]‘/<x+1><x+2>2dx

o -
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Sample Class Test Problem

T+ 3
]:/($+1)($+2)2d$

T+ 3 4 N B N C
(z+1)(x+2)2 2+1 z+2 (v+2)2

o -
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Sample Class Test Problem

T+ 3
]:/(I+1)(Ji—|—2)2daj

T+ 3 4 N B N C
(z+1)(x+2)2 2+1 z+2 (v+2)2

(x—kSXw—%l)__14@%+1)%_Eﬂx—%1)+_CKx—F1)
(z+1)(x+2)2  o+1 T+ 2 (x + 2)?

-
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Sample Class Test Problem

T+ 3
]:/($+1)(a§+2)2d$

T+ 3 4 N B N C
(z+1)(x+2)2 2+1 z+2 (v+2)2

(x—kSXw—%l)__14@%+1)%_Eﬂx—%1)+_CKx—F1)
(z+1)(x+2)2  o+1 T+ 2 (x + 2)?

®

r— —1=A=2

o -
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B(x +2)?

T+ 2

-

C(x +2)?

(z +2)°

-
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B(x + 2)?

T+ 2

-

C(x +2)?

(z +2)°

-

MATH1231 CALCULUS - p.48/6;



-

(z+3)(x +2)2  Alx +2)? N B(x +2)? N C(x +2)?
(x 4+ 1)(xz + 2)? T+ 1 T+ 2 (x + 2)?

®

r— —2=0=-1

T+ 3 2 N B N —1
(z+1)(x+2)2 2+1 x+2 (v+2)2

-

MATH1231 CALCULUS - p.48/6;
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(z+3)(x +2)2  Alx +2)? N B(x +2)? N C(x +2)?
(x 4+ 1)(xz + 2)? T+ 1 T+ 2 (x + 2)?

®

r— —2=0=-1

T+ 3 2 N B N —1
(z+1)(x+2)2 2+1 x+2 (v+2)2

' r=0=B=-2

o -

MATH1231 CALCULUS - p.48/6;



2 2 1
dr — dr — d
/w—l—l . /$—|—2 . /(:U—|—2)2 .

Yog [ + 1| — 2log [ + 2| + —— +C

-

MATH1231 CALCULUS - p.49/6;



-

=

(2.4.5)

q(r) = a(® + br +¢),

b2 —4e < 0

— an irreducible quadratic

If b — 4¢ > 0 then the quadratic factorizes so an earlier case applies

w.l.0.g. write

r(z)

q(x) e

/

o

r(x) =L2x+b)+ M

L/ 2¢ + b M dx

— dr + —

ol z2+bxr+c o x2 4+ bx +c

= —In|z*+bx+c|+ tan_l( 2) + ¢
. Q c—% c—%

MATH1231 CALCULUS - p.50/6;



f[ — f xQ—lfibmw—l—c T

b b
> +br+c = (x 5)2+(C_Z) complete the square
—_ b 2 —
b? + 3
= - |2 ) 4
4 b2
L\VEeT 7 _
_ 1 dx
= (C—%) f [( (z+ %) )2
2 _|_1
b2
=T
1b
substitute tan § = - 2) then sec? 6 df = — dx
C_Z c—bz
\/c—ﬁsec 0 do 0 1 1 (x+%)
= e T T s e

(c— b2 b2 _ b2
C—7 C—7 C—7

MATH1231 CALCULUS - p.51/6;



f Sample Class Test Problem T

]:/ * dx
2 —4r + 13

You are given that

1
/ du :—tan_lquC, a # 0

w2 +a? a a

o -

MATH1231 CALCULUS - p.52/6;



-

Sample Class Test Problem T

]:/ * dx
2 —4r + 13

You are given that

1
/ du :—tan_lquC, a # 0

w2 +a? a a

First step, write as

L2z —4) M
d d
/x2—4$—|—13 x+/x2—4x—|—13 .

DO

and | M = 2 J

MATH1231 CALCULUS - p.52/6;



- .

1 9
I =21 2 _Ar+13 d
zogw v W+/xlﬂm+13x

complete the square

e e L e ey L e e
r? —4x + 13 (x —2)2 —4+ 13 (x —2)? + 32

put (r — 2) = 3tanf or put (z — 2) = v and use table result

d 1
!/ Yt Y40 a0

u? +a?  a a

o -

MATH1231 CALCULUS - p.53/6;



=

(2.4.6) |q(z) =a(@®+br+c)F, > —4c<0
— irreducible quadratic powers

r(x) Bix + (4 Box + (9 Brx + C

q(w)_$2+bx+c+(x2+bx+c)2+ +(:z:2+b:z:+c)"f

-

MATH1231 CALCULUS - p.54/6;



=

(2.4.6) |q(z) =a(@®+br+c)F, > —4c<0
— irreducible quadratic powers

r(x) Bix + (4 Box + (9 Brx + C

q(w)_$2+bx+c+(x2+bx+c)2+ +(:z:2+b:z:+c)"f

to find constants B;, C; multiply by (2% + bx + ¢)* and equate
coefs of equal powers of x

-

MATH1231 CALCULUS - p.54/6;



o

=

(2.4.6) |q(z) =a(@®+br+c)F, > —4c<0
— irreducible quadratic powers

r(x) Bix + (4 Box + (9 Brx + C

qg(x) 22+br+c (224 bx+c)? +(:z:2+b:z:+c)"f

to find constants B;, C; multiply by (2% + bx + ¢)* and equate
coefs of equal powers of x

This yields a sum of integrals  Bjz + C; = L(2x +b) + M

Bz + C; 2 + b dx
-dx = L - dx+M :
/ (22 + bx + ¢)? ! / (22 + bx + ¢)7 o / (2% + bx + ¢)?

the first integral is easy with the substitution v = =2 + bx + c. J

MATH1231 CALCULUS - p.54/6;



f X X
[:/(:U2+Clix+c)j:(c_1%)j/ - : 77

substitute tan 0 = (z+ ) then sec? 6 df =

C—Z C——

b2 b2
c— X \/c——

7 4/(SeC 0 db /coszj 29 1
C__

tan2 6 + 1)J

o -

MATH1231 CALCULUS - p.55/6;



-

(2.4.7)

-

¢(x) = alx+a) - (x4 ap) (22 + bz +c1) - (22 4 b + ¢,

— general case

r(x)

q(z)

_ A1 . A1z 4t Atk
r+ar (r+4ap)? (z+ ar)k1
Ami Am2 Amk,,
+:1:—|—am * (z + am)? L (T + am)km *
Biix + Ch1 Biax 4+ Ci2 P B¢,z + Cryy
2 +bix+c1 (22 +bix+ c1)? (22 + b1x + c1)h2
Bniz 4+ Ch1 Bpox 4 Ch2 Bre,x+ Chp.,

4o
22 +bnx +cn (22 4 bnx + cn)? (22 4+ bpx + cp )én

-

MATH1231 CALCULUS - p.56/6;



e

3x2—51+3
fimk4)@ﬁ—2x+2)dx

xample

o -

MATH1231 CALCULUS - p.57/6;



o .

(2.5) Further Substitution Techniques

Look for a substitution that will convert the integrand to a
rational function and then use the method of partial
fractions.

Example

dt
]_/1+t1/4

Substitute = = ¢1/4 (or 2* = ¢) then dt = 423 du

43
I—/ * dx
14+ x

o -

MATH1231 CALCULUS - p.58/6;



fExampIe ctd. =] %dm T

Ax? — 4 + 4

xr + 1) 43
— 4x3 — 452

— 42
412 + 4x

Ax
—4x — 4

—14

4
I = /4$2—4x+4dx—/ dx
14+ x

4
= §x3—2x2+4x—410g]1+x\

%t?)/‘l —2tM2 4 gttt — 4log |1 + 1Y

B

-

MATH1231 CALCULUS - p.59/6;



(2.5.1)

r=J

do

a-+bsin 0+c cos 6

Half angle substitution

t = tan

N|D

-

MATH1231 CALCULUS - p.60/6;



-

(25.1) 1= [ af

—rsmotceosg | Half angle substitution | ¢ = tan 5
0 6 6 tan 2 2tan ¢ 2t
sinf = 2sin — cos — = 2tan — cos® — = 29 = 5 2 _
2 sec? 5 tan? 5 +1 1+ t2

-

MATH1231 CALCULUS - p.60/6;



-

(25.1) 1= [ af

—rsmotceosg | Half angle substitution | ¢ = tan 5
0 6 6 tan 2 2tan ¢ 2t
sinf = 2sin — cos — = 2tan — cos® — = 29 = 5 2 _
2 sec? 5 tan? 5 +1 1+ t2

42 V14 2t2 + 1 — 442
)
cos@ = v/1 — sin 9_\/1 e

1 —t2
1+ 2

1+ ¢2 -

-

MATH1231 CALCULUS - p.60/6;



(25.1) 1= [ af

. . L Q
—rsmotceosg | Half angle substitution | ¢ = tan 5
0 0 0 tan 2 2tan £ 2t
sin® = 2sin — cos — = 2tan — cos? — = 2 o 2 = ) =
2 2 sec? g tan? g +1 1+t2

42 14+ 2t2 + ¢4 — 42 1 — 2
0089:\/1—sin29:\/1 —\/+ + =

(122 1+ 2 1 g2
1 0 1 + tan?
dt = —sec?® = df =
2 2 2

N|D

2t
4 = do —
~ 1+

-

MATH1231 CALCULUS - p.60/6;



(25.1) 1= [ af

—rsmotceosg | Half angle substitution | ¢ = tan 5
0 6 6 tan 2 2tan ¢ 2t
sinf = 2sin — cos — = 2tan — cos® — = 29 = 5 2 _
2 sec? 5 tan? 5 +1 1+ t2

V14262 4t — 42

42
0089:\/1—sin29:\/1

11—

(1422 1+ ¢2 T 1442

1 6 1+tan2Q 2dt
dt:§se<:2§d9: ; 2d90 = df =

1+ t2
2dt

f 142 S f _ 2 ~ lt
2t 1—t a(l+t2)4+2bt+c(1—t
a+b Y +c .2 ( ) ( )

-

MATH1231 CALCULUS - p.60/6;



e

f g dx
0 2+4cosx

xample

o -

MATH1231 CALCULUS - p.61/6;



(2.6) MAPLE excelis at integration and partial fractions but it isn't omniscient

and it doesn’t always simplify well

> # Example 1
> gr=x->x"3/((x+1) "2*%(x"2+1));
x> O z? _
T @y T T Gr)?@R

> convert(g(x),parfrac,x);

@+1) =12 (@+1)2=1/2 (22 +1)""
> int(g(x),x);
In(z+1) —1/2 arctan () +1/2 (x +1)""
> # Example 2
>  fi=x->x*(x"2+5)"8;
z+— (22 +—5)8 = x> (22 +—5)8

> int(f(x),x);
> <br>

1/18 2" +5/2 26 + 50 21 4 120 12 4 4375 210 + 21875 2% + 21850 26 4 156250 2* + 329025 42
> simplify (%) ;

1/18 2" +5/2 20 + 50 21 4 120 212 4 4375 210 + 21875 2% + 21800 26 4 156250 2* + 22025 42
> h:=x->1/18%(x"2+5)"9;

p1/18 (22 +5) == 2 1/18 (22 +5)’

> diff(h(x),x);
1:(x2-+-5)8

MATH1231 CALCULUS - p.62/6;
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