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Complexity of regular invertible p-adic motions
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We consider issues of computational complexity that arise in the study of quasi-periodic motions
~Siegel discs! over thep-adic integers, wherep is a prime number. These systems generate regular
invertible dynamics over the integers modulopk, for all k, and the main questions concern the
computation of periods and orbit structure. For a specific family of polynomial maps, we identify
conditions under which the cycle structure is determined solely by the number of Siegel discs and
two integer parameters for each disc. We conjecture the minimal parametrization needed to
achieve—for every odd primep—a two-disc tessellation with maximal cycle length. We discuss the
relevance of Cebotarev’s density theorem to the probabilistic description of these dynamical
systems. ©2001 American Institute of Physics.@DOI: 10.1063/1.1423334#
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We characterize regular motions in invertible dynamical
systems over a finite phase space, using arithmetical tech
niques. Regularity is identified with the possibility to de-
cide whether or not two points belong to the same orbit,
more efficiently than via direct iteration. For a very
simple class of models—one-dimensional linear system
over modular integers—this decision problem is equiva-
lent to the computation of a suitable logarithmic function,
which is feasible in polynomial time when the modulus is
a large power of a prime number. Under these circum-
stances, the addition of nonlinearity does not increase the
complexity of the motions, affording a full characteriza-
tion of the orbital structure. By contrast, the fluctuations
that derive from changing the underlying prime number
are quite unpredictable, and subject to probabilistic laws.

I. INTRODUCTION

In this article we investigate the structure of regular m
tions for a class of invertible maps on a finite phase spa
with emphasis on the realizability of various cycle length
and related issues of computational complexity. Unlike
dynamics on manifolds, where ‘‘regular’’ usually denot
zero metric entropy, on a finite space the situation is l
clear. For instance, the character of the motion may dep
on the choice of the topology.

Let f be an invertible map on a finite phase spaceV, and
let x,yPV. Doesy belong to the orbit ofx? If so, what is
the transit time fromx to y, using the dynamics? Thes
questions can be answered by direct iteration, but as the
of the system becomes large, the quest for nontrivial answ
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becomes compelling, since these determine our ability
predict. ~We exclude from considerationrandommaps, that
is, maps defined by a table of values, for which direct ite
tion is the only available option.!

Thus, for allx,yPV, we define thetransit time

T~x,y!5H min
t.0

$tu f t~x!5y% if such t exists,

` otherwise.

Writing T(x) for T(x,x), we have thatT(x)—the period
function—is the period of the orbit throughx ~becauset is
positive!. We call the motions ‘‘regular’’ if, for allx andy,
T(x,y) can be computed in polynomial time in the input si
log (N), where N is the cardinality ofV. One establishes
regularity by exhibiting a polynomial time algorithm forT;
proving that a system isnot regular is notoriously difficult,
being rooted in classical problems of complexity theory~see,
e.g., Ref. 1, Chap. 2!.

An invertible map is necessarily regular in the abo
sense when all its cycles are logarithmically short; theref
obstructions to predictability can only originate from the e
istence of long cycles, although this is by no means su
cient. ~Of note is the fact that for random permutations ofN
elements, the expected maximal cycle length is of orderN.2!
The literature abounds with instances of discrete inverti
maps with long and seemingly unpredictable cycle leng
~see Refs. 3–7, for a selected sample!.

The subtlety of this problem is already manifest in line
modular dynamics~discrete Bernoulli shift! x°vx(modN),
wherev.1 is an integer, and the phase space is the lat
Z/NZ of integers moduloN. The transit timeT(x,y) is now
the smallest positivet for which v tx[y(modN), given by
the formal expression
il:
© 2001 American Institute of Physics
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FIG. 1. An approximate representation ofZ5 , with
two-digit accuracy@the first two digits in~2!#. Left: the
mappingF(x)52x1(x52x)(x12x2) has a fixed point
at 0 ~grey!, and the approximate four-cycle~black!
~16,12,24,23![~1,2,4,3!~mod 5!. Right: by rearranging
the p-adic points, the phase portrait reveals a two-d
system, with the secondary disc centred on the fo
cycle. This configuration is thep-adic analog of an in-
tegrable nonlinear resonance.
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T~x,y!5
log ~y/x!

log ~v!
~1!

involving a yet unspecified logarithmic function.
If N5p is a prime number, ‘‘log’’ is thediscrete loga-

rithm modulo p; at present, it cannot be computed in pol
nomial time, which accounts for its importance
cryptography.1 However, if N5pn is a large power of a
prime p, then ‘‘log’’ is ~essentially! the p-adic logarithmic
function, which can be computed in polynomial time, than
to its analyticity. This peculiar phenomenon originates fro
an embedding of the phase space withpn points into the
p-adic integers, where the dynamics becomes quasi-peri
rotation on a disc, a system with zero entropy~Sec. II!.

We recall that the ring ofp-adic integers consists o
expressions of the type~see, e.g., Ref. 8!

j5b01b1p1b2p21¯ , bkP$0,...,p21%, ~2!

which converge with respect to the non-Archimedean ab
lute valueu•up , defined asujup5p2k, wherebk is the first
nonzero coefficient in the expansion~2!. @The non-
Archimedean property is expressed by the strong trian
inequality: ux1yup<max(uxup ,uyup).# The resulting topology
organizes the elements ofZp hierarchically, making it into a
Cantor set. It is customary to writev(j)5k, and express the
size ofj in terms of thevaluationv, instead ofu•up .

The study of dynamical systems over thep-adics defines
a lively and varied area of investigation~see Refs. 9–14, an
references therein!. In the p-adic context, a discrete phas
spaceLn5Z/pnZ is a coarsened representation ofZp , with
n digit accuracy, with an induced coarsened dynamics~Fig.
1!. In this article we shall be interested in the case in wh
such dynamics is analytic, invertible on eachLn , and regu-
lar. For these, nonpolynomial time problems originate o
from computation modulop, whereas the dynamics modu
pn will feature the tight hierarchical organization often foun
in p-adic constructs.

Regular invertible motion over thep-adics is a simpli-
fied version of its complex counterpart, which is—up to an
lytic conjugacy—rotation on Siegel discs~Fig. 1!. If the mul-
tiplier v of the mappingf (x)5vx1O(x2) lies on the unit
circle (uvup51) and is not a root of unity, then it is possib
to construct a conjugacyf of f to its linear part,

f„f ~x!…5v f~x!, ~3!
Downloaded 15 Jan 2002 to 128.250.6.243. Redistribution subject to AIP
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which is defined with its inverse in a neighborhood of t
origin. This construction is made easier by the tame natur
small denominators ~the roots of unity accumulate
nowhere!.9,15–17

Combining the linearization~3! with Hensel’s lemma,
one can gain considerable knowledge on the orbit struc
of an invertible polynomial map onLn , from cycles and
multiplier data computed modulop. Hensel’s lemma pro-
vides conditions under which a cycle modulop persists
modulo pn for all n ~it lifts, in jargon, see Ref. 8, Chap. 3
and Sec. III of this work!. Thesep-adic cycles are then use
as the skeleton for the construction of discs, which affo
polynomial-time computation of transit times.

However, for a given map, the structure of cycles a
multipliers modulop depends in a very erratic way on th
prime considered. Such unpredictability is rooted in t
properties of factorization of polynomials over finite field
which is again a nonpolynomial time problem~Ref. 18,
Chap. 3!. The asymptotics of this phenomenon is controll
by a probabilistic law, the Cebotarev density theorem, wh
determines the probability of the existence of cycles o
given length, modulop, averaged over all primesp ~Ref. 19,
p. 129, and Sec. V of this work!.

In this article we deal with a specific family of maps th
afford an adequate degree of control asp varies. We begin to
note that if f (x) is invertible with nonvanishing derivative
modulop, then it is invertible on eachLn ~Lemma 3.1!. By
the chain rule of differentiation, the nonvanishing of the d
rivative modulop also implies that the multiplierl of any
cycle of f (x) lies on thep-adic unit circle, which is a nec-
essary condition for the existence of discs. With these c
siderations in mind, we introduce the following family o
maps:

F:Zp→Zp , F~x!5vx1~xp2x!h~x!, uvup51, ~4!

whereh(x) is a polynomial overZp .
In Sec. II we compute the linear transit time~Proposition

2.1!, and determine sufficient conditions on the multiplie
for the occurrence of a maximal Siegel disc~Proposition
2.2!. In Sec. III, we discuss the phenomenon of lifting
periodic orbits, and the occurrence of a full tessellation ofZp

into discs~Proposition 3.2!. This affords a polynomial-time
computation of the transit function.

We apply the above results to the family~4!, requiring
that it be invertible, and that it feature, besides the fixed po
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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851Chaos, Vol. 11, No. 4, 2001 p-adic motions
at the origin, a cycle of maximal period on the unit circ
surrounded by a disc of maximal size.@A ‘‘perturbative’’
model f (x)5v x1psh(x) could not achieve such a configu
ration, because, for any choice ofh(x), the cycle on the unit
circle has one-unit multiplier~see Sec. II!.# Using resultants,
we translate these requirements into conditions on the au
iary polynomialH(x)5v2h(x), prompting the study of the
polynomials of minimal degree that achieve maximal pe
ods. Based on experimental evidence, we conjecture
maximal period for all primes can be achieved with quadra
polynomialsH(x), while with a cubic polynomials one ca
also satisfy certain congruence conditions on multipli
~Sec. IV!. Finally, in Sec. V, we discuss the relevance
Cebotarev’s density theorem to the probability of occurre
of maximal periods.

Although in this article—for the sake of concret
ness—we mainly deal with a specific model, many of o
constructs are easily generalized. For instance, replacingZp

with one of its unramified extensions, and the finite fie
Z/pZ with the corresponding finite field extension, the ma
pings ~4! become

F~x!5vx1~xq2x!h~x!, q5pk,

wherek is the degree of the extension. Most of our resu
extend to this case with little or no modification.

We close with an open question: can nonregular disc
dynamics admit a smooth embedding in a system with z
metric entropy?~There is evidence of an affirmative answ
for nonsmooth embeddings, for instance in the dynamics
round-off errors.5,14!

II. p -ADIC DISCS

In what follows,p is an odd prime.
A disc in canonical form features in a linear mapf (x)

5v x, with multiplier vPZp on the unit circle:uvup51.
Arithmetically, this multiplier is aunit, that is, an invertible
element ofZp . The mapf is invertible on eachLn , and its
cycle structure is characterized by writing

vTÓ11psb, T5
p21

m
, ubup51, ~5!

andT is the multiplicative order ofv modulop, i.e.,

v tÓ1~mod p!, 1<t,T

~hencem dividesp21!, ands5s(vT)5v(vT21)>1. The
quantityvT is an example ofone-unit, that is, ap-adic num-
ber congruent to 1 modulop. The parameters is thelevelof
the one-unit. Whenm51, we say thatv is primitive; if, in
addition, s51, we say thatv is maximal. Primitive and
maximal multipliers generate the invertible elements mod
p andp2, respectively.

If aPZp has orderT(a)5p21, then for any unitz, the
congruenceat[z(modp) can be solved fortª loga(z); this
is thediscrete logarithmto the basea, which is determined
modulop21. It can be shown that

T~v!5
p21

gcd„log~v!,p21…
, ~6!
Downloaded 15 Jan 2002 to 128.250.6.243. Redistribution subject to AIP
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where the logarithm is computed with respect to an arbitr
base.

The p-adic logarithmis defined via the usual power se
ries

ln ~11z!5 (
k>1

~21!k11zk

k
, uzup,1; ~7!

its domain of definition consists of the one-units. The follo
ing estimate, valid forp odd anduzup,1,

vS ~21!k11zk

k D5k v~z!2v~k!>k2v~k!>k2 logp~k!>
k

2
,

~8!

shows that each term of the series~7! is a p-adic integer. So,
it makes sense to consider thep-adic logarithm modulopn,
whose computation requires no more than 2n terms in the
series~7!.

Proposition 2.1: Let p be an odd prime, and letv be a
unit in Zp . Then, for all n>1, the map x°vx(modpn) has
period function

T~x!5H 1, n<v~x!,

T, n2s<v~x!,n,

Tpn2v(x)2s, 0<v~x!,n2s,

~9!

where T and s are the parameters ofv. Furthermore, for
xÓy(modpn), let x85vT0x, where T0 is the smallest
non-negative integer such that x8[y(modp). If any of
the conditions

ux/yup51; ~10a!

log ~y/x!

gcd„log ~v!,p21…
PZ; ~10b!

s~y/x8!>s~vT!, ~10c!

is violated, we haveT(x,y)5`. Otherwise,

T~x,y!5T0~x,y!1T~v!•T1~x8,y!, ~11!

where

T0~x,y![
log ~y/x!

log ~v!
~modp21!,

~12!

T1~x8,y![
ln ~y/x8!

ln ~vT!
~modpn212v(x)!,

and T0 and T1 are the least non-negative residues for t
respective moduli.

The complexity of formula~11! is buried in the compu-
tation ofT0 andT, which is nonpolynomial in log (p); when
computing modulopn, this difficulty fades away asn be-
comes large, since the number of terms needed in the ex
sion of thep-adic logarithm isO(n), from ~8! and ~12!.

The periodicities of the reduced systemsLn are uniquely
determined by the multiplier’s parametersT ands. Specifi-
cally, the invariant circlev(x)5k decomposes intom5(p
21)/T orbits, with common periodT(x). The longest cycles
lie on the unit circle@v(x)50#, with maximal period occur-
ring whenv is maximal, when thep-adic orbit throughx0
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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fills densely the circleuxu5ux0u. If the multiplier is not maxi-
mal, then every circle decomposes into~the closure of! fi-
nitely many orbits.

Proof: Formula~9! follows readily from the estimate o
recurrence distance

vTpi
x2x5x „ps1 ib1O~p2s1 i !….

Now, if ~10a! is false, thenx and y belong to different
circles, soT(x,y)5`. If ~10a! is true, but~10b! is false, then
x andy belong to the same circle, but are on different orb
so the transit time is again infinite. Finally, if~10a! and~10b!
are true, then the multivaluedness of the discrete logari
can be used to makeT0 non-negative, integral, and minima
Furthermore,y/x8 and h5vT are one-units. If condition
~10c! is false, then the equationhu5y/x8 has no solution
uPZp ~i.e., y/x8 does not belong to theZp-module gener-
ated byh!, and thereforeT(x,y)5`.

Assume now that all conditions~10! are true. Then all
logarithms are defined, and the ratio ofp-adic logarithms in
~12! is in Zp due to~10c!. @From the remarks following the
estimate~8!, it then follows thatT1 can be computed ap
proximately using finite logarithmic expansions.# Thus, with
reference to Eq.~11! we have, inZp ,

vTx5hT 1vT0x5hT1x85y.

Finally, the moduli in~12! are determined by the fact that th
original congruencevTx[y(modpn), upon division by
pv(x), becomes a congruence involving units modu
pn2v(x), which are the direct product of two cyclic groups
orderp21, andpn2v(x)21 respectively. h

Suppose nowf (x)5vx1O(x2) has coefficients inZp .
Then we haveuO(x)up<uxup and, sinceuvup51, we find

u f ~x!up5uxupuv1O~x!up5uxup , uxup,1, ~13!

that is, all circles of radius less than unity are invariant un
f . So, if the circle uxup5r belongs to the Siegel disc, it
period onLn can be computed from that of the linear m
@Eq. ~9!#. It is therefore important to estimate the size of t
disc. We do this with the benefit of the following theorem

Theorem 1: ~cf. Ref. 17, theorem 3.1! Let f(x)5vx
1O(x2) be a power series with coefficients inZp , with p
odd, and T and s,` given by (5). Then f(x) is semi-
conjugate to its linear part, i.e., it satisfies (3) forf defined
in the domain

v~x!.
1

T S s1
1

p21D .

We call the region of semi-conjugacy asemi-disc, whereas
the term disc will refer to the full conjugacy. Becau
f8(0)Þ0, the disc has nonzero radius~theorem 27.5 of Ref.
20!, but disc and semi-disc do not necessarily coincide, a
the case of endomorphisms of formal groups, wheref van-
ishes within the semi-disc.16 Note that the conditions,kT is
equivalent to the statement that the semi-disc~3! contains the
closed discuxup<p2k. In particular, whens,T, the semi-
disc includes themaximal ideal$x:v(x)>1%.

The main unresolved issue concerns the radius of
disc. We address it in the limited context of maximal mul
pliers.
Downloaded 15 Jan 2002 to 128.250.6.243. Redistribution subject to AIP
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Proposition 2.2: For odd p, let f(x)5vx1O(x2) be a
power series overZp , with maximal multiplierv. Then the
Siegel disc includes the closed disc pZp , and this conjugacy
restricts to a conjugacy modulo pn, for all positive n.

Proof: From Theorem 1, withT5p21, s51, and p
.2, we have that the semi-disc contains the regionv(x)
>1. We choose the conjugacy function so thatf8(0)51, or

f~x!5x~11c2x1c3x21c4x31¯ !. ~14!

The recursion relation for the coefficients has the form

c151; v~vk2121!ck5 (
t51

k21

ctLt , k.1,

where Lt is a polynomial inv with coefficients inZp . It
follows that, for k>2, the coefficientck is the ratio of a
p-adic integer and the ‘‘small denominator’’Dk5) t51

k21(v t

21).16,17 For v(x)>1, and recalling thatv(xy)5v(x)
1v(y), we find

v~ckx
k21!5v~ck!1~k21!v~x!

> 2v~Dk!1k215k212 (
t51

k21

v~v t21!.

Defining

N5 b k21

p21 c, h5vp21,

we find @cf. Eq. ~5!#

(
t51

k21

v~v t21!5(
t51

N

v~h t21!

5(
t51

N Fv~p!1vS h t21

p D G
5N1(

t51

` b N

ptc < N1(
t51

`
N

pt 5N
p

p21
.

We obtain

v~ckx
k21!> k212 b k21

p21 c p

p21
, k>1. ~15!

Now for v(x)>1 andk>2, the above givesv(ckx
k21)>1.

Furthermore, Eq.~14! gives

f~x!2f~y!5~x2y!F11 (
k>2

ck Qk~x,y!G ,
Qk~x,y!5 (

l 50

k21

xlyk2 l 21,

where v„Qk(x,y)…>(k21)•min„v(x),v(y)…. Therefore, if
v(x),v(y)>1 and k>2, then v„ck Qk(x,y)…>1, hence
uf(x)2f(y)up5ux2yup , i.e., on pZp , f is an isometry
which leaves every circlev(x)5const invariant. In particu-
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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lar, f is injective on pZp , hence invertible. The same
clearly true on each finite setLn , wheref acts as a permu
tation of each finite circle. h

We remark that using the procedure developed in R
16, one can also construct a weaker~topological! conjugacy
betweenf T and any linear mapx°v̄T x, where the multi-
plier v̄ is a unit with the same parameters asv. Such con-
jugacy, which exists by virtue of the fact that the two syste
have the same period structure on eachLn , is C`, except
possibly at the origin, where it is only continuous. If th
multipliers coincide, then the conjugacy becomes differ
tiable at the origin, with unit derivative.

As an example of failure of conjugacy in polynomi
maps of the form~4!, let F(x)58x1(x32x)x2; we have
T52, ands52, hencev(r )5 5

4.1. The circlev(x)51 lies
outside the semi-disc; one verifies that fork>4, the cycle
lengths ofF(x) and its linearization differ modulo 3k.

III. LIFTING

The construction ofp-adic periodic points rests o
Hensel’s lemma, which, in the formulation relevant to u
states that iff (x) is a polynomial overZp with a root a
modulop, and if f 8(a)Ó0(modp), then f (x) has a roota
PZp , such that a[a(modp). The condition f 8(a)
Ó0(modp) may be replaced with the weakeru f (a)up

,u f 8(a)up
2 ~Ref. 8, Sec. 3.4!.

The periodic points of essential periodT of a polynomial
f (x) are the roots of the polynomial21–24

FT~x!5)
duT

„f d~x!2x…m(T/d), ~16!

wherem is the Möbius function~Ref. 25, Chap. 2!. ~Essential
period is minimal period, except, possibly, at bifurcation.26!
If FT(x) has a roota modulop, then, by Hensel’s lemma, i
also has aT-cycle containinga5a1O(p)PZp , provided
that FT8(a)Ó0(modp). The vanishing of the derivative sig
nals the fact thata is p-adically close to a bifurcational state
in which case the lifting of the cycle modulop may or may
not take place, and the period may differ from the minim
period. We define the multiplierl(x) of a ~not necessarily
minimal! T-cycle atx as

l~x!5~ f T!8~x!5 )
t50

T21

f 8„f t~x!…. ~17!

If FT(x) has a multiple root ata, thenl(a)51, since the
bifurcation involves a collision of orbits of period dividin
T.26 Thus asufficientcondition for aT-cycle containingx
[a(modp) to lift is that l(a)Ó1(modp), that is, thatl is
not aone-unit. The liftedT-cyclea5a1O(p)PZp may be
computed via thep-adic Newton’s iteration

x ° x2
FT~x!

FT8~x!
, ~18!

with initial conditions x5a, which, like its Archimedean
counterpart, is superconvergent~Ref. 27, Sec. 2.2!. Formula
Downloaded 15 Jan 2002 to 128.250.6.243. Redistribution subject to AIP
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~18! is useful for computation only whenT is small. For
largeT or p, the recursive solution off T(x)[x(modpk) is
more effective.

Our next result provides sufficient conditions, which c
be tested modulop, for f (x) to be a permutation modulopn

for all n.
Lemma 3.1: Let f(x) be a power series overZp which is

a permutation modulo p, and let f8(x) have no roots modulo
p. Then f(x) is a permutation modulo pn, for all n>1.

Proof: Suppose not. Then there exista,bPZp and n
PN such thataÓb(modpn) and f (a)[ f (b)(modpn). As
the latter property implies thatf (a)[ f (b)(modp), we must
have a[b(modp), lest f (x) would not be a permutation
modulo p. Thus ua2bup5p2k for somek with 1<k,n.
But then

f ~a!2 f ~b!5 f 8~b!~a2b!1O„~a2b!2
…

5~a2b!„f 8~b!1O~a2b!…

giving

1

pk 5u f ~a!2 f ~b!up<
1

pn ,

which is impossible, sincek,n. h

From this result, Proposition 2.2, and the previous co
siderations on lifting, we have

Proposition 3.2: Let f(x) be a power series with coeffi
cients in Zp , which restricts to a permutation modulo p,
with maximal multipliers. ThenZp decomposes into p Siege
discs of radius1/p.

For these systems, knowledge of the basic cycles, an
the conjugacy functionf, translates into polynomial-time
computation of the entire phase space structure. Note tha
number of terms needed to evaluatefn is O(n), from ~15!.

In the rest of the article, we specialize our analysis to
polynomial family defined in Eq.~4!. The derivative ofF(x)
is given by

F8~x!5v1~xp2x!h8~x!1~p xp2121!h~x!. ~19!

Introducing the auxiliary polynomial

H~x!5v2h~x!5a01a1x1¯1anxn, ~20!

we see that

F~x![vx~modp!, F8~x![H~x!~modp!, ~21!

where the left congruence follows from Fermat’s theore
xp[x(modp) for all x.

Without loss of generality, we shall require that the mu
tiplier of the fixed point at zero be unaffected by the nonl
ear terms, that is,

F8~0!5v ⇔ H~0!5v, ~22!

which also ensures thatF leaves each circle around the or
gin invariant, as easily verified@cf. Eq. ~13!#.

By Lemma 3.1 and Eq.~21!, we have that, if

H~x!Ó0~modp!, x51,...,p21, ~23!
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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thenF8(x) has no roots modulop, henceF(x) is a permu-
tation polynomial modulopk for all k, with a fixed point at
the origin. Becausexp2121[)k51

p21(x2k)(modp), the con-
dition ~23! is seen to be equivalent to

gcd„xp2121,H~x!…51, ~24!

which can be verified in polynomial time with Euclid’s algo
rithm. We remark that Eq.~24! is an equation overZ/pZ.

Now, for the members of the family~4!, by construction,
the function FT(x) vanishes identically modulop for all
nonzerox, its roots accounting form T-cycles, wherem and
T are related by~5!. From Eqs.~17! and~21!, we see that if
~24! is satisfied, each such cycle lifts to ap-adic cycle pro-
vided thatl is not a one-unit. The latter condition is writte
as

l~x![ )
t50

T21

H~v tx!Ó1~modp!, uxup51.

The simplest situation occurs when the multipliers a
maximal, hence neither one-units nor roots of unity. Then
cycles can be lifted, and are surrounded by discs, which c
stitute a tessellation ofZp , from Proposition 3.2. This con
figuration could be regarded as thep-adic equivalent of a
nonlinear resonance~Fig. 1!. It remains to show that the
conditions on multipliers can actually be achieved for a s
cific polynomial H(x). We shall deal with this problem in
Sec. IV.

The requirement that the multiplier is not a one-unit
not redundant. The next result identifies circumstances
which this phenomenon leads to failure of lifting.

Proposition 3.3: Let F(x) be given by (4), and le
F8(0)5v be a one-unit of level 1@so that F(x)
[x(modp), identically#. If, for some aÓ0(modp), F 8(a)
is a one-unit, then the fixed point x[a(modp) does not lift.

One example is given byF(x)5(11p)x1(xp2x)px.
Proof: Let v511pb, where ubup51. Then F1(a)

5F(a)2a[0(modp), andF18(a)5l(a)215psg, where
g is a unit. We attempt to find a unitd such thata1pd is a
fixed point modulop2. We have

F1~a1pd!5F1~a!1F18~a!pd1O~p2!

5pb a1h~a!~ap2a!1O~p2!

5a@ pb1h~a!~ap2121!#1O~p2!.

Since, by assumption,uaup51, for the fixed point to exist,
the quantity in square brackets must beO(p2).

Now, the equationF18(a)5psg reads

pb1h8~a!~ap2a!1h~a!~pap2121!5psg,

giving h(a)5O(p), and sinceap21215O(p) ~a is non-
zero modulop! we have

F1~a1pd!5apb1O~p2!

and the fixed point modulop2 does not exist. h

We conclude this section with a remark on resonance
the multiplierv approaches a (p21)th root of unity, corre-
sponding tos→` in Eq. ~5!, so do all points of theT-cycles
Downloaded 15 Jan 2002 to 128.250.6.243. Redistribution subject to AIP
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on the unit circle. Indeed letj,j8 be (p21)th roots of unity,
and letv5j1ps. Then, sincej8 is a root ofxp2x, we find
that, for any choice ofh(x)

F~j8!5jj81O~ps!.

Becausejj8 is also a (p21)th root of unity, we obtain the
desired result by lettings→`, which also causes the size o
the disc at the origin to shrink to zero. LettingF(x)5jx
1O(x2), one finds~for TÞ1! FT(x)5x1O(x3), but the
details of the motions at resonance require further study.

IV. MULTIPLIERS

We turn to the problem of identifying maximal multipli
ers, which requires computation modulop2. Clearly, one
must first check primitivity modulop. We thus consider the
mapping~4!, with v primitive, and compute modulop the
multiplier l of the (p21)-cycle on the unit circle.

Equations~17! and ~21! give

l~x![„Fp21~x!…85 )
k51

p21

H~k!~modp!, ~25!

where the right-hand side depends onH only, and not onx.
The product~25! is taken over all roots of the polynomia
xp2121 modulop, hence

l[Res„xp2121,H~x!…~modp!, ~26!

where Res denotes the resultant~Ref. 28, p. 36!. The com-
putation of the resultant, as a determinant, is no faster t
the evaluation of the product~25!. However, Eq.~26! leads
to useful formulas.

Let H(x) be specified by~20! and~22!, and leta1 ,...,an

be the roots ofH(x) in some extension ofFp , the field with
p elements. Sincep21 is even, we have from the propertie
of the resultant

l[Res„H~x!,xp2121…[an
p21)

i 51

n

~a i
p2121!

[)
i 51

n

~a i
p2121!~modp!. ~27!

In the case in whichh(x)5axn is a monomial, we have
H(x)5v2axn, and the roots ofH(x) are a i5z ia, where
a5nAv/a is a root ofH(x) and z is an nth root of unity.
From Eq.~27! one finds

l[„~v/a!(p21)/d21…d~modp!, d5gcd~n,p21!.

If d.1, thenl is a dth power, henceT(l) is a divisor of
(p21)/d, and l is not primitive; if d51, then l
[0(modp) is again not primitive. In either case, one cann
achieve primitivity, hence maximality.

Beyond monomials, the obvious case is whenH(x) is
irreducible overFp . The Galois groupFpn:Fp is cyclic, and
is generated by the Frobenius automorphisms: x°xp ~Ref.
28, p. 75!. We order the roots ofH(x) in such a way that
s(a i)5a i 11 , with i a cyclic index. From Eq.~27! we obtain
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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l[)
i 51

n a i
p2a i

a i
[

an

v )
i 51

n

~a i
p2a i !

[
an

v )
i 51

n

~a i 112a i !~modp!. ~28!

If H(x)5)kHk(x) is not irreducible@with factorsHk(x) of
degreenk>2, for invertibility#, the above formula is gener
alized by ordering the rootsa i

(k) of each factorHk(x), giving

l[
an

v )
k

)
i 51

nk

~a i 11
(k) 2a i

(k)!~modp!.

If H(x) is quadratic or cubic@or if all its factorsHk(x)
are#, the quantityl is connected to its discriminantD, given
by ~Ref. 28, p. 35!

D~H !5an
2n22 )

1< i , j <n
~a i2a j !

2. ~29!

WhenH(x) is quadratic and irreducible modulop, we find,
from ~28! and ~29!,

l[
a2

v
~a22a1!~a12a2!52

D

va2
~modp!. ~30!

Similarly, whenH(x) is cubic and irreducible modulop, we
have

l[
a3

v
~a22a1!~a32a2!~a12a3!56

AD

va3
~modp!. ~31!

Note that in the above formulaD is a square, from Stickel
berger’s theorem~Ref. 18, p. 351!. In this case there remain
a sign ambiguity. Now, ifp[1(mod 4), thenl is primitive if
and only if 2l is, so knowledge of the sign is unimporta
to primitivity. On the other hand, ifp[3(mod 4), then ifl
is primitive 2l is not, so the sign matters, and formula~31!
provides less information.

The importance of quadratic and cubic auxiliary polyn
mials is clarified by the following conjectures.

Conjecture 1: For every maximalv andl, there exists a
cubic polynomial H(x)PZ@x#, such that F(x) of (4) has a
(p21)-cycle on the unit circle, with multiplierl*
[l(modp2).

It should be clear thatlÞl* , in general. If one merely
requires thatl be an unspecified primitive element, one h
the following alternative.

Conjecture 2: For every maximalv, there exists a qua-
dratic polynomial H(x)PZ@x# such that the multiplierl of
the (p21)-cycle of F(x) is also maximal.

These conjectures are supported by numerical evide
obtained by calculatingl(x)5) t51

p21H„Ft(x)…(modp2) for x
such thatFp21(x)[x(modp2). Conjecture 1 has been ver
fied for every (v, l) combination withv andl both maxi-
mal for p<17. Conjecture 2 has been verified for eve
maximalv for p<29.

In the next section, we show that the families of polyn
mials of the above conjectures are necessarily infinite.

V. DENSITY AND HEURISTIC ESTIMATES

Let us consider the factorization modulop of an irreduc-
ible polynomialH(x)PZ@x#:
Downloaded 15 Jan 2002 to 128.250.6.243. Redistribution subject to AIP
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H~x![H1~x!¯Hr~x!~modp!.

For all but finitely many primes@the divisors of the discrimi-
nant of H(x), which are excluded from consideration#, the
factorsHk(x) are distinct. Ifn is the degree ofH(x), andnk

that of Hk(x), the above factorization corresponds to t
additive partitionn5n11¯1nr . Let p(t) be the number
of primes<t, and letA(n1 ,...,nr ,t) be the number of times
such a partition occurs among these primes. The Cebot
density theorem states that the limit

lim
t→`

A~n1 ,...,nr ,t !

p~ t !
~32!

exists, and is equal to the frequency of occurrence of
permutations in the Galois group ofH(x), whose cycle de-
composition hasnk as cycle lengths.19 In particular, the limit
~32! is a rational number whose denominator dividesn!. The
function sending primes to elements of the Galois group
called theArtin map.29

An application of the above theorem will result from th
following.

Lemma 5.1: LetF be a family of polynomials overZ,
with the property that, for almost all primes p, at least one
member ofF has no roots modulo p. ThenF is infinite.

The term ‘‘almost all’’ disregards sets of zero density.
Proof: Assume thatF is finite. Then the roots of all

polynomials inF generate a finite Galois extensionK:Q.
The set of primesp that split completely inK is mapped
under the Artin map to the identity of the Galois group, an
hence, from Cebotarev’s theorem, its density is no sma
than 1/n!, wheren is the degree ofK:Q. Now, if p splits
completely inK, it also splits completely in every subfiel
~Ref. 30, p. 105!, and so for such primesall polynomials in
F split completely modulop, contrary to the assumption. S
F is infinite. h

Let now F be a set ofH(x)-polynomials. IfF is finite,
then, for a set of primes of positive density, condition~24!
will be violated for all elements ofF, making the multipliers
of all corresponding mappingsF(x) vanish modulop, and,
in particular, making them nonmaximal. Thus, if conjectur
1 and 2 are true, the corresponding families ofH(x)-
polynomials are necessarily infinite.

In the following example, we combine Cebotarev’s the
rem, arithmetical considerations, and some heuristic assu
tions to estimate the probability of occurrence of maxim
multipliers. We consider the map

F~x!52x2~xp2x!~x1x2!.

The multiplierv52 is square-free inZ, and is not a root of
unity, and so it is a candidate for maximality for any od
prime p. With reference to Eqs.~20! and ~30!, we find

H~x!521x1x2, D527, l[ 7
2~modp!, ~33!

where the right expression holds wheneverH(x) is irreduc-
ible modulop. Sol is also a candidate for maximality. Now
the Galois group ofH(x) is C2 , giving two partitions 2
5111 and 252, corresponding toH(x) being reducible
and irreducible, respectively, and each event has densit1

2,
from Cebotarev’s theorem. More precisely, using quadra
reciprocity, we find that H(x) is irreducible when p
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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[3,5,6(mod 7). Assuming the validity of the generaliz
Riemann hypothesis, the probability that a square-free i
ger be primitive modulop is given by Artin’s constant31

A5)
p

S 12
1

p~p21! D50.373 9558... .

~Artin’s constant has appeared in the dynamics literature
related contexts.32,33! If we assume thatA also describes the
probability of primitivity for the primes in the given arith
metic progressions, and that the order ofv and l are inde-
pendent, then the probability that bothv andl are primitive
re
b
n
or
of
d

b
n
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e
l
s
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is estimated asA 2/2.0.070. Now, the probability that a
primitive multiplier be nonmaximal is 1/p ~there arep
choices for its second digit, and only one is nonmaxima!,
which for largep can be neglected. So the above estim
can be taken as the probability of occurrence of two maxim
multipliers.

Let C be the set of primes for whichH(x) in Eq. ~33! has
no roots modulop @i.e., p[3,5,6(mod 7)#, and letPa be the
set of primes for whicha is a primitive element. The follow-
ing table displays densities of various sets, computed w
the first 107 primes.
14
C Pv Pl PvùPl PvùC PlùC PvùPlùC
0.500 012 0.373 985 0.374 038 0.147 402 0.383 098 0.383 193 0.077
u-

ap-

.

a-

an

ry

J.

in

a

of

ry

,

al
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The Cebotarev and Artin frequencies for bothv and l
~the first three columns! agree with their limit value, within
four decimal digits. Taking this as the accuracy of the
maining data, we see from the last column that the proba
ity that l andv are both primitive is some 10% higher tha
estimated. This discrepancy can be attributed to two fact
First, the presence of correlations between the ordersl
and v. The probability of both being primitive compute
over all primes should beA 250.139 84 . . . , while column
4 gives a higher figure. Second, primitivity appears to
more frequent inC than in the set of all primes, which is see
by comparing columns 2 and 3 with columns 5 and 6,
spectively.

To derive a similar estimate for an irreducible polyn
mial H(x) of higher degree, one requires information on
Galois groupG. Specifically, the density12 appearing in the
quadratic case is to be replaced by the density of the fix
point-free elements inG. For a ‘‘randomly chosen’’ integra
polynomial H(x) of degreen, we can expect the Galoi
group to be the symmetric groupSn , whose fixed-point-free
elements have density~Ref. 34, Sec. 6.7!

(
k50

n
~21!k

k!
→ 1

e
,

giving the rough estimateA 2/e for the probability of maxi-
mal multipliers, when the degree ofH(x) is sufficiently
large.
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