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Abstract. Using a special form of Ulam’s method, we estimate the measure-theoretic entropy of
atriple(M, T, ), whereM is a smooth manifold]" is aC1* uniformly hyperbolic map, ang

is the unique physical measure®f With a few additional calculations, we also obtain numerical
estimates of (i) the physical measwrg(ii) the Lyapunov exponents af with respect tqu, (iii) the

rate of decay of correlations foT’, ) with respect ta”? test functions, and (iv) the rate of escape
(for repellors). Four main situations are considergds everywhere expanding, is everywhere
hyperbolic (Anosov)T is hyperbolic on an attracting invariant set (axiom A attractor), Arid
hyperbolic on a non-attracting invariant set (axiom A non-attractor/repellor).

AMS classification scheme numbers: 28D20, 41A25, 58F11, 58F19

1. Introduction

We present a new rigorous result concerning the calculation of metric entropy of a smooth
hyperbolic dynamical systeffi : M =, on a compact Riemannian manifald. The main
difference between our method and current methods is the way in which the information to
compute the estimates is gathered. In contrast to standard techniques which obtain all of their
information from a single long orbit of the system, we use single-step dynamical information
from all regions of phase space.

The matrix construction that we use in our approximation automatically provides us with
a rigorous estimate of the Sinai—-Bowen—Ruelle (SBR) or ‘physical’ measofehe system,
and it is with respect to this measure that the metric entropy is calculated. The metric entropy
of (T, w) is intimately linked with the Lyapunov exponents @f, 1), and we show that the
sum of the positive Lyapunov exponents @f, n) may also be simply obtained from our
construction.

In non-repelling systems, these are the Lyapunov exponents that are theoretically observed
by following the orbits of almost all starting points in phase space. In repelling systems, we
are also able to simply calculate the rate of escape (or pressure) of the system as an eigenvalue
of our transition matrix. Bounds for the mixing rates (or rate of decay of correlations) of the
systems are also easily computed as eigenvalues of our transition matrices. Convergence rates
of our estimates to the true values are given.
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2. Background definitions

Measure-theoretic (or metric) entropy is one of the most important indicators in dynamical
systems, yet is also one of the most difficult to calculate. The difficulty arises from the nature
of its definition. LetM be a compact Riemannian manifold, afid: M © be aC* map

with Holder continuous derivative. In order to speak of the metric entrof, afie require

a reference probability measure, invariant under the transformatidtegarding our system

(M, T) as a generator of information, it is the reference measuhat distributes weight over

the phase spac#, and tells one how much information is generated from different regions
of space. As we are after rigorous results, we shall be restricting ourselves to a situation
whereT has a unique reference measuré¢hat is generally considered to be the ‘physical’

or ‘natural’ measure of the systeW, T)). This distinguished measure (the SBR measure),
has the property that for the orbits bébesguealmost all starting points € M distribute
themselves oved according tou. Formally,

142 K
i ZST,XWE—EL yu ask — oo for Lebesgue almost all € M. Q)
i=0

To assure the existence of an SBR measure, we supposE tha&ither expanding, Anosov,
or axiom A (see [1, 15]).
The entropy ofl" with respect tqu, denoted:, (T) is defined by

1
ho(Ty=  sup lim = 3 u(A)logu(A), (2)
p a finite partition™~>° V' A=y

where3; Vv B, denotes the join of two partitiori8; ands3,.

3. Outline of our approximation method

LetB, = {A,1, ..., An,} be aMarkov partition of the systeW, T, ). This statement will
mean something slightly different for each of the four types of systems we are considering,
namely, (i) expanding maps, (ii) Anosov maps, (iii) axiom A maps (attractors), and (iv) axiom A
maps (non-attractors). In cases (i)—(iii), we construct a stochastic matrix of the form:

m(An,,- n TﬁlAn’j) (3)
m(Ap,i) ’

wherem is the natural Riemannian volume measure on the maniféld This matrix is

a generalization to higher dimensions of a construction first put forward by Ulam¥ [17] as

a computational method of approximating the absolutely continuous invariant measures of
expanding interval maps. The idea is that one computes the (assumed unique) left eigenvector
p» Of unit eigenvalue ofP,, and defines a measure oh by simply spreading weighg,, ;

evenly over each set, ;; that is,

- AN An.i
mn(A) = le % *DPnii- 4)

Pn,ij =

The author has shown [7] that in the present sefting> « weakly, whereu = psgg. In this

paper, we go on to show that this convergence is in fact strong convergence in some situations
and derive rates of convergence. It is also shown that with only a little extra work, one may
use the matrixP, to compute the entropy and the sum of the positive Lyapunov exponents of

T Ulam proposed an equipartition &f = [0, 1] into subintervals, rather than a Markov partition.
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the maps described abowdth respect to the SBR measuf@rder of convergence results are
stated in all cases.

Our approach is as follows. By using the relative volumes of intersection of the Markov
partition sets (and in the Anosov and axiom A cases, the relative lengths of intersection of
the unstable sides of the Markov partition sets are sometimes used), we obtain an estimate of
the functionsp™ (x) = —log| detD, T| (expanding case) angi*’ (x) = — log| detD, T}z |
(Anosov and axiom A cases). We use the fact that the SBR measuregudibrium state
[1, 15] for the weight functio® ™, to computeusgr. Our approximatioip, of the functionp®™
may itself be integrated with respect to the approximate SBR megasuegive an estimate
of — fM log|detD, Tig«| dusgr, Which is the sum of the positive Lyapunov exponents with
respect to the SBR measure. In the expanding, Anosov, and axiom A attractor situations this
is equal to the metric entropy of", usgr) by the Pesin formula (see [11], for example). In
the non-attracting situation, we use a result connecting the pressure, entropy, and Lyapunov
exponents [1].

4. Types of maps considered

In this section, we detail the four types of maps that our results will apply to. The structure of
the invariant sets and the SBR measures for these maps are slightly different in each case.

4.1. Expanding

The map. T : M © is C** map of a compaci-dimensional Riemannian manifold with
the property that there isia> 0 such that| D, T*(v)|| > ||v| forall x € M andv € T, M.

The SBR measure.One is guaranteed a unique absolutely continuous invariant probability
measure, the density of which i€ and strictly positive (see theorem I11.1.1 in R&a[11] for
example). Itis this absolutely continuous measure which is the analogue of the SBR measure,
asu satisfies equation (1).

4.2. Anosov

The map. T : M O is a transitiveC** (0 < y < 1) Anosov (uniformly hyperbolic ord/)
diffeomorphism of a compact two-dimensional Riemannian maniféld

The SBR measure.One is guaranteed a unique invariant probability meagisatisfying (1)
(see [1,11], for example). For our purposes, there are two types of measures satisfying (1):
those that are equivalent to Lebesgue and those that are not. If

detD, T? = 1forallx € M such thatx = T"x, (5)

thenT has an absolutely continuous invariant measure; if (5) does not hold uth&mot
absolutely continuous [1].

Remark 4.1. SBR measures satisfy three main properties:
(i) A set of points of full Lebesgue measureih exhibit the SBR measure: property (1).
(i) The expressiom, (T) + [,, —log| detD, Tz« | dv(x) (v varying over the space of all
T-invariant probability measure$t(M, T)) attains its maximum value (called tipeessure
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P(T)) atv = u, the SBR measure. Sometimess called arequilibrium stateor the function
o™ = —log | detD, Tjg:|.

(iii) The conditional measures of the SBR measure along unstable directions are absolutely
continuous with respect to Lebesgue measure.

(See theorems I11.2.3 and the proof of 1V.14.1 of [11] for the existence and uniqueness of
a measure: with these properties.)

4.3. Axiom A attractor

The map. Let M be a smooth compact two-dimensional Riemannian manitéld; M an
open subset] : U — M a transitiveC? diffeomorphism ontol'(U), andA c U be a
compactr -invariant hyperbolic setA is said to be docally maximal hyperbolic seir abasic
setif in addition, A arises asA := (., T*V for some open neighbourhodd of A. In
this section, we will assume that in faat:= (), T¥V: we will then call A anaxiom A
attractor. Typically, A is locally the product of an interval with a Cantor set.

The SBR measure.There is a unique measuge(the SBR measure) satisfying the properties
(i)—(iii) of remark 4.1 (see [15]). This measure is singular with respect to (two-dimensional)
Lebesgue measure, while its conditional measures in the unstable directions are absolutely
continuous with respect to (one-dimensional) Lebesgue.

4.4. Axiom A non-attractor

The map. The setting is the same as in section 4.3, exceptthat (), T*V (inverse
iterates are required). The invariant gets not attracting, and is locally the product of two
one-dimensional Cantor sets.

The SBR measure.In the non-attracting situation, there is strictly no SBR measure. That is,
there is no measure that satisfies property (L\(&sanon-attractinghyperbolic set) and there

is no invariant measure that has absolutely continuous conditional measures along unstable
directions (as any such measure must be supported on a set that is locally the product of two
Cantor sets). Thus, no form of the Pesin formula holds for such measures, and we cannot
simply equate Lyapunov exponents and metric entropy as before. There is, however, a notion
which links the two. Consider an open neighbourhdbdf A, and the rate of decrease in

volume of the seE; := {x : x, Tx, ..., T¥x € V}. Itis known (proposition 4.8 [1]) that
kILmoo % logm(Ey) = P(T), (6)
where
P(T)= sup {hU(T) +/ »™ dv} 7)
veM(A,T) A

is the pressure df as mentioned in remark 4.1 (ii). Sometiméé’e is called theescape rate
for the system. In the non-attracting situation, one still obtains a uréquéibrium stateu’

for the weight functionp™; that is, an invariant probability measusé that maximizes the
r.h.s. of (7). We shall describe a method of estimati@) and [, ¢ du’ (the sum of the
positive Lyapunov exponents with respectit9 and then calculaté,, (T') from (7). While

the equilibrium state.’ does not satisfy properties (i) and (iii) of remark 4.1, it is the natural
analogue of an SBR measure for these sorts of systems.
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5. Statement of results

We begin by giving a suitable definition of a Markov partition.

Definition 5.1. A collection of sets3 = {A4, ..., A, } is called aMarkov partitionof (M, T)
if:

(i) For Anosov and axiom A maps, eadh is diffeomorphic to a closed unit square, with
one pair of opposing sides denotédd; and the other pair of opposing sides dendied; .
For expanding maps, eaeh is diffeomorphic to a closed-dimensional unit cube.

(i) Int(A;) NInt(A;) =@ if i # j.

(iii) For expanding and Anosov maps¥ = [J/_; A;, while for axiom A maps,
AcU/_;A;andANInt(A) #0,i=1,...,n.

(iv) In the Anosov and axiom A cases, the element$dfansform as

@ T0:A) c Uj_1 0.4,
(b) T_l(auAi) C U;=1 auAjv

while in the expanding case, one Hag4,) = | J*

J
Remark 5.2. We have restricted ourselves to systems in two dimensions in the hyperbolic
situations. The reason for this is that one is guaranteed to obtain Markov partition sets with
smooth boundaries formed by segments of stable and unstable manifold. In dimensions three
or higher, one may not even be able to define a length or area of a boundary of a Markov
partition set. For example, l&t : T¢ 5 be a hyperbolic toral automorphism defined by
x — Lx (mod 1), wherel is ad x d integral hyperbolic matrix withdetL| = 1. Cawley [3]
shows that the only suchi possessing a Markov partition with piecewise smooth boundary
are those for which there is an integer> 0 such thatL™ is conjugate over the rationals
to a block diagonal matri><LL,-)fif1 where each; is a 2x 2 integral hyperbolic matrix with
|detL;| = 1 (T is homomorphic to a direct product of toral automorphism&én

However, for systems in higher dimensions for which it is known that suitable ‘box-like’
Markov partitions exist (see example 6.3), the techniques described here carry over easily.

_1 A;;, for someiy, ..., ir.

Recall that one may refine an initial partiti@hby taking joins with forward and inverse
iterates off" to form
N

BV =\ T'p. (8)

i=—

In the expanding case, it is sufficient to only take joins with inverse iterates.

Theorem 5.3 (main result).Let M be a compact two-dimensional (respl-dimensional)
Riemannian manifold, an@ be a transitiveC?> Anosov or axiom A diffeomorphism (resp.
expanding map). Denote the SBR measur& diy 1, the Lyapunov exponents o1, i) by
M(w),i =1,...,r,the metric entropy by, (T), and the pressure b§(T). Let{B,},2,, be
a sequence of Markov partitions with the property that maxs, diamA, ; — 0 asn — oc.
Define a matrix

m(A,i N T A, ;) )
m(Ap, ;) ’

and letp, denote the largest non-negative eigenvalu@gfandv, denote the corresponding
right eigenvector. Fron®,,, v,, andg,, compute the stochastic matrix

Qn,ij =

Py = M (10)

ann,i
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and its (unique) fixed left eigenvectpy,.
(i) Asn — oo:
(a) The probability measures, : B(M) — [0, 1]
- m(An in A)
n(A) == ni t T > s 11
14, (A) ;p, A n (11)

strongly (resp. weakly), ifc is absolutely continuous with respect to Lebesgue measure (resp.
not absolutely continuous),

(b)
Ay 1= — Z Pn.iPaijl0g Qnij — Z A, (12)
ij=1 M (=0
(c)
hy =109, + A, = h,(T), (13)

(d) logo, — P(T),
(i) Define a norm on the space of Borel probability measuregily, = sup(/,, g dv :
llgllzr = 1, Lip(g) = 1}. If the Markov partitions are constructed as in (8), then:

(a)
wu absolutely continuous:  ||juy — w2t
w1 not absolutely continuouiey — |l

() AN — Zx"(u>>0 ()| = O((sIHM),
(©) |hy — hy(T)] = O((sZHM),
(d) [logey — P(T)| = O((sH™),
where 0< y; < 1,
ss. = max{1/( inf inf ID.T@)I/Iv]). supsupl DT W)/l

xeM veEy

}=m@ﬂx (14)

andEY andE are respectively the unstable and stable subspaaes af.

This theorem is proven in section 7. The weak convergencg,of—> u (without
information on the rate of convergence) was shown in [7]. Most of the spectral approximation
theory that we shall use in the proof of theorem 5.3 was developed in [8].

Remark 5.4.
() In all cases except the axiom A repellor, the matPjxis simply
m(Ant N TﬁlAn j) m(An j)
P, = : : = Yn,ij - -, 15
" m(A,;) Qi m(Ay,i) (15)

sincep,, = 1 andQ, may be brought to the stochastic matFxvia a similarity transformation.
This representation is now more transparently a generalization of the Ulam approximation.

(i) Sometimes it may be more convenient to measure lengths in unstable directions rather
than volumes. An alternative construction@f is as follows. LetA be an element of some
Markov partition, and defing (A) = length(d, A)/2; this is simply the average of the length
(as defined by the Riemannian metric) of the two connected curves that make up the unstable
sides of the partition set. Now put

Eu (An,i N T71A11,j)

Qn,i‘ =
! (Ay,j)

(16)
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Theorem 5.3 holds for this alternative definition @f,, as does the analogous version of
remark 5.4(i) above.

(iii) In the expanding or Anosov situationg, may by C'*7, where 0O< y < 1. The
constanty; appearing in theorem 5.3 must now satisfy0Q, < y.

(iv) In the expanding casey = 1/(inf cp infyerp | DT )|/ 110]]).

(v) The norm| - ||, generates the weak topology on the space of Borel probability measures
on M, while || - |1 generates the standard strong topology.

(vi) We have introduced an abuse of notation regarding the cardinality and indexing of the
partitions. If one has a sequence of Markov partitions whicmatéormed as a result of the
process (8), we use the subscripfor example,,, A,.i, Pu, Pns Un, hn, ¥n. If, hOwever, we
form a partition3" (with cardinalityn y) through the process (8), then for brevity, we denote
quantities aﬁ;N, ANJ', Py, pn, N, hy, YN .

(vii) Finally, we emphasize that the results of theorem 5.3 hold only for exact Markov
partitions. In practice, Markov partitions will often need to be constructed numerically, and if
there are small errors in the computed partition, the constructions of theorem 5.3 may produce
inaccurate results. Sometimes the errors may be dealt with in a case-by-case basis, as in
example 6.4, but we provide no general error analysis for estimates arising from approximate
Markov partitions.

6. Examples

6.1. Expanding

Example 6.1 (a bent baker’'s map).Our first example shall be@!*-P expanding map of the
circle, defined by

T(x)= 4T\/6x3 — 2/6x% + (2 + 2—?) X (mod 1.

Itis easily verified thal” : S* © is uniformly expanding with = (6++/6)/10 ~ 0.8449. The
graph ofT is shown in figure 14). Markov partitionsi3" were computedfov =0, 1, ..., 8,

and the associated transition matri@s Ps, . . ., Pg constructed using (15). The partitigi?

is superimposed on the graph Bfin figure 1@). Approximations of the physical invariant
measure: were obtained from the fixed left eigenvectgks p1, . . ., ps, and estimates of the
metric entropyh,, (T') with respect to the physical measyravere calculated using (12) and
(13). The approximation of the physical invariant measure computed Jgris shown in
figure 1), while the entropy estimates are displayed in table 1. Theorem 5.3 guarantees a
geometric convergence rate of the estimatgdo the true valué:, (7). However, as we do
not know the true value df,(T), we cannot evaluate the error at tN¢h step. To check this,
we instead compute the Cauchy valifeg.; — iy |. These necessarily converge at a geometric
rate no slower than the valugsy — &, (T)|. The Cauchy values are plotted on semilog axes
in figure 1¢). A power-law fit of the formhy.+1 — hx| = constantx (rate”¥ was performed,
yielding a value rate= 0.29. This value is less than= 0.8449, as prescribed by theorem 5.3.
Finally, as a quick check of the rate of decay of correlations of the sy&fem) with respect

to C* test functions, the spectrum of the mat®¥ was plotted in figure X). Clearly the
spectral values are inside the easy bound ot s.. = 0.8449 for the essential spectral radius
(see Ruelle [16]). From this, we conclude that it is likely that the sygtBru) possesses no
isolated eigenvalues outside the disk= 0.845, and a bound for the rate of decay (or mixing
rate) is 0.845; see [8] for details.
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Figure 1. (a) Graph of T with partition 32. (b) Graph of an approximation of the density
of the physical measurg (obtained fromPg). (c) Semilogarithmic graph of the Cauchy
values|hy+1 — hy| versusN. The dotted line is a power-law fit of the forfAy+1 — Ayx| =
constantx (rate)", where rate~ 0.29. (d) Plot of the spectrum oPg in the complex plane. Al
eigenvalues are clearly insidlg = s = 0.8449 (shown by the dotted circle).

Table 1. Entropy estimates.

Number of partition sets  Entropy estimate

N ny hn

0 2 0.645620
1 4 0.653711
2 8 0.649051
3 16 0.649819
4 32 0.649433
5 64 0.649492
6 128 0.649461
7 256 0.649 465
8 512 0.649463

6.2. Anosov

Example 6.2 (the cat map).A simple example of an Anosov map B : S x §to,
T(x,y) = (2x+y,x+y) (mod 1l). The SBR measure @f is two-dimensional Lebesgue
measure. Using a five-rectangle Markov partition of the torus (see [10], for example), we
construct a matrixPs as in (15). From this we compute that the approximation of the SBR
measureus, is simply normalized two-dimensional Lebesgue measure—exactly the right
answer becausg is linear.

As for the entropy and positive Lyapunov exponent with respect to the SBR measure,
we obtainis = As ~ 0.9624 = log 1/s from (12) and (13), where = 1/|detD, Tjz:| =
2/(3 ++/5) is the factor by which all of the rectangles are stretched in the unstable direction.
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Both s andis are the exact values, again becafiss linear.

The eigenvalues aPs are{0, 0, 0, s2, 1}, so an estimate of a bound for the rate of decay
with respect taC? test functions is maxY/?, s%/3} = s¥2 ~ 0.7256 (see [8]). Crawford and
Cary [4] show that in fact the rate is equalsto

This example is rather trivial and we do not consider it as a serious test of our methods.
Its inclusion it merely for illustrative purposes.

6.3. Axiom A attractor

Example 6.3 (the solenoid) An example of an axiom A attractor is the well known solenoid
attractor (or Smale attractorf) : S* x D? ©, defined by

T, x,y) = (20, x/4 +(COS 200) /2, y/4 + (Sin 276)/2).

The attractorh := (2, T*(S* x D?) is a connected set that is locally homeomorphic to the
product of an interval with a (two-dimensional) Cantor set; see section 7.7 of [14] for details.
A very simple Markov partition fors is P° = {[0, 1) x D? [}, 1) x D?}. As we refinel®,

we end up with" := \/__, T"° consisting of 2+ x 2V tubes of radiug$)" and length

approximately 2V*9 /1 + 22,

SinceT stretches uniformly, the transition matm, from (15) will in fact be the same as
the transition matrixP\’ for the circle doubling mag© : s* 5, defined byl (©)(9) = 26
(mod 1); that is

3, j=2i—1 (mod ZN*1),
Pyij = pﬁj =13 j=2i (mod ZN*), (17)
0 otherwise.
The unique fixed vector oPy is py =[5k, ..., m=). Thus, equal weight of 22V*1

will be given to each of the partition sets. As the lengths of the partition sets are all equal,
an estimate of the entropy and positive Lyapunov exponent is easily computed from (12) and
(13) ashy = Ay = log2. Because the stretching is uniform, we obtain the exact value for
the entropy and the Lyapunov exponent immediatelyMat 0), as in example 6.2. While

the entropy is estimated exactly, the approximatignfor the invariant measurg is never
exact for finiteN. The (absolutely continuous) measugeg are blurred versions qf, and

have their support on the¥2! x 2V thin tubes that make uf"; each tubed ; receiving
exactly the correct weighu(y (Ay ;) = u(Ay,) foreveryi = 1,...,2%¥*1andN > 0). As

the partition3" is refined, we obtain more, thinner tubes that look more like a Cantor set.
However, the convergence of our absolutely continuous measures to the singular measure
can only ever be weak convergence. The eigenvaluéy afre{ 0,...,0 ,1}, soabound

22v+1_1 times
for the rate of decay of* functions iss/® = 2-1/3 (see [8]).

6.4. Axiom A non-attractor

Example 6.4 (Henon horseshoe)We analyse the map : R? O, given by
T(x,y) = (5— 0.3y — x2, x). (18)

In order to makd” axiom A, we restrict the action df to its set of non-wandering poings(7),
given byA = °___ T'S, whereS is the squareS = {(x, y) € R? : [x| < Rand|y| < R},

i=—00

R = 0.65 ++/21.69/2. The fixed point ofT in the third quadrant oR? has coordinates
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(=R, —R) and is the lower left corner of the squafelt is shown in theorem 7.4.2 of [14] that

(A, T) is a (non-attracting) axiom A system. We shall use theorem 5.3 to rigorously estimate
the Lyapunov exponents of the md@p: A  with respect to the equilibrium stag€ of the

weight functionp™ (x) = —log| detD, Tz« |. In the process, we will also obtain a numerical
estimate for the equilibrium state (or physical measure) itself, estimates of the pressure and
metric entropy of T, '), and bounds for the rate of decay of correlations with respegt.to

Remark 6.5. The definition of a Markov partition that we have been using so far is a little
stronger than is necessary for our purposes. While the conditions (iv) (a)—(b) of definition 5.1
that the forward image of stable boundaries map onto stable boundaries and the reverse images
of the unstable boundaries map onto unstable boundaries make for a tidy mental picture, this
is not really what we are after. The main thing is that the inverse image of each partition set,
lies across a collection of partition sets in a ‘cross-like’ formation. Formally, we may replace
condition (iv) with:
(V') If x € IntA; andT~1x € Int A;, then
@WS(T™Ix)NA; CTEWS(x)NA)),
(b) TY(W*(x) N A;) € W(T1x) N A;.
The above condition makes Markov partitions a little easier to find, and has a simpler
interpretation for systems in more than two dimensions (cf example 6.3).

Returning to our example, one could try to find a Markov partitiomdfy running out
the stable and unstable manifolds of the fixed points (and periodic points, if necessary—see
appendix 2 of [12]). However, for our purposes, we use a simple approximation that turns out
to very close to a Markov partition, and is much easier to construct. We let our initial Markov
partition be the trivial partitior{S} and use! = 7-1(5) N S N T(S) as a first refinement.
B consists of four connected sets, each diffeomorphic to a unit squéi® isee figure 2.
The inverse images of each of these sets are shown as the long, thin, dotted-line ‘rectangles’.
The fact that the ‘unstable’ boundaries of these four sets are not exactly aligned with the
corresponding unstable manifolds is evidenced by the curved ‘unstable’ ends of their inverse
images. However, for our estimates, we are mainly interested in the width of intersection of
T3t with 5 as defined by the ‘stable’ edges, and these provide us with good estimatest. To
refine our partition, we defing? = ﬂf:_z T'(S). B2 has 16 connected pieces, as shown in
figure 3 (along with their inverse images). Once we have our patrtitions, it is a straightforward
matter to calculate the matricés and Q, using (9). For example,

0.1785 02650 0 0

01— 0 0 02604 01888

1= 0 0 03286 02082
0.1982 Q3427 0 0

From these matrices, we computeand P, using (10). For example, we find that

0.3551 06449 0 0

P 0 0 06228 Q3772

1= 0 0 06538 03462’

0.3211 06789 0 0

and p; = [0.1159 0.2327 0.4187 0.2327]. Using (13) we obtain’(y’), the largest
Lyapunov exponent with respect to the equilibrium meagtird he estimates for the pressure
are calculated from logarithms of the eigenvalugs and the entropy estimates are obtained
from hy = logoy + Ay. The numerical results are displayed in table 2. The escape rate for

T For an analysis of the errors incurred by using inexact Markov partitions in this example, see section 7.7.
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Figure 2. Hénon horseshoe. The solid lines are the portions of the boundafigs pand7 ~1(5S)
that are contained if. Our Markov partitionJ3* = {A11, A12, A13, A14} consists of the four
shaded ‘rectangles’ near each of the four corners dfhe basic seh is contained irUle Ag;.
The dotted lines are the boundariesroflAlv,-, i=1234.

Figure 3. Hénon horseshoe. The solid lines are the portions of the boundarie$(§j and
T-2(S) that are contained ii. Our Markov partition)3? = {Az 1, ..., A» 16} consists of the 16
‘rectangles’ with one lying in each of the four corners of the se8i Again A is contained in

(U™, A2,. The 16 long, thin dotted rectangles are the boundari@séf,;,i =1, ..., 16.

the system is the rate at which the volume of an open neighbourhood of the invariant set

decreases. Estimates for the escape rate are the eigenvaluasd we obtain B03 for the
4-set partition, and 0.499 for the 16-set partition; this means that the voluigd gt 77 s
(the long, thin rectangles extending from the ‘bottom’Sofo the ‘top’ of S) decreases by a
factor of about a half, each timg increases by one.
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Table 2. Estimates for the positive Lyapunov exponent, pressure, and entropy.

Number of partition sets  Estimate ¥(1/) Estimate ofP(T) Estimate ofi,/ (T)

N ny AN oN hn
1 4 1.334 —0.688 0.646
2 16 1.351 —0.696 0.655

Finally, an estimate for a bound for the rate of decay of correlations with resp€tt to
functions is(1/1.7)Y/® ~ 0.8379 (derived from the Ruelle bound for the essential spectral
radius of the induced expanding map).

The Ruelle bound is used as the second largest eigenvalues ofpatid P, were not
outside the diskz| < 1/1.7 (see [8] for details).

We stress that the values faty, iy, Ay, l0goy, and the rate of decay are merely
indications of what sort of numbers are produced by our approximation. It is not suggested
that the values in table 2 are good approximations of the true values, as we have used a small
number of partition sets for illustrative purposes.

6.5. Final remarks

While our technique is readily applicable in one-dimensional systems, we acknowledge
that exact numerical construction of Markov partitions may be time-consuming, or simply
impossible, particularly in higher dimensions, and we reiterate that the results of theorem 5.3
are proven only for exact Markov partitions. If one is in a situation where itis either too difficult
to construct a Markov patrtition, or a Markov partition does not exist, a method for computing
Lyapunov exponents that combines rigour and heuristics is described in [9]. Here, one uses
any connected partition (usually a grid or triangulation) and constructs transition matrices in
the same way. An estimate of the physical measure and all of the Lyapunov exponents with
respect to that measure are then computed using a similar single-step method.

A method of computing the Lyapunov exponent of a piecewisexpanding interval map
that uses a construction similar to (9) may be found in Boyarsky [2].

In the case of piecewis€? expanding maps, (where the expansiveness depends to some
extent on the (non-Markov) partition used), Ding and Zhou [5] show convergence of the
invariant measurg,, in (11) to the unique absolutely continuous measure

7. Proofs

7.1. Coding and the Perron—Frobenius operator

We begin by outlining the machinery that is required for the proofs. We shall make use of
the coding that is available to us through the Markov partitions. In this sediovill be an
expanding mapping, and we think of the Markov partitions as those one has for expanding
maps. Much of the following may be found in [8] in an expanded form. Definesan matrix

B by

1 if m(An,i N TﬁlAn,]’) > 0,
B;; = ) . (29)
0 if m(An’i nT A,,,j) =0.
Further, definex = {1, ...,n}Z" the space of all infinite sequences of symbals.1, n,

and a subspacEj = {£ € £ : Bgg,, = 1, foralli > 0}. The spacej, is invariant under
the (one-sided) left-shifi : X o defined by §(£)]; = &+1. Denote by §o, ..., Ey—1] the
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cylinder set{n € £ : no = &o, ..., nn—1 = Ev—1). Define the semiconjugacy : £ — M
by 7 (&0, &1, ...) = x, whereT'x € A, ¢, foralli > 0. One has the following commutative
diagram (see Bowen [1] for details):

+ o +
EB EB

ln ) ln (20)

M — M
We define a metric o}, by dy (€, n) = 6", whereN is the maximal integer for which = »;,
i=0,...,N—1,and O< @ < lisfixed. A norm on the space of complex-valued functions
on Xy is given by
lp(§) — p(n)
ol = lple + SUP sup v = lploo +1plo-
N>0 Enexy

&0=n0,---.EN-1=1IN-1

Lets = 1/(inf cp infyer p | DT (0)||/]lv]]). The reader should imagine théat= s for the
following reason. Ifp : M — C is y-Holder onM (0 < y < 1), the functionp o = is
Lipschitz onX}; with respect tal,, metric. Denote this space of Lipschitz functionsXj by

Ty ={p:T; > C:lply < o0}
We are now in a position to define a Perron—Frobenius (or transfer) operator on our space
&% Il - lls). Definel : (5, | - ls) © by

p(n)
(Lp)(€) = —— . (21)
ﬂ;S |detD,,(,,)T|

This operator is the analogue of the standard Perron—Frobenius operator defined on the smooth

spaceM. Itis known thatC has a unique fixed poink € F7,. We also define an approximate
Perron—Frobenius operator @i by

(Loyp)E) =Y explon (m)p (), (22)
neo

wheregy is a piecewise constant approximation (constanveeylinders Eo, . .., Ey_1]) to
¢ := —log|detD,,T|, given by

(23)

m(ﬂ([s(L K %‘N*Z]) N T_]'T[([gl, sy SNfl]))
¢y = —log .
m(ﬂ([él, sy SN—l]))
To achieve operator norm convergenceCgf to £, we relax our nornj - ||¢ (and enlarge our
function space) by increasimg= s” to 6’ = s”". In terms of our smooth space, we allow the
Holder exponent to decrease. Lemma 4.1 and proposition 4.2 of [8] show that

le — onlle = OWB/6)N)) forany0< 89 <0 < 1. (24)
and hence by proposition 4.4 [8],
£ — Ly, llo = OB/6)™) forany0O< 6 <6’ < 1. (25)

For our purposes) may be taken as close to 1 as desired. As we have norm convergence of
L,, to L, standard perturbation theory tells us that for sufficiently lavgeC,, has a unique
fixed point¥,, , and thatv,, — W. In fact,

Lemma 7.1. |W,, — W¥lg = O(ILyy — Lllgr).
Proof. See Chatelin [6] of theorem 6.7. O

The importance of this fact is that we may project these fixed points down3rpto M
and obtainy = ¥ o r~tandyy = ¥, o L.
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7.2. The Rokhlin/Pesin formula and Lyapunov exponents

The second main ingredient in the proof of (13) is the Rokhlin/Pesin formula. We state the
result for the case of Anosov maps (see [11] p 294), which also covers the expanding case.

Theorem 7.2.Let T : M © be aC" transitive Anosov map of a compact Riemannian
manifold M with SBR measurg.. Then

(1) = [ log|detD,Tle;|du ). (26)
M

7.3. Proof of the expanding case

7.3.1. Invariant measure estimatesThe convergence in (11) was shown to occur weakly
in [7]. This was based on the fact thaA; N T~A;)/m(A;) approximates the value of
|detD,T|" onthe setd; N T71A; (lemma 4.1t in [7]).

We now strengthen this result using techniques developed in [8]. Lemma 7.1 gives us the
stronger result that¥y — W|l, = O((©/6")V) forany 0< 8 < 6’ < 1. That is, we have
convergence at the sequence space level of the approximate invariant depsityy o
to W = ¢ o . Recall that we set = s” andd’ = s, wherey’ < y. Now,

Yy =Vl < YN =Vl =[¥nom — Y om|e
<Yy o — ¥ omlle = O((0/6)N) forevery0<6 <6’ < 1.
By putting6’ close to one, we may as well say that

I¥n — ¥l = O®F) = O((s™)™), (27)

wheref; = s and we think ofy; < y as being very closg.

A word on notation. For the purposes of this proof, we will assume that our original
partition3 hasn sets, and that the partitidg” hasny sets. When we write an element3f’
asAiyi,..iy_y» WE mearp’Y].V:’ol T~/ A,;. Ifwe do not care how an elementPf’ was generated,

we will sometimes writedy ; € B, 1 < i < ny.

7.3.2. Lyapunov exponent and entropy estimatd¥e define a piecewise constant function
ky : M — R* that will approximate detD, T |~* by

‘ m(Ay,;)
m(Ay ;)
Since detD, T is C” and bounded away from zero, one may find a congtant oo such that
| —log|detD,T| —logky| < C1 ma{lx }(diam(Aio,-l.._iN))V.
io n

..... iNE 1,

kn(x) = On.ij = Pn.ij wherex € Ay, NT Ay ;.

Moreover, one may find a universal const@at< oo such that

max }diam(A,-O,-l.A.,»N_l) < Cos™:

io ..... iN,le{l ..... n
see Ruelle [15]. Thus, noting that lpg = 0, forall N > 0,
. m(Ay.;)
|]’lN —]’l/t(T)| = ‘ — Z pN,iPN,ij |Og <PN,ij . N ) —/ |Og|dethT|d/,L (X)
M

5 m(An,;)

Tt The statement in lemma 4.1 contains two misprints: the correct version ig,that |Og(m(f’1(§2ﬁ1 n Qﬁo))
/m(Q ) o™t — ¢,
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nN

> < f —log iy (x) duy (x)
ANV;ﬁTflANA/

i j=1

—/ log|detD,T|du (x))‘
ANA[ﬂTflAN.,-

ny

<) j | —logky (x) — log| detD, T|| duy (x)
ij=1 AN';QT’]‘AN.j

nN
+

/ log|detD,T|duy (x)
ANA,ﬂTflAN,,-

i,j=1

—/ log|detD,T|du (x)
AniNT- Ay,

< Cy(Cos™” + |log | detD, T||o - Iy — pllr,
< C1Cy (sV)N + Ca(s™)N by (27),
O((s™)",

as required.

7.4. Proof of the Anosov case

There are two things that we must deal with. First we must prove convergence of the
approximate invariant measureg to the physical measuge and secondly we must prove the
entropy estimates, converge to the true entrogy, (7). As in the expanding case, we have
logoy = Oforall N > 0, so convergence afy to the sum of the positive Lyapunov exponents
follows from hy — h,(T) and the Pesin equality (26). Most of the work is in showing
the invariant measure approximations converge. We point out that much of the material in
sections 7.4.1 and 7.4.2 is well known. However, we must alter the usual constructions slightly
for use in the proofs in sections 7.4.3 and 7.4.4, and it is for this reason that we review some
standard theory in sections 7.4.1 and 7.4.2.

7.4.1. Induced expanding maps and their invariant measures (smooth space)rder to

make use of the result that we have for expanding maps, itis necessary to somehow convert our
hyperbolic map into an expanding map. The standard way to do this is to project the dynamics
onto segments of unstable manifolds running across our Markov partition sets. To be precise,
we form a subset af/ that contains the points that stay in the interiors of the partition sets for

all time:
00 ) N,
My =T’ <M\ U aAN,,).
j=0 i=1

This set isT-invariant and has fullu-measure. For eacHAy;, we choose and fix an
x; € Int Ay ;, and define an ‘expanding space’

N/X
Xy = <U<W“(x,») n AN,,->) N My,
i=1
which is the disjoint union of segments of unstable manifold. Each time we refine our partitions
BN, we will produce a new expanding spakg.
We project the dynamics onto these unstable segments. Define a projegtio,, —
Xy by Ty(x) = (Wi(x) N An;) N Xy, Wherex € Int Ay ;, and introduce the induced
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expanding mafg y : Xy O by Tg vx = Yy (Tx). Note that the projection of a Markov
partition forT on M}, is a Markov partition orX y for Tz. The mapTg, y will have a unique
absolutely continous invariant probability measurg (where for brevity we leave out the
subscriptv).

As in the expanding case, we will approximate the weight functidag | detD, Tk y|
using functions that are constant on cylinder sets of increasing length.

7.4.2. Constructions on sequence spackt this stage, we introduce the two-sided sequence
spaceXp = {£ € {1,...,n}": B, = 1, forall i}, and the metriely (¢, n) = 6", where

N is the maximal integer for whicky = n;, |i| < N. Define vag (¢) = sug|e(&) — ()] :

& =n;, li| < N}. Anorm on the space of complex-valued functionssinis given by

vary (p) |
ol = lple + SUP N = lploo +1plo-
N>0

For the two-sided shift, we think &f as equal ta’, wheres.. is defined in theorem 5.3.

There are two steps to go through in order to connect the equilibrium stage“tofa
measure o) with the fixed eigenfunction of some transfer operaiery, for Ty v, (the
density of a measure aoXiy). Theorem 1.4 of [1] proves the existence of an equilibrium state
we 0N T for a weight functionp € Fy (in our casep = ¢™ o = —log| detDn@)TlE.i(s)'
andp, = u o, wherey is the SBR measure). However, we cannot attempt todip@s
the natural extension of some equilibrium statestjjy because our weight functignstrictly
depends on past coordinates and cannot be definédzonTo get around this, lemma 1.6
[1] shows that one can always find another function £ — R* such that the equilibrium
state fory is equal to the equilibrium state far (still treating the two-sided shift o ):
symbolically,u, = uy (T). In fact, we will construct a sequengy } of such functions, each
of which satisfies (1). Unfortunately, the definition of the functibnis rather complicated,
and we would prefer to approximagedirectly using our piecewise constant approximation
N, Wheregpy in the Anosov case is defined by

m(r [y ... En-aD VT a([E_ysa. .. "EN])))
m(m([E-n+1...8n]) .

Compare this definition with equation (23). In the Anosov cageis piecewise constant on

(2N +1)-cylinders §_y ... &x] in p. What we need to do is show that bdthy — ¢|ls and

lle — onlly are small, so that the perturbation theory of the expanding case will tell us that

the eigenfunctiona; », and ¥ ,, are close. The first eigenfunction is the density of the

projection of the SBR measure, onto the one-sided spasgg,, and the density ,,, will be

close to this. Both of these measurgsg (5, andu g, ) may then be extended to the two-sided

spaceX to givep, anduy ., , respectively. The following chain of implications outlines our

proof procedure:

N = — Iog( (28)

(¥y close top in X3) and(¢y close top in Xp) = @y close tody
= Lg, Close tolg ,, = Vg, close toVg ,, = uEg s, Close toug ,,. (29)

In view of (1), ug s, is simply a projection oft, onto the induced expanding system. We
then proceed as:

(1 andug 9, coincide onN-cylinders) and (29— g ,, close tow, on N-cylinders

Finally, it follows straight from the definition thaty o 7 andu g, coincide onV-cylinders
in Xp. Letting N — oo will give us the required convergenceof; o 7 to .
We shall now make this rigorous.
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It will be useful to defineBy to be theny x ny transition matrix for the partitiof3".
We will denote the corresponding two-sided and one-sided sequence speﬁ’;g@duydEZ;N
respectively. We may identify a partition set; € B with the one-cylinderi] c ZEN, ZBys
via the projectionry : = — M, as in (20). We will now define a functiany on 2y, that
turns a one-sided sequence into a two-sided sequerikg inFor every 1< i < ny, choose
an allowable past .. §,¢",i) € £ and definevy : £ — g, by

oy (Eofr.. ) = (... E5EN kg . ).
We now show the existence of a family of functidiis, } with property (1) that converge to.

Lemma 7.3. There exists a family of functiongy : 5 — R that have the same equilibrium
states ok, asg : £, — R*, and approach according to the geometric rate:

1\ 1 o\"
||19N—<p||9/<|w|9((1+1_9>9 +<1+1_9/9,) (e—) ) (30)

for0<6 <6 <l1landN > 0.

Proof. Letty : X5, — X be the map that takes a sequencEjj) to the corresponding one
in Xp; thatis,zy (&) = w(ty(§)) for & € Xp,. We begin by noting that since functions such
asy o wy depend only on future (and current) coordinateXj (positions 0— co), when
considered as functions dng, they depend on coordinates from positiend — oo. This

is becausey ([&0]) is a (2V + 1)-cylinder inX 3. For the purposes of this proof, we shall be
sticking to our original coding ox g, and all functions will be acting o z. It is shown in
proposition 1.2 [13] that one may define

INE) = p(on () + Y (90" oy (E) — ¢(c' on(0§)), (31)
i=0

(¢ = f andvy = g in their notation), and that the respective equilibrium statgsand,
are identical (see also lemmas 1.5 and 1.6 of [1]). We first bound the sup norm of the difference
191\/ - Q.

o0

(&) — N () < lp&) — p(nEN]+ D (@™ wy () — p(c' o (0E))].

i=0

o0
N N |(/7|(9
< vary(p) + ;Vaﬁvﬂ @ < plgd™ +0 10

Now we move onto the rate of variation (in what follows<® < 6’ < 1 as before).

varn(¢(§) — on(§)) < van(eé) — g(on(§))) + Zvark(go(a“le(g)) —¢(0'wy(0§)))
i=0

o0

N if k <N+i

_ {|¢|99N, e<n) | | & ( )
. o]

van¢. (if k> N) Y van g, (if k > N +1)
i=0

o [lele0™" " (if k< N)
= Lleleo™o* N, (if k > N)
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o0

Do lpled™ORNT (i k < N +i)
+ 10:00 | '

Y lplpoV gk (ifk > N +i)

i=0

o\ 1
= — ) (1+—— ) 0%
lo <9> ( 1—9/9’)
| lo < lol 1+ L oV +(1+ 1 o\"
N — @llo X [¥lo 1_6 1-06/0 9’ )

We now combine this with previous results.

Thus

Lemma 7.4.
IWE.0y — WE gy llo = O(0/6HY), (32)

whereVg », and¥g ,, are the functions left invariant bgz 4, andLg ,, respectively.
Proof. Sincep € Fy, one may show thaty — ¢yl < |@ls - 0V, N > 0, using the ideas

contained in the proof of lemma 7.1 of [7] and following the proof of lemma 4.1 of [8] for the
expanding case. By proposition 1.3 of [13] we obtain

o —onlo < lolg - (0/6)". (33)
Combining (33) with (30), we see thiaty —en [lo = O(0/60"), andhencé L s, —Lg oy llo =
O((6/6")"). By lemma 7.1 we obtain the result. O

Natural extensions of measures on sequence spd@a.sequence space the natural extension
of a measureg_y on the one-sided spatie;N to a measurey on the two-sided space;, is
carried out as follows (see the remarks following lemma 1.13 of [1]).

f fdvy = klim / wn(f oc®)dvg y foreveryf € C(Xg,, R). (34)
E — 00 EgN

BN

In particular, settingf = x[z,, we see that

v ([£o]) = ve.n ([&0D), (35)
where the one-cylindekg] is considered as a subsetBf, on the I.h.s. of the equality and
as a subset oE“l;N on the r.h.s. In order to compare this with the definition given earlier on

smooth space, note that the analogu&gfon 3, is simplya)g,1 (itis strictly nota);,1 aswy
does not hav& s, as its range; we really mean the function which just deletes the past), and
in fact the following diagram commutes.

T, — Zp
lﬂN J/TFN (36)
M, 5 xy
Lemma 1.16 [1] states that the natural extension of the measgre on z;N (with
densityWg »,) is equal topy,, = o my for everyN > 0. As for the natural extension of
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e o, We are really only concerned with its value on one-cylinder seByin In fact, we will

not perform a complete extension as described in the earlier paragraph, but simply define a
measure orft g, by treating one-cylinders{] E}N as one-cylinders it g, and spreading

the weightu g o, ([£0]) evenly over each one-cylinder ford & < ny. The projections of

our one-cylinders o}, will shrink in size exponentially, so we will only need to show that
Loy ([€0]) — 1y ([Eo)| — O quickly enough a&v — oo. To end this section, we have the
following lemma.

Lemma 7.5. ™, [iu(Ax.) — iy (Aw)| = O(GsTHY), forya < y.

Proof. Recall thatuy := [y, ‘= Ky © Ty ANAL 1= fgw = iy, 0 Ty . We note that
() un(Ani) i= oy (i) = ey ([i]) = f[i] Vi gy () d(momy)(§), and

(i) w(An,) = pno([iD = nes, (i) = f[,»] Ve gy (E)d(momy)(§).
So then

ny ny
D Ay — un (Al < D 1Weoy — Wr gy loo - m(An) = [WEo, — VE g, oo
i=1 i=1

= 0((6/6")") = O((B)™) = O(sIH™),

where we pu®’ close to 1, so that, =6 < 6, = s}*, with 6, close tod (andy; < y close to
y). O

7.4.3. Proof of convergence of invariant measure estimatég define a measuygey by

_ 2N m(A N AN,i)
AN =) —————
,; m(A)
The measurg y simply spreads the weight given to each partition set evenly over each set.
We proceed first for systems whose SBR meaguigzabsolutely continuous with respect
to Lebesgue measure (and have dengjtyNote that we may find a universal const@at< co
such that

- (An).

max diam(Ay;) < Cas?. (37)
Ay ePY
We split our estimate ofx — uy|z: into two parts. We first compane with iy, and then
compareiry With . For the former comparison, we simply note that/aghe density oft)
is C?, andu andiy have the same integral over each partition set, a simpléd continuity
estimate will provide us with convergence. As for the latter comparison, we use lemma 7.5.

I = pnlice < llw = pnlice + iy = plice
ny

< max diam(Ay,;))” + Ani) — un(An.i

Yl (max diam(Av))" + D e(Ar) = s (An)]

=

<Y1, (CasY)Y + O((sTHN) = O((sTH™).

We now treat the case of Anosov systems with non-absolutely continuous SBR measure
w. In this situationu does not have a density, and we lose the easydttler continuity bound
provided byy. We instead prove thaty converges ta weakly but at the same rate as before.
We again split the difference — u into two parts:

”l’L_MN”w g ”PL_[LNHU)"'”/TLN _/fLN”w- (38)
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We may treat the second term as above, notingthat — uyllw < lliay — punllz2. For the
first term, we proceed as follows:

ln— vl = SUD{ > (/ gdu —/ gdﬂzv) lgllir=1Lipg= 1}
An.i An.i

i=1
< ;diam(AN,im(AN,,-) < max diam(4y.) < Cz(s1)". (39)

This completes the proof for the order of convergence of the approximate meagureshe
SBR measurg.

7.4.4. Lyapunov exponent and entropy estimated/e now move on to the order of
convergence of the approximate metric entropy to the true value. The proof follows in a similar
manner to that for the expanding case. We define a piecewise constant functidgfi — R*
that will approximatet detD, T z.|~* by
(AN
(AN )’
Since detD, 7jz. is C* and bounded away from zero, one may find a constant oo such
that

ky(x) = QN’,‘_,' = PN_,'_]‘ wherex € Ay N T_lAN’j.

| —log|detD, Tig:| — logky| < Cllmax (diam((An.))".

<isny
Moreover, as before, one may find a universal consfant oo such that
i ) < Cosh.
 max diam(Ay ;) < Casi (40)
Noting that logoy = 0 for N > 0, we have
|hN — hu,(T)| = | — HZN pN,iPN,ij |Og PN,ij . m —/ |Og|dethT|Eu| d,bL (x)
i1 L (Ay,j) M !
ny
=1> (/ —logy (x) duy (x)
ij=1 ANV,‘I'TT_IANJ
—/ log|detD, Tig:| du (x))
AN_iﬁT_lANy, .
ny
< f —logix (x) duy (x) + / log x (x) djt (x)
ij=1 ANy,-ﬂT’lAN_J ANA,'QT’IANJ

nN

+ Z/ | — logky (x) — log| detD, Tjz|| du (x)
o1/ AnnT 1Ay

nN

/ —logwy (x) dug v (x)
i,j=1 Yn(AniNT 1Ay ;)

"'/ log ke (x) g (x)
Yn(An:NT 1Ay ;)

ny

+y / | —logxy (x) — 10g| detD, iz || du (x)
i,j=1 AN.;ﬁTflANA/

T For convenience, we use the definition@f and Py given in remark 5.4 (ii). The same result is true @5 and
Py constructed as in (9) and (10) (see [7]).
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[0gknloollite v — wellpr + C1(Cas
|detD, Tipu ool ie.n — pellr + C1(Cas ™Y
= O((sHM) + 16y sHN  asllwe v — pell = OGHY). = O((sHM).

<
<

7.5. Proof of the axiom A (attracting) case

We again project the dynamics onto the unstable sides of the Markov partition sets, and use the
results for expanding maps to obtain estimates for the unique absolutely continuous measure
onthe unstable sides. The measure on each unstable side is then distributed back over the entire
set to give an estimate of the SBR measure. Recall that our Markov partition sets are blurry
images of pieces of the attractor, which is really a product of an interval with a Cantor set. The
weight that is given to each partition set is an estimate of the SBR measure of the parts of the
attractor contained in that partition set. As our partition is refined, it approximates the Cantor
structure more finely. Inequalities (37) and (40) still hold, and the result concerning the rate of
convergence for the SBR measure estimates follows as in the Anosov case for non-absolutely
continuousu. The proof of the rate of convergence of the entropy estimates also follows as in
the Anosov case; we are able to equate the sum of the Lyapunov exponents with the entropy
by following the final paragraph in the next section, noting that theorem 4.11 of Bowen [1]
tells us that the pressure lpg= P(T) = O for attractors.

7.6. Proof of the axiom A (non-attracting) case

The proof follows along the lines of the axiom A attractor case. As in the non-attracting case,
our Markov partitions are a blurry picture of a Cantor set, and contain lots of points that should
not really be there. And again, the weight given to one of our Markov partition sets will
approximate the weight given to that part of the Cantor set contained in the partition set.

In the case of a non-attractor, weustconstructyy directly, using the matrixQy in
equation (9) rather than indirectly throudty in (15) and a similarity transformation, as in the
other three situations. The proof that — u follows exactly as described in section 7.4.3 for
Anosov systems with non-absolutely continuguysand equation (12) goes through as in the
proof of convergence of entropy in the Anosov case, with the appropriate rate of convergence.

Onedifferencein this case is that the maximal eigenvalgd®ifot unity, but some number
o strictly less than 1. The facts that this maximal eigenvaligsimple, positive, and equals
exp(P (o)), whereP (o) is the pressure of the shift may be found in theorem 2.2 of [13]. The
maximal eigenvaluegy of the matriceg) y converge t@ by standard spectral approximation
theory, as we have norm convergencelgf,, to Lz »,. The result thaby — o follows
along the lines of the proof of proposition 7.3 of [8]. The rate of convergence®@/@)"),
or equivalently, @(s’HV), y1 < 1.

We need now only connect the Lyapunov exponents and pressure with the metric
entropy; this will follow from the variational principle. Theorem 3.5 of [13] states that
hy, (o) + fz; ¢ du, = logo. Projecting this equality down to our smooth space, we obtain

hy(T) =logo + [, ™ di’ =logo + 3,i (-0 A (). Combining this equality with the
convergence orders fary andoy, we see thaky — h,(T) like O((s1H)N).

7.7. Errors from using inexact Markov partitions in example 6.4

We give a brief error analysis for the use of inexact Markov partitions in example 6.4. The
matricesQ y provide us with an approximation of the Perron—Frobenius (or transfer) operator
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of T. In fact, we have seen thay is a representation of a nearby Perron—Frobenius operator
L,, . By using an approximate Markov partition, we now have two errors in the weight function
¢. First, the error from usingy, the piecewise constant approximationgoand secondly
because of the the extra error in this piecewise constant approximation due to the slightly
inaccurate Markov partition sets. We have shown that the former error decays exponentially
with N. The error due to the inexact Markov partitions may be dealt with as follows.

In order to produce a good estimate|cnlethT|E¢|‘1 from (9) or (16), it is important
that remark 6.5 (i{(b) is satisfied (the ‘stable’ edges Bf*A; are inside the ‘stable’ edges
of A; if A, NT7tA; # {#}). Itis simple to show by induction that this property holds for
each of the approximate Markov partitions definedpy = \/IN?N TiS. In particular, it is
clear from figures 2 and 3 that the ‘stable’ vertical edgeg ofp3! are inside those df3?,
and similarly for7~3? and*32. It is also important that the ‘unstable’ edges quickly align
themselves with the true unstable directions, so that we are measuring the compregsibn of
in the correct direction. We now outline the rate at which this happens. Definasable
coneatx, C"(x) = {(vy, vy) € T.R? : [vy| < tluel}, t = 1—17 It is shown in section 7.4.1
of [14] that the maximum angle between vectorﬂﬁ;o Dy« T*(C*(T~*x)) is bounded by
constantx (0.3/1.7%)N. Given a pointr on the boundary of an elemeatof PB¥, this result
provides a bound for the angle between the tangent vectt et x, andE?, the true unstable
direction atx. Because max;<,, diamAy; < constantl.7V, the boundaries of elements
of PV become increasingly linear (as they have a bounded curvature), so that the elements
are almost-parallelograms. By combining (i) the exponential alignment of the boundaries of
BN with the unstable directions (and similarly, the stable directions), and (ii) the exponential
approach to linearity of the boundaries, we see that the extra error incurred in the entries of
Oy (and hence in the approximatigr, ) decays exponentially withy.
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