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Abstract. We consider the approximation of absolutely continuous invariant measures (ACIMs)
of systems defined by random compositions of piecewise monotonic transformations. Convergence
of Ulam’s finite approximation scheme in the case of a single transformation was dealt with by
Li (1976 J. Approx. TheoryL7 177-86). We extend Ulam'’s construction to the situation where a
family of piecewise monotonic transformations are composed according to either an iid or Markov
law, and prove an analogous convergence result. In addition, we obtain a conveajefceour
approximations to the unique ACIM, and provide rigordumindsfor the L* error of the Ulam
approximation.
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1. Introduction

We begin by giving arough description of the setting and our result 7Lkt , be a collection

of mappings from the unit intervdl into itself. Given an initial poink € 7, and a (random)
sequenceéko, ki, .. .)Withky € {1,..., r}for N > 0, we produce a (random) orbit by defining
the Nth point in the orbit to becy = xy(ky_1, ..., ko, x) = Ty, , 0 -~ Ty, o Tyx. There

are two cases we consider. First, the nfap, that is applied at timeV is selected from the
collection{7};_, independently of the maps that have previously been applied, and according
to the same probability law for all time. Such a composition is often referred to as a random
iid composition, and the indicés, k1, . . . arise as random variables of an iid process. Second,
the mapTy,_, that is applied at timev is chosen so as to depend only on the map applied at
the previous time step, and according to the same probability law for all time. In this situation,
the indicesko, k1, . .. arise as random variables of a stationary first-order Markov chain, and
we call such a composition of maps a Markov random composition. Such random dynamical
systems arise in a variety of ways.

We are interested in determining the asymptotic behaviour of such systems in situations
where the orbitdxy}%_, C I have the same asymptotic distribution érfor almost all
sequencesg, k1, ... and Lebesgue almost all starting pointse I, as such asymptotic
distributions are clearly of physical significance for the system at hand. To this end, we
extend a method of Ulam [18] to produce a rigorous approximation method for absolutely
continuous probability measures that are ‘invariant on average’ under the action of the random
system.
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2. Formalities, background and outline

We formally set up our problem. L& = {1,...,r},i > 0, andQ = []2,S;. We select
a probability measur® on  that is invariant under the left shitt : @ ©. The space
Q2 contains infinite sequences of indices for the m@psand the shift invariant probability
measureP governs the stationary stochastic process that generates a (random) index at
each time step. In the iid case, we select a probability ve@tar ..., w,), and define
a probability measure on S;, i > 0, by p({k}) = wi. Denote fo,...,a5]; = {0 €
Qo = ag, w41 = ai, ..., o = ag), and defindP by P([ao, . .., a];) = Wy, - Wy,
consistently extending to all of Q. In the Markov case, we select an irreducible, aperiodic
stochastie x r matrix W with invariant (normalised) left eigenvectary, . . ., w,), and define
P([ao, - .., as];) = WagWag.ay - - - Wa,_,.4,» @gaIN consistently extendirigto all of €2.

Define the skew produat : Q x I O by t(w, x) = (cw, T,,x). We form a (random)
dynamical system by considering the oriroj, (zV (w, x))}¥_, on I wherew € @, x € I,
and Proj denotes the canonical projectionsefx 7 onto/. By puttingxy = Proj, (" (w, x)),
we see thaky = T, , 0 --- o T,x for N > 1, with xo = x. Thus the orbitvy is defined
by a random composition of the mappiriis . . ., 7,; the orbit is random in the sense that the
sequence of ma@s,, , o - - - T,,, has probability?([wo, . . ., wx-1]) Of occurring. We wish to
study the asymptotic behaviour of the orhit.

Denote byM (2 x I) the space of Borel probability measureson 1.

Definition 2.1. We shall say that a probability measyiiec M(Q2 x I) is t-invariantif

() por™t=p,and
(i) a(E x I) = P(E) for all measurableE C .

We say thape € M(I) isinvariant on averag®r simplyinvariant if there exists a -invariant
probability measurég such thatu(A) = (2 x A) for all measurableA c 1.

We seek to approximate invariant measyréisat are absolutely continuous with respect to
Lebesgue measuneon I, and restrict ourselves to the situation wherefthare Lasota—Yorke
maps.

Definition 2.2. We shall say that anintervalmdp: I O is aLasota—Yorke ma (i) thereis a
finite partition0 = by < b1 < - -- < by, = Lof I suchthatl'|,_, 5,), IS aC? function and may
be extended to@? function o{b,_1, by]fort =1, ..., ¢,and (i)infren\ipo.....b) 1 T"(X)| > 0.
We denote the partition for the mdp by 0 = b < by < --- < bf, = 1.

Denote bka(b’g") and Tk(b’f'), the values thaf takes on either side of the break point
b’g, ¢=1,...,qx — 1. We define the numbefis,, £ =1, ..., ¢ — 1, as follows:

0, if To(bf"") =0or1,andl;(bf™*) =0or1l,
e =1 2, if To(bf' ") #0or1, andl(bf™) #0or 1,
1, otherwise.

For ¢ = 0and{¢ = g, we putd, , = O if Tk(b’g) = 0or 1, andf; , = 1 otherwise.

There exists a minimal partitio = by < b} < --- < b;. = 1 such that for each
k=1,....,randall¢ =1,..., 4% one hasly|e:_, s, IS aC? function and may be extended
to a C? function on[b}_,, b;]. This numbeg* will be used in the main theorems.

We sometimes refer to maps I ¢ asC? circle maps. Here we mean to identify the half
open unit intervall with a circle, and assume that the ma&pcontinues to bec? under this
identification. Clearly in this casd] is C? everywhere and there is no partition allowed.
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_____ by IT'(X)| > 2, it was in such a
setting that Li [9] first proved convergence (Iit) of Ulam’s approximation to the unique
absolutely continuous invariant measure (ACIM), following the Lasota and Yorke [8] proof of
the existence of an absolutely continuous invariant measure. The existence of an ACIM for
iid random compositions of such mappings has been considered independently in this setting
by Pelikan [16] and Morita [12]. In fact, Morita [11] also gives conditions for the existence of
an ACIM whereP is any shift invariant probability measure; that is, the sequence of indices
(wo, w1, .. .) arises as random variables of any stationary stochastic process.

However, to the author’s knowledge, the rigorous numerical approximation of ACIM’s
for random compositions has not been considered. We restrict ourselves to using collections
of Lasota—Yorke type interval maps, as both the proof of existence of ACIM’s and the proof
of convergence of Ulam’s method are well known in the deterministic situation of a single
mapping. Related extensions include [1, 4] which contain existence results for ACIM's
of higher-dimensional expanding mappings and iid compositions of expanding Jablonski
mappings respectively. Extensions of Ulam’s method to higher-dimensional deterministic
systems include [2, 3, 14].

We firstly consider iid random compositions and begin by proving suitable inequalities
regarding the variation of test functions and their images under an appropriate Perron—
Frobenius operator, following the construction of [16]. We then form a finite-dimensional
approximation of this Perron—Frobenius operator and use the variational inequalities to first
proveconvergencef Ulam’s method. Under slightly stricter conditions, we are able to produce
arate of convergence, and in the case where eBcls a C? circle map, we obtain Aound
for the error in our approximation, in terms of fundamental constants of the mappgings
k=1,...,r. We can also produce a bound for the case of general Lasota—Yorke maps, but it
uses properties of the (unknown) ACIM.

We then turn to Markov random compositions. Here, the definition of an appropriate
Perron—Frobenius operator is more complicated. We begin by outlining the construction of a
suitable operator and showing that fixed points of this operator correspond to invariant measures
of the skew product, generalizing a result of Ohno [15] for iid compositions. We then form
a finite-dimensional approximation of this new operator and obtain similar results to the iid
case.

We remark that the constructions described in this paper should be able to be combined
with the variational inequalitites of [2, 4] to prove convergence of Ulam’s method for higher-
dimensional random dynamical systems. Morever, the representations of the appropriate
discretised Perron—Frobenius operators for iid and Markov compositions may be used as a
new numerical method for (non-rigorously) approximating invariant measures of more general
(non-expanding and/or higher dimensional) random dynamical systems.

Sections 3 and 4 contain the main results for the iid and Markov cases, respectively.
Section 5 details numerical examples of our results; the proofs are in section 6.

3. Ulam’s method for iid compositions

3.1. Invariant measures for iid compositions

We begin by giving a simpler description of invariant measures$.ohhe following lemmas
hold in the very general situation whefds simply a metric space and eathis a (Borel)
measurable map df.

Lemma 3.1 (Ohno [13]). Define an operato® : M(I) O by Dv = Y4 _jwv o T A
measureu € M([) is fixed undeD iff P x u is T-invariant.
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Thus, itis easy to construetinvariant measures as products of the meaBargl measures
on [ that are fixed byD. The following result tells us that in the caseatifsolutely continuous
t-invariant measures (absolutely continuous with respedt tom, wherem is Lebesque
measure o), all are of this product form.

Lemma 3.2 (Morita [11]). Assume thateach,,k =1, ..., risnon-singularf:(A) = 0 =
m(T~tA) = 0 for all Lebesgue measurablé c I), with respect ton. Then anyP x m
absolutely continuous-invariant measure has the forfhx p wherep is fixed byD.

Thus finding an absolutely continuous probability meaguon I satisfyingDu = u is
the only way to construct an absolutely continuetisivariant measure of2 x 1.

3.2. Statement of results

As we are interested in absolutely continuous invariant measures, we may rewrite the operator
D as an action on density functions. The corresponding actiofi en.(1, m) is given by

Pf= Z wiPr f, 1)
k=1
whereP, : L1(I,m) & denotes the standard Perron—Frobenius operator for theTiap
namely, P f(x) = Y71, ‘Tf;(y;)‘ Theorem 1 [16] states that an invariant density of

bounded variation od exists provided tha} ", _; wi/|T/(x)| < ¢ < 1, while theorem 5.1

[12] shows that the same conclusion holds under the slightly different assumption that
> g wi log (1/ inf,.c; |Tk’(x)|) < 0. We will further assume that there is only one invariant
density for our iid random composition (that is, there is one fixed poif)ofCorollary 7 [16]

and lemma 5.4 [12] both state that provided one offthis uniformly expanding and that this

T, itself has a unique invariant density with support of allpthen the random composition

has a unique invariant density, provided one exists. We will therefore assume that:

(1) sup.c; D eq will/ T (x)] < 1,
(i) one of theT; is uniformly expanding and has a unique invariant density with support all
of I.

We will denote the density of the unique ACIMash; soPh = h. We now state our first
main result.

Theorem 3.3.Let{T4, ..., T,} be a collection of Lasota—Yorke maps. Equipartition the unit

interval inton subintervalsl; = [(i — 1)/n,i/n), and define- stochastic matrice®, (k),

k=1 ...,r,by

m(L; N T )

AU S 2)
m(1;)

Further, defineP, = >, _; wi P, (k), and letp, be a fixed (normalized) left eigenvectorRyf

Define the approximate invariant density

Pn,ij (k) =

n

Pn.i
h, = oy 3
Zm(l,-)x" 3)

i=1

Then setting

a = Sup Wy —,
xel ; |Tk/(x)|

4)
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r

sup.; |17, ()]

= =& X2 5
P ,; i e T2 ©)
and
r qk
n=> w _izofht (6)

k= .
k=1 InfxEI |Tk/('x)|

) Ifa< %, lh, — h|l1 — 0asn — oo.
(i) If « +n+ B/2 < 1, and the endpoints of the equipartition contain all points where
there is a break in th€! behaviour ofi, then there exists a constafit< oo such that
A, — hll1 < Clogn/n.
(iii) If « + B/2 < 1 and eachl} is aC? circle map, then the constadtabove may be written
in terms of fundamental constants of the m@psSetC = max<<, Lip(log|T{|) and
A = Minigeg, inf, [T/ (x)| (@assuming. > 1). Then

_ : 8 log(4n/8) 1
_ C/O=Dn _ 1
= lis (@ 1)0'<r311{<2+1—6> ([—log(a+ﬂ/2)]+l> 2}’

()

where[-] denotes the integer part.

Remark 3.4. (i) In case (iii) of theorem 3.3, the bound (7) may be broken up into bounds
for | — 7,(W)ll1 and [lm,(h) — hyll, wheresm,(h) = Y7_i(+ [, hdm)x,. The
functions, (k) is simply the unique step function (constant on eAghwith the property
that fz,» m,(h)dm = u(l;); because of this propertyr, (k) is the ‘best’ step function
approximation taz on the partition{/;}. Unfortunately, Ulam’s method usually does not
give us this best approximation, and so for each partition set, there is an error in the
weight that Ulam’s method assigns to it, namgl(/;) — p.;|. It is easy to see that
l7wa(h) — hulli = Yy l(I;) — pa|, @and in fact, the bound for this error forms the bulk
of the rhs of (7), with

n
> ) = pail
i=1

< (eC/()Lfl)n _ 1)Oirgf L { (2 + 1 i 8) <|:_ llgs((:r:_/z)/z)} + 1) - 1} .

The other termj|h — 7, (h)||1 is simply controlled through estimates on the derivative of
h, and this error is bounded b®/*—b" — 1)/2.
In practice, we find that optimal values &bften lie between 0.1 and 0.2.
(i) Incase (i) of theorem 3.3, é < o < 1thenwe may apply Ulam’s method by using higher
iterates of the random system. There is an intdgesuch that
- 1 1
oy = Wio Wy - - - Wiy 5 < Z.
Y ko,klwszflzl o TN (T 00 Ty 0 T/ (0]~ 2
In fact,ay < o, so we simply requir¢V > (log 2)/(log 1/a). To apply theorem 3.3 (i)
in such a situation, it is necessary to construtmatrices of the form
m(l; O (T, 0 -+ 0 Tyg) M)
m(1;)

)

Pro,...ky_1nij =

and define
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(iii) In case (ii) of theorem 3.3 the assumption about break points: iis a technical
consideration. The same result on the order of convergence is obtained if the equipartition
is refined to include the (possibly unknown) breakpoints.

(iv) In case (ii) of theorem 3.3, it is possible to write down an expressioft farsing the
alternative bounds given in lemmas 6.5 (i) and 6.16 (i). The difference is that in case (iii),
we may express the bound in terms of properties of ttenly. For general Lasota—Yorke
maps, there are properties bfthat are not easily expressed in terms of the mBpsnd
so in case (ii), we have a bound which depends on properties of the (unknown) invariant
densityh.

(v) Clearly theorem 3.3 (ii) and (iii) apply also to deterministic systems where there is only
oneT;. For related work, see Froyland [3] and Keane et al [6].

4. Ulam’s method for Markov compositions

4.1. Invariant measures of Markov compositions

In this first section we derive an invariance condition in analogy to lemma 3.1 that enables us
to define simple invariant measures bfor Markov compositions of mappings. The setting
here is again very general:is simply a metric space and each of there (Borel) measurable
mappings on'.

The following result is a generalization of lemma 3.1 to Markov compositions.

Lemma 4.1. Let {u,};_, be a family of Borel probability measures én Define the section
B,={xel:(w,x) € BlwhereB € B(Q2 x I) is a Borel measurable subset@fx I. A
measuregx defined by

i(B) = / oy (Bo) dP(w) forall Be®BQx1I) (8)
Q
is T-invariant iff the family of measureg.};_; is fixed under the transformation
(V1 a V) (Z veo T Wi ) veo T,;lw:k) v € M(I), 9)
k=1 k=1

whereW};, = Wy wi/w; is the transition matrix for the reversed Markov chain.
Hence, any probability measure @rof the form:

w= Z Wi Ak (10)
k=1

that arises as a projection ontd1 (/) of a measure of the form (8), is invariant on average iff
theur, k =1, ..., r are fixed under the transformation (9).

See section 6.9 for the proof. Lemma 4.1 gives one a simple way to construct invariant
measures for our random system. The following extension of lemma 3.2 sagi Hizdolutely
continuous (with respect ibx m) T-invariant measures may be written in the simple form of (8).

Lemma 4.2 (Kowalski [5]). Assumethateadh,k = 1, ..., r is non-singular with respect to
m. Then anyP x m absolutely continuous-invariant measure may be written in the form (8).

Thus finding an absolutely continuous probability meaguie the form (10) with the
{1}, being fixed under the action of (9) is the only way to construct an absolutely continuous
T-invariant measure of® x I.
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4.2. A new Perron—Frobenius operator and statement of results

For the remainder of the paper we again restrict ourselves toBaoking a Lasota—Yorke

map. We are unaware of any results paralleling those of [16] for Markov compositions of
Lasota—Yorke maps, although theorem 2.1 Morita [11] assures the existence of an absolutely
continuous invariant measure provid®d, _, wy log(1/inf.c; |7} (x)]) < 0. However, as in

the iid case, the method of proof of [11] is unsuitable for our purposes, so in section 6.1.2 we
state and prove variational inequalities in analogy to lemma 6.1.

As we are primarily interested in absolutely continuous measures, we denote the density
of v; (as in (9)) by fY). Let BV = []/_, BV denote the-fold product of the space of
functions of bounded variation. We endow the spadewith the norm||(f®, ..., f©)| =
maxi<i<r | f PN = max<i<, {maxvar f©, | f®1}}. Denote byP, : BV (), the standard
Perron—Frobenius operator for the nmBp Following (9), we define an operaté : BV O
by

PO, fO) = (Z WP f O Y Wi POy Wr*kPkf“‘)). (12)
k=1 k=1 k=1

By lemma 4.1, we may construct an absolutely continuous invariant probability measure
from a collection(z ™V, . .., ") of densities that is fixed by. We will call the density ofi,
h =>"_, wh® aninvariant probability densitfor our Markov random composition.

Theorem 4.3.Let {T1, ..., T,} be a collection of Lasota—Yorke maps, and assume that the
Markov composition has a unique invariant dengityEquipartition the unit interval into:
subintervalsl; = [(i — 1)/n,i/n), and define stochastic matrice®,(k),k =1, ...,r, by

m(l; N T )

Pii(k) = 12
ij (k) D) 12)
Further, define then x rn matrix
wHiP,(1) WHP, QL - WHP(D
WEP,(2) WiL,P,(2) - W5P,(2)
n — . . 2 . . 2 . 1 s (13)
Wfrpn(r) Wz*rpn(r) W;krPn(r)
and lets, = [sP]s@]...|s{"] be a fixed left eigenvector 6f, where each®, k =1,...,r
is a vector of length satisfying}""_; s/ = 1. Define the approximate invariant density
g szl wksi(lki)
h, = —_— . 14
; < m(l) Xl (14)
Then setting
r W*
=) —% (15)
k=1 |nfx€1 |Tk('x)|
s SUR [T ()]
B =Y wy el kTl (16)
: ; Hinf eer | T/ (x)[2
and
. x > 0Ok
n = W* — /, ’ 17
: ,; Hinf yer 1T ()] an

witho' = maxi<i<r Oll/ andﬂ’ = maxgigr ,31/
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) Ifa < %, lh, — k|1 — 0asn — oo.

(i) If maxg<- (o) + 1)) + B'/2 < 1, and the endpoints of the partitigify, .. ., I,} contain
all points where there is a break in tf@' behaviour of any:®, k = 1, ..., r, then there
exists a constartt < oo such that||s, — k|1 < Clogn/n.

(iii) If &'+ B'/2 < 1and eachl} is aC? circle map, then the constadtabove may be written
in terms of fundamental constants of the m@psSetC = max«i<- Lip(log|T}|) and
A = minigrg, infy [T/ (x)] (@assuming. > 1). Then

I — halls < (977D — 1) (18)

SN ) ) log(4rn/8) 1
((1@&)(; Wlk) X it { <2 i 5) <[— log(a’ +,3//2)] ¥ 1) B 1} ¥ E)’

where[-] denotes the integer part.

Remark 4.4. (i) Using the arguments of [8], one may prove the existence of an invariant
densityh if @ < 1. As we outline in the examples section, uniqueness is guaranteed in
cases (ii) and (iii) if the hypotheses ahand g’ are satisfied.

(iiy If % < o’ < 1, then we may produce a Ulam approximation using higher iterates of the
mappings. Itis simple to show by induction that

oy = max S S Wi, W Wy :
N -— ... lk _ k _ k _ ... k k .
1<i<r o ot N-1AN-1EN-2 %o Infxd |(TkN,1 o--- Tkl o Tko)’(x)l

< @M. (19)
We choos&V such thatr), < 1, and construct matrices

m(L; 0 (T, 00 Tie) 7))
m(l;)

Prg, .oy _amij =

There will be at most” of these matrices, depending on the transitions allowetVby
We combine these matrices to form a collection“ahatrices,

r

N .
PM ko k) = Y Wi - Wik Phowky s

and define thev-step Ulam matrix as

PM(@L L PM(L2 - PM(A,r)
PM2,1) PM2,2) ... PM(2,r)

s " t " (20)
PMwr 1) PME2) o PN )

(iii) Remark (iv) of remark 3.4 holds in the Markov situation using the bounds of lemmas 6.6 (i)
and 6.17 (i).

5. Examples

We apply the main results to some specific random systems.
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Figure 1. Graphs of §) 71 and p) T».

5.1. Convergence

We first consider statement (i) of theorem 3.3, which guarantees convergence of the Ulam
estimateg:, to the unique invariant densityin the L* norm.

Define Ty, T> : I O by Tix = 6x3 — %x? + 8& (mod 1) (with 73(1) = 1) and
Tx = log(2 — x); see figure 1. The map, is nowhere expanding, however, if it applied
sufficiently infrequently, the resulting random system will have a unique absolutely continuous
invariant measure; in addition we may approximate this measure via Ulam’s method. We put
wy = 0.9 andw, = 0.1; this leads to a value of ~ 0.409 05. Our maps satisfy conditions (i)
and (ii) at the beginning of section 3.2, so that we are guaranteed a unique invariant density
for this iid composition. Theorem 3.3 (i) states that the Ulam approximatigreonverge
to this unique invariant density. If we had chosemw; andw, such that% < a < 1, then
we could have constructed Ulam matrices from higher powefg @nd 7, as described in
remark 3.4 (ii).

Considering now statement (ii) of theorem 3.3, we find that= O for¢ =1, ..., 6, and
thatd, ; = 1andd,» = 0, yieldingn = 0.2, whileg ~ 1.7225. Thust+n+8/2 ~ 1.4703> 1,
and so theorem 3.3 (ii) cannot be immediately applied to show|hat #,|; — O like
O(logn/n).

Although we have used simple maps for ease of description in this example, we could
equally well have chosen general Lasota—Yorke maps with finitely many breaks in continuity.

5.2. Bounds

We consider the case whefg, 7» : S* ) areC? expanding circle maps, and derive bounds
for our approximation errojfh — h,,||1.

Let Tyx = 6x3 — 9?2 + 8 (mod 1) as before, and definBx = —4x + sin(2rx)/5
(mod 1); see figures &) and p), respectively.
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Table 1. iid error bounds.

Number of partition sets ~ Bound for Bound for Bound for
n 7w (h) = halls Ih—mellz 1h = Ryl
100 0.94391 0.006 55 0.95046
200 0.51323 0.00326 0.51649
500 0.22741 0.00130 0.22871
1000 0.12213 0.00065 0.12278
2000 0.065 22 0.00033 0.06554
5000 0.02828 0.00013 0.02841

5.2.1. iid case. We putw; = % andw, = % One has that ~ 0.25389,8 ~ 1.0748, so
thate + 8/2 ~ 0.791 31. This tells us that the Perron—Frobenius opefatigra contraction
in the BV norm when restricted to test functions of zero mean (when restricted to the space
BVy; see lemma 6.1 for definitions). It follows immediately that there is a unique invariant
densityh for this iid composition.

We also compute thaf ~ 2.267 79 (usingl; as it has a large€ value thanTs) and
A~ 2.743 36 (usingl» as it has a largex value thanr;). These values may now be inserted
into (7) to obtain a bound fdfh — &, |1 for anyn. The separate bounds fik — 7, (k)| and
I, (h) — h,| 1 are displayed in table 1.

11
5.2.2. Markov case. We choose the matri¥/ = (2 6) it has a fixed left eigenvector

w = [£ 1] as in the iid case. One may calculate that= o; ~ 0.32512 and that
B = B; =~ 0.87756, so that’ + '/2 ~ 0.76390. Once again, we see that the Perron—

Frobenius operatd? is a contraction when restricted B/ o (seelemma 6.2 for the definition),
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Table 2. Markov error bounds.

Number of partition sets ~ Bound for Bound for Bound for
n lmn(h) — hnlls Il —m(Wll2 Nh = halla
100 1.34028 0.006 55 1.346 82
200 0.72337 0.00326 0.726 64
500 0.31798 0.00130 0.31929
1000 0.169 92 0.000 65 0.17057
2000 0.090 34 0.00033 0.090 66
5000 0.03897 0.00013 0.03910

so that one is guaranteed a unique invariant density for this Markov composition.

The values foilC andx remain the same as in the iid case, and we may substitute these
and the above values into (18) to produce bounds analogous to the iid case; see table 2. Note
that the bounds folth — 7, (h)|1 do not change.

6. Proofs

6.1. Fundamental inequalities for the Perron—Frobenius operator
6.1.1. iid case. Let BV denote the space &f functions or/ which are of bounded variation.

Lemma6.1.Let f € BV, suppose thateach,, k = 1, ..., r is a Lasota—Yorke map, and set
g* as in definition 2.2. Define a norin- || on BV by | f|| = maxXvar f, || f|1} for f € BV,
andsetBVy = {f € BV : [ fdm = 0}. Definew, g andy as in (4), (5) and (6) respectively.
Then

® varPf < 2avarf + 2q*a + B)| fll1 for f e BV. (21)

(ii) IPfII< (@+n+B/2)|fl for f e BVo. (22)
If in addition, eachT} is a C? circle map, then

(iif) IPfII< (a@+B/2fI for f e BV (23)

We remark that the coefficients+ n + 8/2 andx + 8/2 are not the best possible, and we
have chosen these values for simplicity of presentation.

Proof. Once part (i) is established, the other bounds follow easily, so we prove this first. Part (i)
follows as in the proof of theorem 1 [16], except that a small improvement can be made.

Let By := {[bS, bA1, [b%, BA), ...,[b" 1 qk]} andB* := {[bg, b1l. [b7, B3], . ... [b). 4,
b;.]} be as in definition 2.2. We write varf < Y, wivarPf, and proceed to bound
varP; f,k=1,...,r,individually.

One has the standard inequality

) (24)
T/ (b))

|T| Z(

=1

Jbi_y)
Tib7y)

BeB*
see [8] for example. We treat the first term:

f 1 sup, |7, | /
varp — < ————varg f+ ———— dm

BTy S infg 7Y 5 f inf5 |7/12 /3 71
via a standard argument [8]. So

r

supB|T|
>w Y van L \Z S e v Y m Y me|T|2/|f|d

k=1 BepB* k=1 BeB* k=1 BeB*
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r n 7, |
Z(BGB*Z klnfB|T|> A f* lnf1|T|2/|f|d

BeB* k=1

a 1 ’ sumT |/
< | ma — | var dm
<Besz(k2=;wkmf3 |Tk/|>v U mf, |T} |2 71

k=1

o
We may now refing8* to makeo* = maxges: Y ;_; Wi 7= as close tax as we like.
Now for the second term:

T S fBy )
>

—~ T/(b* 1) T/(b*)

|nfB|T|

*

q
) =2 <Zw"|T o 1>|)'f(bz‘l)'

(=1

+Z(Z Wk T (b*)|)|f(b7£)|

<a Z | il + 1 f )]
(=1

<a(var f +2q*| fll),

since| f (b;_p)| + | f(b})| < 2inf: by f +Vaiy: o f < 2 [, fdm(x) +var  w f.
Combining these two terms we have

varPf < (e +ajvar f + (2q o + Bl fll1

as required.

For the proof of theorem 3.3(i), we shall see that it is important to keep the coefficient of
var f small. For the proof of theorem 3.3(ii), however, itis desirable to reduce the combination
of both the coefficients of vaf and|| f||;. Because of this, in proving part (ii) of the present

F) || F@ED

lemma, we modify (24) to obtain:
—, —I¢- (25)
Tk/(bf ) Tk/(b’lf‘ ) }

varP, f < Z varg —— + Ze max {
BGBk |T | =0
The first term of (25) is the same as the first term of (24), and is bounded as before.
When dealing with the second term, we are able td| gét, < var f asf € BVp:

YR fBE) | FB
w B¢ Max , =
2 2 O { T || ek
r qk er
< — |var f
(gwkgmm{mb" LT >|})

> io bkt
(Z "mfxe,|T<x)|)Varf'

Combining these two terms we have

varP f < (e +nyvar f + B flla.

For f € BVy, one has||f|1 < (%)varf (see lemma 4 [5], for example), so that
IPfll =varPf and| f| = var f. Now:

IPfIl =maxvarP f, [P flli} =varPf < (@+nvarf + Bl flly < (x+n+p/2)varf
=(a+n+B/2|fI.
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completing the proof of part (ii).

For the case of circle maps, we use the bound of part (ii), and delete the contributions from
the branches of monotonicity not being onto (the ‘second term’ in the preceding argument).
This leaves us with valP f < avar f + 8] f1l1. The bound fol|P|zy,l follows as above ]

6.1.2. Markov case

Lemma6.2.Let f = (f®,....f") e BV, suppose that eacliy, k = 1,....ris a
Lasota—Yorke map, and sgt as in definition 2.2. SeBVo = {f € BV : [ f®dm =
Oforallk=1,...,r}. Defineq;, g/ andn; as in (15), (16) and (17) respectively, setting
o = max ¢ <r Oll/ and,B’ = maxgigr ,31/ Then

0]
maxvar(Pf)“‘) <2 max var f® + max(2q 1+ ) max ILF 1l for feBV.
(26)
(i 1P f1 < (1@%(0:; ) +ﬂ//2)> Ifl for feBVo. (27)
Ifin addition, each} is aC? circle map, o
(iii) IPFI < @ +B/2IfI for feBVo. (28)

Proof. Let B, andB* be defined as in the proof of lemma 6.1.
First note that

var(P f)© = var ( Y WiPif (k)> (29)
BB = \| Ti®;_y) T (b})

k=1
The first term is treated as foIIows

* 4
ZW”‘<ZvarB |fT| +Z<
ZWM( D vais |) Z i (mfxeB vt £ oK [ If‘k’ldm(x)>,

A ‘ . ‘ FO@)

BeB* BeB*
(30)
as in the proof of lemma 6.1, whetg, = sup,.; |7, (x)|/inf; |T{(x)|2. Continuing,
1 r
(30) < Z Wik varf© + 3 WKl f @, (31)
frer |T{(x)] ~
As for the second term
fOWw;_ A() - 1 X
W, - <Y Wi————var f© +2¢*| ¥,
Z ”‘Z< (b} (b)) k; Hinf cer 1T, (x)] Sl

(32)
as in the proof of lemma 6.1. Combining (31) and (32), we obtain

d 1
var(P f)® < 2<Z *—) max x var f®

S Hinf e T ()]

r Zq*
+ Wil Ky + ———— ®
(Z ”‘< ‘ mfxez|T,g(x)|>>l<k< 177

= 2q] max var fO+@2q*a + B) [max I F®, (33)

1<k<r
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as required.
For part (ii), we use a modification of the inequality (29):

var (ﬁf) . (i W;,"cpkﬂk))

k=1

®) (pk-— ®) (pk-*
ZWlk Zvafs +Z9k max f/(ke_) f,(k€+) '
BeBy |T| =0 Tk(b[ ) Tk(b[ )
The first term is bounded as above. As for the second term,
r Gk (k) (bk’_) (k) (bk’+)
Z W[; Zek,z max{ f - kf— f - k?+ (34)
k=1 =0 Tk(bz ) Tk(be )

< X’: W* ZEA 0 9k L m Varf(k)
k=1 InfxE[ IT (-x)| r

as in the proof of lemma 6.1 (recallifigf © || < var f® asf € BV,). Combining (31) and
(34), we obtain

Var(ﬁf>(l)< iw*w max var f® + Xr:w*K max || f®l,  (35)
= Ik LRl B !

=1 |nfx€] |Tk’(x)| 1<k =1

/ / (k) / (k)
= (o, + max var f + max || f s
( 1 771) 1<her ﬂl 1 I Il1

U

and the result follows. Part (iii) follows as in the iid case. a

6.2. Proof of part (i) of theorems 3.3 and 4.3
6.2.1. iid case.

Proof of theorem 3.3 (i). First, recall thatr < 1 already guarantees the existencé;cfee the
discussion at the beginning of section 3.2. Derfote= {f, € BV : f, = (1/n) >4 fu.i X1

for somef,; € R}, and leth, € F, be as in (3). Define a mapping, : BV — F, by
7.(f) = (1/n) Z?:l(fli f dm)x;.. We follow the proofs of lemma 2.7 [9] and theorem 1 [9].
Let [, P] represent the matrix representation (with respect to the basis . ., x;,}) of the
projectionsr, composed with the Perron Frobenius operator defined in (1). It is easy to show
that [, P];; = P,.ij, so one hag, = m,Ph,. Now

varh, = var(r,Ph,) < varPh, < 2avarh, + (2q*a + B) || h, |1,

and so van, < ((2¢*«a + B)/(1 — 2a))|lh,llz. Thus the sequencgr,};2, is weakly
sequentially compact i and each convergent subsequence convergésiioL!. This
implies lim,_, o, h, = h. O

6.2.2. Markov case.

Proof of theorem 4.3 (i). We follow along the lines of the above proof. Denote
F, = [Ii_, F. and define the projectiont, : BV — F, by #,((f@,..., f?)) =
(. (fD), ..., 1, (f)). Note that the matrix representation @f,[P] with respect to the
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basis[ T;_1{xz, - - - x1,} is simply S, and sah P, ..., b)) = 7, P((hD, ..., h")), where
h® =" (sM)m(1))x,,. As in the iid case,

n,i

max Varh’(ik) = max Var(fr,,ﬁ(h,(ll), ey hf,")))(k)
1<k<r 1<ksr
< maxvarP(h®, ... hH®
1<k<r

< 20’ max varh® + max(2¢*a, + B)) max ||hP],
< n ] <(‘] 1 'Bl)1<k< I n Il1

KT <I<r KT

and so maxq <, varh® < (maxg<,(2q*a) + B))/(1 — 2a')) maxi<i<, A9 [1. Thus the
sequencd(hy, ..., h")}2, < BV is weakly sequentially compact ifi,_; L* and each
convergent subsequence converge@ts, . .., 1), the unique fixed point oP. O

For parts (ii) and (iii) of theorems 3.3 and 4.3, we need to do much more work, and the
remainder of section 6 is devoted to their proof.

6.3. Error estimates for eigenvectors

6.3.1. iid case. Following observation 3.4 [3], we note that the matrﬁg,,j =
Y we(n(; N T,jllj)/u(l,-)), has the vectop, = [u(ly),...,u(l,)] as a fixed left
eigenvector (since is fixed by D). The vectorp, gives exactly the correct weight to each
partition set, so our concern is with the deviation of our approximate vegtdrom p,.
Whenever talking about norms on vectors, we shall denote the stahdarector norm as

Il - Il.. to avoid confusion with thé&.! norm on functions, which will be denotdg: ||;. We
shall show in section 6.6.1 that the matixhas a unique (up to scalar multiples) fixed left
eigenvector under the conditions of theorem 3.3 (ii) or (iii). Thus, the matrig ergodic
(irreducible and aperiodic), and we may use the fundamental inequality [17]

“ﬁn - pn”m g ”ﬁn - Pn”m”(ln - Pn + Py?O)_l”mv (36)

whereP>. = p, ; andl, is then x n identity matrix. We may rewrite (36) as

n,ij
70 (B) = Bulls = Y 1) = puil < 1Py = Pallm | Zallm, (37)
i=1

with Z, = (I, — P, + P®)~%. In section 6.5.1, we derive bounds f{p, — P,|,., and
in section 6.6.1 we produce bounds foZ,|,,. This will provide us with a bound for the
difference in thel.! vector norm betweej, andp,, and hence a bound fder, (h) — h,, | 1.

6.3.2. Markov case. The invariant measure may be decomposed &S, _, wy ik, Where the
u are fixed under (9). We construct matrices

(i N T )

ﬁn k) = P 38
® wi(1;) (38)
and put them together to form
WiHP(D WiP(D) - WhP(D
- WhLP,(2) Wi,P,(2) -+ W5P,(2)
= 12 . 22 ' 2 ‘ (39)

Wi Bu(r) WLB,(r) - WEP,(r)
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We denoteS) = Wi P(k);;, 1 < i,j < n, 1< kI < r;thatis, the(i, j)th entry of the
(k, Dth block. It is easy to check that the vector
El’l = [M1(11)7 MR Ml(ln)5 MZ(Il)a M) ,lLZ(In), """ ’ Mr(ll)a M) ,u*r(Il’l)]

is a fixed left eigenvector af,. By Eflk,) = ux(I;) we denote théth entry of thekth block of
s». Under the conditions of theorem 4.3 (ii) or (iif}, will have a unique fixed left eigenvector
(up to scalar multiples) and we may apply inequality (36) to obtain

150 — Sallm < USw — Sullmll (I — Su + S2°) |, (40)

where(S,fo)fj.‘” = s;l). As in the iid case, we denoté, = (I, — S, + S°°)~! and in later

sections will bound bott}S,, — S,/ and||2,1||m.
Finally,

EAOEYAIESY <Y S = s =115 — Sullm- (41)

,
<(k) (k)
Z wk(sn.i - sn,i)
i=1"k=1 k=1 i=1

Thus we may boungir, (7)) — h,||1 using (40).

6.4. Renyi estimates for the invariant density

This section derives the necessary bounds for the regularity of the invariant deimstgrms
of fundamental constants of the mafs when eacHi; is aC**-P expanding circle map.

6.4.1. iid case.

Lemma 6.3. Suppose that each, is an expandingC™*“P map of the circle. Defing =
Minicr<r iNfrer [T/ (x)], andC = max<i<, Lip(log|7/]). Then

h
hD)  geion foral xer. (42)
h(y)

Proof. We follow the proof of theorem 5.2.1 in [19]. As in the proof and notation of
lemma 5.2.2 [19], we have that
[(Thy_y © - 0 Tip) (X)) < C
[(Try 00 Trg) M A —

provided|T;, o -+ o Tyy(x) — Ty, 0 -+ 0 Ty (¥)| < egfori =0,..., N —1, whereeg > 0
is such thatx — y| < €g = |Tix — Tyy| > Alx —y|forallx,y e Tandk = 1,...,r. Let

|Og 1|TkN,1O"'OTko(-x)_TkN,lo"'OTko(y)L (43)

ey

forward of¢o under7y,, , o - -- o Ty, along one of the inverse brancheslpf , o--- o T},. By
(43), we have that

44444

For a fixed sequendey_1, . .., ko, We may sum ovet to obtain

Broy 1o ) /Py s, ko (¥) < €SNV AD,
We may now combine the contributions from each of the sequengces. . ., ko to obtain
r
Zko,...,kN,;l:l Wiy_y - - - WkoPhy_1.....ko(x) . o (x) < eClx—y1/0=1)
= < .
ZZO ..... ky_q=1 Wky_1 + - - WkoPhy ... ko(y) on(y)

Note thatpy (x) = PV ¢o(x), S0 that we have a bound on the distortion of the uniform density
after being pushed forward times under the (random) Perron—Frobenius operator. Clearly,
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there exist constants such that< ¢y (x) < Bforall x € I andN > 0. Letting¢ be a limit
of the sequence: SV Loy, asN — oo, we see thap is fixed by? and is bounded above
and below byA andB respectively. Furthermore,(x)/¢(y) < e“*>I/¢=D By uniqueness,
¢ = h. O

6.4.2. Markov case

Lemma 6.4. Suppose that eachj is an expanding”**“P map of the circle. Then

h
hu(x) < e Ve-D forall xelandeachk =1,...,r. (44)
hi(y)

Proof. Follows as for lemma 6.3 with appropriate modifications. |

6.5. Boundind| P, — P,|l,» and || S, — Sy |lm
6.5.1. iid case.

Lemma6.5.Let P,(k) = wn(l; N T ;)/n(ly), and B, = Y\, wyP,(k). Under the
assumptions of theorem 3.3:

(i) 1P, — Pullm < (Lip h/infic; h)/n, if eachTy is a general Lasota—Yorke map, and the
partition {1y, ..., I,} contains all points of non-Lipschitznesshof
(i) |2y — Pyl < €/@2n _ 1 if eachTy is a C™*"P map of the circle.

Proof. We treat case (ii) first. Fix. As in the proof of lemma 3.6 [3], one has

[P (k) = Poij ()] < P (k)1 = (SUPA(x)/ inf A(x)].

xel;

Using (42), we have

ISisn £ x€l;

12,00 = @l < 108X D Prsy ()11 = (SUhC)/ Inf 1)

n
< max ) P, (k) (/4P — 1)
1<ign =1

— C/0=Dn _q

The result of (ii) now follows easily. As for case (i), we note that

|Boij(k) = Poij(0) < Py (®)1— ( sup h(x)/ inf h(x))l,
xelnt(l;) xelnt(/;)

again as in the proof of lemma 3.6 [3]. Sinkeés Lipschitz on the interiors of the partition
sets by assumption, proceeding as above, we have the bound

1 22(K) = Pa)lln < (Lip(h)/ inf (o) /m,

where Liph) is understood to mean the maximum Lipschitz constant calculated over each of
the Lipschitz pieces ot separately. The result of (ii) now follows as above. O
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6.5.2. Markov case.
Lemma 6.6. Let S, be as in (13) and, as in (39). Under the assumptions of theorem 4.3:

) 1S = Sulln < Maxcr<, (X)_y W) Lip he/infre; hi))/n, if each T, is a general
Lasota—Yorke map, and the partiti¢h, . .., I,} contains all points of non-Lipschitzness
ofeveryli, k=1,...,r.

(i) 18, — Sullm < (MaXicre, 3)—q Wi (€S/A2n — 1) if each Ty is a C**-P map of the
circle.

Proof. We treat case (ii) first. LeP, (k) be defined as in (38) an®, (k) as in (12). Proceeding
as in the proof above, taking the distortion bounds from (44),

D _ < - B _ ; < C/0=Dn _
”Pn (k) Pn (k) ”m X 1Z]ia§)§: ; Pn,tj (k)ll (fg[?hk ()C)/ )LQI’ hk(x))| <€ 17

and noting that

r r
q D C/(A—1
1S5 = Sulln = max [§:1 Wil Pa(k) = Pa(k)llm < (12"&)& 1221 Wi;)(e femin -,

1<k<r
we are done. As for case (i), following the proof of lemma 6.5 we have
I Pa(k) — Pa(k) [l < (Lip(hk)/irg hi(x))/n,

where Lip(hg) is understood to be the maximum Lipschitz constant calculated over each of
the Lipschitz pieces df; separately, and the result of (i) follows. |

6.6. Boundind| Z, ||, and || Z,. ||

6.6.1. iid case. We writeZ, = I, +>_~_; PY — P>, and proceed to bounjPy — P>°||,,.
Converting normsDefine the projectiofil;, : BV — sp{h} by I1,,(f) = (f; f dm)h. In this
section, we show that the contraction propertyPah the BV norm gives bounds for the rate
of convergence of iterates of the Ulam matfxto its eigenvector.

We will identify elements ofF,, (as defined in the proof of theorem 3.3 (i)) with the
n-tuples (f,.1, ..., fu.n) that uniquely define the functiorf,. Our norm onF, will be
I fullm = Xy | fuil, where thef,; define f,; if we think of F, as being isomorphic to
R”, this norm is simply the standad vector norm. We now show that when restricted to
F,, the normg| - || and| - ||, are equivalent.

Lemma 6.7. For f, € Fu, | fullm < nll full @nd |l full < 21 fullm-

Proof. First, we note that f;, ||, = nll f.ll1. SO

I fullm = nll fulll < maxinvar f,, nll fulli} = nll full. (45)
Second, note that vaf, < 2| flln. SO

Ifall = maxvar f, || full1} < MaxX2ll fullm, /W fullm} < 20 fallm-  (46)

Lemma 6.8. | PY — P |lm < 4nlIPlav, IV
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Proof. Using the notation introduced in the proof of theorem 3.3 (i), recall tha®{] = P, (k)
and so fr,P] = P,.

DenoteF,o = {f, € F, : Y.i_; fa: = O}. We begin by relatingl 2" — P>|,, and
PN F, ol In what follows, we simultaneously considgr as a step function, and as the
n-tuple [fu.1, ..., fanl; in the latter case the action of matrices is understood to be left
multiplication.

PN — p>
1Y = P, = sup 1P = Enl

fn€F, Il fnllm
— sup 1PN (fo = P fi)llm
feF, | S llom
”fn - Pnoofn”m

N
<P 1Eollm SUP
fueFy Il follm

2| full

N nllm

<P Follm SUP ———
fieFy I fullm

= 2P, 1o llm-
Now we link this result with the bounds that we have for the Perron—Frobenius operator:

7, PV
2||Pr{V|F”0“m — 2 SUp ||[ n ] fl’l,O”m
Jfn0€F0 ”fn,O”m

n @ P fuoll
foockro I fuoll/2
4n|(ma P)N 1,0l
4n| 70, Plr, oI
4n||P| g, oI
4n|| Py, ™. O

2

N

<
<
<
<

Corollary 6.9. Under the hypotheses of theorem 3.3 (ii) or (ifip," — P>°||,, < 4ny", where
y=a+n+pB/20ry =«a+ /2, respectively.

A bound for||Z,|... The following results are modified versions of the arguments of
section 6 [3].

Lemma 6.10. Under the hypotheses of theorem 3.3 (ii) or (iii), setting= « + n + /2 or
y = a + B/2, respectively,

1Zull < inf {<2+ 8 ) (['09(4"/8)] + 1) - 1}, (47)
0<5<1 1-6 —logy

where[-] denotes the integer part.

Before proving this, we state a result from [10]t.

Lemma 6.11 (theorem 16.2.4 [8] )Suppose thatP, is an n x n irreducible, aperiodic
stochastic matrix with fixed left eigenvectpy. As before, defin@>, = p, ;. Select a
number) < § < 1 and letm,, be such that

P = (1= 8)pa, forall 1<i,j<n. (48)

T Theorem 16.2.4 [10] is incorrect as stated. Equation (16.21) should|4ad, -) — 7(-)|| < 2 forn < m, and
1P (x, ) — ()| < pl*/™ for n > m. The appropriate modifications should be made in lemma 6.6 [3].
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Then
2 if N <m
N e nsy
IBY = Pl < {S[N/m,,]’ AN

Proof of lemma 6.10. We now find an appropriate:, to satisfy (48) forP,. A sufficient
condition for (48) to be satisfied is tha‘f,:i';‘j. — P, jl < 8pyjforalll <i, j < n. Summing
over j and maximising over gives|| P,"» — P>*°||,, < 8§ = (48) holds. From corollary 6.9, we
see that providedd/™ < 8, (48) will hold. A simple rearrangement shows thay4 < §

if

m, > [log(4n/8)/(—logy)] + 1. (49)
So now
00 m,—1 00 S
1Zullm = ‘1 +Y RN =P <1+ ) 2+ ) sl < (2 + )m — 1. (50)
N=1 m N=1 N=m, 1-6
Inserting (49) into (50), we obtain the result. O

6.6.2. Markov case.

Converting normsWe wish to study the rate of convergencesgf to the limiting matrixs>
defined in (40) asv — oo, in terms of the| - ||,, norm. At the moment, we have information
regarding the convergenceﬁmm/o to 0 from lemma 6.2, and in this section, we link these
two types of convergence.

Lemma 6.12. |SY — S5, < 4rnl|P| gy IV

Proof. Let F and#, be as in the proof of theorem 4.3 (i). Defitigo = {(f 2, ..., f") €
Byl f =oforallk=1,...,rh
Following the initial chain of inequalities in the proof of lemma 6.8, one has
1Sy = Sl < 21801, lln-
We define an intermediate vector notim |, as||s,ll,» = max<i<, Is® .. Clearly,
I Al <Al << 7 M
Lemma 6.13. Simultaneously thinking of the--tuple
. 1 5 . .
fn=(f,() L @ @ ) )y

e PR A N A SRR A SRR N AT
as representing & x nr vector and an element &V, we have the relation§f, |, < nll f. I
and|l full < 2|l fall-

Proof. Noting that]| f, I,y = Maxici<, | £ ® [, and that] f, || = max<i<, || £*|l, the result

follows directly from lemma 6.7. O
Recall that the matrix form ofr,? with respect to the basib[_{xn.---» x1,} is
simply S,

o3 73 Nf 0 rl[# 75 N ollm’
208, 1,lm =2 sup M2 PY ol gy MDY ool
‘ Fuo€Fuo Il frollm froeFuo Il fr.0llm
nl| G P)Y fuoll s N
T APy IV
frocbuo I fa0ll/2

with the final inequality following as in the proof of lemma 6.8. a

< 2r
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Corollary 6.14. Under the hypotheses of theorem 4.3 (ii) or (iij§¥ — S, < 4rny",
wherey = maxg< (o) +n)) + 8'/20r y =o' + B'/2, respectively.
A bound for|| Z,, ||

Lemma 6.15. Under the hypotheses of theorem 4.3 (ii) or (jii), setting= max<;<- (o +
n)+ B /20ry =o'+ B'/2, respectively,

12l < inf {<2+ g )(['Og(‘”/‘”} +1) _1}. 51)
0<é<1 1-6 — |Ogy

Proof. Follows as in the proof of lemma 6.10. O

6.7. Taking care of the differend@ — 7, (h)||1

6.7.1. iid case.
Lemma 6.16. Under the assumptions of theorem 3.3:

() l1h =, (h)ll1 < Lip(h)/2n, if eachT} is a general Lasota—Yorke map,
(i) |h —m,(h)||1 < (€€/¢~Dn _ 1)/2, if eachTy is a C**“P map of the circle.

Proof. First assume that eadh is aC'*"P map of the circle, so that we may use the estimates
of lemma 6.3:

h—m,(h = h—— hd h f h 2
I = 0 ()2 = Z” m’ Z L (SUP(D) — Inf 1)/

(52)
== Z |nf h(x) - (Suph(x)/ |nf h(x) —1)/2 < (/¢ _1y/2,

xel;

as required; the mequallty (52) follows as in the proof of lemma 4 [5], for example.
In the case of general Lasota—Yorke maps, the result follows by noting(32at<

iy s (Lip(h)/n)/2. 0

6.7.2. Markov case.
Lemma 6.17.Under the assumptions of theorem 4.3:

(i) I1h —my(h)|l1 < Xy we Lip(hi)/2n, if eachTy is a general Lasota—Yorke map,
(i) |h —m,(h)||1 < (€/¢~Dn _ 1)/2, if eachTy is a C**HP map of the circle.

Proof.
lh —ma (M)l = _nrz(zwkhk> < Zwk”hk — 7ahill1s
k=1 1 k=1
and the results now follow as in the proof of lemma 6.16. O

6.8. Proof of parts (ii) and (jii) of theorems 3.3 and 4.3
6.8.1. iid case.

Proof of theorem 3.3 (ii) and (iii). This follows immediately from (37), and lemmas 6.5, 6.10
and 6.16. 0
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6.8.2. Markov case.

Proof of theorem 4.3 (ii) and (iii). The results follow immediately from (40) and (41) and
lemmas 6.6, 6.15 and 6.17. O

6.9. General Markov proofs

Definition 6.18. Define an operatoD* : C(So x I, R) O by

(D*2) (@0, X) = Y 2(@1, TungX) Woga - (53)

w]_:l

We call a probability measurg € M(So x ) D-invariantif
/ g(wo, x) dé(wp, x) = / (f?*g)(a)o, x) d& (wo, x) forall g e C(Syx I,R).
S()XI S()XI
(54)

The following lemma characterizesinvariant measures a x  in terms ofD-invariant
measures on the simpler spafex 1.

Lemma 6.19.Let A € B(Sy x I) (the space of Borel measurable setsSynx I) and B €
B(2 x I). Define the sectiond,,, = {x € I : (wo, x) € A}andB, ={x € I : (w, x) € B}.
Let{ia,);,,—1 be @ collection of Borel probability measures bnDefine a probability measure
& € M(So x I) by

§(A) = /S o (Awg) dp (o), (55)
and a probability measmjrﬁ € M(Q2 x I) by

i(B) = /Q Ha(Bo) AP(0). (56)
Thené is D-invariant iff & is z-invariant.
Proof. Letg : @ x I — R be any continuous function and define

g(wo, x) = (/{wo]g(w,x)dP(w)>/P([wo]),
where o] = {w € @ : wp = ag}.

/ g(t((wowiwz - - ), x)) dit(w, x)
Qx1I

= //g((wlwz-.-),Twox)duwo(x)le’(w)
QJI

r r 1
Z Z /1 <m [wowﬂg((wlwz-"), Twox)dIF’(a))> dite, P([wowi])

wo=1w1=1

Z Z g(wls Ta)ox) d/“l’wo (x) Ww0w1 wa)o

(Uo:l Lt)j_:l 1

/S (D*8)(wo, x) d& (wp, X).
ox 1
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Since the first expression equalfs, , ¢(w, x) dji(w, x) iff i is t-invariant, and the final
expression equalﬁsoxl gd&(wp, x) iff &is D-invariant, we are done. O

Proof of lemma 4.1.We show that the measugén (55) isD-invariant iff the family{ ., }
is fixed under the transformation (9). The result will then follow from lemma 6.19.

Suppose that is D-invariant, and choosg(wo, x) = x{j1xa(wo, x) for somej € S; and
A € B(I). On one hand, we have:

r
wp=1

/ Xijyxa(wr, x) dé (w1, x) = w;n; (A). (57)
S1x1

On the other, we have:

r r
f D* X(jyxa (@0, X) d& (o, x) = ) / D X< a (@1, TorgX) Wasgar, Oty () ey
Sox 1 I =1

wo=1
= D tao(TpgtA) Wogj Wi, (58)
wp=1

By a standard approximation argument, the property (54) also holds for simple functions such
as x(jjxa, S0 that we may equate (57) and (58), proving thatinvariance implies that the
family {11.,17,,—1 is fixed by the transformation (9).

For the converse, suppose tlat,},, _; are fixed by (9), and choogee C(So x I, R).
It is a simple matter to verify directly that

/ (D*g)(wo. x) dE (wo, x) = / g(wo, X) Aite, do(wo).
So><1 SQXI
Thus{iw,},,—1 being fixed by (9) implie§5-invariance of.
The fact thaw = >, _; wi s is invariant follows immediately from definition 2.1. O
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