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Abstract. We consider the approximation of absolutely continuous invariant measures (ACIMs)
of systems defined by random compositions of piecewise monotonic transformations. Convergence
of Ulam’s finite approximation scheme in the case of a single transformation was dealt with by
Li (1976 J. Approx. Theory17 177–86). We extend Ulam’s construction to the situation where a
family of piecewise monotonic transformations are composed according to either an iid or Markov
law, and prove an analogous convergence result. In addition, we obtain a convergencerate for our
approximations to the unique ACIM, and provide rigorousboundsfor theL1 error of the Ulam
approximation.
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1. Introduction

We begin by giving a rough description of the setting and our results. Let{Tk}rk=1 be a collection
of mappings from the unit intervalI into itself. Given an initial pointx ∈ I , and a (random)
sequence(k0, k1, . . .)with kN ∈ {1, . . . , r} forN > 0, we produce a (random) orbit by defining
theN th point in the orbit to bexN = xN(kN−1, . . . , k0, x) := TkN−1 ◦ · · · Tk1 ◦ Tk0x. There
are two cases we consider. First, the mapTkN−1 that is applied at timeN is selected from the
collection{Tk}rk=1 independently of the maps that have previously been applied, and according
to the same probability law for all time. Such a composition is often referred to as a random
iid composition, and the indicesk0, k1, . . . arise as random variables of an iid process. Second,
the mapTkN−1 that is applied at timeN is chosen so as to depend only on the map applied at
the previous time step, and according to the same probability law for all time. In this situation,
the indicesk0, k1, . . . arise as random variables of a stationary first-order Markov chain, and
we call such a composition of maps a Markov random composition. Such random dynamical
systems arise in a variety of ways.

We are interested in determining the asymptotic behaviour of such systems in situations
where the orbits{xN }∞N=0 ⊂ I have the same asymptotic distribution onI for almost all
sequencesk0, k1, . . . and Lebesgue almost all starting pointsx ∈ I , as such asymptotic
distributions are clearly of physical significance for the system at hand. To this end, we
extend a method of Ulam [18] to produce a rigorous approximation method for absolutely
continuous probability measures that are ‘invariant on average’ under the action of the random
system.
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2. Formalities, background and outline

We formally set up our problem. LetSi = {1, . . . , r}, i > 0, and� = ∏∞
i=0 Si . We select

a probability measureP on � that is invariant under the left shiftσ : � 	. The space
� contains infinite sequences of indices for the mapsT·, and the shift invariant probability
measureP governs the stationary stochastic process that generates a (random) index at
each time step. In the iid case, we select a probability vector(w1, . . . , wr), and define
a probability measureρ on Si , i > 0, by ρ({k}) = wk. Denote [a0, . . . , as ]t = {ω ∈
� : ωt = a0, ωt+1 = a1, . . . , ωt+s = as}, and defineP by P([a0, . . . , as ]t ) = wa0 · · ·was ,
consistently extendingP to all of�. In the Markov case, we select an irreducible, aperiodic
stochasticr×r matrixW with invariant (normalised) left eigenvector(w1, . . . , wr), and define
P([a0, . . . , as ]t ) = wa0Wa0,a1 · · ·Was−1,as , again consistently extendingP to all of�.

Define the skew productτ : � × I 	 by τ(ω, x) = (σω, Tω0x). We form a (random)
dynamical system by considering the orbit{ProjI (τ

N(ω, x))}∞N=0 on I whereω ∈ �, x ∈ I ,
and ProjI denotes the canonical projection of�×I ontoI . By puttingxN = ProjI (τ

N(ω, x)),
we see thatxN = TωN−1 ◦ · · · ◦ Tω0x for N > 1, with x0 = x. Thus the orbitxN is defined
by a random composition of the mappingsT1, . . . , Tr ; the orbit is random in the sense that the
sequence of mapsTωN−1 ◦ · · · Tω0 has probabilityP([ω0, . . . , ωN−1]) of occurring. We wish to
study the asymptotic behaviour of the orbitxN .

Denote byM(�× I ) the space of Borel probability measures on�× I .

Definition 2.1. We shall say that a probability measureµ̃ ∈M(�× I ) is τ -invariantif

(i) µ̃ ◦ τ−1 = µ̃, and
(ii) µ̃(E × I ) = P(E) for all measurableE ⊂ �.

We say thatµ ∈M(I ) is invariant on average, or simplyinvariant, if there exists aτ -invariant
probability measurẽµ such thatµ(A) = µ̃(�× A) for all measurableA ⊂ I .

We seek to approximate invariant measuresµ that are absolutely continuous with respect to
Lebesgue measurem onI , and restrict ourselves to the situation where theTk are Lasota–Yorke
maps.

Definition 2.2. We shall say that an interval mapT : I 	 is aLasota–Yorke mapif (i) there is a
finite partition0= b0 < b1 < · · · < bq = 1 of I such thatT |(b`−1,b`), is aC2 function and may
be extended to aC2 function on[b`−1, b`] for ` = 1, . . . , q, and (ii) inf x∈I\{b0,...,bq } |T ′(x)| > 0.
We denote the partition for the mapTk by0= bk0 < bk1 < · · · < bkqk = 1.

Denote byTk(b
k,−
` ) andTk(b

k,+
` ), the values thatTk takes on either side of the break point

bk` , ` = 1, . . . , qk − 1. We define the numbersθk,`, ` = 1, . . . , qk − 1, as follows:

θk,` =


0, if Tk(b

k,−
` ) = 0 or 1, andTk(b

k,+
` ) = 0 or 1,

2, if Tk(b
k,−
` ) 6= 0 or 1, andTk(b

k,+
` ) 6= 0 or 1,

1, otherwise.

For ` = 0 and` = qk, we putθk,` = 0 if Tk(bk`) = 0 or 1, andθk,` = 1 otherwise.
There exists a minimal partition0 = b∗0 < b∗1 < · · · < b∗q∗ = 1 such that for each

k = 1, . . . , r and all` = 1, . . . , q∗, one hasTk|(b∗`−1,b
∗
` )

, is aC2 function and may be extended
to aC2 function on[b∗`−1, b

∗
` ]. This numberq∗ will be used in the main theorems.

We sometimes refer to mapsT : I 	 asC2 circle maps. Here we mean to identify the half
open unit intervalI with a circle, and assume that the mapT continues to beC2 under this
identification. Clearly in this case,T isC2 everywhere and there is no partition allowed.
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In the case of a single mapping with infx∈I\{b0,...,bq } |T ′(x)| > 2, it was in such a
setting that Li [9] first proved convergence (inL1) of Ulam’s approximation to the unique
absolutely continuous invariant measure (ACIM), following the Lasota and Yorke [8] proof of
the existence of an absolutely continuous invariant measure. The existence of an ACIM for
iid random compositions of such mappings has been considered independently in this setting
by Pelikan [16] and Morita [12]. In fact, Morita [11] also gives conditions for the existence of
an ACIM whereP is any shift invariant probability measure; that is, the sequence of indices
(ω0, ω1, . . .) arises as random variables of any stationary stochastic process.

However, to the author’s knowledge, the rigorous numerical approximation of ACIM’s
for random compositions has not been considered. We restrict ourselves to using collections
of Lasota–Yorke type interval maps, as both the proof of existence of ACIM’s and the proof
of convergence of Ulam’s method are well known in the deterministic situation of a single
mapping. Related extensions include [1, 4] which contain existence results for ACIM’s
of higher-dimensional expanding mappings and iid compositions of expanding Jablonski
mappings respectively. Extensions of Ulam’s method to higher-dimensional deterministic
systems include [2,3,14].

We firstly consider iid random compositions and begin by proving suitable inequalities
regarding the variation of test functions and their images under an appropriate Perron–
Frobenius operator, following the construction of [16]. We then form a finite-dimensional
approximation of this Perron–Frobenius operator and use the variational inequalities to first
proveconvergenceof Ulam’s method. Under slightly stricter conditions, we are able to produce
a rate of convergence, and in the case where eachTk is aC2 circle map, we obtain abound
for the error in our approximation, in terms of fundamental constants of the mappingsTk,
k = 1, . . . , r. We can also produce a bound for the case of general Lasota–Yorke maps, but it
uses properties of the (unknown) ACIM.

We then turn to Markov random compositions. Here, the definition of an appropriate
Perron–Frobenius operator is more complicated. We begin by outlining the construction of a
suitable operator and showing that fixed points of this operator correspond to invariant measures
of the skew productτ , generalizing a result of Ohno [15] for iid compositions. We then form
a finite-dimensional approximation of this new operator and obtain similar results to the iid
case.

We remark that the constructions described in this paper should be able to be combined
with the variational inequalitites of [2, 4] to prove convergence of Ulam’s method for higher-
dimensional random dynamical systems. Morever, the representations of the appropriate
discretised Perron–Frobenius operators for iid and Markov compositions may be used as a
new numerical method for (non-rigorously) approximating invariant measures of more general
(non-expanding and/or higher dimensional) random dynamical systems.

Sections 3 and 4 contain the main results for the iid and Markov cases, respectively.
Section 5 details numerical examples of our results; the proofs are in section 6.

3. Ulam’s method for iid compositions

3.1. Invariant measures for iid compositions

We begin by giving a simpler description of invariant measures onI . The following lemmas
hold in the very general situation whereI is simply a metric space and eachTk is a (Borel)
measurable map ofI .

Lemma 3.1 (Ohno [13]).Define an operatorD : M(I ) 	 byDν = ∑r
k=1wkν ◦ T −1

k . A
measureµ ∈M(I ) is fixed underD iff P× µ is τ -invariant.
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Thus, it is easy to constructτ -invariant measures as products of the measurePand measures
onI that are fixed byD. The following result tells us that in the case ofabsolutely continuous
τ -invariant measures (absolutely continuous with respect toP × m, wherem is Lebesque
measure onI ), all are of this product form.

Lemma 3.2 (Morita [11]). Assume that eachTk, k = 1, . . . , r is non-singular (m(A) = 0⇒
m(T −1A) = 0 for all Lebesgue measurableA ⊂ I ), with respect tom. Then anyP × m
absolutely continuousτ -invariant measure has the formP× µ whereµ is fixed byD.

Thus finding an absolutely continuous probability measureµ on I satisfyingDµ = µ is
the only way to construct an absolutely continuousτ -invariant measure on�× I .

3.2. Statement of results

As we are interested in absolutely continuous invariant measures, we may rewrite the operator
D as an action on density functions. The corresponding action onf ∈ L1(I,m) is given by

Pf =
r∑
k=1

wkPkf, (1)

wherePk : L1(I,m) 	 denotes the standard Perron–Frobenius operator for the mapTk,
namely,Pkf (x) =

∑
y∈T −1

k x
f (y)

|T ′k (y)| . Theorem 1 [16] states that an invariant density of

bounded variation onI exists provided that
∑r

k=1wk/|T ′k(x)| 6 ζ < 1, while theorem 5.1
[12] shows that the same conclusion holds under the slightly different assumption that∑r

k=1wk log
(
1/ inf x∈I |T ′k(x)|

)
< 0. We will further assume that there is only one invariant

density for our iid random composition (that is, there is one fixed point ofP). Corollary 7 [16]
and lemma 5.4 [12] both state that provided one of theTk is uniformly expanding and that this
Tk itself has a unique invariant density with support of all ofI , then the random composition
has a unique invariant density, provided one exists. We will therefore assume that:

(i) supx∈I
∑r

k=1wk|1/T ′k(x)| < 1,
(ii) one of theTk is uniformly expanding and has a unique invariant density with support all

of I .

We will denote the density of the unique ACIMµ ash; soPh = h. We now state our first
main result.

Theorem 3.3.Let {T1, . . . , Tr} be a collection of Lasota–Yorke maps. Equipartition the unit
interval into n subintervalsIi = [(i − 1)/n, i/n), and definer stochastic matricesPn(k),
k = 1, . . . , r, by

Pn,ij (k) = m(Ii ∩ T −1
k Ij )

m(Ii)
. (2)

Further, definePn =
∑r

k=1wkPn(k), and letpn be a fixed (normalized) left eigenvector ofPn.
Define the approximate invariant density

hn =
n∑
i=1

pn,i

m(Ii)
χIi . (3)

Then setting

α = sup
x∈I

r∑
k=1

wk
1

|T ′k(x)|
, (4)
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β =
r∑
k=1

wk
supx∈I |T

′′
k (x)|

inf x∈I |T ′k(x)|2
(5)

and

η =
r∑
k=1

wk

∑qk
`=0 θk,`

inf x∈I |T ′k(x)|
. (6)

(i) If α < 1
2 , ‖hn − h‖1→ 0 asn→∞.

(ii) If α + η + β/2 < 1, and the endpoints of the equipartition contain all points where
there is a break in theC1 behaviour ofh, then there exists a constantC < ∞ such that
‖hn − h‖1 6 C logn/n.

(iii) If α + β/2< 1 and eachTk is aC2 circle map, then the constantC above may be written
in terms of fundamental constants of the mapsTk. SetC = max16k6r Lip(log |T ′k |) and
λ = min16k6r inf x |T ′k(x)| (assumingλ > 1). Then

‖h− hn‖1 6 (eC/(λ−1)n − 1) inf
0<δ<1

{(
2 +

δ

1− δ
)([

log(4n/δ)

− log(α + β/2)

]
+ 1

)
− 1

2

}
,

(7)

where[·] denotes the integer part.

Remark 3.4. (i) In case (iii) of theorem 3.3, the bound (7) may be broken up into bounds
for ‖h − πn(h)‖1 and ‖πn(h) − hn‖1, whereπn(h) =

∑n
i=1(

1
n

∫
Ii
h dm)χIi . The

functionπn(h) is simply the unique step function (constant on eachIi) with the property
that

∫
Ii
πn(h) dm = µ(Ii); because of this property,πn(h) is the ‘best’ step function

approximation toh on the partition{Ii}. Unfortunately, Ulam’s method usually does not
give us this best approximation, and so for each partition set, there is an error in the
weight that Ulam’s method assigns to it, namely|µ(Ii) − pn,i |. It is easy to see that
‖πn(h)− hn‖1 =

∑n
i=1 |µ(Ii)−pn,i |, and in fact, the bound for this error forms the bulk

of the rhs of (7), with
n∑
i=1

|µ(Ii)− pn,i |

6 (eC/(λ−1)n − 1) inf
0<δ<1

{(
2 +

δ

1− δ
)([

log(4n/δ)

− log(α + β/2)

]
+ 1

)
− 1

}
.

The other term‖h − πn(h)‖1 is simply controlled through estimates on the derivative of
h, and this error is bounded by(eC/(λ−1)n − 1)/2.
In practice, we find that optimal values ofδ often lie between 0.1 and 0.2.

(ii) In case (i) of theorem 3.3, if12 < α < 1 then we may apply Ulam’s method by using higher
iterates of the random system. There is an integerN such that

αN :=
r∑

k0,k1,...,kN−1=1

wk0wk1 . . . wkN−1

1

inf x∈I |(TkN−1 ◦ · · · ◦ Tk1 ◦ Tk0)
′(x)| <

1

2
.

In fact,αN 6 αN , so we simply requireN > (log 2)/(log 1/α). To apply theorem 3.3 (i)
in such a situation, it is necessary to constructrN matrices of the form

Pk0,...,kN−1,n,ij =
m(Ii ∩ (TkN−1 ◦ · · · ◦ Tk0)

−1Ij )

m(Ii)
,

and define

Pn =
r∑

k0,...,kN−1=1

wk0 · · ·wkN−1Pk0,...,kN−1.
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(iii) In case (ii) of theorem 3.3 the assumption about break points inh is a technical
consideration. The same result on the order of convergence is obtained if the equipartition
is refined to include the (possibly unknown) breakpoints.

(iv) In case (ii) of theorem 3.3, it is possible to write down an expression forC, using the
alternative bounds given in lemmas 6.5 (i) and 6.16 (i). The difference is that in case (iii),
we may express the bound in terms of properties of theTk only. For general Lasota–Yorke
maps, there are properties ofh that are not easily expressed in terms of the mapsTk, and
so in case (ii), we have a bound which depends on properties of the (unknown) invariant
densityh.

(v) Clearly theorem 3.3 (ii) and (iii) apply also to deterministic systems where there is only
oneTk. For related work, see Froyland [3] and Keane et al [6].

4. Ulam’s method for Markov compositions

4.1. Invariant measures of Markov compositions

In this first section we derive an invariance condition in analogy to lemma 3.1 that enables us
to define simple invariant measures onI for Markov compositions of mappings. The setting
here is again very general:I is simply a metric space and each of theTk are (Borel) measurable
mappings onI .

The following result is a generalization of lemma 3.1 to Markov compositions.

Lemma 4.1. Let {µk}rk=1 be a family of Borel probability measures onI . Define the section
Bω = {x ∈ I : (ω, x) ∈ B} whereB ∈ B(�× I ) is a Borel measurable subset of�× I . A
measureµ̃ defined by

µ̃(B) =
∫
�

µω0(Bω) dP(ω) for all B ∈ B(�× I ) (8)

is τ -invariant iff the family of measures{µk}rk=1 is fixed under the transformation

(ν1, . . . , νr ) 7→
( r∑
k=1

νk ◦ T −1
k W ∗1k, . . . ,

r∑
k=1

νk ◦ T −1
k W ∗rk

)
νk ∈M(I ), (9)

whereW ∗lk = Wklwk/wl is the transition matrix for the reversed Markov chain.
Hence, any probability measure onI of the form:

µ =
r∑
k=1

wkµk (10)

that arises as a projection ontoM(I ) of a measure of the form (8), is invariant on average iff
theµk, k = 1, . . . , r are fixed under the transformation (9).

See section 6.9 for the proof. Lemma 4.1 gives one a simple way to construct invariant
measures for our random system. The following extension of lemma 3.2 says thatall absolutely
continuous (with respect toP×m) τ -invariant measures may be written in the simple form of (8).

Lemma 4.2 (Kowalski [5]). Assume that eachTk, k = 1, . . . , r is non-singular with respect to
m. Then anyP×m absolutely continuousτ -invariant measure may be written in the form (8).

Thus finding an absolutely continuous probability measureµ of the form (10) with the
{µk}rk=1 being fixed under the action of (9) is the only way to construct an absolutely continuous
τ -invariant measure on�× I .
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4.2. A new Perron–Frobenius operator and statement of results

For the remainder of the paper we again restrict ourselves to eachTk being a Lasota–Yorke
map. We are unaware of any results paralleling those of [16] for Markov compositions of
Lasota–Yorke maps, although theorem 2.1 Morita [11] assures the existence of an absolutely
continuous invariant measure provided

∑r
k=1wk log(1/ inf x∈I |T ′k(x)|) < 0. However, as in

the iid case, the method of proof of [11] is unsuitable for our purposes, so in section 6.1.2 we
state and prove variational inequalities in analogy to lemma 6.1.

As we are primarily interested in absolutely continuous measures, we denote the density
of νj (as in (9)) byf (j). Let ˆBV = ∏r

i=1BV denote ther-fold product of the space of
functions of bounded variation. We endow the spaceˆBV with the norm‖(f (1), . . . , f (r))‖ =
max16k6r ‖f (k)‖ = max16k6r{max{varf (k), ‖f (k)‖1}}. Denote byPk : BV 	, the standard
Perron–Frobenius operator for the mapTk. Following (9), we define an operator̂P : ˆBV 	
by

P̂(f (1), . . . , f (r)) =
( r∑
k=1

W ∗1kPkf (k),
r∑
k=1

W ∗2kPkf (k), . . . ,
r∑
k=1

W ∗rkPkf (k)
)
. (11)

By lemma 4.1, we may construct an absolutely continuous invariant probability measureµ

from a collection(h(1), . . . , h(r)) of densities that is fixed bŷP. We will call the density ofµ,
h =∑r

k=1wkh
(k) an invariant probability densityfor our Markov random composition.

Theorem 4.3.Let {T1, . . . , Tr} be a collection of Lasota–Yorke maps, and assume that the
Markov composition has a unique invariant densityh. Equipartition the unit interval inton
subintervalsIi = [(i − 1)/n, i/n), and definer stochastic matricesPn(k), k = 1, . . . , r, by

Pn,ij (k) = m(Ii ∩ T −1
k Ij )

m(Ii)
. (12)

Further, define thern× rn matrix

Sn =


W ∗11Pn(1) W ∗21Pn(1) · · · W ∗r1Pn(1)
W ∗12Pn(2) W ∗22Pn(2) · · · W ∗r2Pn(2)

...
...

. . .
...

W ∗1rPn(r) W ∗2rPn(r) · · · W ∗rrPn(r)

 , (13)

and letsn = [s(1)n |s(2)n | . . . |s(r)n ] be a fixed left eigenvector ofSn, where eachs(k)n , k = 1, . . . , r
is a vector of lengthn satisfying

∑n
i=1 s

(k)
n,i = 1. Define the approximate invariant density

hn =
n∑
i=1

(∑r
k=1wks

(k)
n,i

m(Ii)

)
χIi . (14)

Then setting

α′l =
r∑
k=1

W ∗lk
inf x∈I |T ′k(x)|

, (15)

β ′l =
r∑
k=1

W ∗lk
supx∈I |T

′′
k (x)|

inf x∈I |T ′k(x)|2
, (16)

and

η′l =
r∑
k=1

W ∗lk

∑qk
`=0 θk,`

inf x∈I |T ′k(x)|
, (17)

with α′ = max16l6r α′l andβ ′ = max16l6r β ′l .
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(i) If α′ < 1
2 , ‖hn − h‖1→ 0 asn→∞.

(ii) If max16l6r (α′l + η′l ) + β ′/2 < 1, and the endpoints of the partition{I1, . . . , In} contain
all points where there is a break in theC1 behaviour of anyh(k), k = 1, . . . , r, then there
exists a constantC <∞ such that‖hn − h‖1 6 C logn/n.

(iii) If α′ +β ′/2< 1 and eachTk is aC2 circle map, then the constantC above may be written
in terms of fundamental constants of the mapsTk. SetC = max16k6r Lip(log |T ′k |) and
λ = min16k6r inf x |T ′k(x)| (assumingλ > 1). Then

‖h− hn‖1 6 (eC/(λ−1)n − 1) (18)

·
((

max
16k6r

r∑
l=1

W ∗lk

)
× inf

0<δ<1

{(
2 +

δ

1− δ
)([

log(4rn/δ)

− log(α′ + β ′/2)

]
+ 1

)
− 1

}
+

1

2

)
,

where[·] denotes the integer part.

Remark 4.4. (i) Using the arguments of [8], one may prove the existence of an invariant
densityh if α′ < 1. As we outline in the examples section, uniqueness is guaranteed in
cases (ii) and (iii) if the hypotheses onα′ andβ ′ are satisfied.

(ii) If 1
2 < α′ < 1, then we may produce a Ulam approximation using higher iterates of the

mappings. It is simple to show by induction that

α′N := max
16l6r

∑
k0

. . .
∑
kN−1

W ∗lkN−1
W ∗kN−1kN−2

. . .W ∗k1k0

1

inf x∈I |(TkN−1 ◦ · · · Tk1 ◦ Tk0)
′(x)|

6 (α′)N . (19)

We chooseN such thatα′N <
1
2 , and construct matrices

Pk0,...,kN−1,n,ij =
m(Ii ∩ (TkN−1 ◦ · · · ◦ Tk0)

−1Ij )

m(Ii)
.

There will be at mostrN of these matrices, depending on the transitions allowed byW .
We combine these matrices to form a collection ofr2 matrices,

P (N)n (k0, kN) :=
r∑

k1,...,kN−1=1

W ∗kNkN−1
. . .W ∗k1k0

Pk0,...,kN−1,n,

and define theN -step Ulam matrix as

S(N)n =


P (N)n (1, 1) P (N)n (1, 2) · · · P (N)n (1, r)
P (N)n (2, 1) P (N)n (2, 2) · · · P (N)n (2, r)

...
...

. . .
...

P (N)n (r, 1) P (N)n (r, 2) · · · P (N)n (r, r)

 . (20)

(iii) Remark (iv) of remark 3.4 holds in the Markov situation using the bounds of lemmas 6.6 (i)
and 6.17 (i).

5. Examples

We apply the main results to some specific random systems.
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Figure 1. Graphs of (a) T1 and (b) T2.

5.1. Convergence

We first consider statement (i) of theorem 3.3, which guarantees convergence of the Ulam
estimateshn to the unique invariant densityh in theL1 norm.

Define T1, T2 : I 	 by T1x = 6x3 − 9x2 + 8x (mod 1) (with T1(1) = 1) and
T2x = log(2− x); see figure 1. The mapT2 is nowhere expanding, however, if it applied
sufficiently infrequently, the resulting random system will have a unique absolutely continuous
invariant measure; in addition we may approximate this measure via Ulam’s method. We put
w1 = 0.9 andw2 = 0.1; this leads to a value ofα ≈ 0.409 05. Our maps satisfy conditions (i)
and (ii) at the beginning of section 3.2, so that we are guaranteed a unique invariant density
for this iid composition. Theorem 3.3 (i) states that the Ulam approximationshn converge
to this unique invariant densityh. If we had chosenw1 andw2 such that12 < α < 1, then
we could have constructed Ulam matrices from higher powers ofT1 andT2 as described in
remark 3.4 (ii).

Considering now statement (ii) of theorem 3.3, we find thatθ1,` = 0 for ` = 1, . . . ,6, and
thatθ2,1 = 1 andθ2,2 = 0, yieldingη = 0.2, whileβ ≈ 1.7225. Thusα+η+β/2≈ 1.4703> 1,
and so theorem 3.3 (ii) cannot be immediately applied to show that‖h − hn‖1 → 0 like
O(logn/n).

Although we have used simple maps for ease of description in this example, we could
equally well have chosen general Lasota–Yorke maps with finitely many breaks in continuity.

5.2. Bounds

We consider the case whereT1, T2 : S1 	 areC2 expanding circle maps, and derive bounds
for our approximation error‖h− hn‖1.

Let T1x = 6x3 − 9x2 + 8x (mod 1) as before, and defineT2x = −4x + sin(2πx)/5
(mod 1); see figures 2(a) and (b), respectively.



1038 G Froyland

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

(a)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

(b)

Figure 2. Graphs of (a) T1 and (b) T2.

Table 1. iid error bounds.

Number of partition sets Bound for Bound for Bound for
n ‖πn(h)− hn‖1 ‖h− πn(h)‖1 ‖h− hn‖1
100 0.943 91 0.006 55 0.950 46
200 0.513 23 0.003 26 0.516 49
500 0.227 41 0.001 30 0.228 71
1000 0.122 13 0.000 65 0.122 78
2000 0.065 22 0.000 33 0.065 54
5000 0.028 28 0.000 13 0.028 41

5.2.1. iid case. We putw1 = 2
3 andw2 = 1

3. One has thatα ≈ 0.253 89,β ≈ 1.0748, so
thatα + β/2 ≈ 0.791 31. This tells us that the Perron–Frobenius operatorP is a contraction
in theBV norm when restricted to test functions of zero mean (when restricted to the space
BV0; see lemma 6.1 for definitions). It follows immediately that there is a unique invariant
densityh for this iid composition.

We also compute thatC ≈ 2.267 79 (usingT1 as it has a largerC value thanT2) and
λ ≈ 2.743 36 (usingT2 as it has a largerλ value thanT1). These values may now be inserted
into (7) to obtain a bound for‖h− hn‖1 for anyn. The separate bounds for‖h− πn(h)‖1 and
‖πn(h)− hn‖1 are displayed in table 1.

5.2.2. Markov case. We choose the matrixW =
(

1
2

1
2

1 0

)
; it has a fixed left eigenvector

w = [ 2
3

1
3] as in the iid case. One may calculate thatα′ = α′1 ≈ 0.325 12 and that

β ′ = β ′1 ≈ 0.877 56, so thatα′ + β ′/2 ≈ 0.763 90. Once again, we see that the Perron–
Frobenius operator̂P is a contraction when restricted tôBV 0 (see lemma 6.2 for the definition),
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Table 2. Markov error bounds.

Number of partition sets Bound for Bound for Bound for
n ‖πn(h)− hn‖1 ‖h− πn(h)‖1 ‖h− hn‖1
100 1.340 28 0.006 55 1.346 82
200 0.723 37 0.003 26 0.726 64
500 0.317 98 0.001 30 0.319 29
1000 0.169 92 0.000 65 0.170 57
2000 0.090 34 0.000 33 0.090 66
5000 0.038 97 0.000 13 0.039 10

so that one is guaranteed a unique invariant density for this Markov composition.
The values forC andλ remain the same as in the iid case, and we may substitute these

and the above values into (18) to produce bounds analogous to the iid case; see table 2. Note
that the bounds for‖h− πn(h)‖1 do not change.

6. Proofs

6.1. Fundamental inequalities for the Perron–Frobenius operator

6.1.1. iid case. LetBV denote the space ofL1 functions onI which are of bounded variation.

Lemma 6.1. Letf ∈ BV , suppose that eachTk, k = 1, . . . , r is a Lasota–Yorke map, and set
q∗ as in definition 2.2. Define a norm‖ · ‖ onBV by‖f ‖ = max{varf, ‖f ‖1} for f ∈ BV ,
and setBV0 = {f ∈ BV :

∫
f dm = 0}. Defineα, β andη as in (4), (5) and (6) respectively.

Then

(i) varPf 6 2α varf + (2q∗α + β)‖f ‖1 for f ∈ BV . (21)
(ii) ‖Pf ‖ 6 (α + η + β/2)‖f ‖ for f ∈ BV0. (22)

If in addition, eachTk is aC2 circle map, then
(iii) ‖Pf ‖ 6 (α + β/2)‖f ‖ for f ∈ BV0. (23)

We remark that the coefficientsα + η +β/2 andα +β/2 are not the best possible, and we
have chosen these values for simplicity of presentation.

Proof. Once part (i) is established, the other bounds follow easily, so we prove this first. Part (i)
follows as in the proof of theorem 1 [16], except that a small improvement can be made.

Let Bk := {[bk0, bk1], [bk1, b
k
2], . . . , [bkqk−1, b

k
qk

]} andB∗ := {[b∗0, b∗1], [b∗1, b
∗
2], . . . , [b∗q∗−1,

b∗q∗ ]} be as in definition 2.2. We write varPf 6
∑r

k=1wk varPkf , and proceed to bound
varPkf , k = 1, . . . , r, individually.

One has the standard inequality

varPkf 6
∑
B∈B∗

varB
f

|T ′k |
+

q∗∑
`=1

(∣∣∣∣ f (b∗`−1)

T ′k(b
∗
`−1)

∣∣∣∣ +

∣∣∣∣ f (b∗` )T ′k(b
∗
` )

∣∣∣∣) ; (24)

see [8] for example. We treat the first term:

varB
f

|T ′k |
6 1

infB |T ′k |
varB f +

supB |T
′′
k |

infB |T ′k |2
∫
B

|f | dm

via a standard argument [8]. So
r∑
k=1

wk
∑
B∈B∗

varB
f

|T ′k |
6

r∑
k=1

wk
∑
B∈B∗

1

infB |T ′k |
varB f +

r∑
k=1

wk
∑
B∈B∗

supB |T
′′
k |

infB |T ′k |2
∫
B

|f | dm
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6
∑
B∈B∗

(
max
B∈B∗

r∑
k=1

wk
1

infB |T ′k |
)

varB f +
r∑
k=1

wk
supI |T

′′
k |

inf I |T ′k |2
∫
I

|f | dm

6
(

max
B∈B∗

r∑
k=1

wk
1

infB |T ′k |
)

︸ ︷︷ ︸
α∗

varf +
r∑
k=1

wk
supI |T

′′
k |

inf I |T ′k |2
∫
I

|f | dm.

We may now refineB∗ to makeα∗ = maxB∈B∗
∑r

k=1wk
1

infB |T ′k | as close toα as we like.
Now for the second term:

r∑
k=1

wk

q∗∑
`=1

(∣∣∣∣ f (b∗`−1)

T ′k(b
∗
`−1)

∣∣∣∣ +

∣∣∣∣ f (b∗` )T ′k(b
∗
` )

∣∣∣∣) = q∗∑
`=1

( r∑
k=1

wk
1

|T ′k(b∗`−1)|
)
|f (b∗`−1)|

+
q∗∑
`=1

( r∑
k=1

wk
1

|T ′k(b∗` )|
)
|f (b∗` )|

6 α
q∗∑
`=1

|f (b∗`−1)| + |f (b∗` )|

6 α(varf + 2q∗‖f ‖1),
since|f (b∗`−1)| + |f (b∗` )| 6 2 inf[b∗`−1,b

∗
` ] f + var[b∗`−1,b

∗
` ] f 6 2

∫
I
f dm(x) + var[b∗`−1,b

∗
` ] f .

Combining these two terms we have

varPf 6 (α∗ + α) varf + (2q∗α + β)‖f ‖1
as required.

For the proof of theorem 3.3(i), we shall see that it is important to keep the coefficient of
varf small. For the proof of theorem 3.3(ii), however, it is desirable to reduce the combination
of both the coefficients of varf and‖f ‖1. Because of this, in proving part (ii) of the present
lemma, we modify (24) to obtain:

varPkf 6
∑
B∈Bk

varB
f

|T ′k |
+

qk∑
`=0

θk,` max

{∣∣∣∣∣ f (bk,−` )

T ′k(b
k,−
` )

∣∣∣∣∣ ,
∣∣∣∣∣ f (bk,+` )

T ′k(b
k,+
` )

∣∣∣∣∣
}
. (25)

The first term of (25) is the same as the first term of (24), and is bounded as before.
When dealing with the second term, we are able to set‖f ‖∞ 6 varf asf ∈ BV0:

r∑
k=1

wk

qk∑
`=0

θk,` max

{∣∣∣∣∣ f (bk,−` )

T ′k(b
k,−
` )

∣∣∣∣∣ ,
∣∣∣∣∣ f (bk,+` )

T ′k(b
k,+
` )

∣∣∣∣∣
}

6
(

r∑
k=1

wk

qk∑
`=0

θk,`

min{|T ′k(bk,−` )|, |T ′k(bk,+` )|}

)
varf

6
(

r∑
k=1

wk

∑qk
`=0 θk,`

inf x∈I |T ′k(x)|

)
varf.

Combining these two terms we have

varPf 6 (α∗ + η) varf + β‖f ‖1.
For f ∈ BV0, one has‖f ‖1 6 ( 1

2) varf (see lemma 4 [5], for example), so that
‖Pf ‖ = varPf and‖f ‖ = varf . Now:

‖Pf ‖ = max{varPf, ‖Pf ‖1} = varPf 6 (α + η) varf + β‖f ‖1 6 (α + η + β/2) varf

= (α + η + β/2)‖f ‖,
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completing the proof of part (ii).
For the case of circle maps, we use the bound of part (ii), and delete the contributions from

the branches of monotonicity not being onto (the ‘second term’ in the preceding argument).
This leaves us with varPf 6 α varf + β‖f ‖1. The bound for‖P|BV0‖ follows as above.�

6.1.2. Markov case

Lemma 6.2. Let f̂ = (f (1), . . . , f (r)) ∈ ˆBV , suppose that eachTk, k = 1, . . . , r is a
Lasota–Yorke map, and setq∗ as in definition 2.2. Set ˆBV 0 = {f̂ ∈ ˆBV :

∫
f (k) dm =

0 for all k = 1, . . . , r}. Defineα′l , β
′
l and η′l as in (15), (16) and (17) respectively, setting

α′ = max16l6r α′l andβ ′ = max16l6r β ′l . Then

(i)

max
16k6r

var(P̂f̂ )(k)6 2α′ max
16k6r

varf (k)+ max
16l6r

(2q∗α′l + β ′l ) max
16k6r

‖f (k)‖1 for f̂ ∈ ˆBV .
(26)

(ii) ‖P̂f̂ ‖ 6
(

max
16l6r

(α′l + η′l ) + β ′/2)
)
‖f̂ ‖ for f̂ ∈ ˆBV 0. (27)

If in addition, eachTk is aC2 circle map,
(iii) ‖P̂f̂ ‖ 6 (α′ + β ′/2)‖f̂ ‖ for f̂ ∈ ˆBV 0. (28)

Proof. Let Bk andB∗ be defined as in the proof of lemma 6.1.
First note that

var(P̂f̂ )(l) = var

( r∑
k=1

W ∗lkPkf (k)
)

(29)

6
r∑
k=1

W ∗lk

( ∑
B∈B∗

varB
f (k)

|T ′k |
+

q∗∑
`=1

(∣∣∣∣∣f (k)(b∗`−1)

T ′k(b
∗
`−1)

∣∣∣∣∣ +

∣∣∣∣f (k)(b∗` )T ′k(b
∗
` )

∣∣∣∣
))

.

The first term is treated as follows:
r∑
k=1

W ∗lk

( ∑
B∈B∗

varB
f (k)

|T ′k |
)
6

r∑
k=1

W ∗lk
∑
B∈B∗

(
1

inf x∈B |T ′k |
varB f

(k) +Kk

∫
B

|f (k)| dm(x)
)
,

(30)

as in the proof of lemma 6.1, whereKk = supx∈I |T
′′
k (x)|/inf x∈I |T ′k(x)|2. Continuing,

(30) 6
r∑
k=1

W ∗lk
1

inf x∈I |T ′k(x)|
varf (k) +

r∑
k=1

W ∗lkKk‖f (k)‖1. (31)

As for the second term,
r∑
k=1

W ∗lk
q∗∑
`=1

(∣∣∣∣∣f (k)(b∗`−1)

T ′k(b
∗
`−1)

∣∣∣∣∣ +

∣∣∣∣f (k)(b∗` )T ′k(b
∗
` )

∣∣∣∣
)
6

r∑
k=1

W ∗lk
1

inf x∈I |T ′k(x)|
(varf (k) + 2q∗‖f (k)‖1),

(32)

as in the proof of lemma 6.1. Combining (31) and (32), we obtain

var(P̂f̂ )(l) 6 2

( r∑
k=1

W ∗lk
1

inf x∈I |T ′k(x)|
)

max
16k6r

varf (k)

+

( r∑
k=1

W ∗lk

(
Kk +

2q∗

inf x∈I |T ′k(x)|
))

max
16k6r

‖f (k)‖1

= 2α′l max
16k6r

varf (k) + (2q∗α′l + β ′l ) max
16k6r

‖f (k)‖1, (33)
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as required.
For part (ii), we use a modification of the inequality (29):

var
(
P̂f̂

)(l)
= var

(
r∑
k=1

W ∗lkPkf (k)
)

6
r∑
k=1

W ∗lk

(∑
B∈Bk

varB
f (k)

|T ′k |
+

qk∑
`=0

θk,` max

{∣∣∣∣∣f (k)(bk,−` )

T ′k(b
k,−
` )

∣∣∣∣∣ ,
∣∣∣∣∣f (k)(bk,+` )

T ′k(b
k,+
` )

∣∣∣∣∣
})

.

The first term is bounded as above. As for the second term,
r∑
k=1

W ∗lk
qk∑
`=0

θk,` max

{∣∣∣∣∣f (k)(bk,−` )

T ′k(b
k,−
` )

∣∣∣∣∣ ,
∣∣∣∣∣f (k)(bk,+` )

T ′k(b
k,+
` )

∣∣∣∣∣
}

(34)

6
(

r∑
k=1

W ∗lk

∑qk
`=0 θk,`

inf x∈I |T ′k(x)|

)
max

16k6r
varf (k)

as in the proof of lemma 6.1 (recalling‖f (k)‖∞ 6 varf (k) asf̂ ∈ ˆBV 0). Combining (31) and
(34), we obtain

var
(
P̂f̂

)(l)
6
(

r∑
k=1

W ∗lk
1 +

∑qk
`=0 θk,`

inf x∈I |T ′k(x)|

)
max

16k6r
varf (k) +

(
r∑
k=1

W ∗lkKk

)
max

16k6r
‖f (k)‖1 (35)

= (α′l + η′l ) max
16k6r

varf (k) + β ′l max
16k6r

‖f (k)‖1,

and the result follows. Part (iii) follows as in the iid case. �

6.2. Proof of part (i) of theorems 3.3 and 4.3

6.2.1. iid case.

Proof of theorem 3.3 (i).First, recall thatα < 1 already guarantees the existence ofh; see the
discussion at the beginning of section 3.2. DenoteFn = {fn ∈ BV : fn = (1/n)

∑n
i=1 fn,iχIi ,

for somefn,i ∈ R}, and lethn ∈ Fn be as in (3). Define a mappingπn : BV → Fn by
πn(f ) = (1/n)

∑n
i=1(

∫
Ii
f dm)χIi . We follow the proofs of lemma 2.7 [9] and theorem 1 [9].

Let [πnP] represent the matrix representation (with respect to the basis{χI1, . . . , χIn}) of the
projectionπn composed with the Perron Frobenius operator defined in (1). It is easy to show
that [πnP]ij = Pn,ij , so one hashn = πnPhn. Now

varhn = var(πnPhn) 6 varPhn 6 2α varhn + (2q∗α + β)‖hn‖1,
and so varhn 6 ((2q∗α + β)/(1 − 2α))‖hn‖1. Thus the sequence{hn}∞n=n0

is weakly
sequentially compact inL1 and each convergent subsequence converges toh in L1. This
implies limn→∞ hn = h. �

6.2.2. Markov case.

Proof of theorem 4.3 (i). We follow along the lines of the above proof. Denote
F̂n =

∏r
k=1Fn and define the projection̂πn : ˆBV → F̂n by π̂n((f (1), . . . , f (r))) =

(πn(f
(1)), . . . , πn(f

(r))). Note that the matrix representation of [π̂nP̂] with respect to the
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basis
∏r
k=1{χI1, . . . , χIn} is simplySn, and so(h(1)n , . . . , h

(r)
n ) = π̂nP̂((h(1)n , . . . , h(r)n )), where

h(k)n :=∑n
i=1(s

(k)
n,i /m(Ii))χIi . As in the iid case,

max
16k6r

varh(k)n = max
16k6r

var(π̂nP̂(h(1)n , . . . , h(r)n ))(k)

6 max
16k6r

varP̂(h(1)n , . . . , h(r)n )(k)

6 2α′ max
16k6r

varh(k)n + max
16l6r

(2q∗α′l + β ′l ) max
16k6r

‖h(k)n ‖1,

and so max16k6r varh(k)n 6 (max16l6r (2q∗α′l + β ′l )/(1− 2α′))max16k6r ‖h(k)n ‖1. Thus the
sequence{(h(1)n , . . . , h(r)n )}∞n=n0

⊂ ˆBV is weakly sequentially compact in
∏r
k=1L

1 and each

convergent subsequence converges to(h(1), . . . , h(r)), the unique fixed point of̂P. �

For parts (ii) and (iii) of theorems 3.3 and 4.3, we need to do much more work, and the
remainder of section 6 is devoted to their proof.

6.3. Error estimates for eigenvectors

6.3.1. iid case. Following observation 3.4 [3], we note that the matrix̃Pn,ij :=∑r
k=1wk(µ(Ii ∩ T −1

k Ij )/µ(Ii)), has the vectorp̃n = [µ(I1), . . . , µ(In)] as a fixed left
eigenvector (sinceµ is fixed byD). The vectorp̃n gives exactly the correct weight to each
partition set, so our concern is with the deviation of our approximate vectorpn from p̃n.
Whenever talking about norms on vectors, we shall denote the standardL1 vector norm as
‖ · ‖m to avoid confusion with theL1 norm on functions, which will be denoted‖ · ‖1. We
shall show in section 6.6.1 that the matrixP has a unique (up to scalar multiples) fixed left
eigenvector under the conditions of theorem 3.3 (ii) or (iii). Thus, the matrixP is ergodic
(irreducible and aperiodic), and we may use the fundamental inequality [17]

‖p̃n − pn‖m 6 ‖P̃n − Pn‖m‖(In − Pn + P∞n )
−1‖m, (36)

whereP∞n,ij = pn,j andIn is then× n identity matrix. We may rewrite (36) as

‖πn(h)− hn‖1 =
n∑
i=1

|µ(Ii)− pn,i | 6 ‖P̃n − Pn‖m‖Zn‖m, (37)

with Zn = (In − Pn + P∞n )
−1. In section 6.5.1, we derive bounds for‖P̃n − Pn‖m, and

in section 6.6.1 we produce bounds for‖Zn‖m. This will provide us with a bound for the
difference in theL1 vector norm betweeñpn andpn, and hence a bound for‖πn(h)− hn‖1.

6.3.2. Markov case. The invariant measureµmay be decomposed as
∑r

k=1wkµk, where the
µk are fixed under (9). We construct matrices

P̃n(k) = µk(Ii ∩ T −1
k Ij )

µk(Ii)
, (38)

and put them together to form

S̃n =


W ∗11P̃n(1) W ∗21P̃n(1) · · · W ∗r1P̃n(1)
W ∗12P̃n(2) W ∗22P̃n(2) · · · W ∗r2P̃n(2)

...
...

. . .
...

W ∗1r P̃n(r) W ∗2r P̃n(r) · · · W ∗rr P̃n(r)

 . (39)
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We denoteS̃(kl)n,ij = W ∗lkP̃ (k)ij , 1 6 i, j 6 n, 1 6 k, l 6 r; that is, the(i, j)th entry of the
(k, l)th block. It is easy to check that the vector

s̃n := [µ1(I1), . . . , µ1(In), µ2(I1), . . . , µ2(In), . . . . . . , µr(I1), . . . , µr(In)]

is a fixed left eigenvector of̃Sn. By s̃(k)n,i = µk(Ii) we denote theith entry of thekth block of
s̃n. Under the conditions of theorem 4.3 (ii) or (iii),Sn will have a unique fixed left eigenvector
(up to scalar multiples) and we may apply inequality (36) to obtain

‖s̃n − sn‖m 6 ‖S̃n − Sn‖m‖(Irn − Sn + S∞n )
−1‖m, (40)

where(S∞n )
(kl)
ij = s

(l)
j . As in the iid case, we denotêZn = (Irn − Sn + S∞n )

−1 and in later

sections will bound both‖S̃n − Sn‖m and‖Ẑn‖m.
Finally,

‖πn(h)− hn‖1 =
n∑
i=1

∣∣∣∣ r∑
k=1

wk(s̃
(k)
n,i − s(k)n,i )

∣∣∣∣ 6 r∑
k=1

n∑
i=1

|s̃(k)n,i − s(k)n,i | = ‖s̃n − sn‖m. (41)

Thus we may bound‖πn(h)− hn‖1 using (40).

6.4. Renyi estimates for the invariant density

This section derives the necessary bounds for the regularity of the invariant densityh in terms
of fundamental constants of the mapsTk, when eachTk is aC1+Lip expanding circle map.

6.4.1. iid case.

Lemma 6.3. Suppose that eachTk is an expandingC1+Lip map of the circle. Defineλ =
min16k6r inf x∈I |T ′k(x)|, andC = max16k6r Lip(log |T ′k |). Then

h(x)

h(y)
6 eC|x−y|/(λ−1) for all x ∈ I . (42)

Proof. We follow the proof of theorem 5.2.1 in [19]. As in the proof and notation of
lemma 5.2.2 [19], we have that

log
|(TkN−1 ◦ · · · ◦ Tk0)

′(x)|
|(TkN−1 ◦ · · · ◦ Tk0)

′(y)| 6
C

λ− 1
|TkN−1 ◦ · · · ◦ Tk0(x)− TkN−1 ◦ · · · ◦ Tk0(y)|, (43)

provided|Tki ◦ · · · ◦ Tk0(x) − Tki ◦ · · · ◦ Tk0(y)| < ε0 for i = 0, . . . , N − 1, whereε0 > 0
is such that|x − y| < ε0 ⇒ |Tkx − Tky| > λ|x − y| for all x, y ∈ I andk = 1, . . . , r. Let
φ0 ≡ 1 be an initial density that is to be pushed forward, and denote byφikN−1,...,k0

the push
forward ofφ0 underTkN−1 ◦ · · · ◦ Tk0 along one of the inverse branches ofTkN−1 ◦ · · · ◦ Tk0. By
(43), we have that

φikN−1,...,k0
(x)/φikN−1,...,k0

(y) 6 eC|x−y|/(λ−1).

For a fixed sequencekN−1, . . . , k0, we may sum overi to obtain

φkN−1,...,k0(x)/φkN−1,...,k0(y) 6 eC|x−y|/(λ−1).

We may now combine the contributions from each of the sequenceskN−1, . . . , k0 to obtain∑r
k0,...,kN−1=1wkN−1 . . . wk0φkN−1,...,k0(x)∑r
k0,...,kN−1=1wkN−1 . . . wk0φkN−1,...,k0(y)

:= φN(x)

φN(y)
6 eC|x−y|/(λ−1).

Note thatφN(x) = PNφ0(x), so that we have a bound on the distortion of the uniform density
after being pushed forwardN times under the (random) Perron–Frobenius operator. Clearly,
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there exist constants such thatA 6 φN(x) 6 B for all x ∈ I andN > 0. Lettingφ be a limit
of the sequence1

N

∑N−1
i=0 φN , asN → ∞, we see thatφ is fixed byP and is bounded above

and below byA andB respectively. Furthermore,φ(x)/φ(y) 6 eC|x−y|/(λ−1). By uniqueness,
φ = h. �

6.4.2. Markov case

Lemma 6.4. Suppose that eachTk is an expandingC1+Lip map of the circle. Then

hk(x)

hk(y)
6 eC|x−y|/(λ−1) for all x ∈ I and eachk = 1, . . . , r. (44)

Proof. Follows as for lemma 6.3 with appropriate modifications. �

6.5. Bounding‖P̃n − Pn‖m and‖S̃n − Sn‖m
6.5.1. iid case.

Lemma 6.5. Let P̃n(k) = µ(Ii ∩ T −1
k Ij )/µ(Ii), and P̃n =

∑r
k=1wkP̃n(k). Under the

assumptions of theorem 3.3:

(i) ‖P̃n − Pn‖m 6 (Lip h/ inf x∈I h)/n, if eachTk is a general Lasota–Yorke map, and the
partition {I1, . . . , In} contains all points of non-Lipschitzness ofh.

(ii) ‖P̃n − Pn‖m 6 eC/(1−λ)n − 1, if eachTk is aC1+Lip map of the circle.

Proof. We treat case (ii) first. Fixk. As in the proof of lemma 3.6 [3], one has

|P̃n,ij (k)− Pn,ij (k)| 6 Pn,ij (k)|1− (sup
x∈Ii

h(x)/ inf
x∈Ii

h(x))|.

Using (42), we have

‖P̃n(k)− Pn(k)‖m 6 max
16i6n

n∑
j=1

Pn,ij (k)|1− (sup
x∈Ii

h(x)/ inf
x∈Ii

h(x))|

6 max
16i6n

n∑
j=1

Pn,ij (k)(e
C/(λ−1)n − 1)

= eC/(λ−1)n − 1.

The result of (ii) now follows easily. As for case (i), we note that

|P̃n,ij (k)− Pn,ij (k)| 6 Pn,ij (k)|1− ( sup
x∈Int(Ii )

h(x)/ inf
x∈Int(Ii )

h(x))|,

again as in the proof of lemma 3.6 [3]. Sinceh is Lipschitz on the interiors of the partition
sets by assumption, proceeding as above, we have the bound

‖P̃n(k)− Pn(k)‖m 6 (Lip(h)/ inf
x∈I
h(x))/n,

where Lip(h) is understood to mean the maximum Lipschitz constant calculated over each of
the Lipschitz pieces ofh separately. The result of (ii) now follows as above. �
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6.5.2. Markov case.

Lemma 6.6. LetSn be as in (13) and̃Sn as in (39). Under the assumptions of theorem 4.3:

(i) ‖S̃n − Sn‖m 6 max16k6r ((
∑r

l=1W
∗
lk)(Lip hk/ inf x∈I hk))/n, if each Tk is a general

Lasota–Yorke map, and the partition{I1, . . . , In} contains all points of non-Lipschitzness
of everyTk, k = 1, . . . , r.

(ii) ‖S̃n − Sn‖m 6 (max16k6r
∑r

l=1W
∗
lk)(e

C/(1−λ)n − 1), if eachTk is a C1+Lip map of the
circle.

Proof. We treat case (ii) first. Let̃Pn(k) be defined as in (38) andPn(k) as in (12). Proceeding
as in the proof above, taking the distortion bounds from (44),

‖P̃n(k)− Pn(k)‖m 6 max
16i6n

n∑
j=1

Pn,ij (k)|1− (sup
x∈Ii

hk(x)/ inf
x∈Ii

hk(x))| 6 eC/(λ−1)n − 1,

and noting that

‖S̃n − Sn‖m = max
16k6r

r∑
l=1

W ∗lk‖P̃n(k)− Pn(k)‖m 6
(

max
16k6r

r∑
l=1

W ∗lk

)
(eC/(λ−1)n − 1),

we are done. As for case (i), following the proof of lemma 6.5 we have

‖P̃n(k)− Pn(k)‖m 6 (Lip(hk)/ inf
x∈I
hk(x))/n,

where Lip(hk) is understood to be the maximum Lipschitz constant calculated over each of
the Lipschitz pieces ofhk separately, and the result of (i) follows. �

6.6. Bounding‖Zn‖m and‖Ẑn‖m
6.6.1. iid case. We writeZn = In +

∑∞
N=1P

N
n − P∞n , and proceed to bound‖PNn − P∞n ‖m.

Converting norms.Define the projection5h : BV → sp{h} by5h(f ) = (
∫
I
f dm)h. In this

section, we show that the contraction property ofP in theBV norm gives bounds for the rate
of convergence of iterates of the Ulam matrixPn to its eigenvector.

We will identify elements ofFn (as defined in the proof of theorem 3.3 (i)) with the
n-tuples (fn,1, . . . , fn,n) that uniquely define the functionfn. Our norm onFn will be
‖fn‖m =

∑n
i=1 |fn,i |, where thefn,i definefn; if we think of Fn as being isomorphic to

Rn, this norm is simply the standardL1 vector norm. We now show that when restricted to
Fn, the norms‖ · ‖ and‖ · ‖m are equivalent.

Lemma 6.7. For fn ∈ Fn, ‖fn‖m 6 n‖fn‖ and‖fn‖ 6 2‖fn‖m.

Proof. First, we note that‖fn‖m = n‖fn‖1. So

‖fn‖m = n‖fn‖1 6 max{n varfn, n‖fn‖1} = n‖fn‖. (45)

Second, note that varfn 6 2‖fn‖m. So

‖fn‖ = max{varfn, ‖fn‖1} 6 max{2‖fn‖m, (1/n)‖fn‖m} 6 2‖fn‖m. (46)

�

Lemma 6.8. ‖PNn − P∞n ‖m 6 4n‖P|BV0‖N .
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Proof. Using the notation introduced in the proof of theorem 3.3 (i), recall that [πnPk] = Pn(k)
and so [πnP] = Pn.

DenoteFn,0 = {fn ∈ Fn :
∑n

i=1 fn,i = 0}. We begin by relating‖PNn − P∞n ‖m and
‖PNn |Fn,0‖m. In what follows, we simultaneously considerfn as a step function, and as the
n-tuple [fn,1, . . . , fn,n]; in the latter case the action of matrices is understood to be left
multiplication.

‖PNn − P∞n ‖m = sup
fn∈Fn

‖(PNn − P∞n )fn‖m
‖fn‖m

= sup
fn∈Fn

‖PNn (fn − P∞n fn)‖m
‖fn‖m

6 ‖PNn |Fn,0‖m sup
fn∈Fn

‖fn − P∞n fn‖m
‖fn‖m

6 ‖PNn |Fn,0‖m sup
fn∈Fn

2‖fn‖m
‖fn‖m

= 2‖PNn |Fn,0‖m.
Now we link this result with the bounds that we have for the Perron–Frobenius operator:

2‖PNn |Fn,0‖m = 2 sup
fn,0∈Fn,0

‖[πnP]Nfn,0‖m
‖fn,0‖m

6 2 sup
fn,0∈Fn,0

n‖(πnP)Nfn,0‖
‖fn,0‖/2

6 4n‖(πnP)N |Fn,0‖
6 4n‖πnP|Fn,0‖N
6 4n‖P|Fn,0‖N
6 4n‖P|BV0‖N. �

Corollary 6.9. Under the hypotheses of theorem 3.3 (ii) or (iii),‖PNn −P∞n ‖m 6 4nγ N , where
γ = α + η + β/2 or γ = α + β/2, respectively.

A bound for‖Zn‖m. The following results are modified versions of the arguments of
section 6 [3].

Lemma 6.10.Under the hypotheses of theorem 3.3 (ii) or (iii), settingγ = α + η + β/2 or
γ = α + β/2, respectively,

‖Zn‖m 6 inf
0<δ<1

{(
2 +

δ

1− δ
)([

log(4n/δ)

− logγ

]
+ 1

)
− 1

}
, (47)

where[·] denotes the integer part.

Before proving this, we state a result from [10]†.

Lemma 6.11 (theorem 16.2.4 [8] ).Suppose thatPn is an n × n irreducible, aperiodic
stochastic matrix with fixed left eigenvectorpn. As before, defineP∞n,ij = pn,j . Select a
number0< δ < 1 and letmn be such that

P
mn
n,ij > (1− δ)pn,j for all 16 i, j 6 n. (48)

† Theorem 16.2.4 [10] is incorrect as stated. Equation (16.21) should read‖Pn(x, ·) − π(·)‖ 6 2 for n < m, and
‖Pn(x, ·)− π(·)‖ 6 ρ[n/m] for n > m. The appropriate modifications should be made in lemma 6.6 [3].
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Then

‖PNn − P∞n ‖m 6
{

2, if N < mn,
δ[N/mn], if N > mn.

Proof of lemma 6.10. We now find an appropriatemn to satisfy (48) forPn. A sufficient
condition for (48) to be satisfied is that|Pmnn,ij − pn,j | 6 δpn,j for all 1 6 i, j 6 n. Summing
overj and maximising overi gives‖Pmnn −P∞n ‖m 6 δ ⇒ (48) holds. From corollary 6.9, we
see that provided 4nγmn 6 δ, (48) will hold. A simple rearrangement shows that 4nγmn 6 δ
if

mn > [log(4n/δ)/(− logγ )] + 1. (49)

So now

‖Zn‖m =
∥∥∥∥I +

∞∑
N=1

(PNn − P∞n )
∥∥∥∥
m

6 1 +
mn−1∑
N=1

2 +
∞∑

N=mn
δ[N/mn] =

(
2 +

δ

1− δ
)
mn − 1. (50)

Inserting (49) into (50), we obtain the result. �

6.6.2. Markov case.
Converting norms.We wish to study the rate of convergence ofSNn to the limiting matrixS∞n
defined in (40) asN →∞, in terms of the‖ · ‖m norm. At the moment, we have information
regarding the convergence ofP̂N | ˆBV0

to 0̂ from lemma 6.2, and in this section, we link these
two types of convergence.

Lemma 6.12.‖SNn − S∞n ‖m 6 4rn‖P̂| ˆBV 0
‖N.

Proof. Let F̂ andπ̂n be as in the proof of theorem 4.3 (i). DefineF̂n,0 = {(f (1)n , . . . , f (r)n ) ∈
F̂n :

∑n
i=1 f

(k)
n,i = 0 for all k = 1, . . . , r}.

Following the initial chain of inequalities in the proof of lemma 6.8, one has

‖SNn − S∞n ‖m 6 2‖SNn |F̂n,0‖m.
We define an intermediate vector norm‖ · ‖m′ as‖sn‖m′ = max16k6r ‖s(k)n ‖m. Clearly,

‖ · ‖m′ 6 ‖ · ‖m 6 r‖ · ‖m′ .
Lemma 6.13.Simultaneously thinking of thenr-tuple

f̂n = (f (1)n,1, . . . , f
(1)
n,n, f

(2)
n,1, . . . , f

(2)
n,n , . . . . . . , f

(r)
n,1, . . . , f

(r)
n,n)

as representing a1× nr vector and an element of̂BV , we have the relations‖f̂n‖m′ 6 n‖f̂n‖
and‖f̂n‖ 6 2‖f̂n‖m′ .

Proof. Noting that‖f̂n‖m′ = max16k6r ‖f (k)n ‖m and that‖f̂n‖ = max16k6r ‖f (k)n ‖, the result
follows directly from lemma 6.7. �

Recall that the matrix form of̂πnP̂ with respect to the basis
∏r
k=1{χI1, . . . , χIn} is

simplySn:

2‖SNn |F̂n,0‖m = 2 sup
f̂n,0∈F̂n,0

‖[π̂nP̂]N f̂n,0‖m
‖f̂n,0‖m

6 2 sup
f̂n,0∈F̂n,0

r‖[π̂nP̂]N f̂n,0‖m′
‖f̂n,0‖m′

6 2r sup
f̂n,0∈F̂n,0

n‖(π̂nP̂)N f̂n,0‖
‖f̂n,0‖/2

6 4rn‖P̂| ˆBV 0
‖N,

with the final inequality following as in the proof of lemma 6.8. �
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Corollary 6.14. Under the hypotheses of theorem 4.3 (ii) or (iii),‖SNn − S∞n ‖m 6 4rnγ N ,
whereγ = max16l6r (α′l + η′l ) + β ′/2 or γ = α′ + β ′/2, respectively.

A bound for‖Ẑn‖m.

Lemma 6.15.Under the hypotheses of theorem 4.3 (ii) or (iii), settingγ = max16l6r (α′l +
η′l ) + β ′/2 or γ = α′ + β ′/2, respectively,

‖Ẑn‖m 6 inf
0<δ<1

{(
2 +

δ

1− δ
)([

log(4rn/δ)

− logγ

]
+ 1

)
− 1

}
. (51)

Proof. Follows as in the proof of lemma 6.10. �

6.7. Taking care of the difference‖h− πn(h)‖1
6.7.1. iid case.

Lemma 6.16.Under the assumptions of theorem 3.3:

(i) ‖h− πn(h)‖1 6 Lip(h)/2n, if eachTk is a general Lasota–Yorke map,
(ii) ‖h− πn(h)‖1 6 (eC/(λ−1)n − 1)/2, if eachTk is aC1+Lip map of the circle.

Proof. First assume that eachTk is aC1+Lip map of the circle, so that we may use the estimates
of lemma 6.3:

‖h− πn(h)‖1 =
n∑
i=1

∫
Ii

∣∣∣∣h− 1

n

∫
Ii

h dm

∣∣∣∣ dm 6
n∑
i=1

1

n
(sup
x∈Ii

h(x)− inf
x∈Ii

h(x))/2

= 1

n

n∑
i=1

inf
x∈Ii

h(x) · (sup
x∈Ii

h(x)/ inf
x∈Ii

h(x)− 1)/26 (eC/(λ−1)n − 1)/2,
(52)

as required; the inequality (52) follows as in the proof of lemma 4 [5], for example.
In the case of general Lasota–Yorke maps, the result follows by noting that(52) 6∑n

i=1
1
n
(Lip(h)/n)/2. �

6.7.2. Markov case.

Lemma 6.17.Under the assumptions of theorem 4.3:

(i) ‖h− πn(h)‖1 6
∑r

k=1wk Lip(hk)/2n, if eachTk is a general Lasota–Yorke map,
(ii) ‖h− πn(h)‖1 6 (eC/(λ−1)n − 1)/2, if eachTk is aC1+Lip map of the circle.

Proof.

‖h− πn(h)‖1 =
∣∣∣∣ r∑
k=1

wkhk − πn
( r∑
k=1

wkhk

)∣∣∣∣
1

6
r∑
k=1

wk‖hk − πnhk‖1,

and the results now follow as in the proof of lemma 6.16. �

6.8. Proof of parts (ii) and (iii) of theorems 3.3 and 4.3

6.8.1. iid case.

Proof of theorem 3.3 (ii) and (iii). This follows immediately from (37), and lemmas 6.5, 6.10
and 6.16. �
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6.8.2. Markov case.

Proof of theorem 4.3 (ii) and (iii). The results follow immediately from (40) and (41) and
lemmas 6.6, 6.15 and 6.17. �

6.9. General Markov proofs

Definition 6.18. Define an operator̂D∗ : C(S0 × I,R) 	 by

(D̂∗g)(ω0, x) =
r∑

ω1=1

g(ω1, Tω0x)Wω0ω1. (53)

We call a probability measureξ ∈M(S0 × I ) D̂-invariantif∫
S0×I

g(ω0, x)dξ(ω0, x) =
∫
S0×I

(D̂∗g)(ω0, x)dξ(ω0, x) for all g ∈ C(S0 × I,R).
(54)

The following lemma characterizesτ -invariant measures on�×I in terms ofD̂-invariant
measures on the simpler spaceS0 × I .

Lemma 6.19.LetA ∈ B(S0 × I ) (the space of Borel measurable sets onS0 × I ) andB ∈
B(�× I ). Define the sectionsAω0 = {x ∈ I : (ω0, x) ∈ A} andBω = {x ∈ I : (ω, x) ∈ B}.
Let{µω0}rω0=1 be a collection of Borel probability measures onI . Define a probability measure
ξ ∈M(S0 × I ) by

ξ(A) =
∫
S0

µω0(Aω0) dρ(ω0), (55)

and a probability measurẽµ ∈M(�× I ) by

µ̃(B) =
∫
�

µω0(Bω) dP(ω). (56)

Thenξ is D̂-invariant iff µ̃ is τ -invariant.

Proof. Let g : �× I → R be any continuous function and define

ĝ(ω0, x) =
(∫

[ω0]
g(ω, x)dP(ω)

)
/P([ω0]),

where [a0] = {ω ∈ � : ω0 = a0}.∫
�×I

g(τ ((ω0ω1ω2 · · ·), x))dµ̃(ω, x)

=
∫
�

∫
I

g((ω1ω2 . . .), Tω0x) dµω0(x) dP(ω)

=
r∑

ω0=1

r∑
ω1=1

∫
I

(
1

P([ω0ω1])

∫
[ω0ω1]

g((ω1ω2 · · ·), Tω0x) dP(ω)
)

dµω0 P([ω0ω1])

=
r∑

ω0=1

r∑
ω1=1

∫
I

ĝ(ω1, Tω0x) dµω0(x)Wω0ω1wω0

=
∫
S0×I

(D̂∗ĝ)(ω0, x)dξ(ω0, x).
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Since the first expression equals
∫
�×I g(ω, x)dµ̃(ω, x) iff µ̃ is τ -invariant, and the final

expression equals
∫
S0×I ĝ dξ(ω0, x) iff ξ is D̂-invariant, we are done. �

Proof of lemma 4.1.We show that the measureξ in (55) isD̂-invariant iff the family{µω0}rω0=1
is fixed under the transformation (9). The result will then follow from lemma 6.19.

Suppose thatξ is D̂-invariant, and chooseg(ω0, x) = χ{j}×A(ω0, x) for somej ∈ S1 and
A ∈ B(I ). On one hand, we have:∫

S1×I
χ{j}×A(ω1, x)dξ(ω1, x) = wjµj (A). (57)

On the other, we have:∫
S0×I
D̂∗χ{j}×A(ω0, x)dξ(ω0, x) =

r∑
ω0=1

∫
I

r∑
ω1=1

χ{j}×A(ω1, Tω0x)Wω0ω1 dµω0(x)wω0

=
r∑

ω0=1

µω0(T
−1
ω0
A) Wω0jwω0. (58)

By a standard approximation argument, the property (54) also holds for simple functions such
asχ{j}×A, so that we may equate (57) and (58), proving thatD̂∗-invariance implies that the
family {µω0}rω0=1 is fixed by the transformation (9).

For the converse, suppose that{µω0}rω0=1 are fixed by (9), and chooseg ∈ C(S0 × I,R).
It is a simple matter to verify directly that∫

S0×I
(D̂∗g)(ω0, x)dξ(ω0, x) =

∫
S0×I

g(ω0, x)dµω0 dρ(ω0).

Thus{µω0}rω0=1 being fixed by (9) impliesD̂-invariance ofξ .
The fact thatµ =∑r

k=1wkµk is invariant follows immediately from definition 2.1. �
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