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Abstract: The rate of decay of correlations quantitatively describes the rate at which a
chaotic system “mixes” the state space. We present a new rigorous method to estimate
a bound for this rate of mixing. The technique may be implemented on a computer
and is applicable to both multidimensional expanding and hyperbolic systems. The
bounds produced are significantly less conservative than current rigorous bounds. In
some situations it is possible to approximate resonant eigenfunctions and to strengthen
our bound to an estimate of the decay rate. Order of convergence results are stated.

1. Introduction and Motivation

One of the major concerns in dynamical systems and ergodic theory is the rate at which
systems settle down into their regular (statistically speaking) behaviour. LetT : M ���

govern a discrete dynamical system on a compact Riemannian manifoldM . We assume
that our system (M,T ) has a unique asymptotic distribution for a “large” set of initial
points, that is, limn→∞ 1

n

∑n−1
i=0 δT ix → µ weakly for Lebesgue almost allx. The

measureµ is called the “physical” or “natural” invariant measure of the system (M,T )
[2, 18]. We are interested in the rate at which an initial concentration of mass in phase
space approaches the distribution given byµ under the evolution ofT .

Definition 1.1. The system(T, µ) is calledmixing if for each pair of Borel setsA,B ∈
B(M ),

lim
k→∞

µ(A ∩ T−kB) → µ(A)µ(B). (1)

We may rewrite this Eq. as limk→∞ µ(A ∩ T−kB)/µ(A) = µ(B), and interpret it as
saying that the probability (according toµ) of a pointx moving from a setA to a setB
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in k iterations, given thatx ∈ A, is (for k large) roughly the probability ofx being in
B, or the “size” ofB (according toµ). As this Eq. holds for anyA, we see thatT−kB
is being evenly dispersed throughout phase space according to the physical measureµ.
It is the rate at which this dispersion occurs that we are concerned with.

In this paper we shall assume thatT is at least piecewiseC1 with Hölder continuous
derivative. As we are after rigorous results,T is assumed to be either (i) expanding
or (ii) transitive Anosov, and possess an absolutely continuous invariant measure. For
manifoldsM of dimensiond ≥ 2, we call a mapT expandingif ‖DxT (v)‖ > ‖v‖ for
all x ∈ M , v ∈ TxM . It is known (Mãné [15] and Bowen [2], for example), thatµ is
theuniqueabsolutely continuous invariant measure, that (T, µ) is mixing, and that the
densityh : M → R+ of µ is positive and at least Ḧolder continuous.

Definition 1.2. Let ϕ,ψ : M → R beC1 test functions. We define thecorrelation
function ofϕ andψ as

Cϕ,ψ(k) =

∣∣∣∣∫
M

ϕ ◦ T k · ψ dµ−
∫
M

ϕ dµ ·
∫
M

ψ dµ

∣∣∣∣ . (2)

By puttingϕ = χB andψ = χA, we see that (2) reduces to (1), and thatCχA,χB
(k) → 0

ask → ∞. In fact, by approximatingϕ andψ by step functions it may be shown that
Cϕ,ψ(k) → 0 ask → ∞ for all ϕ,ψ ∈ L2(M,µ) is equivalent to (T, µ) mixing. We
shall, however, restrictϕ andψ to be at least piecewise continuously differentiable, as we
are then guaranteed thatCϕ,ψ(k) approaches zeroexponentiallyfast withn; (Bowen [2],
Ruelle [18]). The test functionsϕ andψmay be thought of as physical observables of our
dynamical system. The special case ofϕ = ψ gives what is known as theautocorrelation
function:

Cϕ,ϕ(k) =

∣∣∣∣∣
∫
M

ϕ ◦ T k · ϕ dµ−
(∫

M

ϕ dµ

)2
∣∣∣∣∣ . (3)

Cϕ,ϕ(k) gives an indication of how much the observableϕ at timet = 0 is correlated
with itself at timet = k.

Remark 1.3.It is reasonable to suppose that our physical observables vary smoothly in
phase space. If we choose our observablesϕ andψ from the larger spacesL2(M,µ) or
C0(M,R), pathological examples may be found for which the rate of decay of correla-
tions is very slow (subexponential). For instance, in the case whereM = T2 the 2-torus,
T : T2 ���

is defined by the linear mapT (x1, x2) = (2x1 + x2, x1 + x2) (mod 1), andµ
is normalised Lebesgue measure, Crawford and Cary [5] construct aC0 test functionϕ
for whichCϕ,ϕ(k) = 2/k2.

Since (2) approaches zero at an exponential rate forϕ,ψ ∈ C1(M,R), one may
find constantsC = C(ϕ,ψ) and 0< r0 < 1 such thatCϕ,ψ(k) ≤ C(ϕ,ψ)rk for all
r > r0. We shall call the minimal suchr0 therate of decay of correlationsfor the system
(T, µ). Only relatively recently has work on rigorous bounds for the rate of decay of
correlations been done; Rychlik [21], Liverani [13, 14]. Unfortunately, the estimates of
[21] and [13, 14] are extremely conservative. For example, one may easily show that the
rate of decay of correlations for the tent map with respect toC1 test functions is 0.5. The
estimates provided by Rychlik’s and Liverani’s papers are 0.9986 and 0.5 respectively.
While the estimate of [13] is optimal in this case, we shall demonstrate later that the
bounds quickly worsen as small nonlinearities are introduced intoT .
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One could consider a naive direct approach to the estimation ofr0 by scattering a
very large number of test pointsx ∈ M throughoutM , distributed according to the
measureµ. Once specific functionsϕ andψ are chosen, the integrals in (2) could then
be approximately evaluated as a finite sum over the scattered points. A linear fit of
logCϕ,ψ(k) vs.k would then estimater0. This approach is infeasible, however, because
of the exponentially stretching nature of the mapT . If the points are scattered so that
they are roughly a distanceε apart, then nearby scatter points may be stretched apart to
a distance of order the diameter ofM after onlyk = log(diamM/ε)/ log(1/λ), where
λ is the expansion constant (λ = 1/

(
infx∈M inf v∈TxM ‖DxT (v)‖/‖v‖)). Thus the

number of scatter points required grows exponentially withk, making such a calculation
infeasible, or at the very least, unreliable for low values ofk. One can also not be sure
that the particular functionsϕ andψ used in this calculation yield an uncharacteristically
low value forr0.

Other methods of bounding the rate of decay are discussed in the final section. These
methods compute rates of decay for test functions that are either real-analytic [3, 20] or
of bounded variation [1] (one-dimensional systems). We argue that such function spaces
are not good models of physical observables. We instead have concentrated on piecewise
Cγ orC1 test functions as many physical measurements naturally fall into this class.

To reiterate, our aim is to provide a rigorous computational method of bounding the
value ofr0. We expect our method to provide much better bounds than those of [21] or
[13, 14]. In addition, we believe our bounds to be of greater physical significance than
those of [1] and [3]. In later sections we discuss the order of convergence of our bounds.
In some instances we are able to compute resonant eigenfunctions of our system (T, µ),
thus strengthening our bound to anestimateof the rate of decay. Particular features of
our result are that it may be applied to multidimensional and hyperbolic systems, and
that an estimate of the physical invariant measure is obtained “for free” with no extra
work. The order of convergence of our bounds are also discussed.

2. Outline of Method

Without loss of generality, we henceforth assume that
∫
M
ψ dµ = 0. Define the Perron-

Frobenius operatorP for expandingT by

Pψ(x) =
∑

y∈T−1x

ψ(y)
| detDyT | . (4)

We shall considerP : Cγ(M,C) ���
, where the Banach spaceCγ(M,C), 0 < γ ≤ 1

has norm

‖ψ‖γ = sup
x∈M

|ψ(x)| + sup
x,y∈M

|ψ(x) − ψ(y)|
‖x− y‖γ := |ψ|∞ + |ψ|γ . (5)

We produce an upper bound forCϕ,ψ(k) by rewriting (2) in terms of the Perron-Frobenius
operator:

Cϕ,ψ(k) =

∣∣∣∣∫
M

ϕ ◦ T k · ψ · h dm
∣∣∣∣ (6)

=

∣∣∣∣∫
M

ϕ · Pk(ψ · h) dm

∣∣∣∣
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≤ ‖ϕ‖γ‖Pk(ψ · h)‖γ
≤ ‖ϕ‖γ‖ψ · h‖γHrk. (7)

Herer > r0, the spectral radius ofP restricted toC⊥
γ = {ψ ∈ Cγ(M,C) :

∫
M
ψ dµ =

0}. Thus the problem boils down to one of estimating the spectral radius of the Perron-
Frobenius operator acting onCγ test functions of zeroµ-integral.

Definition 2.1. We define theessential spectral radiusressto be the smallest nonneg-
ative number for which elements ofσ(P) outside the disk{z ∈ C : |z| ≤ ress} are
isolated eigenvalues of finite multiplicity.

The spectrum ofP may now be divided into the part that lies inside the disk|z| ≤ ress
and that which lies outside this disk.

Unit disk

Spectrum
Essential

to invariant density
Eigenvalue corresponding

Isolated Spectrum

Fig. 1. Schematic representation of the spectrum (as a subset of the complex plane) of the Perron-Frobenius
operator acting on the space ofCγ test functions

We are not concerned with the composition of the part ofσ(P) inside|z| ≤ λγ . It is
known (Ruelle, [19]) thatress≤ λγ , whereλ = 1/

(
infx∈M inf v∈TxM ‖DxT (v)‖/‖v‖).

Collet & Isola [4] have better estimates for one-dimensional Markov maps, but these are
difficult to compute. We can thus obtain reasonable bounds for the radius of the essential
spectrum, and now need only worry about a bound for the radius of the remainder of
the non-unit spectrum, that which consists of isolated eigenvalues of finite multiplicity.
It is this remaining spectrum ofP in the region|z| > λγ that we wish to approximate.

We shall partition the state spaceM into a finite number of connected setsA1, . . . , An
and form then× n transition matrix

Pij =
m(Ai ∩ T−1Aj)

m(Ai)
, (8)

wherem is the Riemannian volume measure onM . One may think of the entryPij as
representing the probability of a point in the regionAi moving into the regionAj in one
step. Ulam [23] originally proposed this matrix as a finite-dimensional approximation
to the Perron-Frobenius operator in the case whereT was an expanding interval map.
In [9] the author proved that provided that the regionsA1, . . . , An are carefully chosen,
the matrixP is a very good approximation of the Perron-Frobenius operator for both
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multidimensional expanding maps and uniformly hyperbolic maps. The main result of
[9] is that the left eigenvector of the stochastic matrixP defines a good approximation
of the physical measureµ. In the present paper, we go on to show that the same matrix
in fact gives us more information, namely a bound on the rate of decay of correlations
for T with respect to the physical measureµ.

Theorem 2.2 (Main Result). LetT : M ���
be aC1+γ , (0 < γ ≤ 1), expanding (resp.

Anosov) map of a compactd-dimensional (resp. 2-dimensional) Riemannian manifold
M . Denote by{Pn}∞

n=n0
a sequence of Markov partitions forT onM , with the property

thatmaxA∈Pn diamA → 0 asn → ∞. Construct the matrix

Pn,ij =
m(An,i ∩ T−1An,j)

m(An,j)
, An,i, An,j ∈ Pn, 1 ≤ i, j ≤ cardPn. (9)

Denote byσ′(Pn) the spectral values ofPn that lie in the region|z| > λγ
′
, and byσ(P)

the spectrum ofP : Cγ
′
(M,C) ���

, (0 < γ′ < γ). Then givenε > 0, there isnε ∈ Z+

such that
σ(P) \ {|z| ≤ λγ

′} ⊂ Bε(σ
′(Pn)) for all n > nε.

Simply put, the above theorem says that the spectral values of the matricesPn lying
outside the disk{|z| ≤ λγ

′} converge to a set containing the isolated spectrum of
P : Cγ

′
(M,C) ���

outside this disk. The matricesPn are relatively simple to compute,
and provide us with a means of approximating the important portion of the isolated
spectrum of the Perron-Frobenius operator. In the case of an example computation, if it
so happens that all ofσ(Pn) \ {1} is contained in the disk|z| ≤ λγ

′
, then we takeλγ

′

as our bound for the rate of decay of correlations.

Remarks 2.3. (i) Finite Markov partitions exist for the class of maps that we are con-
sidering [2]. IfT is Anosov, the behaviour of the boundaries of the Markov partition
sets become difficult to control in dimensionsd ≥ 3 (see Mãné, p.184 for a discus-
sion).

(ii) For AnosovT , the operatorP is not the Perron-Frobenius operator for the full map
T . A standard construction is followed, where the dynamics ofT is projected onto
the unstable boundaries of the Markov partition. This projected dynamics induces
an expanding map on the unstable boundaries, and wedefineP for T to be the
Perron-Frobenius operator for this induced expanding map.

(iii) The matrix defined in (9) is slightly different from that of (8). The two, however,
are related via a similarity transformation using the matrixQij = δijm(Ai) and
thus have the same eigenvalues.

(iv) We have enlarged our space of test functions fromCγ(M,C) toCγ
′
(M,C), γ′ <

γ for technical reasons. This slight change makes no practicable difference to
computations.

Corollary 2.4. LetM,T,P, andPn be defined as in Theorem 2.2. An upper bound for
the rate of decay of correlations ofT with respect toCγ

′
test functions (0< γ′ < γ) is:

ExpandingT :

max

{
λγ

′
, lim
n→∞ max

z∈σ(Pn)\{1}
|z|
}
. (10)
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AnosovT : (
max

{
λγ

′
, lim
n→∞ max

z∈σ(Pn)\{1}
|z|
})1/3

. (11)

Proof of Corollary.The expanding case follows from Theorem 2.2 and the inequality
(7). The Anosov situation is described in Sect. 6. �

Thus the Ulam matrices provide us with estimates for the isolated spectrum of the
Perron-Frobenius operator; it is these isolated spectral values that cause the estimates
of [21] and [13] to be so poor. If there are no isolated eigenvalues forP (besides unity)
then we take the much more reasonable valueλγ

′
as a bound for the decay rate.

3. Coding

We deal with the expanding situation first; the Anosov case will follow from this by
extracting its expanding part as described in Sect. 6. It is convenient for us to code the
dynamics of our mapT using the symbolic dynamics provided by our Markov partition
P. We shall determine a bound for the rate of decay of our induced system and use this
as a bound for our original smooth system. Define

Aij =

{
0, if Int Ai ∩ T−1 IntAj = ∅
1, otherwise.

The matrixA defines a subsetΣ+
A = {ξ ∈ Σ+ : Aξiξi+1 = 1 for all i ∈ Z+} ⊂

{1, 2, . . . , s}Z+
= Σ+ of “allowable” sequences. This subsetΣ+

A is invariant under the
one-sided left-shiftσ : Σ+ ���

defined by [σ(ξ)]i = ξi+1. Denote by [ξ0, . . . , ξN−1] the
cylinder set{η ∈ Σ+

A : η0 = ξ0, . . . , ηN−1 = ξN−1}. We defineπ : Σ+ → M to be the
semiconjugacy betweenΣ+ andM that maps the sequence (ξ0, ξ1, . . .) onto the unique
pointx satisfyingT ix ∈ Aξi for all i ≥ 0. We have the following commutative diagram;
π : Σ+

A → M is continuous and surjective; see Bowen [2] for details:

Σ+
A

σ−→ Σ+
Ayπ yπ

M
T−→ M

The metric onΣ+
A will be defined bydθ(ξ, η) = θN , whereN is the maximal integer

for whichξi = ηi, i = 0, . . . , N − 1, and 0< θ < 1 is fixed. Define a norm on the space
of complex-valued functions onΣ+

A by

‖φ‖θ = |φ|∞ + sup
N≥0

sup
ξ,η∈Σ+

A
ξ0=η0,...,ξN−1=ηN−1

|φ(ξ) − φ(η)|
θN

:= |φ|∞ + |φ|θ. (12)

Lemma 3.1. If ϕ is γ-Hölder onM (0< γ ≤ 1), the functionϕ ◦ π is Lipschitz onΣ+
A

with respect to thedλγ metric.
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Proof. Letϕ ∈ Cγ(M,R); that is, there is a constantC2 < ∞ such that|ϕ(x)−ϕ(y)| ≤
C2‖x− y‖γ for all x, y ∈ M . Let |ϕ|γ denote the minimal such constant. We note that
if 1/λ := infx∈M inf v∈TxM ‖DxT (v)‖/‖v‖ we may find a universal constantC1 < ∞
such that ifξi = ηi for i < N , thenπ([ξ0, ξ1, . . . , ξN−1]) ⊂ M has diameter less than
C1λ

−N (Ruelle [18]). Also suppose thatdθ(ξ, η) = θN . Then

|ϕ ◦ π(ξ) − ϕ ◦ π(η)| ≤ |ϕ|γ‖π(ξ) − π(η)‖γ
≤ |ϕ|γ · (C1λ

N
)γ

= |ϕ|γCγ1 (λγ)N

= |ϕ|γCγ1 dλγ (ξ, η). � (13)

We denote this space of Lipschitz functions onΣ+
A by

Fλγ = {φ : Σ+
A → C : |φ|λγ < ∞}.

One has

‖ϕ ◦ π‖λγ = |ϕ ◦ π|∞ + |ϕ ◦ π|λγ

= |ϕ|∞ + sup
ξ,η∈Σ+

A

|ϕ ◦ π(ξ) − ϕ ◦ π(η)|
dλγ (ξ, η)

≤ |ϕ|∞ + |ϕ|γCγ1 by (13) (14)

≤ max{1, Cγ1 }‖ϕ‖γ .
We are now in a position to define a rate of decay for our symbolic system. Given

a T -invariant probability measureµ onM , there is aσ-invariant probability measure
ν onΣ+

A such thatπ∗ν = µ ([2] p.91); thusψ ◦ π hasν integral zero. The measure
ν plays the role of the “physical” measureµ for our symbolic system. Denote byF⊥

λγ

the subspace ofFλγ with zeroν integral, and define the Perron-Frobenius operator (or
transfer operator)L : (Fλγ , ‖ · ‖λγ ) ���

by

(Lφ)(ξ) =
∑

η∈σ−1ξ

φ(η)
| detDπ(η)T | . (15)

F⊥
λγ is the space of test functions onΣ+

A that corresponds to the spaceC⊥
γ of test

functions on the smooth spaceM . L is the operator corresponding toP. Recall that if
x 7→ | detDxT | isCγ thenξ 7→ | detDπ(ξ)T | is in Fλγ .

We use the symbolic dynamics to rewrite (6) as follows: (hν ∈ Fλγ satisfiesL(hν) =
hν andmΣ is the probability measure onΣ+

A that assigns equal weight to cylinder sets
of equal length.ν = hν ·mΣ in the same way thatµ = h ·m.)∣∣∣∣∫

M

ϕ ◦ T k · ψ dµ
∣∣∣∣ =

∣∣∣∣∣
∫
Σ+

A

(ϕ ◦ T k) ◦ π · ψ ◦ π dν
∣∣∣∣∣

=

∣∣∣∣∣
∫
Σ+

A

(ϕ ◦ T k) ◦ π · (ψ · hν) ◦ π dmΣ

∣∣∣∣∣
=

∣∣∣∣∣
∫
Σ+

A

(ϕ ◦ π) · Lk((ψ · hν) ◦ π) dmΣ

∣∣∣∣∣
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≤ ‖ϕ ◦ π‖‖Lk((ψ · hν) ◦ π)‖λγ

≤ H2‖ϕ ◦ π‖λγ ‖((ψ · hν) ◦ π‖λγRk

≤ H3‖ϕ‖γ‖ψ · hν‖γRk. (16)

HereR is any positive number greater thanR0, the spectral radius ofL|F⊥
λγ

.

Remark 3.2.The class of functionsF⊥
λγ is larger than the spaceC⊥

γ ◦ π = {ϕ ◦ π : ϕ ∈
C⊥
γ }. Functionsϕ ◦ π with ϕ discontinuous on boundaries of partition sets inM (and

inverse images of the boundaries) are allowed inF⊥
λγ becauseπ(ξ) andπ(η) may be

very close, but will be assigned a distance of 1 ifξ0 6= η0. ThusR0, the spectral radius
of L|F⊥

λγ
, will in general be larger thanr0, the spectral radius ofP|C⊥

γ
.

4. Approximating L

There are two main ingredients to the approximation of the spectrum of the operatorL.
The first thing we do is define a simpler operatorLN that is close in norm toL. Because
LN is close toL in the operator norm topology, standard perturbation theory tells us
that their spectra are also close. The second step is to restrict the simpler operatorLN
to a small (finite-dimensional) invariant subspace. The operator restricted to this finite-
dimensional space now has a matrix representation, and its spectrum is easily computed
as the eigenvalues of this matrix.

4.1. A Simpler Operator.To make finding the spectrum ofL tractable, we construct a
simpler operator

(LNφ)(ξ) =
∑

η∈σ−1ξ

gNφ(η). (17)

We shall think ofgN : Σ+
A → R+ as an approximation tog(ξ) := 1/| detDπ(ξ)T | that is

constant onN -cylinders [ξ0, ξ1, . . . , ξN−1]. Formally, define

gN =
m(π([ξ0, . . . , ξN−2]) ∩ T−1π([ξ1, . . . , ξN−1]))

m(π([ξ1, . . . , ξN−1]))
; (18)

see Fig. 2.

Lemma 4.1. |g − gN |∞ ≤ |g|θθN .
Proof. Clearly,

inf
ξ∈[ξ0,...,ξN−1]

| detDπ(ξ)T | ≤ m(π([ξ1, . . . , ξN−1]))
m(π([ξ0, ξ1, . . . , ξN−1]))

≤ sup
ξ∈[ξ0,...,ξN−1]

| detDπ(ξ)T |,

so that

inf
ξ∈[ξ0,...,ξN−1]

1
| detDπ(ξ)T | ≤ m(π([ξ0, ξ1, . . . , ξN−2]) ∩ T−1π([ξ1, . . . , ξN−1]))

m(π([ξ1, . . . , ξN−1]))

≤ sup
ξ∈[ξ0,...,ξN−1]

1
| detDπ(ξ)T | .
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π([ξ0,...,ξΝ−1])

π([ξ0,...,ξΝ−2]) π([ξ1,...,ξΝ−1])

T

Fig. 2. Schematic representation of the sets inM involved in defininggN . We identifyπ([ξ0, . . . , ξN−2])
with An,i andπ([ξ1, . . . , ξN−1]) with An,j in Eq. (9)

Hence,

|g − gN |∞

≤ max
ξ0,...,ξN−1∈{1,...,r}

∣∣∣∣∣ sup
ξ∈[ξ0,...,ξN−1]

1
| detDπ(ξ)T | − inf

ξ∈[ξ0,...,ξN−1]

1
| detDπ(ξ)T |

∣∣∣∣∣
= sup

ξ,η∈Σ+
A

ξ0=η0,...,ξN−1=ηN−1

|g(ξ) − g(η)|

≤ |g|θθN ,
where we have used the definition of|g|θ in Eq. (12). �

By standard perturbation theory (e.g. Kato [12] or Dunford & Schwartz [6] Lemma
6.3) if the operatorsL andLN are close in operator norm, then their spectra are also close
in the sense of Hausdorff distance. We may simply bound the norm of the difference
L − LN as follows.

‖(L − LN )φ‖θ ≤
∑

η∈σ−1ξ

‖φ‖θ
∥∥∥∥ 1

| detDπ(η)T | − gN (η)

∥∥∥∥
θ

≤ 8‖φ‖θ
∥∥∥∥ 1

| detDπ(·)T | − gN (·)
∥∥∥∥
θ

. (19)

where8 is the maximum number of inverse branches ofT . It is shown in Froyland
[9], Lemma 4.1 thatgN ◦ π−1(·) → 1/| detD·T | uniformly in theC0 topology onM .
However, this corresponds to convergence ofgN (·) → 1/| detDπ(·)T | in ‖ · ‖θ with
θ = 1 and this is not enough for convergence ofLN to L in the‖ · ‖θ operator norm,
where 0≤ θ < 1. To obtain the required convergence we use a small trick, namely
slightly relaxing our norm and enlarging our space of test functions.

Proposition 4.2. Letg ∈ F+
θ and supposegN is constructed as above. For any0< θ <

θ′ < 1 we have that

|g − gN |θ′ ≤ |g|θ
(
θ

θ′

)N
, N ≥ 0. (20)
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Proof. The only property required of thegN ’s is that listed in Lemma 4.1. We refer the
reader to Proposition 1.3, Parry & Pollicott [16] for a proof. �

If T isC1+γ , then| detDT | isCγ . We shall considerL to be acting on the Banach space
(F⊥
λγ′ , ‖ · ‖λγ′ ), where 0< γ′ < γ. For brevity we shall sometimes write‖ · ‖θ′ to mean

‖ ·‖λγ′ . By virtue of Proposition 4.2 and Lemma 4.1,gN → 1/| detDπ(·)T | in the‖ ·‖θ′

norm (see Eq. (22)), and so‖(L − LN )‖θ′ → 0. As we now have norm convergence of
LN toL we may apply standard perturbation results to the spectrum ofL. The following
lemma is a suitably modified version of Lemma 6.3 [6].

Lemma 4.3. If

‖L − LN‖θ′ ≤ ‖R(z,LN )‖−1
θ′ := ‖(LN − zI)−1‖−1

θ′ , (21)

for all z ∈ C \Bε(σ(LN )), then

σ(L) ⊂ Bε(σ(LN )),

whereBε(σ(LN )) denotes anε-neighbourhood of the spectrum ofLN .

Proof. Recall that ifLN − zI is invertible, then so too are all operators in a ball centred
atLN − zI of radius‖(LN − zI)−1‖−1

θ′ . Thus if‖(LN − zI) − (L − zI)‖θ′ ≤ ‖(LN −
zI)−1‖−1

θ′ for z ∈ C \ Bε(σ(LN )) thenL − zI is invertible onC \ Bε(σ(LN )) and so
σ(L) ⊂ Bε(σ(LN )). �

We summarise our findings so far.

Proposition 4.4. H(σ(LN ), σ(L)) → 0 as N → ∞, whereH denotes the Haus-
dorff metric onC defined byH(E,F ) = max{supx∈E dist(x, F ), supy∈F dist(E, y)}
for E,F ⊂ C.

Proof. Putting together (19), Lemma 4.1, and Proposition 4.2, we see that

‖L − LN‖θ′ ≤ 8
(|g − gN |∞ + |g − gN |θ′

)
≤ 8

(
|g|θ′

(
θ′)N + |g|θ

(
θ

θ′

)N)
(22)

→ 0 asN → ∞.

By applying Lemma 4.3 twice (reversing the roles ofL andLN ) we are done. �

We shall now show how to extract the isolated part of the spectrum ofLN .

4.2. A Smaller Space.The operatorLN has a finite dimensional invariant subspace,
namely those functions that are constant onN -cylinders [ξ0, ξ1, . . . , ξN−1] in Σ+

A.
Recall thatπ([ξ0, ξ1, . . . , ξN−1]) = Aξ0 ∩ T−1Aξ1 ∩ · · · ∩ T−(N−1)AξN−1, so that
functionsφ : Σ+

A → R piecewise constant onN -cylinders correspond to functions
ϕ : M → R piecewise constant on t he refined Markov partition

∨N−1
i=0 T−iP. Let

VN = sp{χ[ξ0,ξ1,...,ξN−1] : ξi ∈ {1, . . . , r}} ⊂ Fθ′ be the span of the test functions
constant onN -cylinders. We may now define two operators, namelyLN |VN

: VN
���

(the restriction ofLN to VN ), andLN/VN : Fθ′/VN
���
(the quotient operator on the

quotient spaceFθ′/VN ). There are three very important points regarding these induced
operators:
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(i) The operatorLN |VN
has matrix representation

[Pn]ij =
m(An,i ∩ T−1An,j)

m(An,j)
,

where the partitionPn = {An,1, . . . , An,n} inM is formed from the images (under
π) of theN -cylinder sets. That is,Pn = {π([ξ0, . . . , ξN−1]) : [ξ0, . . . , ξN−1] ⊂
Σ+
A}. This is clear from the construction of the weight functiongN in (18).

(ii) The spectrum ofLN is contained in the union of the spectra ofLN |VN
andLN/VN ;

symbolically,
σ(LN ) ⊂ σ(LN |VN

) ∪ σ(LN/VN ).

See, for example, Erdelyi and Lange [7]. Note that the spectrum ofLN |VN
is simply

the set of eigenvalues of the matrix representingLN |VN
, that is, the eigenvalues of

the matrixPn defined above.

(iii) The spectral radius ofLN/VN in Fθ′/VN is bounded above byθ. This is proven in
Pollicott [17].

By putting these three facts together, we see that the part ofσ(LN ) contained outside
the disk{|z| > θ′} must be wholly contained inσ(LN |VN

). Further,σ(LN |VN
) may be

simply computed as the eigenvalues of the matrixPn. Thus

R0,N := rσ(LN |F⊥
θ′

) ≤ max

{
θ′, max

z∈σ(Pn)\{1}
|z|
}
. (23)

We now have an upper bound for the spectral radius of the simpler operatorLN acting
on the spaceFθ′ , and by our perturbation theorems, this will be close to an upper bound
for L acting onFθ′ .

Proof (of Main Result).We first note that ifϕ is an eigenfunction ofP, thenϕ ◦π is an
eigenfunction ofL. Thusσ(P) \ {|z| ≤ λγ

′} ⊂ σ(L) \ {|z| ≤ θ′}. By Proposition 4.4
we have in particular thatH(σ(L) \ {|z| ≤ θ′}, σ(LN ) \ {|z| ≤ θ′}) → 0 asN → ∞.
Finally, we have just shown thatσ(LN ) \ {|z| ≤ θ′} ⊂ σ(Pn). By putting these three
observations together we are done. �

Remark 4.5.Corollary 3.3 of [19] states that the part of the discrete spectrum of our
transfer operatorL that we are considering does not vary as we vary the norm‖ · ‖θ and
function spaceFθ with θ. Formally, the spectra ofL : (Fθ, ‖·‖θ) ���

andL : (Fθ′ , ‖·‖θ′ ) ���

coincide in the region{z : |z| > θ′}. In particular, this tells us that the choice ofθ′ is
not overly important in practice.

5. WhenT is Anosov

In the case whereT is Anosov (all ofM is uniformly hyperbolic), one must not deal
directly with the full Perron-Frobenius operator ofT , as the action ofP would be to
stretch in unstable directions (decrease the slope of a test function) and to compress
in stable directions (increase the slope of a test function). Thus under the action ofP,
theCγ norm of test functions would most likelyincreasewith each application ofP.
We instead induce an expanding map fromT on the unstable boundaries of a Markov
partition as described in Remark 2.3 (ii). This induced expanding map will have its own
Perron-Frobenius operator, and we may calculate its rate of mixing as before. We then
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Fig. 3.Graph of the piecewise quartic interval mapT as defined by (24)

appeal to a standard result to show that ifR0 is a bound for the rate of mixing of the
induced expanding map, thenR1/3

0 is a bound for the rate of mixing of the full Anosov
map. The advantage of our matrix technique is that the induced expanding mapneed
never be constructed. We compute the matricesPn as before using the full mapT , and
simply take the cube root of the maximal non-unit eigenvalue to obtain a bound.

It is shown in [9] Lemmas 7.1 and 7.3 that the matrixPn as defined in (9) may be
taken via a similarity transformation into the matrix representingLN |VN

(hereLN is
the Perron-Frobenius operator for the induced expanding map acting on test functions
on symbol space). Thus as in the expanding case, the eigenvalues ofPn outside the disk
{|z| ≤ λγ

′} coincide with the spectrum ofLN outside{|z| ≤ λγ
′}. We calculatePn

rather than the true matrix representation ofLN |VN
as it is much easier to compute and

does not require the construction of the induced expanding map.
The fact that we may takeR1/3

0 as a bound for the rate of decay of correlations for
Cγ test functions, whenR0 is a bound for the induced expanding map, can be found in
[16], Proposition 2.4, for example.

6. An Example

For ease of presentation, we illustrate our technique for a one-dimensional system. The
map that we choose is a piecewise quartic interval map with two inverse branches,
defined by1

Tx =

{
0.9982x4 − 0.8104x3+0.1390x2+1.7821x+0.1131, 0.1154≤x≤1/2

1.1572x4−3.5886x3+4.0826x2−3.7830x+2.2471, 1/2≤x≤1
.(24)

1 All numerical values in this section are approximate only.
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This rather complicated-looking piecewise polynomial is just a slight nonlinear per-
turbation of a piecewise linear Markov map; see Fig. 3. The perturbation is so slight,
that the graph ofT appears linear. ThatT is not linear is evident from the graph of
the unique invariant densityh of T as shown in Fig. 4. IfT were linear, this invariant
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Fig. 4.Graph of the unique invariant densityh of T

density would be piecewise constant. The densityh defines a probability measureµ,
and ash is everywhere positive, the Birkhoff theorem tells us thatLebesguealmost all
x ∈ [0.1154, 1] exhibitµ. Clearly,µ is a natural candidate for the physical measure of
T . We are interested in how quickly initial blobs of mass in state space distribute them-
selves according to the measureµ under the action ofT . That is, we want an estimate of
the rate of mixing, or the rate of decay of correlations forT with respect to the measure
µ.

The value ofλ = 1/
(
minx∈[0.1154,1] |T ′(x)|) is approximately 0.5706. This shall

be an initial bound for our rate of decay. AsT is piecewiseC2 we chooseP to
act on the space of piecewiseCγ real-valued test functions,γ < 1. Typically, if
there are kinks in the smoothness ofT on a setK ⊂ M , we allow breaks in the
smoothness of the test functions atB =

⋃
i>0 T

iK. In our example,K = {1/2} and
B = {T 3(1/2), T 4(1/2)} = {0.3194, 0.6806} (asT 4(1/2) is fixed underT ; we have
discarded the endpoints ofM = [0.1154, 1].) ThusP will act on test functions in
Cγ(M,R), γ < 1, with breaks allowed at 0.3194 and 0.6806. The norm for this space is
‖ · ‖γ as defined in (5) where each pairx, y ∈ M are both elements of one of the three
subintervals [0.1154, 0.3194], [0.3194, 0.6806], [0.6806, 1]. Our strategy is as follows.
Chooseγ < 1. If the Perron-Frobenius operator forT has no isolated spectrum, then
we take 0.5706γ as our upper bound. If, however, there are some isolated eigenvalues
of the Perron-Frobenius operator lying outside the disk{|z| ≤ 0.5706γ}, we will ap-
proximate these as eigenvalues of our matricesPn, and use these values as our upper
bounds instead. The mapT has been chosen for our example because it is close to a map
T̃ whose Perron-Frobenius operatorP̃ is known to have some eigenvalues lying outside
the region{|z| ≤ λ}. The author is grateful to Viviane Baladi for communicating the
piecewise linear map̃Tx = −1.7525|x − 1/2| + 1 as an example of a map with this
property. Our nonlinear mapT is a small perturbation of̃T that demonstrates a nontrivial
application of our technique.
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An initial Markov partition ofP = {[0.1154, 0.3194], [0.3194, 0.5], [0.5, 0.6806],
[0.6806, 1]} is formed. Refined Markov partitions are constructed by simply taking the
join of P with its inverse images, that is, defineP(N ) =

∨N−1
i=0 T−iP, whereA ∨ B :=

{A∩B : A ∈ A, B ∈ B}. The 12 set partitionP(2) is illustrated in Fig. 3. At each stage
of refinement, a transition matrixPn is constructed (note thatPn is ann × n matrix,
whereasN refers to the number of inverse iterates required to construct the partition;
thusP12 is the matrix for corresponding toP(2)). The absolute values of the maximum
non-unit eigenvalues of the sequence of matrices forN = 0, . . . , 9 are given in Table 1.

Table 1.Estimates for the magnitude of the largest non-unit eigenvalue of the transfer operator ofL

Inverse Iterates Bound for rate of decay
N maxz∈σ(Pn)\{1} |z|
0 0.60037
1 0.59687
2 0.59649
3 0.59846
4 0.59815
5 0.59812
6 0.59823
7 0.59812
8 0.59819
9 0.59816

Figure 5 shows the position of the eigenvalues ofP212 (corresponding toN = 7)
relative to the region bounding the essential spectrum. From the above results, we can
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Fig. 5.A plot of the spectrum ofP212 (the transition matrix forT constructed from a Markov partition refined
from 7 inverse iterations). The dotted circle is given by{|z| = 0.5706}; it is known that the essential spectrum
is contained in this region. The crosses represent the eigenvalues ofP212 that are estimating the isolated
spectrum ofP

fairly confidently state thatP doeshave a non-trivial isolated spectrum, and that there-
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fore, it is this isolated spectrum that will control the rate of decay. Corollary 2.4 says
that a bound for the rate of decay is max

{
λγ , limn→∞ maxz∈σ(Pn)\{1} |z|}. We thus

take 0.599 as a safe upper bound for the mixing rate. By Remark 4.5, 0.599 is also the
rate of decay with respect to piecewiseC1 test functions. In Sect. 8 we shall see that not
only is 0.599 a bound, but that 0.5982 is anestimateof the rate of decay. This result will
follow from an analysis of the eigenvectors ofPn.

As mentioned earlier, if it so happened that all of the eigenvalues ofP212 were
contained in{|z| ≤ 0.5706γ}, we would simply take 0.5706γ as our upper bound
instead.

7. Order of Convergence of the Spectrum

In this section we consider the situation whereL has nontrivial isolated spectrum. We
wish to know the rate at which the isolated spectrum ofLN approaches that ofL. Recall
that any isolated spectral values ofLN appear as eigenvalues of the matrixPn, and
that the spectral radius ofLN |F⊥

θ′
coincides with the magnitude of the second largest

eigenvalue ofPn.
Denote by ˆz one of the eigenvalues ofL satisfying|ẑ| = maxz∈σ(L)\{1} |z|. Whether

or not this maximum is attained by more than one eigenvalue ofL (in the case of a
complex conjugate pair, for example) we do not care, as we are only concerned with the
magnitude of the eigenvalue. We decompose the spectrum asσ(L) = Σ0 ∪ Σ1, where
Σ0 = {ẑ}, andΣ1 = σ(L) \ {ẑ}. One has theL-invariant subspace decomposition
Fθ′ = X0 ⊕X1, satisfyingσ(L|Xi

) = Σi, i = 0, 1 ([12] Theorem III-6.17). Denote by
0 ⊂ C a simple closed curve containing an open neighbourhood of ˆz, but no elements
of Σ1. The operatorΠ0 : Fθ′ → X0 defined by

Π0 = − 1
2πi

∫
0

(L − zI)−1 dz (25)

is a projection ontoX0 along the directionX1. The following theorem is a modified
version of Theorem IV-3.16 [12].

Theorem 7.1. If ‖L − LN‖θ′ is sufficiently small, the spectrum ofLN is separated by
0 into two partsΣ0,N andΣ1,N . There is an associatedLN -invariant decomposition
Fθ′ = X0,N ⊕ X1,N with dim(Xi,N ) = dim(Xi), i = 0, 1. Furthermore the projection
ontoX0,N alongX1,N given by

Π0,N = − 1
2πi

∫
0

(LN − zI)−1 dz

approachesΠ0 in norm as‖L − LN‖θ′ → 0.

Proof. See [12] p.213. �

For large enoughN we have that a portion ofσ(LN ) is isolated inside the closed curve0,
and that the dimension of the corresponding invariant subspace is equal to the dimension
of the eigenspace associated with ˆz. We now go on to bound the distance between the
elements ofΣ0,N andẑ. The following two results are borrowed from Chatelin [8] p.278.

Lemma 7.2. Π0,N |X0 : X0 → X0,N is a bijection for sufficiently largeN .
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Proof. Let φ0 ∈ X0. One has

|‖φ0‖θ′ −‖Π0,Nφ0‖θ′ | = |‖Π0φ0‖θ′ −‖Π0,Nφ0‖θ′ | ≤ ‖(Π0−Π0,N )φ0‖θ′ ≤ ‖φ‖θ′/2,

for sufficiently largeN by Theorem 7.1. Thus‖Π0,Nφ0‖θ′ ≥ ‖φ0‖θ′/2, and so

‖Π0,N |X0‖θ′ ≥ 1/2 =⇒ ‖ (Π0,N |X0

)−1 ‖θ′ ≤ 2. �
Proposition 7.3. LetN be large enough to make the conclusions of Theorem 7.1 and

Lemma 7.2 true. DefineL,LN : X0
���
byL = L|X0 andLN =

(
Π0,N |X0

)−1 ◦ LN ◦
Π0,N |X0. Then

‖L− LN‖θ′ ≤ 2‖L − LN‖θ′ ), and

H(Σ0,N , {ẑ}) = O(‖L − LN‖1/ dim(X0)
θ′ ).

Proof. Clearlyσ(L) = {ẑ} andσ(LN ) = Σ0,N . Now,∥∥∥(L − (Π0,N |X0

)−1 ◦ LN ◦Π0,N

)
|X0

∥∥∥
θ′

=
∥∥∥(L − (Π0,N |X0

)−1 ◦Π0,N ◦ LN
)

|X0

∥∥∥
θ′

=
∥∥∥(Π0,N |X0

)−1 ◦Π0,N ◦ (L − LN ) |X0

∥∥∥
θ′

≤
∥∥∥(Π0,N |X0

)−1 ◦Π0,N

∥∥∥
θ′

‖L − LN‖θ′

≤ 2‖L − LN‖θ′ for N as in Lemma 7.2.

For the second part of the proposition we apply a standard result of Elsner (see Stewart
& Sun [22], p.168, for example). Let [L], [LN ] denote matrix representations ofL and
LN with respect to some basis ofX0.

Sublemma 7.4.

H(L,LN ) ≤ (‖[L]‖2 + ‖[LN ]‖2
)1−1/ dim(X0) ‖[L] − [LN ]‖1/ dim(X0)

2 ,

where‖ · ‖2 is the standardL2 matrix norm.

Using the fact that all norms are equivalent on finite dimensional spaces, by Sublemma
7.4 we are done. �

Eq. (22) and Proposition 7.3 imply that the order of convergence of maxz∈σ(Pn)\{1} |z|
to ẑ is at least exponential inN with rate max{θ′, θ/θ′}. Such behaviour is corroborated
by Fig. 6. In our example,θ = λ = 0.5706, and we may takeθ′ = λγ

′
= 0.597,

say. The exact figure ofθ′ doesn’t matter, so long as it lies betweenθ and where
we think our discrete eigenvalues are. In this case, the rate of convergence is at least
(0.5706/0.597)N = 0.9558N .

If we wish to consider how quickly our estimates converge when compared to an
increase in the size ofPn (in other words, the size of the partitionPn.), we may proceed
as follows. DefineΘ := 3 := 1/ supx∈M | detDxT | (T expanding). There exists a
constantC such that the number of setsn in a Markov partition constructed fromN
inverse iterates of the original partition satisfiesn ≤ C/ΘN . Chooseκ > 0 such that
Θκ = max{θ′, θ/θ′}; in other words, putκ = log

(
max{θ′, θ/θ′}) / logΘ. Then

‖L − LN‖θ′ ≤ 8|g|θ
(
(Θκ)N

) ≤ 8|g|θC
κ

nκ
= O

(
1
nκ

)
.

In our example,Θ = 0.5515, andκ = log(0.5706/0.597)/ log(0.5515) = 0.0760.
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Fig. 6. A plot of maxz∈σ(Pn)\{1} |z| versusN . Note that the convergence to a single value appears to be
occurring exponentially as expected. The safe bound of 0.599 is shown dotted

8. Estimating the Rate of Decay Using Eigenvectors

By computing the eigenvectors of the matrixPn in addition to its eigenvalues, one
may further refine the analysis of the rate of decay. We assume that we are in the
situation whereL has nontrivial isolated spectrum, andN is large enough to satisfy the
conditions of Proposition 7.3. We denote by ˆzN one of the eigenvalues ofPn satisfying
|ẑN | = maxz∈σ(Pn)\={1} |z|. Norm convergence ofLN to L not only guarantees that
the isolated spectrum ofL is approached by that ofLN (that is,ẑN → ẑ), but that the
corresponding eigenvectors (eigenfunctions) ofL are also approximated in‖ · ‖θ′ norm
by those ofLN . Formally, one has the following result; see [8], Theorem 6.7.

Theorem 8.1. Under the hypotheses of Proposition 7.3, letφ̂N be an eigenvector ofPn
corresponding to the eigenvalueẑN ∈ Σ0,N . Considerφ̂N as a test function inX0,N .
Then

dist(φ̂N , X0) := min
φ∈X0

‖φ̂N − φ‖θ′ = O
(
‖L − LN‖1/ dim(X0)

θ′

)
. (26)

Such convergence results sometimes allow us to refine our bounds intoestimatesof the
rate of decay. If the maximal non-unit eigenvalue ˆzN of Pn satisfies|ẑN | > θ′, then
|ẑN | actually gives us anestimate, rather than just a bound, for the spectral radius of
L|F⊥

θ′
. As mentioned in Remark 3.2, the spaceF⊥

θ′ is a good deal larger thanCγ
′
(M,R)

andCγ
′
(M,C). F⊥

θ′ contains a lot of functions that do not concern us, namely those
with more discontinuities than we are allowing. Recall that ifT is piecewise smooth,
we allow breaks in the smoothness of test functions at all forward images of the breaks
in T . However, functions inF⊥

θ′ are allowed breaks at infinitely many places. We can
identify these unwanted eigenfunctions by numerically examining the eigenvectors of
Pn. If any of these eigenvectors have more breaks in smoothness than is allowed, we
disregard their corresponding eigenvalues. By removing the offending eigenfunctions
and corresponding eigenvalues, we sharpen our bounds on the rate of decay. If, after
removal of all irrelevant eigenvalues, there still remains an eigenvalue that is clearly
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outside the disk{|z| ≤ λγ
′}, then the magnitude of this eigenvalue is anestimateof the

rate of decay of correlations, rather than merely a bound. This is because we have found
an explicit approximation to an eigenfunction, namely the corresponding eigenvector,
for which (6) displays a decay rate given by the magnitude of the eigenvalue.
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Fig. 7. The real and imaginary part of the (approximate) eigenfunction corresponding to the eigenvalue
−0.5014 + 0.3261i calculated using the matrixP212 (N = 7). These two functions (considered separately
as real-valued) also span a two-dimensional real invariant subspace associated with the complex eigenvalues
−0.5014± 0.3261i

In our example, both of our eigenvalues ofPn lying outside{|z| ≤ 0.5706} are
complex. We compute the eigenvectors corresponding to this complex conjugate pair.
From Fig. 7 it is apparent that the corresponding eigenfunction is piecewise smooth
with breaks only at the allowed positions ofx = 0.3194 andx = 0.6806. Thus 0.59816
is anestimateof the rate of decay of (T, µ) with respect to complex-valuedC1 test
functions, and the function shown in Fig. 7 is an example of a function for which (6)
decays at this rate. This value is also an estimate for the rate of decay of (T, µ) with
respect to real-valuedC1 test functions. The complex conjugate eigenvalue pair have
an associated two-dimensional invariant subspace of real-valued functions (spanned by
the two functions shown in Fig. 7). This two-dimensional invariant subspace contains
no eigenfunctions, but all functions in the subspace decay in norm under the action of
P at the same rate as the complex eigenfunctions.

9. Comparisons and Discussion

We have presented a method of computing a bound for the rate of decay of correlations
for C1+γ expanding and hyperbolic maps acting onCγ , 0< γ ≤ 1, test functions. Our
technique used the relative volumes of intersection of Markov partition sets with their
inverse images to provide us with a matrix approximation of the Perron-Frobenius oper-
ator for the map. This approximation was close toP in the operator norm topology, and
so their spectra were close also. To compute the spectrum of our matrix approximation
was a simple matter. Our method also yields a numerical approximation of the physical
invariant measure ofT “for free”; see [9] for details.
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In the introduction, we mentioned a simple-minded method of calculating the cor-
relation function (1.2) by choosing specific real-valued functionsϕ andψ, sprinkling a
large number of points inM distributed according toµ, and iterating them forwardk
steps. The integral with respect toµ is then approximated by averaging the contributions
from the sprinkled points; in this wayCϕ,ψ(k) is “computed”. Once one has values for
Cϕ,ψ(k) for k = 1, . . . ,K, one may subject this sequence to a number of analyses to de-
termine a rate of decay. The simplest is to perform a sum-of-exponentials fit to the data.
One may also perform Fourier analysis (see Isola [11], for example) on the sequence to
try to extract the frequencies corresponding to decay rates. Either way, the number of
sprinkled points required to maintain accuracy becomes prohibitively large very quickly
because of the very exponential stretching properties one is trying to measure. Usually,
this distribution of points approximatingµ is obtained by running out a single long orbit
of T . This procedure itself is an unreliable method for approximatingµ because of com-
puter roundoff and the possibility that the orbit chosen represents atypical behaviour (for
example, it may be an orbit falling into a weak periodic sink, while we only observe its
initial transient effects and do not detect the eventual periodicity). Our construction is
a single-step method, thus avoiding problems such as compounding computer roundoff
and long-term transient effects. Finally, the particular functionsϕ andψ chosen may
not be representative of the slowest possible decay rate. Results obtained from such an
analysis must be treated with caution.

Rugh [20] has shown that one may compute the spectrum of the Perron-Frobenius
operator for real analytic hyperbolic maps acting on the space of analytic test functions,
using the periodic points of the map. This method of using the periodic orbits of a map
to build up a picture of the dynamics has been popular with physicists for some time; see
Christiansenet al.[3] for numerical examples of the determination of correlation spectra.
However, the technique is very restrictive, requiring extremely smooth (analytic) maps
and observablesϕ,ψ. From a physical point of view, one would expect to have to deal
with both systems and physical observables that are not infinitely differentiable. In this
paper, we have made the choice of observables that areC1 or at leastCγ , 0 < γ < 1,
and believe that such a model of the world is much more realistic.

Our main result is of a similar vein to that of Baladiet al. [1]. In their paper they
consider expanding Markov maps of the interval, with the Perron-Frobenius operator
acting on test functions of bounded variation, and use the variational norm to compute
the spectra. Again, we consider physical observables that areC1 or Hölder continuous
to be more realistic than observables of bounded variation. Their result is also restrictive
in the sense that it is only applicable to one-dimensional expanding systems. Although
the matrix construction of [1] turns out to be identical to ours, their method of proof is
entirely different.

Our goal was to improve the known theoretical bounds for the rate of mixing with
respect toC1 test functions. In the table below, we compare the estimates of [21] and
[13, 14] with our computer-assisted bounds.

It is clear that just a small amount of nonlinearity greatly affects the known theo-
retical bounds. It is interesting that although Ruelle’s [19] bound ofλ for the essential
spectral radius increases as we add nonlinearities toT̃ x (because the minimum slope
1/λ decreases), our bound for the mixing rate actually improves. That is, our bound
for the isolated spectrum moves in from a magnitude of 0.6009 to somewhere around
0.598–0.599. Thus in this case, adding nonlinearities may actually speed up the mixing
of phase space. Such an observation would not be possible using the bounds of [21] or
[13, 14] as added nonlinearities always worsen their estimates.
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Table 2. Our computed-assisted bound for the rate of decay with respect to piecewiseC1 test functions
compared to known theoretical bounds1

Map Ruelle bound Our Liverani Rychlik
(essential spectrum) bound bound bound

T̃ x = −1.7525|x − 1/2| + 1 0.5652 0.6009 0.6009 0.9986
T as in (24) 0.5706 0.599 0.9162 0.99999915

1 Liverani’s results strictly only apply to interval maps for which each branch is onto. As the left branches
of T̃ andT are not onto, we generously make this estimate the best possible forT̃ , assuming that his bound
actually finds the isolated eigenvalues. When the map is piecewise linear and all branches are onto, his
algorithm does return the best estimate, however, for such maps there areno isolated eigenvalues to find. For
the mapT , we compute his bound again assuming that both branches of this nonlinear map are onto.

We have established an order of convergence of our bounds to the “optimal” bounds
in terms of (i) the number of inverse iteratesN ofT used to construct the Markov partition
and (ii) the number of partition setsn used to construct our matrix approximationPn.
A computation of the eigenvectors ofPn may allow a refinement of our bound, in some
cases producing anestimateof the rate of decay rather than merely a bound. The order
of convergence of such estimates is identical to the order of convergence of our bounds.

Finally, we acknowledge that although the construction of Markov partitions for
one-dimensional maps is relatively easy, it may be time consuming for some higher
dimensional maps. If one is in a hurry, one may construct matrices defined by (9) using
any finite partition ofM into connected subsets (a triangulation, for example), and
compute its eigenvalues. Because one no longer has the coding machinery available,
rigorous results are not as easy to come by. In the author’s experience, “most” randomly
chosen partitions tend to give pessimistic estimates of the rate of mixing. That is, for
systems with known rates of mixing, matrices constructed from arbitrary partitions
tend to have eigenvalues lying outside the disk containing all the true eigenvalues of
the Perron-Frobenius operator. A discussion of these results and which mixing rate is
actually being approximated (be it with respect toC1 test functions,L1 test functions,
or test functions of bounded variation) is contained in [10].
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maps. Annales de l’Institut Henri Poincaré - Physique th́eorique,62 (3), 251–265 (1995)

2. Bowen, R.:Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Volume 470 of
Lecture Notes in Mathematics. Berlin: Springer-Verlag, 1975

3. Christiansen, F., Paladin, G. and Rugh, H.H.: Determination of correlation spectra in chaotic systems.
Phys. Rev. Lett.65 (17), 2087–2090 (1990)

4. Collet, P. and Isola, S.: On the essential spectrum of the transfer operator for expanding Markov maps.
Commun. Math. Phys.139, 551–557 (1991)

5. Crawford, J. and Cary,J.: Decay of correlations in a chaotic measure-preserving transformation. Physica
D 6 (2), 223–232 (1983)

6. Dunford, N. and Schwartz, J.T.:Linear Operators. I. General Theory, Volume7 of Pure and Applied
Mathematics. New York: Interscience, 1958

7. Erdelyi, I. and Lange, R.:Spectral Decomposition on Banach Spaces, Volume623of Lecture Notes in
Mathematics. Berlin: Springer-Verlag, 1977



Computer-Assisted Bounds for Rate of Decay of Correlations 257

8. Chatelin, F.:Spectral Approximation of Linear Operators. Computer Science and Applied Mathematics.
New York: Academic Press, 1983

9. Froyland, G.: Finite approximation of Sinai-Bowen-Ruelle measures of Anosov systems in two dimen-
sions. Random & Comp. Dyn.3 (4), 251–264 (1995)

10. Froyland, G.:Estimating Physical Invariant Measures and Space Averages of Dynamical Sys-
tems Indicators. PhD thesis, The University of Western Australia, Perth, 1996. Available at
http://maths.uwa.edu.au/ ∼gary/

11. Isola, S.: Resonances in chaotic dynamics. Commun.Math. Phys.116, 343–352 (1988)
12. Kato, T.:Perturbation Theory for Linear Operators, Volume 132 ofGrundlehren der mathematischen

Wissenschaften. Berlin: Springer-Verlag, second edition, 1976
13. Liverani, C.: Decay of correlations. Ann. Math.142(2), 239–301 (1995)
14. Liverani, C.: Decay of correlations for piecewise expanding maps. J. Stat. Phys.78 (3/4), 1111–1129

(1995)
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