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Abstract: The rate of decay of correlations quantitatively describes the rate at which a
chaotic system “mixes” the state space. We present a new rigorous method to estimate
a bound for this rate of mixing. The technique may be implemented on a computer
and is applicable to both multidimensional expanding and hyperbolic systems. The
bounds produced are significantly less conservative than current rigorous bounds. In
some situations it is possible to approximate resonant eigenfunctions and to strengthen
our bound to an estimate of the decay rate. Order of convergence results are stated.

1. Introduction and Motivation

One of the major concerns in dynamical systems and ergodic theory is the rate at which
systems settle down into their regular (statistically speaking) behaviouf. Leéi/ =

govern a discrete dynamical system on a compact Riemannian mahlfdlde assume

that our systemX/, T") has a unique asymptotic distribution for a “large” set of initial
points, that is, lim_, . % Z?;ol oriy — w weakly for Lebesgue almost all. The
measureu is called the “physical” or “natural” invariant measure of the systaim 1)

[2, 18]. We are interested in the rate at which an initial concentration of mass in phase

space approaches the distribution givenudaynder the evolution of .

Definition 1.1. The systen{’, i) is calledmixing if for each pair of Borel setsl, B €
B(M),

Nim (AT B) — p(A)u(B). @)

We may rewrite this Eq. as lip. . u(A N T~*B)/u(A) = u(B), and interpret it as
saying that the probability (according td of a pointz moving from a setd to a setB
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in k iterations, given that € A, is (for k£ large) roughly the probability of being in

B, or the “size” of B (according tqu). As this Eq. holds for anyl, we see thai’~*B

is being evenly dispersed throughout phase space according to the physical measure
It is the rate at which this dispersion occurs that we are concerned with.

In this paper we shall assume tHais at least piecewis€* with Holder continuous
derivative. As we are after rigorous resulis,is assumed to be either (i) expanding
or (ii) transitive Anosov, and possess an absolutely continuous invariant measure. For
manifoldsM of dimensiond > 2, we call a mag’ expandingf || D,T(v)|| > ||v|| for
allz € M,v € T, M. ltis known (Mdié [15] and Bowen [2], for example), thatis
the uniqueabsolutely continuous invariant measure, tHat() is mixing, and that the
densityh : M — R* of 4 is positive and at leastdider continuous.

Definition 1.2. Let p,7) : M — R be C* test functions. We define tlwerrelation
function of ¢ andvy as

Co. (k) =

/MWT’“-¢du—/M<Pdu-/M¢du‘- )

By puttingy = x g andy = x 4, we see that (2) reduces to (1), and thaf . , (k) — 0

ask — oo. In fact, by approximating andt by step functions it may be shown that
Cy,u(k) — 0 ask — oo for all v, € L*(M, ) is equivalent to T, ) mixing. We
shall, however, restrigt andy to be at least piecewise continuously differentiable, as we
are then guaranteed th@s (k) approaches zemxponentiallyfast withn; (Bowen [2],
Ruelle [18]). The test functionsandi may be thought of as physical observables of our
dynamical system. The special caseof ¢ gives what is known as treutocorrelation

function
2
Coo(k) = ’/ poT" du— (/ sodu) :
M M

Co.,,(k) gives an indication of how much the observabplat timet = 0 is correlated
with itself at timet = k.

3

Remark 1.3.It is reasonable to suppose that our physical observables vary smoothly in
phase space. If we choose our observablasdy from the larger spaces?(M, 1) or
C°(M, R), pathological examples may be found for which the rate of decay of correla-
tions is very slow (subexponential). For instance, in the case wiereT? the 2-torus,

T : T? is defined by the linear map(x1, x2) = (2x1 + 22, 1 + 22) (Mod 1), andu

is normalised Lebesgue measure, Crawford and Cary [5] constetfttest functiony

for whichC,, , (k) = 2/k.

Since (2) approaches zero at an exponential rateofgr € C*(M,R), one may
find constants” = C(p, ) and 0< 7y < 1 such thaC, (k) < C(yp,)r* for all
r > ro. We shall call the minimal suchy therate of decay of correlationf®r the system
(T, ). Only relatively recently has work on rigorous bounds for the rate of decay of
correlations been done; Rychlik [21], Liverani [13, 14]. Unfortunately, the estimates of
[21] and [13, 14] are extremely conservative. For example, one may easily show that the
rate of decay of correlations for the tent map with respe€tittest functions is 0.5. The
estimates provided by Rychlik’'s and Liverani's papers are 0.9986 and 0.5 respectively.
While the estimate of [13] is optimal in this case, we shall demonstrate later that the
bounds quickly worsen as small nonlinearities are introducedlinto
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One could consider a naive direct approach to the estimatiog loj scattering a
very large number of test points € M throughoutM, distributed according to the
measuregu. Once specific functiong andq are chosen, the integrals in (2) could then
be approximately evaluated as a finite sum over the scattered points. A linear fit of
logC, (k) vs. k would then estimatey. This approach is infeasible, however, because
of the exponentially stretching nature of the nigplf the points are scattered so that
they are roughly a distaneeapart, then nearby scatter points may be stretched apart to
a distance of order the diameter &f after onlyk = log(diama{/€)/ log(1/\), where
A is the expansion constank (= 1/ (inf,cas infuer, ar || DT (@)][|/||v]))). Thus the
number of scatter points required grows exponentially wjtmaking such a calculation
infeasible, or at the very least, unreliable for low valueg o®ne can also not be sure
that the particular functions andy used in this calculation yield an uncharacteristically
low value forrg.

Other methods of bounding the rate of decay are discussed in the final section. These
methods compute rates of decay for test functions that are either real-analytic [3, 20] or
of bounded variation [1] (one-dimensional systems). We argue that such function spaces
are not good models of physical observables. We instead have concentrated on piecewise
C” or C* test functions as many physical measurements naturally fall into this class.

To reiterate, our aim is to provide a rigorous computational method of bounding the
value ofrg. We expect our method to provide much better bounds than those of [21] or
[13, 14]. In addition, we believe our bounds to be of greater physical significance than
those of [1] and [3]. In later sections we discuss the order of convergence of our bounds.
In some instances we are able to compute resonant eigenfunctions of our sistém (
thus strengthening our bound to astimateof the rate of decay. Particular features of
our result are that it may be applied to multidimensional and hyperbolic systems, and
that an estimate of the physical invariant measure is obtained “for free” with no extra
work. The order of convergence of our bounds are also discussed.

2. Outline of Method

Without loss of generality, we henceforth assume fhat) du. = 0. Define the Perron-
Frobenius operatdP for expandingl’ by

- b(y)
PO 2. Tae,T] @
yeT 1z

We shall conside® : C7(M,C)D, where the Banach spac® (M,C),0 < v < 1
has norm

(@) — )| ._

[¥[ly = sup|¢(x)| + sup = [loo + [t ®)
xeM

eyem Iz =yl

We produce an upper bound &y ., (k) by rewriting (2) in terms of the Perron-Frobenius
operator:

C%w(k):‘/M@oTk-z/)-hdm‘ (6)

= ‘/ @-P’f(w-h)dm‘
M
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< [lell[IP*@ - Bl
< llellyll¢ - bl Hr*. @)

Herer > rg, the spectral radius @? restricted tdC# ={Y e C"(M,C): [, vdu=
0}. Thus the problem boils down to one of estimating the spectral radius of the Perron-
Frobenius operator acting @ test functions of zerg-integral.

Definition 2.1. We define thessential spectral radiusressto be the smallest nonneg-
ative number for which elements ©fP) outside the disKz € C : |z| < ress are
isolated eigenvalues of finite multiplicity.

The spectrum o may now be divided into the part that lies inside the digk< ress
and that which lies outside this disk.

_— |solated Spectrum

L4 Eigenval ue corresponding

to invariant density

N Unit disk

Fig. 1. Schematic representation of the spectrum (as a subset of the complex plane) of the Perron-Frobenius
operator acting on the space@f test functions

We are not concerned with the composition of the paet(@) inside|z| < A7. Itis
known (Ruelle, [19]) thatess < A7, wherex = 1/ (inf e as infyer, ar | DT )|/ 0]])-
Collet & Isola [4] have better estimates for one-dimensional Markov maps, but these are
difficult to compute. We can thus obtain reasonable bounds for the radius of the essential
spectrum, and now need only worry about a bound for the radius of the remainder of
the non-unit spectrum, that which consists of isolated eigenvalues of finite multiplicity.
It is this remaining spectrum @ in the region/z| > )\ that we wish to approximate.

We shall partition the state spat£into a finite number of connected sets, . . . , A,
and form then x n transition matrix

p. = m(A; N T_lAj)
T omA)

wherem is the Riemannian volume measure ah One may think of the entry;; as
representing the probability of a pointin the regidpmoving into the regiom; in one
step. Ulam [23] originally proposed this matrix as a finite-dimensional approximation
to the Perron-Frobenius operator in the case whévgas an expanding interval map.

In [9] the author proved that provided that the regighs. . ., A,, are carefully chosen,
the matrix P is a very good approximation of the Perron-Frobenius operator for both

8)
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multidimensional expanding maps and uniformly hyperbolic maps. The main result of
[9] is that the left eigenvector of the stochastic maffixiefines a good approximation

of the physical measure In the present paper, we go on to show that the same matrix
in fact gives us more information, namely a bound on the rate of decay of correlations
for T with respect to the physical measure

Theorem 2.2 (Main Result). LetT : M ® be aC'*, (0 < v < 1), expanding (resp.
Anosov) map of a compadtdimensional (resp. 2-dimensional) Riemannian manifold
M. Denote by{B,, }72,,, @ sequence of Markov partitions féron M, with the property
thatmaxs ey, diamA — 0asn — oco. Construct the matrix

m(A,M- N TilA”’j)
m(An,j) ’

Pn,i,j = An,’iaAn,j € ‘Bm 1 S 7"] S Cardmn- (9)

Denote by’(P,) the spectral values df, that lie in the regior|z| > X', and byo(P)
the spectrum oP : C7'(M,C)™, (0 < 4/ < 7). Then givere > 0, there isn. € Z*
such that )

aP)\ {|z| <XV} C Be(o'(P)) for all n > n..

Simply put, the above theorem says that the spectral values of the magjdgig
outside the disk{|z| < A’} converge to a set containing the isolated spectrum of
P : ¢ (M, C)™® outside this disk. The matriced, are relatively simple to compute,

and provide us with a means of approximating the important portion of the isolated
spectrum of the Perron-Frobenius operator. In the case of an example computation, if it
so happens that all of(P,,) \ {1} is contained in the disk:| < \?’, then we take\"’

as our bound for the rate of decay of correlations.

Remarks 2.3. (i) Finite Markov partitions exist for the class of maps that we are con-
sidering [2]. IfT"is Anosov, the behaviour of the boundaries of the Markov partition
sets become difficult to control in dimensiahg 3 (see M&é, p.184 for a discus-
sion).

(i) For AnosovT, the operatof is not the Perron-Frobenius operator for the full map
T. A standard construction is followed, where the dynamicg & projected onto
the unstable boundaries of the Markov partition. This projected dynamics induces
an expanding map on the unstable boundaries, andefie? for T' to be the
Perron-Frobenius operator for this induced expanding map.

(iii) The matrix defined in (9) is slightly different from that of (8). The two, however,
are related via a similarity transformation using the mafix = ¢;;m(4;) and
thus have the same eigenvalues.

(iv) We have enlarged our space of test functions f@nf)M, C) to C*' (M, C), 7' <
~ for technical reasons. This slight change makes no practicable difference to
computations.

Corollary 2.4. Let M, T,P,and P, be defined as in Theorem 2.2. An upper bound for
the rate of decay of correlations @fwith respect ta>"" test functions@ < 7/ < 7) is:

Expandingl™:

max{)ﬂ', lim  max z|}. (10)
n—00 z€a(Py)\{1}
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AnosoVI:

) 1/3
<max{)\7, lim max z|}> . (11)
n—00 z€0(Pn)\{1}

Proof of Corollary. The expanding case follows from Theorem 2.2 and the inequality
(7). The Anosov situation is described in Sect. 6. [J

Thus the Ulam matrices provide us with estimates for the isolated spectrum of the
Perron-Frobenius operator; it is these isolated spectral values that cause the estimates
of [21] and [13] to be so poor. If there are no isolated eigenvalue® fiiresides unity)
then we take the much more reasonable valtieas a bound for the decay rate.

3. Coding

We deal with the expanding situation first; the Anosov case will follow from this by
extracting its expanding part as described in Sect. 6. It is convenient for us to code the
dynamics of our mafi’ using the symbolic dynamics provided by our Markov partition

. We shall determine a bound for the rate of decay of our induced system and use this
as a bound for our original smooth system. Define

4 {0, ifInt A,NT-1IntA; =0
' 1, otherwise.

The matrix A defines a subset’, = {¢ € X% : Agye,,, = 1foralli € Z*} C
{1,2,..., s}Z+ = X" of “allowable” sequences. This subsgt, is invariant under the
one-sided left-shift : X" defined by §(€)]; = &+1. Denote by §o, ..., En_1] the
cylinder set{n € X% : no =&o,...,Mn-1 = En—1}. We definer : * — M to be the
semiconjugacy between* and M that maps the sequenc® (&1, . . .) onto the unique
pointx satisfyinglz € A, foralli > 0. We have the following commutative diagram;
7 X% — M is continuous and surjective; see Bowen [2] for details:

+ g +
ZA EA

ol

M LM

The metric on¥*, will be defined bydy(¢, ) = 0V, whereN is the maximal integer
forwhich¢; =n;,i=0,..., N —1,and 0< 6 < 1is fixed. Define a norm on the space
of complex-valued functions oB"; by

lollo=lot+sup  sup Oy by, )
= EmeXT
Eo=770’m,n€1v71=771v71

Lemma 3.1. If ¢ isy-Hdlder onM (0 < v < 1), the functionp o 7 is Lipschitz onZ?
with respect to the ,~ metric.
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Proof. Letp € C7(M,R); thatis, there is a constafit < oo such thateo(z) — p(y)| <
Ch||lz — y||” forall z,y € M. Let|p|, denote the minimal such constant. We note that
if 1/X == infyen infuer, ar || DT (@)||/||v]] we may find a universal constafi < oo
such that if¢; = n; for i < N, thenn([&o, &1, - --,€&n—1]) C M has diameter less than
C12~" (Ruelle [18]). Also suppose thads(¢, 1) = V. Then

lpom(§) —pomm)| < |ply 7€) — 7m)II”
[ely - (CA™)’
“P|vcf ()"Y)N
= |l CY dx (€, m).- ] (13)
We denote this space of Lipschitz functions i} by

SXY :{¢:22—>(C:|¢‘)\7 < OO}

IN

One has

loomllxy = | oo +[wom|rs
|l o m(€) — ¢ o m(n)|

= |¢loe + SUP

g&next, d)x'V (ga 77)
< lploo +10l,CY by (13) (14)
< max{1, C7 Hell,-

We are now in a position to define a rate of decay for our symbolic system. Given
a T-invariant probability measurg on M, there is as-invariant probability measure
v on X7 such thatt*v = p ([2] p.91); thusy o 7 hasv integral zero. The measure
v plays the role of the “physical” measugefor our symbolic system. Denote 1§,
the subspace &\~ with zerov integral, and define the Perron-Frobenius operator (or
transfer operatorf : (v, || - [[x+) D by

_ P(n)
(ﬁﬁb)(f) - Zlf W (15)

neo—

3>, is the space of test functions ofi}; that corresponds to the spa@syL of test
functions on the smooth spadé. L is the operator corresponding ® Recall that if
x +— | detD,T|is C7 then{ — |detD T'| isin Fx-.

We use the symbolic dynamics to rewrite (6) as follovits: € F~ satisfiesC(h,,) =
h, andm is the probability measure of’; that assigns equal weight to cylinder sets
of equal lengthv = h,, - myx in the same way that = h - m.)

/sooT’“wdu‘: (poT ) or o dy
M =

= / (poTH)om- (- hy)omdms
2

=| [ om- L@ h)om dms
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<l ol IL5((% - hy) o )| x
< Hallp o7l ar (¥ - hy) o || v R
< Hsll@lly[l¥ - b ||, R". (16)

Here R is any positive number greater thal, the spectral radius 01|3§7 .

Remark 3.2.The class of functiongy., is larger than the spa@ omr={pom:peE
C#}. Functionsp o 7 with ¢ discontinuous on boundaries of partition sets/in(and
inverse images of the boundaries) are allowe@+{n becauser(¢) andw(n) may be

very close, but will be assigned a distance of &if? no. Thus Ry, the spectral radius
of L'HM will in general be larger thar, the spectral radius diP|(CWL.

4. Approximating £

There are two main ingredients to the approximation of the spectrum of the opérator
The first thing we do is define a simpler operafgy that is close in norm té€. Because

Ly is close toL in the operator norm topology, standard perturbation theory tells us
that their spectra are also close. The second step is to restrict the simpler ogrator

to a small (finite-dimensional) invariant subspace. The operator restricted to this finite-
dimensional space now has a matrix representation, and its spectrum is easily computed
as the eigenvalues of this matrix.

4.1. A Simpler OperatorTo make finding the spectrum df tractable, we construct a
simpler operator

Lne)O) = Y gno@m). (17)

n€o—1¢

We shall think ofgy : X% — R* as an approximation tg(¢) := 1/|detD.)T| that is
constant onV-cylinders Eo, &1, . .., v —1]. Formally, define

N = m(ﬂ’([f(jv K 75]\772]) N T_lﬂ([gla oo 7£N71])) .

m(r([&y, . .., En-1]) ’ (18)

see Fig. 2.

Lemma4.l. |g — gn|e < |gleO™.

Proof. Clearly,

m(m([£1, - -, En—1])

< sup  |detDrT|,

€€l€o, - En m(m([€0, &1, - EN—1]) T eclco,....en ]
so that
inf 1 < m(r([€o, &1, - En—2l) N T 7 ([&e, - . ., En—1]))
£€l€o,-rEn 1] | detDﬂ(g)T| - m(m([&1, ..., Ev-1])

1
sup ———.
¢elo,...tn—1] | d€tD()T|

IN
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T([&g--En-q))
ﬂ |
T
T([€g--En—o)) T([&,&n—q))

Fig. 2. Schematic representation of the sets\ininvolved in defininggy. We identify w([£o, . . ., En—2])
with A,, ; andn([1, . .., En—1]) with A, 5 in Eq. (9)

Hence,

|g_gN|oo

1 1
< max Su T — inf —
T o,enEN—1€{L,..7) 56[507...,':5)1\171] |detD)T|  ¢€léo,..en-1] |detD )T

= sup 19(6) — 9(n)]
Enexy
&o=n0,--,EN 17NN -1

S |g|90N7
where we have used the definition|ofy in Eq. (12). d

By standard perturbation theory (e.g. Kato [12] or Dunford & Schwartz [6] Lemma
6.3) if the operatorg andL y are close in operator norm, then their spectra are also close
in the sense of Hausdorff distance. We may simply bound the norm of the difference
L — Ly as follows.

1
(£~ LNn)ollo < llo || — 9n (M)
U‘EEU:1§ |detD7T(77)T| 0
1
< S RTA 1
< 016l | gm0, 19)

where @ is the maximum number of inverse branchesloflt is shown in Froyland

[9], Lemma 4.1 thayy o 7~2(-) — 1/|detD.T'| uniformly in the C° topology onM.
However, this corresponds to convergencg/9f{-) — 1/|detD,yT|in || - |l¢ with

6 = 1 and this is not enough for convergencelof to £ in the || - ||, operator norm,
where 0< 6 < 1. To obtain the required convergence we use a small trick, namely
slightly relaxing our norm and enlarging our space of test functions.

Proposition 4.2. Letg € §} and supposey is constructed as above. For afy< 6 <
6’ < 1we have that

o\ N
lg —gnler < lgle <9,> ; N > 0. (20)
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Proof. The only property required of thgy's is that listed in Lemma 4.1. We refer the
reader to Proposition 1.3, Parry & Pollicott [16] for a proof. [

If Tis C**7, then| detDT| is C”. We shall conside£ to be acting on the Banach space

(L, [l llx-+), where 0< 4" < . For brevity we shall sometimes wrilie ||5 to mean

I ||+ - By virtue of Proposition 4.2 and Lemma 4¢ly — 1/|detD,yT'| inthe|| - ||o-
norm (see Eq. (22)), and $6L — Lxn)|ler — 0. As we now have norm convergence of
Ly to £ we may apply standard perturbation results to the spectruiniie following
lemma is a suitably modified version of Lemma 6.3 [6].

Lemma 4.3. If

1€~ Lnlle < IR( Lw)llg" = I(Cn — 2D Hg (21)
forall z € C\ B.(o(Ln)), then

o(L) C Be(o(Ln)),

whereB.(o(Ly)) denotes ar-neighbourhood of the spectrum 65 .
Proof. Recall thatifC — zI is invertible, then so too are all operators in a ball centred
atLy — 21 of radius||(Ly — 2I) 7Y, b Thus if |(Lx — 2I) — (£ — 2D)||le < I(Ln —
2I)7Y .t for 2 € €\ B(o(Ly)) thenL — 2T is invertible onC \ B.(s(£y)) and so
(L) C B(o(Ln)). O
We summarise our findings so far.

Proposition 4.4. H(o(Ln),0(L)) — 0as N — oo, where’H denotes the Haus-
dorff metric onC defined byH(E, F) = max{sup,. dist(, I), sup,c  dist(Z, ) }
for E,F c C. '

Proof. Putting together (19), Lemma 4.1, and Proposition 4.2, we see that

1£—Lnllor < @ (lg — gnlo 19— gnler)

N
<o <99' @) +1ab () ) 22

— 0 asN — oo.
By applying Lemma 4.3 twice (reversing the roleslodnd L y) we are done. [

We shall now show how to extract the isolated part of the spectruiyof

4.2. A Smaller SpaceThe operatorl iy has a finite dimensional invariant subspace,
namely those functions that are constant 8recylinders o, &1,...,En—1] in X7
Recall thatm([£o, &1, ..., En—1]) = Ag N T_lAgl n---N T_(N_l)Angl, so that
functions¢ : X% — R piecewise constant ofV-cylinders correspond to functions

¢ : M — R piecewise constant on t he refined Markov partitigfl, * 7. Let

VN = sP{Xieotr,...ena] - & € {1,...,7}} C o be the span of the test functions
constant onV-cylinders. We may now define two operators, namély|y,, : Vy O

(the restriction ofL y to Vi), andLy /Vn : Fer/VN D (the quotient operator on the
quotient spacgy  /Vy). There are three very important points regarding these induced
operators:
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(i) The operatoil v |y, has matrix representation

m(Ans N T4, ;)
Pn ij = . -/ )
[Pl m(A,)

where the partitio3,, = {A,, 1, . .., A » } In M is formed from the images (under
) of the N-cylinder sets. That isB3,, = {7([&o,.-.,&n-1]) : [&0,.--,En—1] C
X% }. This is clear from the construction of the weight functignin (18).
(ii) The spectrum of y is contained in the union of the spectra®§ |v,, andLx /Vn;
symbolically,
o(Ln) Co(Lnlvy) Ua(Ln/Vn).

See, for example, Erdelyi and Lange [7]. Note that the spectrubp0f,, is simply
the set of eigenvalues of the matrix representing v, , that is, the eigenvalues of
the matrixP,, defined above.

(i) The spectral radius of 5 /Viy in §¢/ Vi is bounded above . This is proven in
Pollicott [17].

By putting these three facts together, we see that the part®{) contained outside
the disk{|z| > 8’} must be wholly contained ia(Ly |v, ). Furthero(Lx|v, ) may be
simply computed as the eigenvalues of the maljx Thus

Ron =r.(L <max<{#6, max z} 23

o = rolexlsy) < max{o, _ max s 3)

We now have an upper bound for the spectral radius of the simpler op&ratacting

on the spacgy., and by our perturbation theorems, this will be close to an upper bound
for £ acting ongy: .

Proof (of Main Result).We first note that ifp is an eigenfunction oP, thenyp o 7 is an
eigenfunction ofZ. Thusa(P) \ {|z| < A"} € (L) \ {|z| < ¢'}. By Proposition 4.4
we have in particular that((c(£) \ {|z| < ¢'},0(LNn) \ {|z] £ ¢'}) — 0asN — .
Finally, we have just shown that(Lx) \ {|z]| < 0’} C o(P,). By putting these three
observations together we are done. [J

Remark 4.5.Corollary 3.3 of [19] states that the part of the discrete spectrum of our
transfer operatof that we are considering does not vary as we vary the rjjorip and
function spacg, with 6. Formally, the spectradf : (Fo, ||-]lo) D and’L : (T, ||-|lo-) D
coincide in the regiod z : |z| > #'}. In particular, this tells us that the choice#fis

not overly important in practice.

5. WhenT is Anosov

In the case wher&' is Anosov (all of M is uniformly hyperbolic), one must not deal
directly with the full Perron-Frobenius operator Bf as the action of? would be to
stretch in unstable directions (decrease the slope of a test function) and to compress
in stable directions (increase the slope of a test function). Thus under the acfiyn of

the C” norm of test functions would most likeipcreasewith each application oP.

We instead induce an expanding map fréhon the unstable boundaries of a Markov
partition as described in Remark 2.3 (ii). This induced expanding map will have its own
Perron-Frobenius operator, and we may calculate its rate of mixing as before. We then
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Fig. 3. Graph of the piecewise quartic interval nf&mas defined by (24)

appeal to a standard result to show thakifis a bound for the rate of mixing of the

induced expanding map, thaﬁté/3 is a bound for the rate of mixing of the full Anosov
map. The advantage of our matrix technique is that the induced expandingeadp
never be constructedVe compute the matrice3, as before using the full m&ap, and
simply take the cube root of the maximal non-unit eigenvalue to obtain a bound.

It is shown in [9] Lemmas 7.1 and 7.3 that the matFx as defined in (9) may be
taken via a similarity transformation into the matrix representingy, (herely is
the Perron-Frobenius operator for the induced expanding map acting on test functions
on symbol space). Thus as in the expanding case, the eigenvalBg®ofside the disk
{|z] < A"} coincide with the spectrum of  outside{|z| < \*'}. We calculateP,,
rather than the true matrix representatiorCgf|y,, as it is much easier to compute and
does not require the construction of the induced expanding map.

The fact that we may takB(l,/ ® as a bound for the rate of decay of correlations for
C" test functions, wheiR is a bound for the induced expanding map, can be found in
[16], Proposition 2.4, for example.

6. An Example

For ease of presentation, we illustrate our technique for a one-dimensional system. The
map that we choose is a piecewise quartic interval map with two inverse branches,
defined by

0.9982r* — 0.8104r3+0.1390r%+1.7821r+0.1131  0.1154<x<1/2

1.1572:* -3.5886r3+4.0826r° —3.7830c+2.2471, 1/2<x<1

1 All numerical values in this section are approximate only.
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This rather complicated-looking piecewise polynomial is just a slight nonlinear per-
turbation of a piecewise linear Markov map; see Fig. 3. The perturbation is so slight,
that the graph ofl” appears linear. That is not linear is evident from the graph of
the unique invariant density of 7" as shown in Fig. 4. If" were linear, this invariant
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Fig. 4. Graph of the unique invariant densityof T°

density would be piecewise constant. The denkigefines a probability measuge
and ash is everywhere positive, the Birkhoff theorem tells us thelbesgualmost all
x € [0.1154 1] exhibit 1. Clearly,u is a natural candidate for the physical measure of
T. We are interested in how quickly initial blobs of mass in state space distribute them-
selves according to the measurander the action df'. That is, we want an estimate of
the rate of mixing, or the rate of decay of correlationsFawith respect to the measure
M.

The value ofA = 1/ (minme[o,llg,m] |T’(:Jc)|) is approximately 0.5706. This shall
be an initial bound for our rate of decay. AS is piecewiseC? we chooseP to
act on the space of piecewige” real-valued test functionsy < 1. Typically, if
there are kinks in the smoothnessBfon a setK' ¢ M, we allow breaks in the
smoothness of the test functions/at= | J,. , 7" K. In our example X = {1/2} and
B = {T%1/2), T741/2)} = {0.31940.6806} (as7*(1/2) is fixed undefT’; we have
discarded the endpoints @ff = [0.1154 1].) ThusP will act on test functions in
C7(M,R),~ < 1, with breaks allowed at 0.3194 and 0.6806. The norm for this space is
|| - ||, as defined in (5) where each pairy € M are both elements of one of the three
subintervals [QL154 0.3194] [0.3194 0.6806] [0.6806 1]. Our strategy is as follows.
Choosey < 1. If the Perron-Frobenius operator férhas no isolated spectrum, then
we take 05706 as our upper bound. If, however, there are some isolated eigenvalues
of the Perron-Frobenius operator lying outside the digk < 0.5706"}, we will ap-
proximate these as eigenvalues of our matriegsand use these values as our upper
bounds instead. The médphas been chosen for our example because it is close to a map
T whose Perron-Frobenius operatéis known to have some eigenvalues lying outside
the region{|z| < A}. The author is grateful to Viviane Baladi for communicating the
piecewise linear mafi'z = —1.7529x — 1/2| + 1 as an example of a map with this
property. Our nonlinear mdpis a small perturbation &f that demonstrates a nontrivial
application of our technique.
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An initial Markov partition of3 = {[0.1154 0.3194][0.3194 0.5],[0.5, 0.6806],
[0.6806 1]} is formed. Refined Markov partitions are constructed by simply taking the
join of B with its inverse images, that is, defif™) = \/; ' T~ where2( v B :=
{ANB: A€, B c B}. The 12 set partitiof3? is illustrated in Fig. 3. At each stage
of refinement, a transition matri®, is constructed (note thdg, is ann x n matrix,
whereas\V refers to the number of inverse iterates required to construct the partition;
thus P, is the matrix for corresponding #8®). The absolute values of the maximum
non-unit eigenvalues of the sequence of matrices\fer O, . .., 9 are given in Table 1.

Table 1.Estimates for the magnitude of the largest non-unit eigenvalue of the transfer operator of

Inverse Iterates  Bound for rate of decay
N MaX, c o (P, )\ {1} |2|
0.60037
0.59687
0.59649
0.59846
0.59815
0.59812
0.59823
0.59812
0.59819
0.59816

©CoOoO~NOOUO~WNEO

Figure 5 shows the position of the eigenvaluesPpf, (corresponding tav = 7)
relative to the region bounding the essential spectrum. From the above results, we can

0.8} :
0.6 ) 1
0.4} :

0.2f ‘ . 1

-0.2} ’ 1
—0.4f 1
-6} ) 1

-0.81 b

-1 -0.5 0 0.5 1

Fig. 5. A plot of the spectrum of%; (the transition matrix fofl” constructed from a Markov partition refined
from 7 inverse iterations). The dotted circle is given{lyy| = 0.5706}; it is known that the essential spectrum
is contained in this region. The crosses represent the eigenvalués ofhat are estimating the isolated
spectrum ofP

fairly confidently state thaP doeshave a non-trivial isolated spectrum, and that there-



Computer-Assisted Bounds for Rate of Decay of Correlations 251

fore, it is this isolated spectrum that will control the rate of decay. Corollary 2.4 says
that a bound for the rate of decay is m@aX”, lim,, ... MaX.c (e, (1 |2} We thus
take 0.599 as a safe upper bound for the mixing rate. By Remark 4.5, 0.599 is also the
rate of decay with respect to piecewiSé test functions. In Sect. 8 we shall see that not
only is 0.599 a bound, but that 0.5982 isestimateof the rate of decay. This result will
follow from an analysis of the eigenvectors Bf.

As mentioned earlier, if it so happened that all of the eigenvalueB,of were
contained in{|z| < 0.5706"}, we would simply take 706" as our upper bound
instead.

7. Order of Convergence of the Spectrum

In this section we consider the situation whe&réas nontrivial isolated spectrum. We
wish to know the rate at which the isolated spectruni gfapproaches that &. Recall
that any isolated spectral values 6§ appear as eigenvalues of the matfix, and
that the spectral radius aﬁN|39L/ coincides with the magnitude of the second largest

eigenvalue ofP,.
Denote by:"one of the eigenvalues dfsatisfying|Z| = max.c () 1 |2|. Whether
or not this maximum is attained by more than one eigenvalué (ih the case of a
complex conjugate pair, for example) we do not care, as we are only concerned with the
magnitude of the eigenvalue. We decompose the spectrurf@s= 3o U X1, where
Yo = {2}, and X1 = o(£) \ {Z}. One has theC-invariant subspace decomposition
oo = Xo @ X3, satisfyingo(L|x,) = X, ¢ = 0,1 ([12] Theorem 111-6.17). Denote by
I' C C a simple closed curve containing an open neighbourhoad lafit'no elements
of X1. The operatoily : §o- — Xo defined by

Iy / (L —=zD)"tdz (25)

2w

is a projection ontaXy along the directionX;. The following theorem is a modified
version of Theorem 1V-3.16 [12].

Theorem 7.1. If ||£ — Ly ||e is sufficiently small, the spectrum Bf; is separated by
I into two partsXy y and Xy y. There is an associatedy-invariant decomposition
Sor = Xon ¢ X1, v With d|m(Xl ~) = dim(X;), i = 0, 1. Furthermore the projection
ontoXo,N anngXl’N given by

1
Ho,N:——./(EN—ZI)_l dz
2mi Jr

approachedly in norm as||£ — Lx||¢- — O.
Proof. See [12] p.213. O

For large enougtV we have that a portion of(£ ) is isolated inside the closed curie

and that the dimension of the corresponding invariant subspace is equal to the dimension
of the eigenspace associated withNle now go on to bound the distance between the
elements oty y andz. The following two results are borrowed from Chatelin [8] p.278.

Lemma 7.2. Il v|x, : Xo — Xo,n is a bijection for sufficiently largev.
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Proof. Let ¢y € Xp. One has

lll¢ollo = Il 1o,n pollor | = [l ogolle — [ 1o, v Poller| < |(Llo—IIo,n)doller < l|9ller/2,

for sufficiently large N by Theorem 7.1. Thud{/Io ndollor > ||dolle-/2, and so
-1

[Hon|xoller = 1/2 = || (Honlxo) Il <2 O

Proposition 7.3. Let NV be large enough to make the conclusions of Theorem 7.1 and

Lemma 7.2 true. Defing, Ly : Xo D byL = L|x, andLy = (JZIO,]\,|X0)_1 oLyo
HO,N|X0- Then

IL = Lnller < 2L —Lnller),  and
H(Xon,{2}) = O(|L — £N||é{dlm(Xo)).
Proof. Clearlyo(L) = {2} ando(Ly) = Yo, n. Now,

|2~ (ronlx) o o tlon) Ixa,
= H(L — (UQN\XO)ilOHO,N OEN) | X0
= H(HO,N|X0)_1 oIl n o (L —LN)|xo

-1
< ||t~ Mo, e = £xlo
<2|L—Ly|e  for N asinLemma7.2.

For the second part of the proposition we apply a standard result of Elsner (see Stewart
& Sun [22], p.168, for example). Lef], [L y] denote matrix representations bfand
L with respect to some basis &.

Sublemma 7.4.
H(L, Ln) < (I[L1]]2 + L N2
where|| - | is the standard.? matrix norm.

0(

9’

)171/ dim(Xo) Iz — [LN]”;/ dim(Xo),

Using the fact that all norms are equivalent on finite dimensional spaces, by Sublemma
7.4 we are done. O

Eq. (22) and Proposition 7.3imply thatthe order of convergence of ;3ax,\ (13 |2
to Z is at least exponential ilv with rate max#6’, 8/6'}. Such behaviour is corroborated
by Fig. 6. In our exampled = X\ = 0.5706, and we may tak& = X\ = 0.597,
say. The exact figure of’ doesn’'t matter, so long as it lies betweérand where
we think our discrete eigenvalues are. In this case, the rate of convergence is at least
(0.5706/0.597)" = 0.9558".

If we wish to consider how quickly our estimates converge when compared to an
increase in the size d?, (in other words, the size of the partiti§,.), we may proceed
as follows. Define® := A := 1/sup,,, |detD,T| (I' expanding). There exists a
constantC' such that the number of setsin a Markov partition constructed fromy
inverse iterates of the original partition satisfies< C'/©~. Choosex > 0 such that
O =max{¢’,6/0'}; in other words, put = log (max{¢#’,0/6'}) /log®. Then

I~ Ll < Blalo (©)7) < oo o =0 ().

In our example@ = 0.5515, ands = log(0.5706/0.597)/ log(0.5515) = 00760.
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Fig. 6. A plot of max, c,(p,)\{1} 12| versusN. Note that the convergence to a single value appears to be
occurring exponentially as expected. The safe bound of 0.599 is shown dotted

8. Estimating the Rate of Decay Using Eigenvectors

By computing the eigenvectors of the matitk, in addition to its eigenvalues, one
may further refine the analysis of the rate of decay. We assume that we are in the
situation whereC has nontrivial isolated spectrum, andis large enough to satisfy the
conditions of Proposition 7.3. We denote by 6ne of the eigenvalues @, satisfying

|Zn| = MaX.c,(p,)\=11} |2|. Norm convergence of y to £ not only guarantees that

the isolated spectrum df is approached by that af  (that is,zx — Z), but that the
corresponding eigenvectors (eigenfunctionsf @fre also approximated jp- ||o- norm

by those off 5. Formally, one has the following result; see [8], Theorem 6.7.

Theorem 8.1. Under the hypotheses of Proposition Z3,q3@;t be an eigenvector d?,
corresponding to the eigenvalidg, € Xy v. Considergy as a test function i x.
Then

a2 = min 13 — bl = B 1/ dim(Xo)
dist@y. Xo) = min 9y — ollo =0 (£~ Luly/ ™). (@6)

Such convergence results sometimes allow us to refine our boundsstimtate ®f the
rate of decay. If the maximal non-unit eigenvalye 6f P, satisfies|Zy| > ', then
|Zn | actually gives us aestimate rather than just a bound, for the spectral radius of

5\3;- As mentioned in Remark 3.2, the sp&;g is a good deal larger thae"’ (M, R)

andC"' (M, C). T4 contains a lot of functions that do not concern us, namely those
with more discontinuities than we are allowing. Recall thaf'ifs piecewise smooth,

we allow breaks in the smoothness of test functions at all forward images of the breaks
in T. However, functions ir§;; are allowed breaks at infinitely many places. We can
identify these unwanted eigenfunctions by numerically examining the eigenvectors of
P,. If any of these eigenvectors have more breaks in smoothness than is allowed, we
disregard their corresponding eigenvalues. By removing the offending eigenfunctions
and corresponding eigenvalues, we sharpen our bounds on the rate of decay. If, after
removal of all irrelevant eigenvalues, there still remains an eigenvalue that is clearly
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outside the disk|z| < A7’} then the magnitude of this eigenvalue isemtimateof the

rate of decay of correlations, rather than merely a bound. This is because we have found
an explicit approximation to an eigenfunction, namely the corresponding eigenvector,
for which (6) displays a decay rate given by the magnitude of the eigenvalue.
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Fig. 7. The real and imaginary part of the (approximate) eigenfunction corresponding to the eigenvalue
—0.5014 + 0326% calculated using the matrik,1, (N = 7). These two functions (considered separately

as real-valued) also span a two-dimensional real invariant subspace associated with the complex eigenvalues
—0.5014+ 0.326%

In our example, both of our eigenvalues Bf lying outside{|z| < 0.5706} are
complex. We compute the eigenvectors corresponding to this complex conjugate pair.
From Fig. 7 it is apparent that the corresponding eigenfunction is piecewise smooth
with breaks only at the allowed positionsof 0.3194 andr = 0.6806. Thus (69816
is anestimateof the rate of decay of1(, ;) with respect to complex-value@? test
functions, and the function shown in Fig. 7 is an example of a function for which (6)
decays at this rate. This value is also an estimate for the rate of decay gf With
respect to real-valued® test functions. The complex conjugate eigenvalue pair have
an associated two-dimensional invariant subspace of real-valued functions (spanned by
the two functions shown in Fig. 7). This two-dimensional invariant subspace contains
no eigenfunctions, but all functions in the subspace decay in norm under the action of
P at the same rate as the complex eigenfunctions.

9. Comparisons and Discussion

We have presented a method of computing a bound for the rate of decay of correlations
for C** expanding and hyperbolic maps acting@n, 0 < v < 1, test functions. Our
technique used the relative volumes of intersection of Markov partition sets with their
inverse images to provide us with a matrix approximation of the Perron-Frobenius oper-
ator for the map. This approximation was closéti the operator norm topology, and

so their spectra were close also. To compute the spectrum of our matrix approximation
was a simple matter. Our method also yields a numerical approximation of the physical
invariant measure df “for free”; see [9] for details.
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In the introduction, we mentioned a simple-minded method of calculating the cor-
relation function (1.2) by choosing specific real-valued functiprmd+, sprinkling a
large number of points id/ distributed according t@, and iterating them forwaré
steps. The integral with respectjtas then approximated by averaging the contributions
from the sprinkled points; in this way,, ., (k) is “computed”. Once one has values for
Cop(k)fork=1,..., K, one may subject this sequence to a number of analyses to de-
termine a rate of decay. The simplest is to perform a sum-of-exponentials fit to the data.
One may also perform Fourier analysis (see Isola [11], for example) on the sequence to
try to extract the frequencies corresponding to decay rates. Either way, the number of
sprinkled points required to maintain accuracy becomes prohibitively large very quickly
because of the very exponential stretching properties one is trying to measure. Usually,
this distribution of points approximatingis obtained by running out a single long orbit
of T'. This procedure itself is an unreliable method for approximatibgcause of com-
puter roundoff and the possibility that the orbit chosen represents atypical behaviour (for
example, it may be an orbit falling into a weak periodic sink, while we only observe its
initial transient effects and do not detect the eventual periodicity). Our construction is
a single-step method, thus avoiding problems such as compounding computer roundoff
and long-term transient effects. Finally, the particular functiprend+) chosen may
not be representative of the slowest possible decay rate. Results obtained from such an
analysis must be treated with caution.

Rugh [20] has shown that one may compute the spectrum of the Perron-Frobenius
operator for real analytic hyperbolic maps acting on the space of analytic test functions,
using the periodic points of the map. This method of using the periodic orbits of a map
to build up a picture of the dynamics has been popular with physicists for some time; see
Christiansemt al.[3] for numerical examples of the determination of correlation spectra.
However, the technique is very restrictive, requiring extremely smooth (analytic) maps
and observableg, 1. From a physical point of view, one would expect to have to deal
with both systems and physical observables that are not infinitely differentiable. In this
paper, we have made the choice of observables thataor at leasiC”, 0 < v < 1,
and believe that such a model of the world is much more realistic.

Our main result is of a similar vein to that of Balagtial. [1]. In their paper they
consider expanding Markov maps of the interval, with the Perron-Frobenius operator
acting on test functions of bounded variation, and use the variational norm to compute
the spectra. Again, we consider physical observables that’ace Holder continuous
to be more realistic than observables of bounded variation. Their result is also restrictive
in the sense that it is only applicable to one-dimensional expanding systems. Although
the matrix construction of [1] turns out to be identical to ours, their method of proof is
entirely different.

Our goal was to improve the known theoretical bounds for the rate of mixing with
respect taC? test functions. In the table below, we compare the estimates of [21] and
[13, 14] with our computer-assisted bounds.

It is clear that just a small amount of nonlinearity greatly affects the known theo-
retical bounds. It is interesting that although Ruelle’s [19] bound fur the essential
spectral radius increases as we add nonlineariti@aitgbecause the minimum slope
1/X decreases), our bound for the mixing rate actually improves. That is, our bound
for the isolated spectrum moves in from a magnitude of 0.6009 to somewhere around
0.598-0.599. Thus in this case, adding nonlinearities may actually speed up the mixing
of phase space. Such an observation would not be possible using the bounds of [21] or
[13, 14] as added nonlinearities always worsen their estimates.
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Table 2. Our computed-assisted bound for the rate of decay with respect to pieaéWitast functions
compared to known theoretical boufhds

Map Ruelle bound Our Liverani Rychlik
(essential spectrum)  bound bound bound

Te = —1.7528z — 1/2| +1 0.5652 0.6009 0.6009 0.9986

T asin (24) 0.5706 0.599 0.9162 0.99999915

1 Liverani's results strictly only apply to interval maps for which each branch is onto. As the left branches
of 7' andT are not onto, we generously make this estimate the best possilﬁb &zsuming that his bound
actually finds the isolated eigenvalues. When the map is piecewise linear and all branches are onto, his
algorithm does return the best estimate, however, for such maps thereisotated eigenvalues to find. For
the mapI", we compute his bound again assuming that both branches of this nonlinear map are onto.

We have established an order of convergence of our bounds to the “optimal” bounds
interms of (i) the number of inverse iterat¥f T" used to construct the Markov partition
and (ii) the number of partition setsused to construct our matrix approximatiéy.
A computation of the eigenvectors £f, may allow a refinement of our bound, in some
cases producing agstimateof the rate of decay rather than merely a bound. The order
of convergence of such estimates is identical to the order of convergence of our bounds.

Finally, we acknowledge that although the construction of Markov partitions for
one-dimensional maps is relatively easy, it may be time consuming for some higher
dimensional maps. If one is in a hurry, one may construct matrices defined by (9) using
any finite partition of M into connected subsets (a triangulation, for example), and
compute its eigenvalues. Because one no longer has the coding machinery available,
rigorous results are not as easy to come by. In the author’s experience, “most” randomly
chosen partitions tend to give pessimistic estimates of the rate of mixing. That is, for
systems with known rates of mixing, matrices constructed from arbitrary partitions
tend to have eigenvalues lying outside the disk containing all the true eigenvalues of
the Perron-Frobenius operator. A discussion of these results and which mixing rate is
actually being approximated (be it with respecttbtest functions/* test functions,
or test functions of bounded variation) is contained in [10].
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