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Abstract

Chaotic dynamical systems are often transitive, although this transitivity is sometimes very weak. It is of interest to divide the
phase space into large regions, between which there is relatively little communication of trajectories. We present fast, simple
algorithms to find such divisions. The present work builds on the results of Froyland and Dellnitz [G. Froyland, M. Dellnitz,
Detecting and locating near-optimal almost-invariant sets and cycles, SIAM J. Sci. Comput. 24 (6) (2003) 1839-1863], focussing
on a statistical description of transitivity that takes into account the fact that trajectories tend to visit different regions of phase
space with different frequencies. The new work takes advantage of theoretical results from the theory of reversible Markov chains.
A new adaptive algorithm is put forward to efficiently deal with situations where the boundaries of the weakly communicating
regions are complicated. This algorithm is illustrated with the standard map. Relevant convergence results are proven.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let T : X — X be continuous, witl ¢ R? compact. The mapping defines a dynamical system &h We
assume that the doma¥icontains an attractifgetM = N2 TH(X), whereM € X and equality is allowed. IT
defines a “chaotic” dynamical system, tHEis transitiveonM, i.e., trajectories may move from any given relatively
open setirM into any other in a finite amount of time. In some cases, this transitivity can be very weak, in the sense
that even though it ipossiblefor trajectories to move from any part of phase space to any other, certain transitions

* Tel.: +61 2 9385 7050; fax: +61 2 9385 7123.

E-mail addressfroyland@maths.unsw.edu.au (G. Froyland).
1 Itis also possible to treat saddles and unstable sets in a completely analogous way, but for simplicity we restrict the exposition to attracting
sets.
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A] Az

Fig. 1. Schematic representation of three almost-invariant sets.

between different regions are veaylikely. In this weakly transitive situation, there amregions of phase space
in which trajectories tend to stay for a very long time before entering another reg¥enwill call these regions
almost-invariant setsour goal is to detect their existence and to locate their positions in phase space.

Quantifying almost-invariance of individual se@Given a particular dynamical system, we would like to find a
collection of “optimal” almost-invariant sets. In order to set up and solve a suitable optimisation problem we require
a quantification of the notion of almost-invariance. In the sequel, we will assume that our transitive dynamical
system has a unique probability measursatisfying

#HTxe A:0<i<N-1)
N

for Lebesgue almost all € X. The probability measurg describes the distribution of Lebesgue almost-all long
trajectories in phase space; it is commonly known apthesical-invariant measurer natural-invariant measure
for T. The measurg(A) of asetAis high if trajectories visiA frequently; if trajectories never visi, thenu(A) = 0.

For a setdA C M, the ratio

u(a) = lm @)

w(ANT1A)
w(A)

is the probability that a point iAwill remain inAafter one iteration of. In Fig. 1we show a schematic representation
of three almost-invariant sefls, A,, Az. The thick arrows represent high probability transitions and the thin arrows
represent transitions with a low probability of occurring. The valpigA1), p,.(A2), p.(A3) will all be close to
unity.

We introduce the following criteria and problem definition.

pu(A) = Prol,{Tx € Alx € A} =

Criteria 1.

(A) The candidate almost-invariant sets, ..., A, have roughly the same measure; to achieve this, we impose
the condition thaft(A;) > sfork =1, ..., g, where O< s < 1/q is given.
(B) The ratios

(A N T~1AY)

Pu (Ag) = (A7)

are largeforeach=1, ...,q.
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Problem 1. Find a measurable partitiqay, . .., A,} of M such that

. . 1 . - L
Pu(Az, ..., Ay) = maxy - Z pul(Ak) : {A1, ..., Ay} measurably partition®f and satisfies Criterion 1}&
q
k=1

2
A solution{Ay, ..., A4} of this problem will satisfy both CriteriaA and B, and we say that it describesaptimal
almost-invariant partition of M into g sets

Remark 1. Clearly, satisfying CriterioriB alone is not particularly useful; it may be true that once an orbit enters
a setAy, it has a high probability of remaining ifx, but if (Ax) is very small, then there is a very slim chance of
the orbit enteringdy in the first place. By imposing the additional condition thé#i;) > s, we ensure that every
set in the partition is physically meaningful.

The separate problem of determining a suitatenber gof sets to include in the partition is treated[ih12].
Early ideas on the notion of almost-invariance are containdd]inThe current work builds on the results of
[12] which focussed on the problem of satisfying Criteti and B with the physical measupe replaced by
Lebesgue measura. The methods presented here are similar to tho$&2h but have been modified to provide
better performance for this statistical description of almost-invariance. These new methods provide the ability to
obtain rigorous bounds on how large the valugA;) may be, and satisfy relevant optimality criteria. In addition,
we introduce a new adaptive approach that efficiently determines the boundaries between the almost-invariant sets.
Related work includefl6,9,13]which consider meta-stable sets in the context of time reversible conservative
dynamics of molecular systems. A recent prepf@jtapplies ideas from graph theory (notably “congestion”) to
identify almost-invariant sets in dynamical systems of the generality considered here.

2. First steps towards a solution: discretisation of phase space

As Problem 1stands, we are maximising over an uncountably infinite domain; there are no restrictions on the
shape or size of the seff, ..., A, apart from the conditions that eadh is measurable and does not differ in
u-measure too greatly from any of the other sets. We will make the problem tractable by reducing the class of sets
in which we search for a maximum. The first step in a practical solutidAroblem 1is to discretise the phase
space by coveriniyl with many small boxesyf C U;f:l B;. This covering process can be accomplished efficiently
through the use of multilevel methods; §&¢

Optimising over a finite collectiari-or a box collectiod By, ..., B,} with M C Ul;:l Bj, define

Co={AcX:A=|JB,Tc{l....n}
jeT
We will restrict our choices of almost-invariant sets to element$,of

Definition 1. We will call a collection of coveringss,}, whereS, = (J;_; B;, of M tight if ;.(S,AM) — 0 as
n — oo. For brevity, we often call individual coverings tight if they are members of a tight collection.

Problem 2. Find a collection{Ay, ..., A,} with Ay € C,, 1 < k < ¢, such that

pu(Al’ cees Aq)

1 iy . . e
= max - Z Pul(Ar)  {A1, ..., Ay}, partitions atight covering of and satisfies Criterion 1
A1,...,A4eCy | q =1
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In practice, we will usually not know the physical measura priori, and will have to numerically estimate it.
This estimateu,, will be obtained in a natural way from our box coveringhf the details will be explained in
Section 3 For the moment, we state a convergence result that says that we lose nothing by restricting ourselves to
sets comprised of unions of boxes in the limit of the box diameters going to zero.

An approximation resultSetting

q
plTaX = supi Z pu(Ar) - {A1, ..., Ay} isameasurable partition af that satisfies Criterion 1}, 3)
k=1

we have the following approximation result.

Theorem 1 ([12]). LetC,, n > 1, denote a sequence of partitions of a tight collectiSj} of coverings of Xwith
maxgec, diam(B) — 0asn — oo. If u, — w strongly, then

max c {ou, (AT, ..., AY) T{ALL ..., AQ}isa partition of Sy and py(Ax)>s fork=1,...,q} — plrlwax‘
A’{ ..... ge n
@)
In the event that the condition, (A}) > s fork = 1,..., g cannot be metp,, (A7, ..., Ap) is understood to be

zera

Restricting the class of sets over which we search for optimal almost-invariant partitions does not immediately
help a great deal, because itis computationally infeasible to consider all possible combinations df,séttiere
aren boxes coveringM, there are;” different ways we can form sets as unions of these boxes, and therejbre
candidate partitions to be evaluated ®). We therefore turn to a global approach, considering the dynamits of
on the box collection to be a very large, but finite, Markov chain.

More detail on the material covered in this section may be fourid, ir2].

3. Markov chains and almost-invariant sets

We create a large-state Markov chain where each bBxe {Bj, ..., B,} corresponds to a state in the Markov
chain. Define the x n transition matrixP as

m(B; N T1B;)

P —
Y m(B;)

)

wheremdenotes normalised Lebesgue measur@f}gl Bj. The ¢, j)th entry ofP is the probability that a randomly
selected point € B; has its image irB;. In this sense, the dynamics of the Markov chain may be thought of as the
dynamics ofT, plus a small amount of dynamic noise.

Easy approximation gf.. The left eigenvectop of P provides an estimate,, of the physical-invariant measure

by settingu, (B;) = p; foralli =1, ..., n. The measurg, is extended to all Borel measurable setd/bofia
n
m(A N B;)
un(A) = ——pi. 5
(W)= = (5)

i=1

As the box diameters go to zere { o), it may be proven in some situations that — u strongly; sed7] for
maps perturbed by small amounts of random noise [80d 1]for purely deterministic situations.

Simple computation qf,,, . It is straightforward to computg,, (A) if A € C,. SinceA € C,, itis of the form
A = ;7 Bi, for some set of box indices C {1, ..., n}, and itis relatively easy to see the following lemma.
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Lemma 1 ([12, Proposition 6.4]
Zi,jez pi Pij

ZieI Pi

3.1. Time reversal and almost-invariance

Pun (A) = (6)

The transition matriXP induces a related transition matfikvia a time reversal transformation. In this section
we consider the properties Bfand their relation to almost-invariant sets.

Invariance ofp,,, (A) under time reversalThe Markov chain defined by the transition matpiis not reversiblé
in general. This is because

piPij # pjPji,
or in terms of probabilities of set transitions,
1n(Bi N T™1B)) # pn(B; N T7'By).

The interpretation of the latter expression is that the probability of a point/ being in boxB; at timet and in
box B; at timer + 1 is not equal to the probability of a poimte M being in boxB; at timet and in boxB; at time
t+1. If it were, the system would be reversible and would behave |dent|cally under the reversal of time.

An important observation is that Criterl& and 1B are invariant under time reversdhdeed, the approximate
invariance ratiop,,,, are also invariant under time reversal as we now demonstrate. Given a pdfitjon. , Z,)
of the box indiced1, ..., n} (i.e.,.Zy C {1, ..., n}, Uzlek ={1,...,n}andZy NZ; = &, k # ¢), the invariance
ratio

o (Ag) = 2i.jez; PiPij
n = .
Ziezk pi
remains unchanged under time-reversal. That is, if we define
B (ar) = 2 P10l
tn = <
ZieIk Pi

thenitis clear thap,, (Ax) = pp., (Ak)- Since the almost-invariance ratios of the individual gets. . ., A, remain
unchanged under time-reversal, so does the total cost function:

1 q
(AL Ag) == ppu, (Ar).
4 k=1

Because our cost function is unchanged, without loss, we may repladéh R = (P + P)/2 to make our
Markov chain reversible. In the remaining sectioRsyill denote this reversibilisation.

2 Markov chains are calledkversibleif P = P, Wherei’,-j = p;Pj;/ pi is the transition matrix governing the time-reversed system.
3 It is trivial that Criterion1A is invariant under time reversal; CriteridB is invariant under time reversal for invertible as one has
u(ANTA) = u(T~1A N A) by T-invariance ofu.
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Optimality properties of eigenvectors of reversible Markov chaiihe right eigenvectors of reversible transition
matrices satisfy minimality properties that are closely connected with the Crit&rend 1B. In particular, the
right eigenvectod® of R corresponding to the second largest eigenvalusatisfies the following minimisation

property

~ min
visnonconstan

{ Zi,j PiRij(Ui - Uj)2 (7)

X Pi”i2 — (X pivi)?
is realised at precisely = 9, with the value 2(1- A,). This result is known as Rayleigh's theorem (see, e.g.
[5, p. 205).

How is this related to almost-invarianc&nsider dividing the states of the Markov chain governedRynto
two disjoint subsetg; andZ,, and imagine that in addition to the constraint thais'nonconstant”, we also insist

thatv takes only the values1, depending on which subset statgin. If i € 71, we setv; = 1, while if i € 7, we
setv; = —1. Substituting these values inf6), we obtain the minimisation problem

. 41— 2 jez, PiRij — X jex, PiRij)
min 5
NIl 1= (Y ieqy Pi — Diez, Pi)

(8)

The numerator will be small if most transitions betweamdj occur wherboth iandj are in eithetZ; or Z,. The
denominator will be large (and therefore the quotient smaller) when the combined weights of statesd, are
approximately equal. Thus a selectionZafandZ, to minimise(8) will produce a good bisection on two counts:
first, the total weight of both collections of states is approximately eqaral secondnost transitions are within
eitherZ; or Zo.

The expressiofB) can be rewritten in terms of boxes and measures as

win A= (410 T A — pa(A2 N T7AY))
A1.ApeCn 1 — (un(A1) — un(A2))?

AQUAR=X,A1NAp=0

9)

Thus(9) has small values when

(i) the measures o1 andA» are similar and
(i) the bulk of the measure i (resp.Az) remains inAj (resp.A2) under one iteration,

These two conditions correspond exactly to Critd¥aand 1B.

In view of these remarks, we intend to relax the= +1 condition implicit in(8), and use the eigenvectothat
minimises(7) to provide a good partition of the phase space. How wewtiseexplained in the next section. The
eigenvectow contains global information on the dynamics of the Markov chain and the fact that eigenvectors are
relatively cheap to numerically compute makes this spectral approach to finding almost-invariant partitions very
attractive.

Theoretical bounds fop,,(A). An additional advantage of using the reversible transition marfeor our
computations is that there exist theoretical bodridsmaxucc, Pu, (A) whenu,(A) < 1/2in terms of the second
eigenvalue.o:

1+A
1-/2(1-2) < Taclx;)un(A) < +2 2. (10)
€ n

4 These results are easily obtained frif8nTheorem 11.3; 5, Theorem 6.4.3]



G. Froyland / Physica D 200 (2005) 205-219 211

Sincep,, (A1, ..., Ag) is a convex combination of the individual ratipg, (Ax), k = 1, ..., ¢, we immediately
obtain the upper bound:

1+
p/tn(Alv LRI Al’l) S T~

This bound gives one a guide as to the best possible invariance ratio, when searching for a maximum of
Pun (AL, ..., Ag).

(11)

4. Using eigenvectors oR to produce almost-invariant partitions

Two almost-invariant setd.et us be more specific about how we intend to use the second eigeni/@ttor
divide the phase spad¢ into two almost-invariant sets. The eigenveci® provides an ordering of the boxes

{B1, ..., By} coveringM. Let{I(1), ..., I(n)} be a permutation ofl, ..., n} with the property thaf)(,%l?) < '7(1%3“)

fori =1,...,n — 1. This ordering of the elements & into ascending order provides an ordering of the boxes:
Biq), ..., Bi). Those elements df? that are near te-1 we “map” to—1 and those that are near to 1 we “map”
to 1. This “mapping” is achieved by
0@ < e =@ -1, (12)
0@ > e= @51 (13)

for a suitable choice of mitx;<, 61(2) <c¢ < MaX<i<n 7@ This mapping will define the two sets; and A2 via

1

A = U B, whereZ; = {i : Ul(z) <}, (14)
i€l

Ao = U B;, whereZ, = {i : UEZ) > c}. (15)
i€y

Methods for finding a good choice ofare described ifiL2]; they include (i) an exhaustive search along the vector
9@ and (ii) clustering the value"éz) and choosing to divide the two clusters found.

g almost-invariant setsWhen we search fog > 2 almost-invariant sets, we have the option of using more
information from further eigenvectoi$®, ..., 5. Each of these eigenvectors provides an ordering of the boxes
in a completely analogous way ). By combining the information from the various orderings, we selectour
almost-invariant sets. In practice, we use clustering algorithms to idendifstinct clusters in the set

Ve = (0P, ..., 0 eri=1,.. 0
with £ = [log, ¢] + 1. Index sets are determined by
Iy =1{ief{l,...,n}:ie Cluster&}, k=1,...,q,

and the almost-invariant sets themselves by

Av=J B

i EIk
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(see[12] for details). The use of multiple eigenvectors to represent points in higher-dimensional Euclidean space
appears in the context of minimal graph c[@2] and implicitly in conformation identificatiof®].

5. The basic algorithm and numerical results

We begin this section by describing the computational steps required to perform the analysis described above
The main steps are similar to the algorithm presented 2, the crucial practical differences are the use of the
reversibilised transition matriR instead of the Laplacian matrix, and the use of weighted fuzzy clustering in
place of the balancing techniques describeld #). Beyond this, the use & provides many theoretical advantages
over the methods proposed [ih2]. The relevant convergence result for the Basic Algorithritieorem 1 The
numerical results section compares the Basic Algorithm with results obtained using metfii?ls in

5.1. The basic algorithm

In order to arrive at a partition d¥l into q almost-invariant sets made up of small boxes, we have to proceed
through the following six main steps.

5.1.1. Main computational steps

Computation of box coveringBy, ..., By}

Computation of transition matriR.

Computation of the reversibilised transition mafix

Computation of the large eigenvaluesRao determine a value df.

Computation of the large eigenvaluesRdind their corresponding eigenvectors.
Selecting almost-invariant sets by identifying clustergin

2N A

Steps 1 and 2 are describedTh. Step 3 is straightforward, and Steps 4 and 5 may be accomplished using standard
numerical packages such as MATLAB. Step 6 is achieved using a variant of fuzzy clustering, where pgints in
are weighted according to their correspondingnass; this variant is described in the following section. Once the
box covering and transition matrRhave been constructed, the Basic Algorithm for separating the box collection
in the covering intay setsAy, ..., A, is as follows.

Algorithm 1 (Basic Algorithm).

1. Compute the eigenvectors Bf 9@, ..., (), that correspond to the largest eigenvalues (not including the
eigenvalue 1). Normalise each eigenvector to havé-sorm of 1.

2. Identifyqclusters in the data s& = {(1‘;52), s f)l@) eR1:i=1,...,n) c Rt-1using the weighted fuzzy
clustering technique described$®ection 5.2

3. Denotely ={ie{l,...,n}:ieCluster&}, k=1,...,q.

4, Returnd; = Uidk Bi,k=1...,4q.
We now describe a modification of the standard fuzzy clustering algofdfirto take into account weights

assigned to each point in the set being clustered.

5.2. Weighted fuzzy clustering

Definex = [0, ..., 3] e R**(=D); this is an ¢ — 1)-dimensional embedding of the data contained in the
¢ largest eigenvectors & (not counting the eigenvector corresponding to the eigenvalue 1). The standard fuzzy
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clustering algorithm (see e.gh]) searches for clusters in the dataxsatonsidered aspoints inR‘~. The standard
cost function for fuzzy clustering (see E@) [4]) is

n q
JU,0) =) Uilxi. —aill?, (16)

i=1k=1

wherec; € R~1is thekth cluster centre anty, is the probability that poinit(namelyx; .) is contained in cluster

k. We modify this function by adding a fact@url.2 to theith data point to weight its importance according to the
invariant measure of the ith baoR;. Now, boxes with large weights will tend to be forced into tighter, smaller
clusters, and boxes with smaller weights are allowed to be placed into large, sparsely distributed clusters. In this
way, we overcome the problem of single clusters containing all the high weight boxes, and cluster according to a
balanced mix of distance and weight. The modified cost function is

n 4
J(U. )= UZwEllxi. — ckl®. (17)

i=1 k=1
The modified “distance” is (c{4, (3b)])

2 2
dri = wilIX;,. — ckll”,

and the modified update rule for the cluster centres i§4¢{3a))

n 2,2y,

iz UgwiXi,.
o = St (18)

>im1 Ugw;

The update rule for the probabilitiég; remains unchanged:

-1
q

Uni = (Z dki/dji) : (19)
=1

We have found that weighted fuzzy clustering works very well, yielding 4efs. . , A, with similar measure.
5.3. Numerical results

We compare new techniques presented in this paper with the methfidy.dlVe return to the Lorenz systems
of ODEs:

x=o0(y—x), y=px—y—xz, z=xy—fz (20)
with standard parametess= 10, p = 28 andg = 8/3. As in[12], we cover the Lorenz attractor with 5025 boxes.

The transition matriR has second eigenvalue = 0.9804, leading to bounds of

0.8022 < maxp,, (A) < 0.9902
AeCy

Table 1compares the results of Basidgorithm 1 to the results obtained if12] using a related approach. The
results displayed iffable 1show that in this example, Basilgorithm 1is comparable to Algorithm 4 ifil2],
when Algorithm 4 is combined with the balancing procedure describ@inBasicAlgorithm 1is clearly superior
to the methods of12] when balancing is not used. Advantages of Badgorithm 1 over Algorithm 4[12] with
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Table 1

Data for three almost-invariant sets of the Lorenz system: a comparison of the metlib2lsvst BasicAlgorithm 1

Method Mn(A1)/1n(A2)/ tn(A3) Prun
Algorithm 4[12] (¢ = 1) 0.0588/0.8823/0.0590 0.8888
Algorithm 4[12] (¢ = 2) 0.0308/0.9384/0.0308 0.8847
Algorithm 4[12] (¢ = 1, with balancing) 0.2539/0.4922/0.2539 0.8911
Algorithm 4[12] (¢ = 2, with balancing) 0.1495/0.7011/0.1495 0.9022
Basic Algorithm ¢ = 1) 0.2255/0.5491/0.2255 0.8994
Basic Algorithm ¢ = 2) 0.2068/0.5865/0.2068 0.9017

balancing are (i) the availability of theoretical bounds on how well one can expect to do, (ii) the existence of a
theoretical minimisation principle for the eigenvectorsRaind (i) numerical stability.

6. Hybrid adaptive algorithms, convergence and numerical results

This section contains our main theoretical result. To reduce the number of boxes necessary to provide a gooc
approximation of almost-invariant sets, we propose an adaptive strategy whereby the interiors of each almost-
invariant set are covered by large boxes, while the boundaries or interfaces between sets are covered by smalle
boxes to more accurately resolve the individual sets. The main steps of the algorithm are as follows:

I. Orderthe boxes using the eigenvectorsof
Il. Assigneach box to a large almost-invariant set by searching for clusters within the eigenvector values.
lll. Identifythose boxes near the boundaries of the almost-invariant sets for further subdivision.

Steps | and Il have already been outlined; they are Steps 1 and 2—4, respectivdfygrichm 1. Step Il is new
and we now describe an efficient method of identifying the boundaries of the almost-invariant sets.

6.1. Boundary refinement

Suppose that we are presented with a coverinylafonsisting ofn boxes{Bx, ..., B,}, i.e., M C |J}_; B
with the B;'s pairwise disjoint. The boxes in the collecti¢B1, ..., B,} may be of different sizes and contain
different amounts of invariant mags We assume that we have performed Steps | and I, and have assigned each of
thesen boxes to one ofj approximate almost-invariant sets, . .., A,. Associated with each baB; is a number
ki € {1, ..., q} describing which of the setsAy, ..., A, the boxB; belongs to, e.gks = 3 if box Bs belongs to
the setAs.

For the following discussion, let us flkkand concentrate on a fixed almost-invariant4gtMany of the boxes
B; C Ay will be mapped entirely insiddy, in one iteration of our map. These boxes are “good” because they make
Ay “look” more invariant; if A; was truly invariant, theall boxes making upt; would be mapped insidé; at the
next iteration. There will of course, also be many boxesirthat are either partially or completely mappmdside
Ag. In view of our definition ofp,,,, clearly those boxes which “take a lot of mass outA@funder one iteration”
reducep,,, the most. The amount @f,-mass flowing from box8; C Ay out of A in one iteration is given by

Outflow() := pn(B) | 1— Y R
JE€Lk

5 The modified matrix produced by balancing can become ill-conditioned if the dengity isfvery small in many boxes: a typical situation
for chaotic attractors. In contrast, the stochastic maris well behaved even whei(B;) is very small.
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Therefore, “bad” boxes are those with large values of Outflow. To identify boxes for further subdivision we propose
the following.

Algorithm 2.

1. Calculate

>4 Outflow()
- .

MeanOutflow =

2. Subdivide all boxe®; with Outflow() > MeanOutflow.
An alternative criterion that will subdivide less boxes at each iteration is:

la. Calculate

Zi:Outhow(i)>O OUtﬂOW(i)

MeanOutflow =
oW = i outflow() = 0}

Once boxes with large Outflow have been subdivided, a new computation is performed on the refined box
covering, and a new ordering and assignment is carried out through Steps | and Il. In terms dklBastbm
1, we expect the subdivision of boxes with large Outflow to be helpful for the following reason. The eigenvectors
of the reversibilised transition matrR provide orderings of the boxes in the phase spdc®nce we have these
orderings, we select cut points using the weighted fuzzy clustering algorithm. Boxes near these cut points are ordered
as “close” by the eigenvectors; there is some uncertainty as to exactly which side of the cut such boxes should be. By
subdividing these boxes and re-applying Badgorithm 1to the refined collection, this separation should become
more clear, and the boundaries will become better resolved.

6.2. Balancing boundary refinement, box refinement, and measure approximation

Recall that our goal is to (i) find estimates of optimal almost-invariant sets, while (ii) concentrating on resolving
the boundaries of these sets. In order to find good estimates of optimal almost-invariant sets, we need to have the
box collection{Bs, ..., B,} consisting of reasonably small boxes in termgaheasure. I{ By, ..., B,} contains
overly large boxes in measure, thadhof the sets irC,, may be far (inx-measure) from the optimal almost-invariant
sets, and thus even if we choose the best sets figrthey will be relatively poor in terms of almost-invariance.
Additionally, in order to have a good estimateigfwe require the boxes to be small (or at least small in mass). We
therefore cannot simply subdivide those boxes that we think are near the boundaries of our current best guess; doing
so may lead to poor estimatesofind skew our results. By refining other boxes that are not designated as boundary
boxes, we not only improve our estimategfbut also fillC,, with a richer class of boxes. Thus, we need to somehow
balance the refinement of boundary boxes with those away from the boundary. A simple and robust solution is to
set a threshold ratio that says that any boxes larger in mass than a fixed ratio of the smahasstbexssubdivided
at the next step, even if they are not boundary boxes. We arrive at the following hybrid adaptive algorithm:

Algorithm 3 (Hybrid Adaptive Algorithm).

0. Begin with an initial box coveringBi, ..., B,} of the setM and a fixed measure ratio> 1.
1. Compute the transition matrixfor the dynamical system on the current box covering.
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2. Create the reversibilised matf®and assign each of the boxes in the current covering to onalofost-invariant
sets using Basiélgorithm 1
3. Compute the Outflow for every box in the current covering, and mark those boxes with greater than average
Outflow for subdivision at the next step.
. Mark those boxes with measure exceedifmgini<;<, 1, (B;)) for subdivision at the next step.
. Subdivide the marked boxes to create a refined box covering, and return to Step 1.

[S20F >3

The ratior may be chosen according to the problem at hand. In cases where the physical-invariant measure
is highly variable or difficult to approximate, lower valuesraghould be used to obtain reliable estimates. If the
physical-invariant measure is relatively easily approximable, a larger valuenafy be used to concentrate more
heavily on refining the boundaries of the almost-invariant sets.

The adaptive element dklgorithm 3 can also be incorporated into searchesrfealmost-invariant sets as
described iM12]. One simply replaceg, with m in Steps 3 and 4 oflgorithm 3. The greedy combinatorial
searches described [fi2] can also be modified to take advantage of the adaptive aspect. Simply substitute a
combinatorial search (or any other search method of your choice) in place of Sté&ygbdthm 3 to identify the
almost-invariant sets.

6.3. A convergence result for the hybrid algorithm

In this section, we consider dynamical systems governed by a continuouE peafurbed by a small amount of
noise. Such situations are clearly important when modelling real-world systems. The evolution of such a dynamical
system is governed by a transition functiBn X x B(X) — [0, 1], where the numbeP(x, A) is the probability
that by iterating the point, the image is in the set C X. For example,

—ITx — yII?

Px, A) = Mx) /;1 exp( oy

) any

is a transition function describing the evolutien—> Tx + &, where¢ is normally distributed with mean zero and
variancee; the factorM(x) is a normalising factor. In the following, we will suppose tf#f, -) has a Lipschitz
density; this is certainly the case for a deterministic map perturbed by normally distributed noise, and many other
physically relevant situations are also covered. One has the following convergence realgofdhm 3.

Theorem 2. Suppose thatthe mdp: X — X is perturbed by noise with a Lipschitz densépd that the resulting
stochastic system has a unique invariant meaguréet C;' denote the box collection that is obtained after m
applications ofAlgorithm 3with r < co. Asm — oo,

max_{p, (A1, ..., Ag) : {A1, ..., A} partition a tight covering oM} — o (21)

Proof. We restrict our attention tel = suppu C M, and consider the box collectid¥! = {B € C}} : Int(B) N
suppu # #}. We will use the sets i N suppu to be the building blocks of almost-invariant sets in spppet
us assume for the moment that under repeated applicatidigofithm 3 (m — o0), the diametersof boxes in
D) approach zero; this is proven in Sublemfdroposition 3.714] may then be applied to show thaf —
strongly. Theorem 6.8L2] then yields the desired result. |

Sublemma 1. Under repeated application @lgorithm 3(m — o), the diameters of boxes ¥}’ approach zero

Proof. Letussupposethatthereisasequence of bBKQse Di,1<i, <nandanV > 1suchthaB§,’:) = BEAAZ)
forallm > M. The boxBl(f:f) is a problem box because aftdrapplications ofAlgorithm 3, it is not subdivided
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Table 2

Data for three almost-invariant sets of the standard mapanith8.0: a comparison of adaptive vs. non-adaptive methods

Method # Boxes Hn (A1) pn (A2) 1n (A3) Pun (A1) o, (A2) oy, (A3) A2 bound
Algorithm 1 4096 0.1525/0.6821/.0.1654 0.7510/0.9094/0.7610 0.9557
Algorithm 3 (r = 25) 3711 0.1255/0.7464/0.1281 0.7621/0.9328/0.7629 0.9456
Algorithm 3 (r ~ o0) 3545 0.1132/0.7736/0.1132 0.7751/0.9448/0.7752 0.9422

any further, and so the diameter of this box does not go to zero. We will now derive a contradiction, proving the
sublemma.

The quantityr(mini<;<, 1, (B;)) in Step 4 ofAlgorithm 3 is no greater than/n. Therefore any boxes i
with measure exceedingn will surely be subdivided at the next iteration of the algorithm. If such aBﬁé‘}’()
exists, it must have measure smaller than = r/n(m) at themth stage of the algorithm for alt > M.

We wish to apply Theorem 6[15] to show thag,(») — 1 asm — oo, where weak convergence is meant. The
main condition of this theorem is equivalent to max, w,(B;) < A,, whereA,, — 0 asn — oo, andB; € C;'.
Note that there are alwaysomeboxes being subdivided. The subdivision of boxes with high measure clearly
decreases the maximal box weight and the subdivision of boxes with high Outflow also leads to a decrease in
measure of all boxes via the condition in Step Adjorithm 3. Thus we may directly apply Theorem g155] to
conclude thage,(»y — 1 weakly asn — oo.

Sets,, = u(,,(m))(Bl(;”))for allm > M, andsy, = u(B,(AAf)). We are worried about the possibility that < r/n(m)
forallm > M, as this will mean no further subdivision Bf’:) beyondn = M. If this occurs then,, — 0 asm —
oo. Since the interior oBl(AAf) intersects supp, givenx € Int(B(M)) N suppu, one can choosé > 0 sufficiently

iM

Basic Algorithm: 4096 boxes
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Fig. 2. Three almost-invariant sets for the standard map, using the Basic Algorithm: 4096 boxes sho@n)irx[[D, 27).
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small thatO := Bs(x) C Int(B,(AAf)). Moreover,u(0) > 0 by the definition of support. By weak convergence.pf
to u,

iminf s, = iMinf pagay(BY) = liminf 1, (BYY) = liminf 1,(0) > u(0) > 0.
m—00 n—o00 n—oo

m—00

A contradiction; therefore no such SB&ZM”) exists, and all sets whose interiors intersect qupgll be subdivided
further, decreasing their diameter in the process. O

Sublemma shows that under the assumptions of Propositiofii3l}; the weak convergence resulfab] under
the “high mass” subdivision algorithm may be easily strengthened to strong convergenctoof.

Corollary 1. Under the assumptions of Proposition 8L4], the* high mas$ subdivision algorithm dfL5] produces
a sequence of approximate invariant measurgghat converge tq: strongly under repeated application of the
algorithm

Proof. This is simply a result of the combination of Subleminand Proposition 3.714]. |
6.4. Numerical results

We consider a Hamiltonian system preserving Lebesgue measure. Define the so-called stanslarfiimapT?2
by

S(x,y)=x+y, y+asinix+y)) mod 2r. (22)

Hybrid Algorithm: r=e, 3545 boxes

at o &
i : L
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1 | | i1l
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Fig. 3. Three almost-invariant sets for the standard map, using the Hybrid Adaptive Algorithm witk: 3545 boxes shown in [@7) x
[0, 27).
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We choose the parameter= 8.0; in this parameter region, the standard map has no obvious invariant sets, in contrast
the invariant KAM curves existing at lower parameter values (see[¥lgp. 477). We expect that any almost-
invariant sets will have complicated boundaries, and that the Hybrid Adaplieithm 3 may be advantageous.
Since the physical measuyugs Lebesgue measure in this example, itis easily approximable, and we ¢chedde
in Algorithm 3. We also tesflgorithm 3 with r ~ oo (refining only near boundaries, and assuming the physical
measure is always well approximated). These two tests are compared with a uniform box covering containing a
similar number of boxes, to reveal the advantagesigbrithm 3 over Algorithm 1. Table 2displays the results of
these tests, searching for three almost-invariant sets using the second and third eigenvBdioes 2j.

Itis clear that the Hybrid AdaptivAlgorithm 3is superior to the Basiélgorithm 1in this example. The bounds
of Section 3.Jare shown in the final column dlble 2 In both applications oAlgorithm 3, not only haso,,, (Ax)
increased, but the theoretical upper bound has also tight&igsl.2 and 3how the three almost-invariant sets
obtained viaAlgorithms 1 and 3respectively. One recovers the superior partition of almost-invariant sets shown in
Fig. 3 using Algorithm 1 if 65536 uniform boxes are used.
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