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Statistically optimal almost-invariant sets
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Abstract

Chaotic dynamical systems are often transitive, although this transitivity is sometimes very weak. It is of interest to divide the
phase space into large regions, between which there is relatively little communication of trajectories. We present fast, simple
algorithms to find such divisions. The present work builds on the results of Froyland and Dellnitz [G. Froyland, M. Dellnitz,
Detecting and locating near-optimal almost-invariant sets and cycles, SIAM J. Sci. Comput. 24 (6) (2003) 1839–1863], focussing
on a statistical description of transitivity that takes into account the fact that trajectories tend to visit different regions of phase
space with different frequencies. The new work takes advantage of theoretical results from the theory of reversible Markov chains.
A new adaptive algorithm is put forward to efficiently deal with situations where the boundaries of the weakly communicating
regions are complicated. This algorithm is illustrated with the standard map. Relevant convergence results are proven.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let T : X → X be continuous, withX ⊂ R
d compact. The mappingT defines a dynamical system onX. We

assume that the domainX contains an attracting1 setM = ⋂∞
i=0 T

i(X), whereM ⊆ X and equality is allowed. IfT
defines a “chaotic” dynamical system, thenT is transitiveonM, i.e., trajectories may move from any given relatively
open set inM into any other in a finite amount of time. In some cases, this transitivity can be very weak, in the sense
that even though it ispossiblefor trajectories to move from any part of phase space to any other, certain transitions

∗ Tel.: +61 2 9385 7050; fax: +61 2 9385 7123.
E-mail address:froyland@maths.unsw.edu.au (G. Froyland).

1 It is also possible to treat saddles and unstable sets in a completely analogous way, but for simplicity we restrict the exposition to attracting
sets.
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Fig. 1. Schematic representation of three almost-invariant sets.

between different regions are veryunlikely. In this weakly transitive situation, there areregions of phase space
in which trajectories tend to stay for a very long time before entering another region.We will call these regions
almost-invariant sets; our goal is to detect their existence and to locate their positions in phase space.

Quantifying almost-invariance of individual sets. Given a particular dynamical system, we would like to find a
collection of “optimal” almost-invariant sets. In order to set up and solve a suitable optimisation problem we require
a quantification of the notion of almost-invariance. In the sequel, we will assume that our transitive dynamical
system has a unique probability measureµ satisfying

µ(A) = lim
N→∞

#{T ix ∈ A : 0 ≤ i ≤ N − 1}
N

(1)

for Lebesgue almost allx ∈ X. The probability measureµ describes the distribution of Lebesgue almost-all long
trajectories in phase space; it is commonly known as thephysical-invariant measureor natural-invariant measure
for T. The measureµ(A) of a setA is high if trajectories visitA frequently; if trajectories never visitA, thenµ(A) = 0.
For a setA ⊂ M, the ratio

ρµ(A) = Probµ{Tx ∈ A|x ∈ A} = µ(A ∩ T−1A)

µ(A)

is the probability that a point inAwill remain inAafter one iteration ofT. InFig. 1we show a schematic representation
of three almost-invariant setsA1, A2, A3. The thick arrows represent high probability transitions and the thin arrows
represent transitions with a low probability of occurring. The valuesρµ(A1), ρµ(A2), ρµ(A3) will all be close to
unity.

We introduce the following criteria and problem definition.

Criteria 1.

(A) The candidate almost-invariant setsA1, . . . , Aq have roughly the same measure; to achieve this, we impose
the condition thatµ(Ak) > s for k = 1, . . . , q, where 0< s ≤ 1/q is given.

(B) The ratios

ρµ(Ak) = µ(Ak ∩ T−1Ak)

µ(Ak)

are large for eachk = 1, . . . , q.
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Problem 1. Find a measurable partition{Â1, . . . , Âq} of M such that

ρµ(Â1, . . . , Âq) = max

{
1

q

q∑
k=1

ρµ(Ak) : {A1, . . . , Aq} measurably partitionsM and satisfies Criterion 1A

}

(2)

A solution{Â1, . . . , Âq} of this problem will satisfy both Criteria1A and B, and we say that it describes anoptimal
almost-invariant partition of M into q sets.

Remark 1. Clearly, satisfying Criterion1B alone is not particularly useful; it may be true that once an orbit enters
a setAk, it has a high probability of remaining inAk, but if µ(Ak) is very small, then there is a very slim chance of
the orbit enteringAk in the first place. By imposing the additional condition thatµ(Ak) > s, we ensure that every
set in the partition is physically meaningful.

The separate problem of determining a suitablenumber qof sets to include in the partition is treated in[7,12].
Early ideas on the notion of almost-invariance are contained in[7]. The current work builds on the results of

[12] which focussed on the problem of satisfying Criteria1A and B with the physical measureµ replaced by
Lebesgue measurem. The methods presented here are similar to those in[12], but have been modified to provide
better performance for this statistical description of almost-invariance. These new methods provide the ability to
obtain rigorous bounds on how large the valueρµ(Ak) may be, and satisfy relevant optimality criteria. In addition,
we introduce a new adaptive approach that efficiently determines the boundaries between the almost-invariant sets.

Related work includes[16,9,13]which consider meta-stable sets in the context of time reversible conservative
dynamics of molecular systems. A recent preprint[8] applies ideas from graph theory (notably “congestion”) to
identify almost-invariant sets in dynamical systems of the generality considered here.

2. First steps towards a solution: discretisation of phase space

As Problem 1stands, we are maximising over an uncountably infinite domain; there are no restrictions on the
shape or size of the setsA1, . . . , Aq, apart from the conditions that eachAk is measurable and does not differ in
µ-measure too greatly from any of the other sets. We will make the problem tractable by reducing the class of sets
in which we search for a maximum. The first step in a practical solution ofProblem 1is to discretise the phase
space by coveringM with many small boxes;M ⊂ ⋃n

j=1 Bj. This covering process can be accomplished efficiently
through the use of multilevel methods; see[7].

Optimising over a finite collection. For a box collection{B1, . . . , Bn} with M ⊂ ⋃n
j=1 Bj, define

Cn =

A ⊂ X : A =

⋃
j∈I

Bj, I ⊂ {1, . . . , n}

 .

We will restrict our choices of almost-invariant sets to elements ofCn.

Definition 1. We will call a collection of coverings{Sn}, whereSn = ⋃n
i=1 Bi, of M tight if µ(Sn�M) → 0 as

n → ∞. For brevity, we often call individual coverings tight if they are members of a tight collection.

Problem 2. Find a collection{Â1, . . . , Âq} with Âk ∈ Cn,1 ≤ k ≤ q, such that

ρµ(Â1, . . . , Âq)

= max
A1,...,Aq∈Cn

{
1

q

q∑
k=1

ρµ(Ak) : {A1, . . . , Aq}, partitions a tight covering ofM and satisfies Criterion 1A

}
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In practice, we will usually not know the physical measureµ a priori, and will have to numerically estimate it.
This estimateµn will be obtained in a natural way from our box covering ofM; the details will be explained in
Section 3. For the moment, we state a convergence result that says that we lose nothing by restricting ourselves to
sets comprised of unions of boxes in the limit of the box diameters going to zero.

An approximation result. Setting

ρmax
µ = sup

{
q∑

k=1

ρµ(Ak) : {A1, . . . , Aq} is a measurable partition ofM that satisfies Criterion 1A

}
, (3)

we have the following approximation result.

Theorem 1 ([12]). LetCn, n ≥ 1, denote a sequence of partitions of a tight collection{Sn} of coverings of X, with
maxB∈Cn diam(B) → 0 asn → ∞. If µn → µ strongly, then

max
An

1,...,A
n
q∈Cn

{ρµn (An
1, . . . , A

n
q) : {An

1, . . . , A
n
q} is a partition of Sn and µn(Ak)>s for k=1, . . . , q} → ρmax

µ .

(4)

In the event that the conditionµn(An
k ) > s for k = 1, . . . , q cannot be met, ρµn (An

1, . . . , A
n
q) is understood to be

zero.

Restricting the class of sets over which we search for optimal almost-invariant partitions does not immediately
help a great deal, because it is computationally infeasible to consider all possible combinations of sets inCn. If there
aren boxes coveringM, there areqn different ways we can formq sets as unions of these boxes, and thereforeqn

candidate partitions to be evaluated in(3). We therefore turn to a global approach, considering the dynamics ofT
on the box collection to be a very large, but finite, Markov chain.

More detail on the material covered in this section may be found in[7,12].

3. Markov chains and almost-invariant sets

We create a largen-state Markov chain where each boxB ∈ {B1, . . . , Bn} corresponds to a state in the Markov
chain. Define then × n transition matrixP as

Pij = m(Bi ∩ T−1Bj)

m(Bi)
,

wheremdenotes normalised Lebesgue measure on
⋃n

j=1 Bj. The (i,j)th entry ofP is the probability that a randomly
selected pointx ∈ Bi has its image inBj. In this sense, the dynamics of the Markov chain may be thought of as the
dynamics ofT, plus a small amount of dynamic noise.

Easy approximation ofµ. The left eigenvectorp of P provides an estimateµn of the physical-invariant measure
by settingµn(Bi) = pi for all i = 1, . . . , n. The measureµn is extended to all Borel measurable sets ofM via

µn(A) =
n∑

i=1

m(A ∩ Bi)

m(Bi)
pi. (5)

As the box diameters go to zero (n → ∞), it may be proven in some situations thatµn → µ strongly; see[7] for
maps perturbed by small amounts of random noise, and[10,11] for purely deterministic situations.

Simple computation ofρµn . It is straightforward to computeρµn (A) if A ∈ Cn. SinceA ∈ Cn, it is of the form
A = ⋃

i∈I Bi, for some set of box indicesI ⊂ {1, . . . , n}, and it is relatively easy to see the following lemma.
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Lemma 1 ([12, Proposition 6.4]).

ρµn (A) =
∑

i,j∈I piPij∑
i∈I pi

. (6)

3.1. Time reversal and almost-invariance

The transition matrixP induces a related transition matrixR via a time reversal transformation. In this section
we consider the properties ofRand their relation to almost-invariant sets.

Invariance ofρµn (A) under time reversal. The Markov chain defined by the transition matrixP is not reversible2

in general. This is because

piPij �= pjPji,

or in terms of probabilities of set transitions,

µn(Bi ∩ T−1Bj) �= µn(Bj ∩ T−1Bi).

The interpretation of the latter expression is that the probability of a pointx ∈ M being in boxBi at timet and in
boxBj at timet + 1 is not equal to the probability of a pointx ∈ M being in boxBj at timet and in boxBi at time
t + 1. If it were, the system would be reversible and would behave identically under the reversal of time.

An important observation is that Criteria1A and 1B are invariant under time reversal.3 Indeed, the approximate
invariance ratiosρµn are also invariant under time reversal as we now demonstrate. Given a partition{I1, . . . , Iq}
of the box indices{1, . . . , n} (i.e.,Ik ⊂ {1, . . . , n}, ⋃q

k=1 Ik = {1, . . . , n} andIk ∩ I = ∅, k �=  ), the invariance
ratio

ρµn (Ak) =
∑

i,j∈Ik piPij∑
i∈Ik pi

,

remains unchanged under time-reversal. That is, if we define

ρ̂µn (Ak) =
∑

i,j∈Ik piP̂ij∑
i∈Ik pi

then it is clear that̂ρµn (Ak) = ρµn (Ak). Since the almost-invariance ratios of the individual setsA1, . . . , Aq remain
unchanged under time-reversal, so does the total cost function:

ρµn (A1, . . . , Aq) = 1

q

q∑
k=1

ρµn (Ak).

Because our cost function is unchanged, without loss, we may replaceP with R = (P + P̂)/2 to make our
Markov chain reversible. In the remaining sections,Rwill denote this reversibilisation.

2 Markov chains are calledreversibleif P = P̂ , whereP̂ij = pjPji/pi is the transition matrix governing the time-reversed system.
3 It is trivial that Criterion1A is invariant under time reversal; Criterion1B is invariant under time reversal for invertibleT, as one has

µ(A ∩ TA) = µ(T−1A ∩ A) by T-invariance ofµ.
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Optimality properties of eigenvectors of reversible Markov chains. The right eigenvectors of reversible transition
matrices satisfy minimality properties that are closely connected with the Criteria1A and 1B. In particular, the
right eigenvector̂v(2) of R corresponding to the second largest eigenvalueλ2 satisfies the following minimisation
property

min
v is nonconstant

{ ∑
i,j piRij(vi − vj)2∑
i piv

2
i − (

∑
i pivi)2

}
(7)

is realised at preciselyv = v̂(2), with the value 2(1− λ2). This result is known as Rayleigh’s theorem (see, e.g.
[5, p. 205]).

How is this related to almost-invariance?Consider dividing then states of the Markov chain governed byR into
two disjoint subsetsI1 andI2, and imagine that in addition to the constraint that “v is nonconstant”, we also insist
thatv takes only the values±1, depending on which subset statei is in. If i ∈ I1, we setvi = 1, while if i ∈ I2, we
setvi = −1. Substituting these values into(7), we obtain the minimisation problem

min
I1∪I2={1,...,n}
I1∩I2=∅

4(1− ∑
i,j∈I1

piRij − ∑
i,j∈I2

piRij)

1 − (
∑

i∈I1
pi − ∑

i∈I2
pi)2

. (8)

The numerator will be small if most transitions betweeni andj occur whenboth i andj are in eitherI1 or I2. The
denominator will be large (and therefore the quotient smaller) when the combined weights of states inI1 andI2 are
approximately equal. Thus a selection ofI1 andI2 to minimise(8) will produce a good bisection on two counts:
first, the total weight of both collections of states is approximately equal, and second,most transitions are within
eitherI1 or I2.

The expression(8) can be rewritten in terms of boxes and measures as

min
A1,A2∈Cn

A1∪A2=X,A1∩A2=∅

4(1− µn(A1 ∩ T−1A1) − µn(A2 ∩ T−1A2))

1 − (µn(A1) − µn(A2))2
. (9)

Thus(9) has small values when

(i) the measures ofA1 andA2 are similar and
(ii) the bulk of the measure inA1 (resp.A2) remains inA1 (resp.A2) under one iteration,

These two conditions correspond exactly to Criteria1A and 1B.
In view of these remarks, we intend to relax thevi = ±1 condition implicit in(8), and use the eigenvectorv that

minimises(7) to provide a good partition of the phase space. How we usev is explained in the next section. The
eigenvectorv contains global information on the dynamics of the Markov chain and the fact that eigenvectors are
relatively cheap to numerically compute makes this spectral approach to finding almost-invariant partitions very
attractive.

Theoretical bounds forρµn (A). An additional advantage of using the reversible transition matrixR for our
computations is that there exist theoretical bounds4 for maxA∈Cn ρµn (A) whenµn(A) ≤ 1/2 in terms of the second
eigenvalueλ2:

1 −
√

2(1− λ2) ≤ max
A∈Cn

ρµn (A) ≤ 1 + λ2

2
. (10)

4 These results are easily obtained from[3, Theorem 11.3; 5, Theorem 6.4.3].
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Sinceρµn (A1, . . . , Aq) is a convex combination of the individual ratiosρµn (Ak), k = 1, . . . , q, we immediately
obtain the upper bound:

ρµn (A1, . . . , An) ≤ 1 + λ2

2
. (11)

This bound gives one a guide as to the best possible invariance ratio, when searching for a maximum of
ρµn (A1, . . . , Aq).

4. Using eigenvectors ofR to produce almost-invariant partitions

Two almost-invariant sets. Let us be more specific about how we intend to use the second eigenvectorv̂(2) to
divide the phase spaceM into two almost-invariant sets. The eigenvectorv̂(2) provides an ordering of the boxes
{B1, . . . , Bn} coveringM. Let {I(1), . . . , I(n)} be a permutation of{1, . . . , n} with the property that̂v(2)

I(i) ≤ v̂
(2)
I(i+1)

for i = 1, . . . , n − 1. This ordering of the elements ofv̂(2) into ascending order provides an ordering of the boxes:
BI(1), . . . , BI(n). Those elements of̂v(2) that are near to−1 we “map” to−1 and those that are near to 1 we “map”
to 1. This “mapping” is achieved by

v̂
(2)
i ≤ c ⇒ v̂(2) �→ −1, (12)

v̂
(2)
i > c ⇒ v̂(2) �→ 1 (13)

for a suitable choice of min1≤i≤n v̂
(2)
i ≤ c ≤ max1≤i≤n v̂

(2)
i . This mapping will define the two setsA1 andA2 via

A1 =
⋃
i∈I1

Bi, whereI1 = {i : v(2)
i ≤ c}, (14)

A2 =
⋃
i∈I2

Bi, whereI2 = {i : v(2)
i > c}. (15)

Methods for finding a good choice ofc are described in[12]; they include (i) an exhaustive search along the vector
v̂(2) and (ii) clustering the valueŝv(2)

i and choosingc to divide the two clusters found.
q almost-invariant sets. When we search forq > 2 almost-invariant sets, we have the option of using more

information from further eigenvectorŝv(3), . . . , v̂(q). Each of these eigenvectors provides an ordering of the boxes
in a completely analogous way tov̂(2). By combining the information from the various orderings, we select ourq
almost-invariant sets. In practice, we use clustering algorithms to identifyq distinct clusters in the set

V = {(v̂(2)
i , . . . , v̂

( )
i ) ∈ R

 −1 : i = 1, . . . , n}

with  = �log2 q� + 1. Index sets are determined by

Ik = {i ∈ {1, . . . , n} : i ∈ Cluster #k}, k = 1, . . . , q,

and the almost-invariant sets themselves by

Ak =
⋃
i∈Ik

Bi
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(see[12] for details). The use of multiple eigenvectors to represent points in higher-dimensional Euclidean space
appears in the context of minimal graph cuts[6,2] and implicitly in conformation identification[9].

5. The basic algorithm and numerical results

We begin this section by describing the computational steps required to perform the analysis described above.
The main steps are similar to the algorithm presented in[12]; the crucial practical differences are the use of the
reversibilised transition matrixR instead of the Laplacian matrixL, and the use of weighted fuzzy clustering in
place of the balancing techniques described in[12]. Beyond this, the use ofRprovides many theoretical advantages
over the methods proposed in[12]. The relevant convergence result for the Basic Algorithm isTheorem 1. The
numerical results section compares the Basic Algorithm with results obtained using methods in[12].

5.1. The basic algorithm

In order to arrive at a partition ofM into q almost-invariant sets made up of small boxes, we have to proceed
through the following six main steps.

5.1.1. Main computational steps
1. Computation of box covering{B1, . . . , Bn}.
2. Computation of transition matrixP.
3. Computation of the reversibilised transition matrixR.
4. Computation of the large eigenvalues ofP to determine a value ofq.
5. Computation of the large eigenvalues ofRand their corresponding eigenvectors.
6. Selecting almost-invariant sets by identifying clusters inV .

Steps 1 and 2 are described in[7]. Step 3 is straightforward, and Steps 4 and 5 may be accomplished using standard
numerical packages such as MATLAB. Step 6 is achieved using a variant of fuzzy clustering, where points inV 

are weighted according to their correspondingµ-mass; this variant is described in the following section. Once the
box covering and transition matrixR have been constructed, the Basic Algorithm for separating the box collection
in the covering intoq setsA1, . . . , Aq is as follows.

Algorithm 1 (Basic Algorithm).

1. Compute the eigenvectors ofR, v̂(2), . . . , v̂( ), that correspond to the largest eigenvalues (not including the
eigenvalue 1). Normalise each eigenvector to have anl2-norm of 1.

2. Identifyqclusters in the data setV = {(v̂(2)
i , . . . , v̂

( )
i ) ∈ R

 −1 : i = 1, . . . , n} ⊂ R
 −1 using the weighted fuzzy

clustering technique described inSection 5.2.
3. DenoteIk = {i ∈ {1, . . . , n} : i ∈ Cluster #k}, k = 1, . . . , q.
4. ReturnAk = ⋃

i∈Ik Bi, k = 1, . . . , q.

We now describe a modification of the standard fuzzy clustering algorithm[4] to take into account weights
assigned to each point in the set being clustered.

5.2. Weighted fuzzy clustering

Definex = [v̂(2), . . . , v̂( )] ∈ R
n×( −1); this is an ( − 1)-dimensional embedding of the data contained in the

 largest eigenvectors ofR (not counting the eigenvector corresponding to the eigenvalue 1). The standard fuzzy
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clustering algorithm (see e.g.[4]) searches for clusters in the data setx, considered asnpoints inR
 −1. The standard

cost function for fuzzy clustering (see Eq.(2) [4]) is

J(U, c) =
n∑

i=1

q∑
k=1

U2
ki‖xi,· − ck‖2, (16)

whereck ∈ R
 −1 is thekth cluster centre andUki is the probability that pointi (namelyxi,·) is contained in cluster

k. We modify this function by adding a factorw2
i to the ith data point to weight its importance according to the

invariant measure of the ith boxBi. Now, boxes with large weights will tend to be forced into tighter, smaller
clusters, and boxes with smaller weights are allowed to be placed into large, sparsely distributed clusters. In this
way, we overcome the problem of single clusters containing all the high weight boxes, and cluster according to a
balanced mix of distance and weight. The modified cost function is

J(U, c) =
n∑

i=1

q∑
k=1

U2
kiw

2
i ‖xi,· − ck‖2. (17)

The modified “distance” is (cf.[4, (3b)])

dki = w2
i ‖xi,· − ck‖2,

and the modified update rule for the cluster centres is (cf.[4, (3a)])

ck =
∑n

i=1 U
2
kiw

2
i xi,·∑n

i=1 U
2
kiw

2
i

. (18)

The update rule for the probabilitiesUki remains unchanged:

Uki =

 q∑

j=1

dki/dji




−1

. (19)

We have found that weighted fuzzy clustering works very well, yielding setsA1, . . . , Aq with similar measure.

5.3. Numerical results

We compare new techniques presented in this paper with the methods of[12]. We return to the Lorenz systems
of ODEs:

ẋ = σ(y − x), ẏ = ρx − y − xz, ż = xy − βz (20)

with standard parametersσ = 10, ρ = 28 andβ = 8/3. As in[12], we cover the Lorenz attractor with 5025 boxes.
The transition matrixRhas second eigenvalueλ2 = 0.9804, leading to bounds of

0.8022≤ max
A∈Cn

ρµn (A) ≤ 0.9902.

Table 1compares the results of BasicAlgorithm 1 to the results obtained in[12] using a related approach. The
results displayed inTable 1show that in this example, BasicAlgorithm 1 is comparable to Algorithm 4 in[12],
when Algorithm 4 is combined with the balancing procedure described in[12]. BasicAlgorithm 1is clearly superior
to the methods of[12] when balancing is not used. Advantages of BasicAlgorithm 1 over Algorithm 4[12] with
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Table 1
Data for three almost-invariant sets of the Lorenz system: a comparison of the methods of[12] vs. BasicAlgorithm 1

Method µn(A1)/µn(A2)/µn(A3) ρµn

Algorithm 4 [12] ( = 1) 0.0588/0.8823/0.0590 0.8888
Algorithm 4 [12] ( = 2) 0.0308/0.9384/0.0308 0.8847
Algorithm 4 [12] ( = 1, with balancing) 0.2539/0.4922/0.2539 0.8911
Algorithm 4 [12] ( = 2, with balancing) 0.1495/0.7011/0.1495 0.9022
Basic Algorithm ( = 1) 0.2255/0.5491/0.2255 0.8994
Basic Algorithm ( = 2) 0.2068/0.5865/0.2068 0.9017

balancing are (i) the availability of theoretical bounds on how well one can expect to do, (ii) the existence of a
theoretical minimisation principle for the eigenvectors ofRand (iii) numerical stability.5

6. Hybrid adaptive algorithms, convergence and numerical results

This section contains our main theoretical result. To reduce the number of boxes necessary to provide a good
approximation of almost-invariant sets, we propose an adaptive strategy whereby the interiors of each almost-
invariant set are covered by large boxes, while the boundaries or interfaces between sets are covered by smaller
boxes to more accurately resolve the individual sets. The main steps of the algorithm are as follows:

I. Order the boxes using the eigenvectors ofR.
II. Assigneach box to a large almost-invariant set by searching for clusters within the eigenvector values.

III. Identifythose boxes near the boundaries of the almost-invariant sets for further subdivision.

Steps I and II have already been outlined; they are Steps 1 and 2–4, respectively, ofAlgorithm 1. Step III is new
and we now describe an efficient method of identifying the boundaries of the almost-invariant sets.

6.1. Boundary refinement

Suppose that we are presented with a covering ofM consisting ofn boxes{B1, . . . , Bn}, i.e.,M ⊂ ⋃n
i=1 Bi

with theBi’s pairwise disjoint. The boxes in the collection{B1, . . . , Bn} may be of different sizes and contain
different amounts of invariant massµ. We assume that we have performed Steps I and II, and have assigned each of
thesen boxes to one ofq approximate almost-invariant setsA1, . . . , Aq. Associated with each boxBi is a number
ki ∈ {1, . . . , q} describing which of theq setsA1, . . . , Aq the boxBi belongs to, e.g.,k5 = 3 if box B5 belongs to
the setA3.

For the following discussion, let us fixk and concentrate on a fixed almost-invariant setAk. Many of the boxes
Bi ⊂ Ak will be mapped entirely insideAk in one iteration of our map. These boxes are “good” because they make
Ak “look” more invariant; ifAk was truly invariant, thenall boxes making upAk would be mapped insideAk at the
next iteration. There will of course, also be many boxes inAk that are either partially or completely mappedoutside
Ak. In view of our definition ofρµn , clearly those boxes which “take a lot of mass out ofAk under one iteration”
reduceρµn the most. The amount ofµn-mass flowing from boxBi ⊂ Ak out ofAk in one iteration is given by

Outflow(i) := µn(Bi)


1 −

∑
j∈Ik

Rij


 .

5 The modified matrix produced by balancing can become ill-conditioned if the density ofµn is very small in many boxes: a typical situation
for chaotic attractors. In contrast, the stochastic matrixR is well behaved even whenµ(Bi) is very small.
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Therefore, “bad” boxes are those with large values of Outflow. To identify boxes for further subdivision we propose
the following.

Algorithm 2.

1. Calculate

MeanOutflow :=
∑n

i=1 Outflow(i)

n
.

2. Subdivide all boxesBi with Outflow(i) > MeanOutflow.

An alternative criterion that will subdivide less boxes at each iteration is:

1a. Calculate

MeanOutflow :=
∑

i:Outflow(i)>0 Outflow(i)

#{i : Outflow(i) > 0} .

Once boxes with large Outflow have been subdivided, a new computation is performed on the refined box
covering, and a new ordering and assignment is carried out through Steps I and II. In terms of BasicAlgorithm
1, we expect the subdivision of boxes with large Outflow to be helpful for the following reason. The eigenvectors
of the reversibilised transition matrixR provide orderings of the boxes in the phase spaceM. Once we have these
orderings, we select cut points using the weighted fuzzy clustering algorithm. Boxes near these cut points are ordered
as “close” by the eigenvectors; there is some uncertainty as to exactly which side of the cut such boxes should be. By
subdividing these boxes and re-applying BasicAlgorithm 1to the refined collection, this separation should become
more clear, and the boundaries will become better resolved.

6.2. Balancing boundary refinement, box refinement, and measure approximation

Recall that our goal is to (i) find estimates of optimal almost-invariant sets, while (ii) concentrating on resolving
the boundaries of these sets. In order to find good estimates of optimal almost-invariant sets, we need to have the
box collection{B1, . . . , Bn} consisting of reasonably small boxes in terms ofµ-measure. If{B1, . . . , Bn} contains
overly large boxes in measure, thenall of the sets inCn may be far (inµ-measure) from the optimal almost-invariant
sets, and thus even if we choose the best sets fromCn, they will be relatively poor in terms of almost-invariance.
Additionally, in order to have a good estimate ofµ, we require the boxes to be small (or at least small in mass). We
therefore cannot simply subdivide those boxes that we think are near the boundaries of our current best guess; doing
so may lead to poor estimates ofµ and skew our results. By refining other boxes that are not designated as boundary
boxes, we not only improve our estimate ofµ, but also fillCn with a richer class of boxes. Thus, we need to somehow
balance the refinement of boundary boxes with those away from the boundary. A simple and robust solution is to
set a threshold ratio that says that any boxes larger in mass than a fixed ratio of the smallest boxmustbe subdivided
at the next step, even if they are not boundary boxes. We arrive at the following hybrid adaptive algorithm:

Algorithm 3 (Hybrid Adaptive Algorithm).

0. Begin with an initial box covering{B1, . . . , Bn} of the setM and a fixed measure ratior > 1.
1. Compute the transition matrixP for the dynamical system on the current box covering.
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2. Create the reversibilised matrixRand assign each of the boxes in the current covering to one ofqalmost-invariant
sets using BasicAlgorithm 1.

3. Compute the Outflow for every box in the current covering, and mark those boxes with greater than average
Outflow for subdivision at the next step.

4. Mark those boxes with measure exceedingr(min1≤i≤n µn(Bi)) for subdivision at the next step.
5. Subdivide the marked boxes to create a refined box covering, and return to Step 1.

The ratior may be chosen according to the problem at hand. In cases where the physical-invariant measure
is highly variable or difficult to approximate, lower values ofr should be used to obtain reliable estimates. If the
physical-invariant measure is relatively easily approximable, a larger value ofr may be used to concentrate more
heavily on refining the boundaries of the almost-invariant sets.

The adaptive element ofAlgorithm 3 can also be incorporated into searches form-almost-invariant sets as
described in[12]. One simply replacesµn with m in Steps 3 and 4 ofAlgorithm 3. The greedy combinatorial
searches described in[12] can also be modified to take advantage of the adaptive aspect. Simply substitute a
combinatorial search (or any other search method of your choice) in place of Step 2 ofAlgorithm 3 to identify the
almost-invariant sets.

6.3. A convergence result for the hybrid algorithm

In this section, we consider dynamical systems governed by a continuous mapT perturbed by a small amount of
noise. Such situations are clearly important when modelling real-world systems. The evolution of such a dynamical
system is governed by a transition functionP : X × B(X) → [0,1], where the numberP(x,A) is the probability
that by iterating the pointx, the image is in the setA ⊂ X. For example,

P(x,A) = N(x)
∫
A

exp

(−‖Tx − y‖2

2ε

)
dm(y)

is a transition function describing the evolutionx �→ Tx + ξ, whereξ is normally distributed with mean zero and
varianceε; the factorN(x) is a normalising factor. In the following, we will suppose thatP(x, ·) has a Lipschitz
density; this is certainly the case for a deterministic map perturbed by normally distributed noise, and many other
physically relevant situations are also covered. One has the following convergence result forAlgorithm 3.

Theorem 2. Suppose that the mapT : X → X is perturbed by noise with a Lipschitz density, and that the resulting
stochastic system has a unique invariant measureµ. Let Cmn denote the box collection that is obtained after m
applications ofAlgorithm 3with r < ∞. Asm → ∞,

max
A1,...,Aq∈Cmn

{ρµn (A1, . . . , Aq) : {A1, . . . , Aq} partition a tight covering ofM} → ρmax
µ . (21)

Proof. We restrict our attention toΛ = suppµ ⊂ M, and consider the box collectionDm
n = {B ∈ Cmn : Int(B) ∩

suppµ �= ∅}. We will use the sets inDm
n ∩ suppµ to be the building blocks of almost-invariant sets in suppµ. Let

us assume for the moment that under repeated application ofAlgorithm 3 (m → ∞), thediametersof boxes in
Dm

n approach zero; this is proven in Sublemma1. Proposition 3.7[14] may then be applied to show thatµn → µ

strongly. Theorem 6.3[12] then yields the desired result. �

Sublemma 1. Under repeated application ofAlgorithm 3(m → ∞), the diameters of boxes inDm
n approach zero.

Proof. Let us suppose that there is a sequence of boxesB
(m)
im

∈ Dm
n ,1 ≤ im ≤ nand anM ≥ 1 such thatB(m)

im
= B

(M)
iM

for all m ≥ M. The boxB(M)
iM

is a problem box because afterM applications ofAlgorithm 3, it is not subdivided



G. Froyland / Physica D 200 (2005) 205–219 217

Table 2
Data for three almost-invariant sets of the standard map witha = 8.0: a comparison of adaptive vs. non-adaptive methods

Method # Boxes µn(A1)/µn(A2)/µn(A3) ρµn (A1)/ρµn (A2)/ρµn (A3) λ2 bound

Algorithm 1 4096 0.1525/0.6821/.0.1654 0.7510/0.9094/0.7610 0.9557
Algorithm 3(r = 25) 3711 0.1255/0.7464/0.1281 0.7621/0.9328/0.7629 0.9456
Algorithm 3(r ≈ ∞) 3545 0.1132/0.7736/0.1132 0.7751/0.9448/0.7752 0.9422

any further, and so the diameter of this box does not go to zero. We will now derive a contradiction, proving the
sublemma.

The quantityr(min1≤i≤n µn(Bi)) in Step 4 ofAlgorithm 3 is no greater thanr/n. Therefore any boxes inDm
n

with measure exceedingr/n will surely be subdivided at the next iteration of the algorithm. If such a boxB
(M)
iM

exists, it must have measure smaller thanr/n = r/n(m) at themth stage of the algorithm for allm ≥ M.
We wish to apply Theorem 6.1[15] to show thatµn(m) → µ asm → ∞, where weak convergence is meant. The

main condition of this theorem is equivalent to max1≤i≤n µn(Bi) < �n, where�n → 0 asn → ∞, andBi ∈ Cmn .
Note that there are alwayssomeboxes being subdivided. The subdivision of boxes with high measure clearly
decreases the maximal box weight and the subdivision of boxes with high Outflow also leads to a decrease in
measure of all boxes via the condition in Step 4 ofAlgorithm 3. Thus we may directly apply Theorem 6.1[15] to
conclude thatµn(m) → µ weakly asm → ∞.

Setsm = µ(n(m))(B
(M)
iM

) for allm ≥ M, ands∞ = µ(B(M)
iM

). We are worried about the possibility thatsm ≤ r/n(m)

for all m ≥ M, as this will mean no further subdivision ofB
(m)
im

beyondm = M. If this occurs thensm → 0 asm →
∞. Since the interior ofB(M)

iM
intersects suppµ, givenx ∈ Int(B(M)

iM
) ∩ suppµ, one can chooseδ > 0 sufficiently

Fig. 2. Three almost-invariant sets for the standard map, using the Basic Algorithm: 4096 boxes shown in [0,2π) × [0,2π).
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small thatO := Bδ(x) ⊂ Int(B(M)
iM

). Moreover,µ(O) > 0 by the definition of support. By weak convergence ofµn

to µ,

lim inf
m→∞ sm = lim inf

m→∞ µn(m)(B
(M)
iM

) = lim inf
n→∞ µn(B(M)

iM
) ≥ lim inf

n→∞ µn(O) ≥ µ(O) > 0.

A contradiction; therefore no such setB
(M)
iM

exists, and all sets whose interiors intersect suppµ will be subdivided
further, decreasing their diameter in the process. �

Sublemma1shows that under the assumptions of Proposition 3.7[14], the weak convergence result of[15] under
the “high mass” subdivision algorithm may be easily strengthened to strong convergence ofµn to µ.

Corollary 1. Under the assumptions of Proposition 3.7[14], the“high mass” subdivision algorithm of[15] produces
a sequence of approximate invariant measuresµn that converge toµ strongly under repeated application of the
algorithm.

Proof. This is simply a result of the combination of Sublemma1 and Proposition 3.7[14]. �

6.4. Numerical results

We consider a Hamiltonian system preserving Lebesgue measure. Define the so-called standard mapS : T
2 → T

2

by

S(x, y) = (x + y, y + a sin(x + y)) mod 2π. (22)

Fig. 3. Three almost-invariant sets for the standard map, using the Hybrid Adaptive Algorithm withr = ∞: 3545 boxes shown in [0,2π) ×
[0,2π).
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We choose the parametera = 8.0; in this parameter region, the standard map has no obvious invariant sets, in contrast
the invariant KAM curves existing at lower parameter values (see, e.g.[11, p. 477]). We expect that any almost-
invariant sets will have complicated boundaries, and that the Hybrid AdaptiveAlgorithm 3 may be advantageous.
Since the physical measureµ is Lebesgue measure in this example, it is easily approximable, and we chooser = 25
in Algorithm 3. We also testAlgorithm 3 with r ≈ ∞ (refining only near boundaries, and assuming the physical
measure is always well approximated). These two tests are compared with a uniform box covering containing a
similar number of boxes, to reveal the advantages ofAlgorithm 3overAlgorithm 1. Table 2displays the results of
these tests, searching for three almost-invariant sets using the second and third eigenvectors ofR ( = 2).

It is clear that the Hybrid AdaptiveAlgorithm 3is superior to the BasicAlgorithm 1in this example. The bounds
of Section 3.1are shown in the final column ofTable 2. In both applications ofAlgorithm 3, not only hasρµn (Ak)
increased, but the theoretical upper bound has also tightened.Figs. 2 and 3show the three almost-invariant sets
obtained viaAlgorithms 1 and 3, respectively. One recovers the superior partition of almost-invariant sets shown in
Fig. 3 using Algorithm 1 if 65536 uniform boxes are used.
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