HOMOLOGY AND HOMOLOGICAL ALGEBRA, D. CHAN

1. SIMPLICIAL COMPLEXES

Motivating question for algebraic topology: how to tell apart two topological spaces? One possible solution
is to find distinguishing features, or invariants. These will be homology groups. How do we build topological
spaces and record on computer (that is, finite set of data)?

Definition 1.1. Let ag,...,an € RY. The span of ag,...,an is
ag...an = {Z)‘iai [Ai 20,1+ ...4+ X\ = 1}
i=0
= convex hull of {aog,...,an}.
The points ao,...,an are geometrically independent if a1 — ao,...,an — ao is a linearly independent
set over R. Note that this is independent of the order of ao,...,an. In this case, we say that the simplex
ag . ..an is n -dimensional, or an n -simplex. Given a point Y .-, Aia; belonging to an n-simplez, we
say it has barycentric coordinates (Ao, ..., \n). One can use geometric independence to show that this
is well defined.
A (proper) face of a simplex o = ag . ..an s a simplex spanned by a (proper) subset of {ao,...,an}.
Example 1.2.

(1) A 1-simplex, aoa, is a line segment, a 2-simplex, agaiaz, is a triangle, a 3-simplex, agaiazas is a
tetrahedron, etc.

(2) The points ag, a1, a2 are geometrically independent if they are distinct and not collinear.

(3) Midpoint of apa1 has barycentric coordinates (1/2,1/2).

(4) Let ao...as be a 3-simplex, then the proper faces are the simplexes a;, @i, i, Gi, Gis, @i Where
0<%1,...,%6 < 3.

Definition 1.3. Two topological spaces X and Y are homeomorphic if there is a continuous bijection
f: X — Y with continuous inverse.

We will glue simplexes together to get a simplicial complex. Fix N and RY.
Definition 1.4. A (finite) simplicial complex K is a finite collection of simplexes in RN satisfying the
following axioms:

(1) If o is a simplex in K, then so is every face.

(2) If o, are simplexes in K, then o N T is a face of both o and 7.

Example 1.5. Octahedral surface: 8 x 2-simplexes U12 x 1-simplexes U6 x 0-simplexes. One can check
that this satisfies the above axioms.

Proposition 1.6. Let K be a (finite) simplicial complez. A sub-complex J of K is a subcollection of
simplexes in K such that if o is a simplex in J, then so is every face of o. In this case, axiom 2 holds for
J automatically, so J is a simplicial complex.

For p € N, then the p -skeleton of K is the subcomplex K® consisting of simplexes in K of dimension
< p. The O-skeleton K@ is called the set of vertices of K. Note that K is determined by K© and
collection of vertices which span simplexes of K.

Definition 1.7. The polytope |K| of a simplicial complex K in RN is the union of the simplezes in K
with topology induced from RY . Note that if K is an infinite dimensional simplex, then the usual topology
from RY is the wrong one to put on K.

Example 1.8. Let 0 = ag...a, be an n-simplex, then K is o together with all its faces. Here |K]| is
homeomorphic to a unit ball

B" = {zeR"||z|<1}
K™Y = boundary of ¢ homeomorphic to "' = {z € R" | |z| = 1}
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2. SIMPLICIAL MAPS AND QUOTIENTS

Lemma 2.1. Let K, L be simplicial complezes and f : KO 5 1O pe g set map such that if ag,...,an
span a simplex of K, then f(ao),...,f(an) span a simplex of L. Then there is a continuous function
g: |K| — |L|. We call the function f its extension constructed below g a simplicial map.

Proof. We have a map

41 N
Bag...an : R” — R” >ao,...,an

()\0,---,)\71) —  XoGo + ...+ Anan

which induces a homeomorphism from e; ...ep41 — ao ... ay if ao, ..., an are geometrically independent.
Define g on each simplex ag . .. a, of |[K| by the composition

Bad:an Bflag)...flan)
g:ag...an T5"er...eng1 REARN flao) ... f(an) C|L|

O

Corollary 2.2. Let K and L be simplicial complezes and suppose there is a bijection f : K© — L©
such that ao, ..., an span a simplex of K iff f(ao),..., f(an) span a simplex of L. Then the simplicial map
g: |K| — |L| above is an homeomorphism.

The opposite procedure to constructing a polytope is triangulation. A triangulation of a topological space
X is a simplicial complex K and a homeomorphism g : |[K| — X. How do we triangulate topological
spaces?

Proposition 2.3. Let X be a topological space and'Y be a set, and suppose 7 is a surjective map X — Y.
The quotient topology on Y is defined by

o UCY is open iff m='(U) is open in X.

This is the weakest topology on Y which makes m continuous.
Remark 2.4. Often Y will be defined from X by putting an equivalence relation on the points of X.

Example 2.5. Torus T?. Let X be a rectangle in R? with interior and ¥ = X/ ~ where z ~ z’ iff z
and 2’ are opposite points on opposite sides of X. The quotient topology induced by the surjective map
X — Y makes Y homeomorphic to the 2-dimensional torus T?. A triangulation of Y is given by drawing
vertices, edges and triangle on X, but care must be taken to ensure the choice of vertices etc result in a
simplicial complex on Y.

3. HOMOLOGY GROUPS
Definition 3.1. The free abelian group F with basis {s;}icr is the direct sum
F = @ ZSi
iel
Given an abelian group A and a; € A for each i € I, there is a group morphism

p:F — A

S a4
extended to all of F via Z-linearity.

3.1. Orientation. An n-simplex aog...a, is independent of the order of vertices. Two orderings of
ao, - -.,an are equivalent if they differ by an even permutation. An equivalence of orderings is called
an orientation.

Definition 3.2. An oriented n -simplex is an n-simplex ao . ..an together with a choice of orientation

of its vertices. If the orientation is ag < ... < an, then we denote the oriented simplex by [aoas ... an].
Also, write [a1aoaz . . .an] = —[aoai ... an].
Example 3.3. For n = 1, [aoai1] # [a1a0]. For n = 2, [apa1az2] = [a1a2a0] = [azaoa1] and [a1a0az] =

[aoagal] = [a2a1ao}.
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3.2. Group of (oriented) p-chains. Let K be a simplicial complex. Pick a total order < on the vertex
set K(©. This induces an orientation of every simplex of K.

Definition 3.4. The group of oriented p -chains, denoted Cp(K), is the free abelian group with basis
as the oriented p-simplezes of K with orientation induced by <. Define C_1(K) := 0.

Note 3.5.
(1) Suppose [ao ...ap] is a simplex in K oriented by <, then

[@arapasz...ap] = —lao...ap] € Cp(K)

so is an oriented p-chain.
(2) The group Cp(K) is independent of the choice of the ordering <, changing < will only change some
basis elements to their negatives.

3.3. Boundary operator.
Proposition 3.6. There is a group homomorphism
Op: Cp(K) —> p—1(K)

which is uniquely defined by

P

(1) Op([ao...ap)) = > (-D'lag...d...ap] € Cp1(K)

i=1
Proof. Since Cp(K) is a free abelian group, we only need to specify 9, on the its basis, which is done by

(1). It suffices to show that the right hand side of (1)

(1) remains unchanged if ao, ..., a, is permuted by an even permutation
(2) changes sign if ao, ..., ap is permuted by an odd permutation.

Note that Sp+1 is generated by transpositions of the form (j, 5 + 1), so it suffices to show
(2) (’)p([ao < QiA541 - .ap]) = —8:0([(10 Qi -105 41050542 - - .ap})

We consider the i-th summand in the right hand side of (1). When i # j or j + 1, both sides of (2) has the
same ¢-th summand. Now consider the sum of the j-th and (j + 1)-th summand of (2). We have,

j-th + (j + 1)-th terms of Lh.s. of (2) = (=1)([ao...ajaj11...ap] —[a0...ajajs1...ap))
j—th —+ (] + 1)—th terms of r.h.s. of (2) = —(—1)j([a0 - a]-&j+1a‘,-aj+2] — [ao - a]-a‘7-+1djaj+2])
and these are the same. O

Example 3.7. Consider a 2-simplex [apaiaz], then
92([aparaz]) = [a1a2] — [acaz] + [aoad]

which is the oriented boundary of the triangle apaias. Also

82([a0a1a2]) d([a1az2] — [aoaz] + [ava1])
—az + a1 — (a2 — ao) + (a1 — ao)

0

The formula &% = 0 holds in general for all p-chains.

80ao...a]) = a(z(_ni[ao...@...%])

> (-1 (Z(—nj[ao...@-...@...a,,}+Z(—1)j+1[a0...@...@...ap]>

=0 j<i j>i

.

This result turns out to have important consequences.
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4. HOMOLOGY GROUPS

Let K be a simplicial complex. The group of p -cycles of K is

Zp(K) = ker(9p: Cp(K) — Cp-1(K)) C Cp(K)
The group of p -boundaries of K is

By(K) = im(Gps1 : Cppi(K) — Co(K) C Cy(F6).
The result 82 = 0 implies

OpBp(K) = 0p0p41Cp11(K)
hence B,(K) C Z,(K). So we can define the p -th homology group of K to be the quotient
Hy(K) = Zy(K)/Bp(K).
4.1. Numerical invariants. Note that C,(K) is finitely generated abelian, hence Z,(K) and B, (K) are
both finitely generated abelian. So
Hy(K) = Z°XZ/MZx...xZ/hZ

and we say that the integer s is the p -th Betti number of K, denoted b,(K). The group H,(K) (actually
bp(K)) measures the “holes” in |K].

Example 4.1. Let K be a one dimensional triangle, with vertices a, b, c. We have

Co(K) 22 C1(K) o, Co(K) D,
I l !
0 Z[ab] ® Z[bc] & Z [ca) Za ®ZbP Zc

where the vertical maps are isomorphisms. The map 0; is defined on the basis by
[al] — b—a
[bc] +— c—b
[ca] — a-—c

There are two nonzero homology groups,

N Za B Zbd Zc

~ (b—a,c—bya—c)

~ 7

H,(K) =~ ker(dh)

~  Z([ab] + [bc] + [ca])

~ 7
Proposition 4.2. Let K be a simplicial complez such that | K| has n connected components. Then Ho(K) ~
.
Proof. Generalise calculation of Ho(K) above. O

Definition 4.3. Let K be a simplicial complez. We say that two p-chains 7y, are homologous if v — '
s a p-boundary. Let L be a subcomplezx of K, note that Cp(L) C Cp(K), we say v € Cp(K) is carried by

Lifye Cp(L).
Example 4.4. Let |T| be the two torus T?. Let T be the complex below

L
.
AN
a b/c a

Figure 1: A triangulation of the torus.
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where the opposite sides are identified. Let L be the “boundary” of the above diagram. Let {o,} be the
set of 2-simplexes in T', oriented anticlockwise. Let « be a 2-chain such that 0+ is carried by L. Then

(1) y=n>_ o, for some n € Z.

(2) Ho(T)=2Z2(T) =2 0r ~ Z.
Let v = Y nror, Suppose o, and o, are adjacent with common “internal (not in L)” edge . The coefficient
of € in 07 is £(n, —ns). Hence v carried by L implies n, = ns, so by induction all n, are the same. This
proves part 1. Note that > o, = 0 hence > o, € Z2(T). So part 1 implies Z2(T) = Z>_ o = H2(T).
This proves part 2.

Proposition 4.5. Let o = [ab] + [bc] + [ca], § = [ad] + [de] + [ea]
(1) Any 1-cycle in T is homologous to one carried by L.
(2) Zi(L) = C1(L) N Z1(T) = Za + Z3, and Hy(T) ~ Z>.

Proof. Let v € Z1(T). By adding appropriate multiples of do,’s, where o, = [fih], we can adjust v so that
the coefficient of [ih] is zero. Continuing inductively to find a homologous cocycle which is carried by

a b cC a

d f g d
h\

e 7 i e

a b cC a

Figure 2: After deletion of relevant 1-boundaries.

But 7/ is a 1-cycle, so in fact, it is carried by L. For part 2,

H(T) = 2Z(T)/B.(T)
Z1(L) + B:\(T)
t1] = =MW TA)
par B (T)
Z1(L)
led4,1 = ——F——-
example 4.4, Z1(0) 0 Bi(T)
= 0
As in example 1 we can show that Z1(L) = Za + Z8 = Za & Z0. O

5. CHAIN COMPLEXES
Definition 5.1. A chain complex of abelian groups is a sequence

Bpt1 a
Coi.. — Cpy1 —5 Cp—Cp1 — ...

of abelian groups Cp, p € Z and group homomorphisms 0, such that Op o Opr1 = 0 for all p.

Remark 5.2. Later we will talk of chain complexes of vector spaces, (Cp are vector spaces and J, are
linear maps), or of modules (so C, are modules and 9, are module morphisms).

Definition 5.3. Let Co be a chain complex. The group of p -cycles is Z,(Cs) := ker(9,) C Cp and the
group of p -boundaries is B,(C,) := im(9p41) C Cp. Since 9p 0 Opt1 = 0 s0 Bp(Ce) C Z,(Co) so we
can define the p -th homology group

HP(C°) = ZP(C°)/BP(C‘)'

Example 5.4.

(1) Let K be a simplicial complex and Co = Co(K) is a chain complex.
(2) Augmented chain complex of K. Define

C’.(K) _ {gP(K) zi:i
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Also 0y is the same as for Co(K) when p # 0, —1. For p = —1 we define 01 : C_1 — C_3 to be
the zero map and dy : Co — C_1 by [a] — 1 for all [a] € Cy. This is also a chain complex, since

alao[ab] = ao(b— U,) = 0.

This allows us to define the p -th reduced homology groups, .ﬁfp(K) = Hp(é'.) of K. Note
that Hp(K) = Hp(K) for all p # 0.

Definition 5.5. A cochain complex of abelian groups is a sequence
ot o Lot
of abelian groups C?, p € Z and group homomorphisms OF such that OF o 0P~ = 0 for all p.

Definition 5.6. Let C* be a cochain complex. The group of p -cocycles is ZP(C*) :=ker(d?) C C? and
the group of p -coboundaries is BP(C*®) := im(dP™') C CP. Since &P 0 ™' = 0 so BP(C*) C ZP(C*)
so we can define the p -th cohomology group

HY(CY) = ZP(C*)/BY(C").
Example 5.7. The obstruction to some curl free vector field F' being conservative is in the first de Rham
cohomology group

ker(curl)

Hpr(X) = im(grad)”

Definition 5.8. Let Co and C, are two chain complexes. A chain map or morphism of chain complezes
is a sequence of maps { fp}pez where f, € Homz(Cyp, C}) for each p and that the diagram

Op+1 Op
— 1 — Cp — p—1 —
l«fp+1 J/fp l«fp—l
a! a!
! p+1 C/ P C/
- p+1 - p p—1 T

commutes. This is denoted
fo:Co — C.
5.1. Functoriality.

Proposition 5.9. Let fo : Co — C. be a chain map. Then

(1) we have inclusions fp(Zp(Cs)) C Zp(C4) and fp(Bp(Cs)) C By(C,), and
(2) fe induces a map on homology,

Jo = Hp(fo) : Hy(Co) — HP(O:)
[p] +—  [fo¥]
(3) id. =id

(4) Given another chain map ge : Co — CV, then the collection {gp o fp} is a chain map
Je fo : C: — C:l

and the following diagram

Hy(C) SEEk H,(CY)
H,(CY)

commutes.

Proof. Let v € Z,(Cs) then

so f(v) € Z,(Cy). Also
F(Bp(Ca)) = [fOCp1 = 9 fCps1 C By(C").
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6. HOMOTOPY AND HOMOLOGY OF CONES AND SPHERS

Definition 6.1. Let fo and ge be two chain maps Co — C,, a chain homotopy between fo and ge is a
collection of degree 1 morphisms s, : Cp — Cjpyq satisfying

fo—9 = 81,?-&-1311 + $p—10p.
In this case we say that fe and ge are chain homotopic.

Proposition 6.2. Chain homotopic maps fe,ge : Ce — C. induce the same map in homology. In
particular, if fo is homotopic to the identity, then fo is a quasi-isomorphism!'. Also, if the identity is
homotopic to zero, then Ce is an ezact®> complex.

Proof. Let {sp} be the chain homotopy between fo and ge, then

L) =[]
= [Op1597 + 5p—18p.7 + 97]
since 7 is a cycle = [0,118p7 + g7]
since 8, 115,7 is a boundary = [gv]
hence fi = g-. a
6.1. Cones. Let K be a simplicial complex in RY. Let w € RY such that if ao, ..., ap is a simplex in K,
then w,ao, ..., ap is geometrically independent. Such a w exists for sufficiently large N.

Definition 6.3. The cone w x K is the simplicial complex consisting of all simplexes of K and simplezes
of the form wo for any simplex o in K.
Proposition 6.4. With notation as above,

(1) Hy(wxK)=0

(2) Hy(w* K)=0 forp>0 and Ho(w* K) = Z.

Proof. Since w * K is connected, Ho(w * K) = Z by proposition 4.2. Also by example 5.4, 2, H,(w * K) =
Hy(w x K) if p # 0 so it suffcies to prove part 1. By proposition 6.2, it suffices to show id and 0 are chain
homotopic. Define a chain homotopy by
sp:Ch(wxK) —  Cpp1(wx* K)
o — |wo]
wo +—— 0

where o is an oriented simplex in K. Note that dlwo] = o — [wdo], then

(sO + 0s)o [wdo| + Jwo]
= [wdo]+ o — [wdo]
= o
(s0+ 0s)[wo] = so— s[wdo]
= [wo]
hence sO + 0s = id giving proof of part 1. O

Theorem 6.5. Let o be an n-simplez.
(1) Let K, be the simplicial complex consisting of all faces of o. Then I:Ip(Ka) =0.
(2) Let "' = K&V then

n—1y _ Z p=0orn—1
Hy(x"7) = { 0 otherwise

Proof. The proof of part 1 is an exercise using induction on n and proposition 6.4. For part 2, Ho(X"™') = Z
since |="7!| has one connected component. Consider a chain map

0 . nil(znfl) _ niz(znfl) N
l I I
Zo = Ch(K,) — n1(Ks) — n—2(Ks) —
We see that H,(X" ') = 0 for p # n —1,0. It remains to check p =n — 1,
Hy (2" = Zoa(2"Y) = Zna(Ks) = Bui1(K,) = Zdo

1Hp(f.) is an isomorphism for all p.
2All cohomology vanish.
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7. RELATIVE HOMOLOGY

Let K be a simplicial complex and L be a subcomplex of K. Note that Cp(L) is a subgroup of Cp(K).
This gives an example of a subchain complex.

Definition 7.1. Let (C,, 0) be a chain complex. A subchain complex D, is a family of subgroups Dy C Cp
for all p € Z such that 3(Dp) C Dp—1. Note that D is naturally a chain complex and we have a chain map
Dy — C,.. We get an obvious induced quotient chain complex, Co/D., and a chain map Coe —> Co/Da.

Let L be a subcomplex of K. The group of relative p -chains of K modulo L is defined as
Cp(K,L) = Cp(K)/Cp(L)
and the relative p -th homology is
Hp(K,L) = Hp(Ce(K)/Co(L))

What is the topological significance of this? Let X be the quotient space of |K| where we identify all points
of |L| together. It turns out that usually H, (K, L) is the “reduced homology of X.”

Example 7.2. Let K =all faces of an n-simplex o, L = K<"_1), so |L| is homeomorphic to S™7 !, and
X = n-sphere.
Col) : 0 — 0 — Cpa(ZYH) — Cho@"H) —
l I I
CK)y : 0 — Zo — h-1(Ks) — Choo(Ks) —
! !
Coe(K,L) : 0 — Z — 0 — 0 —
So
. Z p=mn
Hy(K, L) = { 0 otherwise

Exercise: this is the reduced homology of the n-sphere X.
7.1. The excision theorem.

Theorem 7.3. Let K be a simplicial complex; L, Ko are subcomplezes of K such that U := |K| — |Ko| is
contained in |L|; and Lo be the subcomplex L N Ko. Then

HP(KaL) = HP(K()?LO)'

Proof. Every simplex in K is a simplex in Ko or L (or both), so Cp(K) = Cp(Ko) + Cp(L), then
CP(KO) +CP(L) ~ CP(KO) ~ CP(KO)

Cp(K,L) = ~ ~ = Cp(Ko, L
P 1) ColD) CoKo) NCo(L) = CylLo) — o ko)
so the relative chain groups are the same and moreover the boundary operators coincide, hence we have
the stated isomorphism. O

8. SIMPLICIAL MAPS AND HOMOLOGY

Definition 8.1. Let f : K — L be a simplicial map. The induced chain map is the chain map defined
by

fa:Cu(K) — Co(L)
[f(ao),..., flap)] if f(ao),--., f(ap) are distinct
[a07 7ap] L 0

otherwise

There is also an induced map

is the identity.
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We check that fy commutes with 0:

P
fed(lao, .- ap)) = fed (=D)'lac,..., @, ... ap]
i=0
p . —_—
= 30 [f@o),. . Fla), .. fay)]
1=0
= Of#(lao, ..., ap])
Exercise: check degenerate cases.
8.1. Functoriality.
Proposition 8.2. Let f: K — L be a simplicial map. Then
(1) f induces a group morphism
foi=Hp(fg)  Hp(K) — Hp(K)

and similarly for reduced homology.
(2) The identity map K — K induces the identity in homology.
(3) Given another simplicial map g : L — M, the following diagram commutes

(9f)« = Hp(K) —  Hp(M)

fx \/g*
Hp (L)

Proof. Follows from previous result, functoriality of chain maps (proposition 5.9), and the fact that idyx = id

and (9f)% = g#f%- ]

Example 8.3. Recall the diagram in example 4.4. Let 7 = [zoz122] be a 3-simplex consider the following
maps from 7 to T

€Y)

LT — T
Zo — a
X1 — f
i) — 7

and

P S
g +—— b
1 +— f
Ty 4

and the projection from T to /() where ¢ = [ade]. Let a = [ab] + [bc] + [ca] + Bi(T), B = [ad] + [de] +
[ea] + B1(T) be the generators of Hi(T), then the homology maps are

Z % ZaoZp T Z
1 — p(or —pB)
B — 1
« — 0

Definition 8.4. Two simplicial maps f,g: K — L are contiguous if for every simplex ao, . .
flao), ..., f(ap),g(ao),...,g(ap) span a simplex of L.

Example 8.5. In the above example, ¢ and ¢ are continguous.

ap € K,

Definition 8.6.

(1) A chain complex Co is acyclic if all its homology vanishes. A simplicial compler K is acyclic if
Co(K) is.

(2) Let L be another simplicial complex. An acyclic carrier ® from K to L is a family {®(0)}oeck
of subcomplexes of L such that
(a) (o) is nonempty acyclic.
(b) If T is a face of o then ®(7) is a subcomplex of ®(c).

(8) A homomorphism f : Cp(K) — Cp(K) is carried by ® if for every simplex o € K, f(o) is
carried by ®(o).

Example 8.7. Any cone w * K is acyclic.



10 HOMOLOGY AND HOMOLOGICAL ALGEBRA, D. CHAN

Proposition 8.8. Let f,g : K — L be continguous simplicial maps. Then there is a chain homotopy
between fu and gg : Co(K) — Co(L). Similarly, for f4 and gx : Ce(K) — Co(L).

Proof. We can consider the acyclic carrier I' from K to L defined by

®([ao, .-, ap]) = flao)... f(ap)g(ao)...g(ap)

that is, all faces of this simplex in L. Note that fx and g4 are carried by ®. This proposition follows from
the following acyclic carrier theorem. O

Theorem 8.9. Let & be an acyclic carrier from K to L. Let f,§: C (K) — C. (L) be chain maps carried

by ®, such that f 1 = G_1. Let f,g : Co(K) — Co(L), be the restriction of f and §. Then there is a

chain homotopy s, carried by ®, between f and § (and also between f and g).

Proof. We do the f,§ case first. We construct the homotopy s, : Cp(K) — Cpi1(L) inductively on p.
For the case p = —1: we have the following diagram

degree 0 -1 —2
— CK) L%z — o0
! 1

— o)y &% z — o0

since s_z = 0, homotopy means f — j = s8+ s, f—1 — §—1 = 0 implies s_1 = 0 will do. For p > 0, we need

JZ([GO —ap]) = g(lao---ap]) = Oprisp([ao-..ap]) + sp-10p([ac- - . ap])
so it suffices to solve for sp([ao ... ap]) = z a chain in ®([ao . . . ap)):
(3) 9z = —sp10([ao . ..ap)) + f([ao .. .ap]) — §([ao . . .ap)).

Now f,§ and s,_; are carried by ® and ®([ao . .. ayp]) is acyclic. It suffices to show that the r.h.s. of (3) is
acyclic. By induction,
Osp—10([ao . . . ap)) (504 f—§)d(lao . . . ap))
(f = 9)0([ao . .. ap])
= 0f([ao- .- ap]) = 95([ao - . - ap))

0 & of the r.h.s. of (3) is zero, and we can solve (3) to get case f,§. To get the case f,g note that as
s_1 = 0, we can just restrict s in f, g case. O

9. CATEGORIES

Definition 9.1. A category C consists of the data

(1) A class of objects Ob(C).

(2) (Disjoint) sets of morphisms Home(X,Y) for any X,Y € Ob(C),
satisfying
a) For any X,Y,Z € Ob(C), the composition map

Home(X,Y) x Home(Y,Z) — Home(X, Z)
(f,9) — gof
18 associative.

b) For each X € Ob(C) there is a morphism idx € Home (X, X) such that idx og = g, foidx = f when
defined.

Example 9.2.

(1) The category Get consists of Ob(Get) =class of sets, Homeg.((X,Y’) =set of functions from X to
Y, with composition being the usual function composition.

(2) The category &tp consists of Ob(Btp) =class of groups, Home., (X,Y) =group morphisms.

(3) The category Top consists of Ob(Top) =class of topological spaces, Homsz,, (X,Y) =continuous
maps.

(4) (Nonstandard notation to follow.) The category Gimp& consists of Ob(Simp&) =class of simplicial
complexes, Homgimps (X, Y’) =simplicial maps.

(5) The category €h consists of Ob(€h) =class of chain complexes, Homey (Co, Cy) =chain maps.

(6) The category K consists of Ob(K) =class of chain complexes, Hom g (Ce, Cy) = Homep (Co, Co)/ ~
where f ~ g whenever f is homotopic to g. This is called the homotopic category.

Definition 9.3. An isomorphism in a category C is a morpihsm f € Home(X,Y') such that there there
is g € Home (Y, X) satisfying go f =idx, fog =idy.
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Example 9.4. In the case C = K, a chain map f : Co — C\ is said to be a chain equivalence if the
homotopy equivalence class [f] containing it is an isomorphism in K. If the chain map g : Cy — Cl,
represents the inverse [g] of [f], then we say that f and g are chain-homotopy inverses. That is f o g and
g o f are homotopic to the identity.

Definition 9.5. A covariant fucntor F : C — C’ is the data consisting of

(1) A function

Ob(C) — Ob(C)
X — F(X)
(2) For any X,Y € Ob(C)
Home(X,Y) — Home (F(X), F(Y))
fo— F{)

satisfying

a) F(idx) = idF(X)
b) Fgo f)=F(g) o F(f).

Example 9.6. The homology H, is a functor from {€h, SimpS, K} to Brp.

Proposition 9.7. Let F' : C — D be a covariant functor and f is an isomorphism in C. Then F(f) is
an isomorphism in D.

Proof. Since F(idx) = idp(x), let g be the left inverse of f then id = F(go f) = F(g) o F((f). The case for
right inverse is the same. |

Example 9.8. Suppose f : Co — C is a chain equivalence, then the above proposition implies H,(f) =
f« is an isomorphism.
9.1. Topological invariance. The aim is to construct functors
H,:%Top — OBrp,
then we can distinguish topological spaces X and Y if we can show Hp(X) # Hp(Y).

10. SUBDIVISION

Definition 10.1. Let K be a simplicial complex. A subdivision K' of K is a simplicial complex such that
(1) every simplez of K' is contained in a simplex of K,
(2) every simplez o in K is a union of simplezes in K'.
Let K'(0) be the subcomplex of K' with |K'(0)| = o.
10.1. Barycentric subdivision. Let 0 = ag...ap be a p-simplex. The barycentre ¢ is the point in o
where all the barycentric coordinates are equal. (generalises midpoint and centroid). Let K be a simplicial

complex. The barycentric subdivision of K is the subdivision sd K with vertices {6 | o a simplex in
K}, and simplexes of the form & ...6, where o1 D 02 D ... D 0, are simplexes in K. Note that

(sdK)(o) = 6GxsdKP™V
where K" =boundar of the simplex o, hence is acyclic. For a simplex o, denote Int(o) =interior of o.

Lemma 10.2. Let K’ be a subdivision of the simplicial complex K. Let g : K’ O KO pe g function
such that if v e K’ © 45 in Int(o) where o € K, then g(v) is a vertex of o. Then g is a simplicial map.

Remark 10.3. Such simplicial maps exist.

Proof. Let 7 =ao...ap, be a p-simplex in K’. Tt is contained in some simplex o of K, hence each a, is in
the interior of some face of o. All g(a,) are some vertices of o, so g is simplicial. O

10.2. Subdivision theorem.

Theorem 10.4. Let K’ be a subdivision of K. Let g : K' — K be a simplicial map satisfying the
hypothesis of lemma 10.2. There is a chain map

A:Co(K) — Co(K")
which is a chain homotopy inverse to gg : Co(K') — Co(K). In particular, Hy(K') ~ Hy(K), with any

g giving the isomorphism via g«. The analogous result holds for augmented chain complexes and reduced
homology.
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Proof. The proof reduces to the case
K' = sd(sd(...(sdK)) = sdV K

We will explain the case K’ = sd K. Define A as in the picture below
[Triangle with barycentric subdivision, 7’s are the small triangles oriented anticlockwise]
A(o) := > 7. Alternatively, we can proceed by induction on dim(o)

Ao) =" [6M00o]
Why is it a chain map?
OA(o) = Ndog —9Ndoc = NI(o)

so A commutes with 0. Need to show X o g4 and g4 o A are chain homotopic to respective identities. It
suffices to use the acyclic carrier theorem on the two acyclic carriers, ® from K to K

®(c) = simplicial complex of o
and ¥ from K’ to K,
U(r) = K'(o)
where o is the smallest dimensional simplex of K’ containing 7. Note that K'(o) is acyclic. O

11. SIMPLICIAL APPROXIMATIONS

Definition 11.1. Let v be a verter of a simplicial complexr K. The star of v, denoted stv, s the union of
VUL ... Up — V1 ...Vp wWhere vuy ...V, are simplezes of K.

Proposition 11.2. We have (st v)® =, ¢ vgo O+ In particular, stv is open.

Proof. Let 0 = ag...ap be a simplex of K with where a; # v for all i. Let vv;...v, be a simiplex of K.
So vv1...vgNaog...ap is a face of vv: ...v, which does not contain v. Hence

(vv1...09—v1...v9)Nag...ap = 0

s0 0 C (stv)”. But U,k pg, 0 Ustv = |K], hence (stv)” =,k ,g, 0 Which is closed. O

Proposition 11.3. Let K, L be simplicial complezes and h : |K| — |L| be a continuous map. Suppose
f:K© — 1O s ¢ function satisfying

(¥): for any v € K h(stv) Cst f(v) (C|L]).
Leto =ag...ap be a simplex of K and x € Into. Pick a simplex 7 of L such that h(z) € Int 7. Then f(a;)

are vertices of T. In particular, f is a simplicial map K — L and we call it a stimplicial approximation
to h.

Proof. Since z € [\stas;, by the condition (x), h(z) € (st f(a:). If f(a:) is not a vertex of 7, then
st f(a;) N7 = 0, but this contradicts h(z) € st f(a;) N 7. Hence f(a;) is a vertex of . |

Note 11.4. Suppose K is a subdivision of L and f : K© — L is a function satisfying the condition
(x) above. Then f is a simplicial approximation to id : |K| — |L|.

Lemma 11.5. Let f,g: K — L be a simplicial approzimation to a continuous map h : |K| — |L|, then

f,g are contiguous, so f. = g« : Hp(K) — Hyp(L).

Proof. Let 0 = ao ...ap, z and 7 as in proposition 11.3. Then f(ao),..., f(ap), g(ao), ..., g(ap) span a face
of 7, so f and g are contiguous. O

Lemma 11.6. Let K,L, M be simplicial complezes and h : |K| — |L|, h' : |L| — |M]| be continuous
maps. Let f : K — L and f' : L — M be simplicial approxmations of h and h'. Then f' o f is a
simplicial approzimation to h' o h.

Proof. Let v € K then h(stv) C st f(v). Therefore h'h(stv) C ' (st f(v)) C st f' f(v). So f'ofisa
simplicial approximation to h’ o h. ]
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11.1. Simplicial approximation theorem.

Theorem 11.7. Let K,L be simplicial complezes and h : |K| — |L| be a continuous function. For
sufficiently large N, there exists a simplicial approzimation f :sd™ K — L to h: |sdN K| = |K| — |L|.

Proof. (Sketch) Note that {stw} ;0 is an open cover of |L|, and we can pull this cover bac to |K| by
h. Claim: for sufficiently large N, given any vertex in sd™X, stv is contained in some hil(st w). Then
define f : (sdV K)(0> — LO py f(v) = w (any w as above), then f is a simplicial approximation of h. As
N — oo, the diameter of the stars tend to zero. Now use Lebesgue number for covers. O

Lemma 11.8. Given a compact metric space X and any cover {Ua}, there is some € > 0 such that for
any set of diameter < € it is contained in one of the Uy ’s.

Proof. Suppose X, C X with diam(X,) < 1/n, such that X, is not contained in any U,. Picking =, € X,
we can find a limit point € X of {z,} since X is compact. a

12. TOPOLOGICAL INVARIANCE

Recall that H), is a functor GimpS — &rp. Define a new category Gimp€ with the same objects as GimpS
but with morphisms as continuous maps of polytopes, that is, Homgimpe (K, L) = Homs,, (| K|, |L|).

Theorem 12.1. For each p € Z we have a functor H, : GimpC — Brp.

Proof. Firstly, H, is defined on objects since Ob(Gimp€) = Ob(Simp&S). Next we need to define H, on
morphisms. Let K and L be simplicial complexes and h : |K| — |L| be continuous. We need a group
morphism Hp(h) : Hy(K) — Hp(L). Pick a subdivision K; of K so there is a simplicial approximation
f:Ki — Lfor h:|Ki| — |K|; and g : K; — K for id : |K;| — |K]|. Recall that g. = Hp(g) is an
isomorphism. Define H,(h) to be the composition

Hy(K) %5 Hy (K1) -2 H, (L).

For fixed K1, Hp(h) is independent of the choice of simplicial approximations f (and g), since any two
such choices are contiguous by lemma 11.5. Next we need to show Hj(h) is independent of the choice of
subdivision K;. Suppose K is a subdivision of K and simplicial approximations f’ : Ki — L for h; and
g : Ki — K for the identity. Let K2 be a subdivision of K; such that we have simplicial approximations
g5 Ko — K{ for id : |K2| — |K1| and g2 : K2 — K for id : |[K2| — | K],

K
92 / gl \f
K> K L
95 Nog Sy
K1

Note that fgs and f'g5 are simplicial approximations to h oid = h, by lemma 11.5 they are contiguous.
Similarly ggs and g¢’g5 are also contiguous. Using these contiguities, we have

flgt ™' = (flgh)(ga. gt ™)
= fe92495.9% "
= fugi!

so the map is independent on choice of K;.
Now since id : K — K is already a simplicial map, we have H,(id) = id. Finally we have to check that

Hy(hoh') = Hy(h) o Hy(h'). Let |K| LN |L| -~ | M| and consider the simplicial approximations

K oL owm
g’l gl
K L

where f approximates h; f’ approximates h'; g and g’ approximate the identity. So ff’ approximates hh’;
gf' approximates h'.

Hy(h)o Hy(h') = fug:'gufigi ™" = fufigi™" = Hy(hol')
This completes the proof of the theorem. O

Corollary 12.2. Let K — L be simplicial complezes and h : |K| — |L| is a homeomorphism. Then
Hy(h) is an isomorphism.

Proof. Since h is an isomorphism in Gimp€ and functors take isomorphisms to isomorphisms so by theorem
12.1 H,(h) is an isomorphism. O
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12.1. Functoriality. Let TtTop be the category of topological spaces which have a triangulation, with
morphisms as continuous maps.

Theorem 12.3. For each p € Z there is a functor H, : TtTop — Gtp.

Proof. (Sketch.) Let X € Ob(%tTop). Consider all triangulations hq : |[Ko| — X. By corollary 12.2, all
H,(K,) are isomorphic, essentially, H,(X)“="Hp,(K,) for any a. Technically

JH,(Ka
Hy(x) = U]
, hgr oh gt )
where for 8,0', Hy,(Kg) "~ — " H,y(Kg). Each H,(K.) induces the same group structure on H,(X),
similarly define H, on morphisms. |

13. HOMOTOPY INVARIANCE
Endow I = [0, 1] with the Euclidean topology.

Definition 13.1. Let X,Y be topological spaces. Two continuous maps f,g : X — Y are homotopic,
denoted f ~ g, if there is a continuous map, called a homotopy, h : X x I — Y such that h(z,0) = f(z),
h(z,1) = g(x) for allz € X.

In this case define h; := h(—,t) : X — Y, giving a continuous family of continuous maps {h:}+cr which
exhibits a continuous deformation of ho = f to h1 = g.

Example 13.2. Let X = R™ — {0}, f = idx, g : X — X given by z —— z/||z||. These maps are
homotopic, since we have a homotopy
h:XxI — X
T
(z,t) +— m(\ll‘ll(l —t)+1).

Lemma 13.3.

(1) The relation ~ is an equivalence relation.
(2) If f ~ g then pf ~ pg, fq =~ gq whenever p and q are continuous maps such that both sides are
defined.

Proof. Only do some checks. Let h be a homotopy between f and g such that h(—,0) = f and h(—,1) = g.
Then h'(—,t) := h(—,1—1t) is a homotopy from g to f, so ~ is symmetric. Let p: Y — Z be a continuous
map, then
poh: XxI — Z
(z,t) +— ph(z,1)

is a homotopy between pf and pg. O

Definition 13.4. There is a well defined homotopy category (of topological spaces) H, with Ob(H) =
Ob(%op) and Homp (X,Y) = Homzo, (X,Y)/ ~ If f: X — Y, g: Y — Z are continuous and [f], [g]
denote their homotopy equivalence classes, then the above lemma allows us to define [g] o [f] :=[g o f].

Definition 13.5. Let f : X — Y be a continuous map. It is a homotopy equivalence if [f] is an
isomorphism in H. A continuous map g:Y — X is a homotopy inverse if [g] = [f] .

Example 13.6. The maps f: R" — {0} — S™~ ! given by x +— x/||z|| and ¢ : S"~" — R™ — {0} given
by inclusion are homotopy inverses. f ot =idgn-1, to f ~ idgrn_go} by example 13.2.

Theorem 13.7.

(1) Let X,Y be topological spaces with triangulations and f,g : X — Y be homotopic continuous
maps. Then they induce the same maps in homology and reduced homology.

(2) Let Tr H be the homotopy category of triangulable topological spaces with ob(Tr H) = Ob(Tr Top),
Hom(Tr H) =homotopy equivalence classes of continuous maps. Then the functor Hy : Tr Top —
Brp induces a functor Hp : Tr H — Btp and similarly for ftlp.

Proof. (Sketch.) It is clear that 1=-2. Suppose X = |K| and Y = |L| and K x I — L, |K| x I — |L|,
io and ¢; are simplicial approximations to h. It suffices to show 49, » and i;,» are chain homotopic using
acyclic carrier theorem. O

Theorem 13.8. The topological spaces R™ and R™ are not homeomorphic unless n = m.
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Proof. Suppose f: R® — R™ is a homeomorphism, which restricts to a homeomorphism R" — {0} —
R™ — {0}, so these are homotopy equivalent. But R™ — {0} is homotopy equivalent to S™~'. Being
isomorphic in a category is an equivalence relation so S"~* and S™ ! are homotopy equivalent, hence has
isomorphic homology. However, the homology of S™"~! is concentrated in degrees n — 1 and 0, so R™ and
R™ cannot be homeomorphic unless n = m. O

14. EXACTNESS AND FRACTIONS

Let C be a module category, for example C = 2b, k -Mod, R -Mod.

0; . . .
Definition 14.1. A sequence ... — Ciy1 —+C; — Cii1 — ... in C is exact at C; if ker(d;) =

im(0i41). It is exact if it is exact at every C;.

Since exact sequences are essentially acyclic complex, we can talk about morphisms of exact sequences.
Special cases: 0 — A’ —— A is exact means i is injective, A — A” — 0 means 7 is surjective, 0 —
AL B — 0 means f is an isomorphism, and a short exact sequence is an exact sequence of the
form 0 — A’ Lo A 2,47 0. By the first isomorphism this means f is injective and g induces an
isomorphism ~ B/f(A).

Definition 14.2. Let C and D be module categories. A functor F' : C — D is exact for every exact
sequence A — B — C in C, the sequence F(A) — F(B) — F(C) is exact in D.

14.1. Fractions. Let A be an abelian group. Let Ag =set of equivalence classes of pairs a/n where a € A
and n € Z — {0} and a/n ~ a’/n’ iff mn'a = mna’ for some m € Z — {0}. This is an equivalence relation.
Note that a/n ~ pa/pn for p € Z — {0} so we can find a common denominator for any two fractions.

Proposition 14.3. Ag is a Q-vector space with addition defined by a/n + a'/n' = %, and scalar
multiplication defined (p/q)(a/n) = pa/qn for p/q € Q.
Proof. Omitted. Note that a/n +a’/n =n(a +ad')/n* ~ (a+a')/n. O

Example 14.4. The map (Z")g — Q" given by (ai,...,a,)/n — (a1/n,...,ar/n) is an isomorphism.
Exercise: show that ¢ is linear.

Example 14.5. Let A =finite abelian group, then Ag = 0. Let a/n € Ag, and m be the order of A, then
ma = 0, hence a/n ~ 0/1.
Example 14.6. Show that (Z" x A)g = Q" if A is finite abelian.

Proposition 14.7. Let A and B be a group morphism.

(1) Then there is a well defined Q-linear map fo : Ag — Bg given by a/n — f(a)/n.
(2) (=)o :2qb — Q -Mod is a functor.

15. EXACT FUNCTORS AND TRACE

Lemma 15.1. Let F : C — D be a functor between module categories such that F(0) = 0. Then F
induces a functor C(C) — C(D).

Proof. Let (Ce,0) be a complex in C, then F(9)? = F(d*) = F(0) = 0 since the zero morphism factors
through the 0 object, A — 0 — B. a
Theorem 15.2. The functor — @z Q = (—)g : Ab — Q -Mod is ezact.

Proof. Let A’ %5 A %5 A” be exact in UAb. Since (0)g = 0 (A)g — (A)g — (A")g is a complex.
Suppose b/n € ker(gg), that is, mg(b) = g(mb) = 0 for some m € Z — {0}. So mb € ker(g), and by
exactness x = f~1(mb) exists. Now fo(x/m) = f(x)/nm = b/n so (—)g is exact. a

15.1. Exactness preserves homology.

Proposition 15.3. Let F': C — D be an exact functor.

(1) F(0) =0, so F' takes complezes to complezes.

(2) Let Co be a complex in C, then F(Hi(C4)) ~ Hi(F(C,)) for all k.
Proof. Apply F to the zero sequence 0 — 0 — 0 and use exactness.

Let Co —1 €y —% C exact in C, then by exactness of F, ker(F(g)) ~ F(ker(g)) and im(F(f)) ~ F(im(f)).
Applying F to 0 — im(f) — ker(g) — H1(Cs) — 0 so by exactness

o Flker(g)) _ ker(F(g)) _
F(H(C,)) =~ Fam(f) = m(F() = H,(F(C,)).
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15.2. Trace. Let k be a field and V = k", let ¢ : V — V be a linear map. Pick an ordered basis B for
V' and suppose A is an n X n-matrix representing ¢ w.r.t. B.

Proposition 15.4. The trace of ¢ is tr(p; V) := tr(A). This is independent of the choice of B.

Proof. Exercise. g

15.3. Additivity of trace.

Proposition 15.5. Let 0 — V' VSV — 0 be an ezact sequence of k-vector spaces, and let ¢ be
an endomorphism of the above sequence. Then tr(p) = tr(y’) + tr(¢"”).

Proof. The sequence is split, that is V ~ V' @ V", so pick bases B’ and B” for V' and V". This gives a
basis for V' under the splitting isomorphism, and respect to this basis,

! %
$ = (% SD//)

hence the result. O

16. HOPF TRACE FORMULA AND LEFSCHETZ FIXED POINT THEOREM

Let X € TtTop and ¢ : X — X be a continuous map. The Lefschetz number of ¢ is defined as

Ap) = D (=D tr((ps)o, Hp(X)a)

PEZL

Setting ¢ = idx gives the Euler characteristic of X

X(X) = Aldx) = D (=1)"hy(X)

pPEL

where hy(X) = dimg(Hp(X) ®z Q) = p-th Betti number. Note that A(p), hence x(X), depends only on
the homotopy class of .

Theorem 16.1. Let Co be a complex of vector spaces over a field k and pe : Co — Co be a morphism of
complexes. Then

D (VP t(Hy(p), Hp(Co)) = D (=1)" tr(0p, Cy)

pEL PEL
Proof. Consider exact sequences
0 — Bp(Ce) — Zp(Co) — Hp(Cs) — 0

and
0 — Zp(Ca) — Cp(Ca) =5 By 1(Ca) — 0.
Dropping the C,, we have

DD (e Zy) = Y (1) te(e, By) + ) (-1 Hy(p), Hp)

PEZ PEZ PEZL
S0P (e, Cp) = D> (=DP (e, Zp) + > (—1)F tr(ep, Bp-1)
PEZL pEZL pEL
This gives the formula. O

Corollary 16.2. Let K be a simplicial complex, then

x(|K]) = Z(—l)knumber of k-simplexes
kEZ
depends only on the homotopy class of K.

Proof. Apply the Hopf trace formula to Ce (K )g and note that Hy,(Ce(K)g = Hp(Ce)g since (—)g is exact
so preserves homology. O
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16.1. Lefschetz fixed point theroem.
Theorem 16.3. Let X € TtTop and ¢ : X — X be continuous. If A(p) # 0, then ¢ has a fized point.

Proof. (Sketch.) Consider a triangulation |K| — X of X. Let f : sdV¥ K — K be a simplicial approxi-
mation for ¢ and a simplicial approximation to idx, g : sd¥ — K. Let As : Co(K) — Co(sd” K) be the
chain homotopy inverse to gx constructed in theorem 10.4. Assume there is no fixed point, then by the
Hopf trace formula it suffices to show that the alternating sum of tr(yp, Cp(K)qg) is zero, where

¢p : Cp(K)q - Cp(K)
Ap \/f#
Cp(sdV K)
Unproved fact: For K sufficiently subdivided, we have: for any oriented p-simplex o in K, the coefficient
of o in fy o A\p(0) is zero.
We will compute tr(¢p, Cp(K)g. Pick the usual basis for Cp(K)g consisting of approprately oriented p-

simplexes {[o]}. Let A, represent ¢, with respect to this bases. The unproved fact tells us that the
diagonal entries of A, is zero, hence tr(A,) = 0. |

Corollary 16.4. Let X be a triangulable space such that X is connected and H,(X) =0 forp >0, e.g. X
is homotopy equivalent to a ball or cone. Let ¢ : X — X be a continuous map, then ¢ has a fized point.

Proof. Simply note that A(p) = tr(wo, Ho(X)) = 1 since X is connected, hence the result follows by the
Lefschetz fixed point theorem. |

17. LONG EXACT SEQUENCE IN HOMOLOGY
Let C be a module category.

Definition 17.1. A short exact sequence of (chain) complexes in C is a sequence of chain maps

feo

0—cC,I>c, 250l —o

such that for each p, 0 — C|, I, Cy LN C, — 0 is a short ezact sequence in C.
Example 17.2. Let K be a simplicial complex and L a subcomplex, we get a short exact sequene of
complexes,

0 — Co(L) —> Cu(K) — Co(K, L) = Co(K)/CW(L).

Theorem 17.3. Consider a short ezact sequence of chain complezes 0 — C|, ELR Coe 250! — 0 C,
then there exists a long exact sequence

 — HY(CY) — HF (C)) 25 HYN (L) — .
in homology, where A, is a morphism in C called the connecting homomorphism.

Proof. Denote H,, for Hy(C4) and Z,_y = Z,_1(C.) etc. First we define the connecting homomorphism
Ap. Let 0 € Z,, then choose 7 € g, '(0), and consider 7' := f,',(07) € Cp_;. In fact, 7’ € Z,_; since
o' = 0 iff f,_207" =0 and fp—207" = fp—17 = 8’7 = 0, so we can define A,([o]) = [07'] € H,_,. We
check this definition does not depend on the choice of o and .

Suppose ¢’ € Z, such that o — o’ € By, so let p” € C}; such that 9p"” = o —o'. Let p € gp_jl (p""), then
7 changes by 9p”, so [07] does not change. Let 7" be another element in g, ' (o), then 7 — 7" € ker(g,) =
im(fp), so let w € f, '(r — 1) and [07'] changes by a boundary, namely dw. Hence A, is independent of
choices made.

Exercise: check that A, is a morphism in C.

Note that H, is functorial, so ker(Hp(ge)) 2 im(Hy(fs)).

Exercise: check exactness. m|

18. THE MAYER-VIETORIS SEQUENCE

Definition 18.1. Let C be a module category and Co,Cy € C(C). The category C(C) admits direct sums,
given by

(Co® Ci)p = o 01/7
with boundary maps given by 8, = (8,0’). Moreover H,(Ce ® C,) = Hyp(Co) ® Hp(CY).
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Theorem 18.2. Let K be a simplicial complex and K1, K2 be subcomplexes. Denote Ko = K1 N Ka; this
is a subcomplex. If K = K1 U K>, then there is a long exact sequence in homology,

- — Hy(Ko) — Hp(K1) © Hp(K2) — Hp(K) — Hp—1(Ko) —

This is known as the Mayer- Vietoris sequence. There exists a similar sequence in reduced homology if
Ko is nonempty.

Proof. It suffices to construct a short exact sequence

0 — Cu(Ko) 2% Cu (K1) @ Co(K2) 225 Co(K) — 0
and we obtain the Mayer-Vietoris sequence by the long exact sequence in homology. We have inclusion
maps
Ce(K1)
/N
Ce(Ko) — Co(K)
NS
Co(K2)
Define maps
Co(Ko) — Co(K1) @ Co(K2)
c — (¢,—¢)
Co(K1) @ Ce(K2) — Co(K)
) — (e,e2)
) =

ge = (C1,C2

Firstly f, is a homomorphism, since f,(c + ¢ (c+c,—c—=d) = fple) + fo(c'); secondly f and 9
commute df(c) = d(c,—c) = (O¢, —0c) = fO(c), so fe is a chain map. Similarly, ge is also a chain map.
Clearly g, o f, = 0 for all p, f, is injective for all p, and g, is surjective since K = K; U K». Finally, let
(c,c") € ker(gp), then ¢+ ¢ =0s0 f(c) = (¢, ). O

Example 18.3. The Mayer-Vietoris sequence can often be used to compute H,(S' x X)g from H,(X)g.
To illustrate this, we will compute He(T?).

We can consider T? as a union of two cylinders, K; and K3 whose intersection Ky consists of two disjoint
circles, K and K{. Let 7/,4" be a basis for C1(Ko), and v',v"” be a basis for Co(Kp). In homology

H() (Ko) = Z'Ul (&%) Z'U”

Ho(Ko) = Z’}// @Z’y”.

Now the cylinder is homotopic to the circle, hence Z~"” ~ H;(K;) homotopy H,(Ko,1) ~ Z~'. In fact, 4" and

~" correspond naturally, so Hi(K1) ~ Zvy1 where 1 corresponds to 4’ or v”. Similarly Hi(K2) = Zve
where 2 corresponds to 7" or v”/. Now (—)g is exact, and the cohomology K1, K> vanishes in degree 2, so
we have

Fiox . A foox
0 — Ha(T%)q — Hi(Ko)g —2(H1(K1) ® H1(K2))g 5 H1(T?)g =% Ho(Ko)g = Ho(K1) & Ho(K2)

where the maps are as follows
fra(my' +n7") — ((m+n)n, —(m +n)y2)
for(mv +nv") —  (m+n,—(m+n))
Firstly Ha(T?)g = ker(f1,.) = span(y’ — ") ~ Q. To find H:(T?)g:

rank(A;) = dim(im(A1))
= dim(ker(fo,+))
nullity(A1) = rank(g1,«)

= dim(Qy: © Qy2) — nullity(g1,.)
= 2—rank(f1+) = 1

The rank-nullity theorem gives H1(T?)g = 1+ 1 = 2, which agrees with the previous calculuation of the
first Betti number.

Lemma 18.4. Let I = [0,1] and K be a simplicial complex. Then there is a simplicial compler K x I
whose polytope |K| x I, and such that |K| x 0 and |K| x 1 are triangulated as in K.
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19. REVISION OF MODULES
Let R be a ring (in this course, R will be associative with identity).

Definition 19.1. A (left) R -module M is an abelian group equipped with a multiplication map u :
Rx M — M (given by (r,m) — p(r,m) =: rm) such that for all v, € R and m,m’ € M:

(1) 1-m=m

(2) (rr'"ym =r(r'm)

(8) (r+r"Yym=rm+r'm

(4) r(m+m') =rm+rm’
Example 19.2. R =7Z. A Z-module is essentially just an abelian group, because in abelian groups there
is a unique way to take scalar multiples by integers.

Proposition 19.3. Let M, N be R-modules. An R -module homomorphism ¢ : M — N is a group
homomorphism satisfying ¢(rm) = r¢(m) for all € R, m € M. Let R-Mod denote the category of
R-modules (with R-module homomorphisms).

Example 19.4. Z-Mod ‘=’ b, the category of abelian groups.
Example 19.5. M = R is a left R-module with u being ring multiplication.

Proposition 19.6. Let M € R-Mod.

(1) A submodule N of M is a subgroup with rn € N for allr € R. A submodule is an R-module and
we write N < M.

(2) Let N be a submodule of M, then M /N has a natural R-module structure r(m + N) := rm + N
with the quotient map m — m+ N (M — M/N) an R-module homomorphism.

(3) Let ¢ : M — N be an R-module homomorphism. Then ker(¢) is a submodule of M and im(¢) is
a submodule of N.

Complexes in R-Mod can be defined, since there’s a 0 R-module, and for any two R-modules M, N there
is a 0 R-module homomorphism M — N (taking m — 0). By Proposition-Definition 2 above, exactness
can be defined, and homology of a complex in R-Mod is an R-module.
Example 19.7. Let x € R and let
Ce:0—R-5R—0
be a complex of R-modules. The homology is concentrated in degrees 0 and 1
B R/Rzx ifi=0
Hi(C.) = { anng(z) ifi=1
where anng(z) = {r | ro = 0}.

19.1. Isomorphism Theorems.

Theorem 19.8. Let ¢ : M — N be an R-module homomorphism. If M' < ker(¢) then ¢ : M/M' —
N (taking m + M’ — ¢(m)) is a well-defined R-module homomorphism. Setting M' = ker(¢) gives
M/ ker(¢) ~ im(¢).

Theorem 19.9. Given R-modules M" < M' < M we have M'/M" < M/M" and MM M/M'.

MM —
Theorem 19.10. For R-modules H, N < M we have (H+ N)/N ~ H/(HNN).

19.2. Direct Sums. Let {M;},cr be a set of R-modules indexed by I. There is an R-module @iel M;
whose elements are formal finite sums ), _; m; where m; € M; for all i € I and only finitely many of the m;
are non-zero. Define addition by > m; + > m} := > (m; + m}) and multiplication by r > m; := > (rm,).

Note 19.11. For any j € I, then M; is a submodule of @, ; M;.

19.3. Universal Property. Let M € R-Mod and {M;} be as above. Given an R-module homomorphism
¢i : M; — M for each i € I then ¢ : @,..; M; — M defined by Zie] m; — Y ¢i(m;) is a well-defined
R-module homomorphism.

iel

19.4. Free Modules. A free R-module is an R-module which is isomorphic to a direct sum of copies of
R. Suppose M is free and M ~ @, ; R; where each R; is a copy of R.
Let e; € @,c; Ri where e; is the image of 1 under the natural inclusion into the j-th component,

R-L @,c; Ri- The subset {e;};er of M is called a basis for M.

Remark 19.12. If R is a field, any R-module (vector space) is free (and has a basis).
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20. HOMOLOGY WITH COEFFICIENTS

Let R be a commutative ring and K a simplicial complex with an ordering < on the vertices of K. The
complex Co (K; R) has p-th graded piece defined as the free R-module generated by the oriented p-simplexes
[ao, - .., ap] with orientation induced by <. When R = Z, we obtain C)(K).

The universal property of free modules implies that

P

Op([ao, ... ap]) =D [ao,...,@,...,ap] € Cp1(K; R)

i=0
defines an R-module homomorphism 8, : Cp(K; R) — Cp_1(K; R). Also 8,0p—1 = 0 so Ce(K; R) with

differentials 0, is a complex of R-modules.

Definition 20.1. The p-th homology of K with coefficients in R is Hp(K; R) := Hp(Co(K;R)). The
p-cycles and p-boundaries are similarly defined.

Example 20.2. (Homology with coefficients in Q.) Applying the functor (—)g to 9p : Cp(K) — Cp_1(K)
we get a map Op,q : Cp(K;Q) — Cp(K;Q) via the identification Cp(K;Q) = Cp(K)g. So the complexes
Co(K;Q) and Cp(K)g are the same.

Corollary 20.3. We have an isomorphism in homology Hy,(K;Q) ~ Hy,(K)g ~ Q' , where b, is the p-th
Betti number.

Proof. Since (—)g is exact, it preserves homology, so
Hy(K;Q) = Hy(Co(K;Q))
= Hy(C, (K)Q)
= H,(Cu(K))e.

Another way to see this is that H,(K) ~ Zb» @ Tors, tensoring by Q kills the torsion, so we get the above
isomorphism in homology. O

In fact, for any field k of characteristic zero, Hp(K;k) ~ k». To apply a similar idea to understand
H,(K;Z/nZ), we need a new change of scalars functor from Z to Z/nZ.

Definition 20.4. Let a be an ideal of R, define R/a ®r — : R-Mod— R/a-Mod by
R/a@r M = M/aM
for all M € R-Mod, where aM = {> rim; |7 € a,m; € M}, and

R/a®ryp:M/aM — M'/aM'
m+aM —  @(m)+aM’

for all ¢ € Homgr(M, M").

We check that M /aM has a natural structure of an R/a-module. Firstly M/aM is an R-module, and
elements of a act as zero, since for any a € a, a(m+aM) = aM. This allows us to define (r+a)(m+aM) =
rm + aM, and this is independent of choices of coset representation.

By the universal property of quotients, R/a ®r ¢ is a well defined homomorphism of R-modules. Ex-
ercise: since R/a-module structure is induced from the R-module structure, it is in fact an R/a-module
homomorphism.

Proposition 20.5. R/a ®r — is a functor.

Proof. Tt is clear that R/I @ id = id. Let ¢ € Homgr(M', M), and v € Homg (M, M"), denote ¢ =
R/a ®r ¢, we have

(Wop)(m+aM) = (dp)(m)+aM
= ¢Y(p(m)+aM)
= (Po@)(m+aM).
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21. PROPERTIES OF R/a ®pr —

Let R and S be rings and M, N € R-Mod. Let ¢, 9 € Homg (M, N). Define
p+y: M — N
m o o(m)+(m)
This is an R-module homomorphism, since it’s a group homomorphism and for any r € R, m € M,
(p+0)m) = prm)+v(rm)

= r(p(m) + ¥(m))

= r(e+¢)(m).
Proposition 21.1.

(1) With addition defined as above, Homg(M, N) is an abelian group.
(2) If R is commutative then Homgr(M,N) is an R-module with scalar multiplication, (r¢)(m) =
rp(m) where ¢ € Homg(M,N), r € R and m € M.

Proposition 21.2. If R is commutative, then we have the following isomorphism of R-modules
(1) Homg(R, M) — M given by ¢ — (1)
(2) Mx...xM — Homgr(R®...®R, M) (n summands on both sides) given by A := (a1,...,an) —

wa where pa(r1,...,rn) =Y | TiGi.
(8) Homg(R™, R™) — R™*".

Assertion 2 follows from 1 by universal property of direct sums, and 3 follows from 2 when M = R™.

Example 21.3. Let R = Z reacall tat Z-Mod= 2b. We saw a group homomorphism Z" — Z™ are given
by matrix multiplication by some m X n-matrix with entries in Z.

Definition 21.4. Let F' : R-Mod— S-Mod be a functor. We say that F' is additive if the induced map
on Hom sets is a group homomorphism.

Additive functors take complexes to complexes, since 0 = F/(0) = F(9p0p—1) = F(0p)F(0p—1).

Proposition 21.5.
(1) R/a®p — is additive.
(2) Let M; € R-Mod, i € I, then

R/a®@r <@M> ~ PR/a®r M.

Proof. Let F = R/a®gr — and ¢,% € Homg(M, N),
(F(p) + F(¥))(m+aM) = F(e)(m+aM)+ F(¢)(m+ aM)
= ¢(m)+aN +¢(m)+aN
= (p+¢)(m)+aN
— F(p+$)(m+aM)

so F is additive. Note that we have morphisms a; : M; — @, ; Mi, so F(ay) : F(M;) — F (B,c; M).
By the universal property of direct sums, we have a morphism,

Prun) — F(@M)

One can show that the map is (m; + aM;) — (m;) + a(€) M;). This is clearly surjective, and injectivity

follows from a (€D M;) = €D alM;. O
Example 21.6. First note that R/a ®r R = R/a. Let K be a simplicial complex, then
Cp(K;Z/nZ) = @ Z/nZlag, . . ., ap)
[ag,...,ap]
~ EB 7/nZ ®z Zlao, . . . , ap)
[ag,.--s apl
~ Z/nZ ®z Cp(K)

In fact, Co(K;Z/nZ) =~ 7/n7 Q7 Ce(K).

Definition 21.7. A functor F : R-Mod— S-Mod is right exact if it takes any exact sequence of the form
M — M — M" — 0 in R-Mod to an ezxact sequence F(M') — F(M) — F(M") — 0 in S-Mod.

Proposition 21.8. The functor R/a Qg — is right exact.
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Proof. Let M’ —25 M —“5 M” — 0 be an exact sequence in R-Mod. Now (F)(m + aM) = (m) + aM”
so if ¢ is surjective, F'y is also surjective. It remains to check ker(Fv) C im(Fp). Let m+aM € ker(Fv),
so P(m) € aM”. Let ¥(m) = > rymj with r; € a and m; € M". Since v is surjective, m; = 1(m;) for
some m; € M. Therefore ¥(m) = > rip(m;) = ¢ (3 rim;). Exactness at M implies m — > r;m; € im(yp),
so let m — > rim; = p(m’) for some m’ € M’'. Hence n+ aM = p(m’) + aM € im(Fy), hence we have
exactness at F'(M). m|

Example 21.9. Let R = Z consider the exact sequence 0 — Z — Z — Z/mZ — 0. Applying the
functor Z/nZ ®z —, we get

Z/nZ — ZL/nZ — Z/nZ ®z Z/mZ = L/(mZ + nZ) — 0
If n = m, then the first map is the zero map, so it is not injective.
22. FREE RESOLUTIONS

Consider an exact complex Co in R-Mod. We can split Co into short exact sequences as follows: the
following diagram

/

[¢] [e]

is commutative with all rows and diagonals exact. Note that B; = Z;. This gives a series of short exact
sequences

N SN
N R

Cit1

Conversely, given short exact sequences of the form above satisfying B; = Z;, one can “splice” them
together to produce a long exact sequence Cl.

Corollary 22.1. Let F' : R-Mod— S-Mod is exact iff it takes short exact sequences to short exact
sequences.

22.1. Free resolutions.

Definition 22.2. Let M € R-Mod. A free resolution of M is an exact complex Fe — M — 0 such
that each F; is a free R-module. The resolution is finite if every F; is finitely generated.

Example 22.3. Let R =7 and M = (Z/2Z) ¢ (Z/2Z) ® Z has a finite free resolution
7 — 17— M—0

Let M € R-Mod and S be a subset of M. The submodule generated by S is the unique smallest
submodule containing S. It exists and is

RS = {mei\rieR,miGS}.
Theorem 22.4. Any M € R-Mod has a free resolution.

Proof. We have an exact sequence 0 — K — @meM Rm = M — 0. Repeating this, and glueing the
resulting short exact sequences gives a free resolution of M. O
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Theorem 22.5. Consider two complezes in R-Mod, Fo:Fo— M —0and Cy : Co — M' — 0 wih
F, a complex where F; are free and C. is exact. Let ¢ € Homg(M, M’).

(1) There exists a chain map Ge : Fo — Co such that g_1 = ¢.
(2) Given two such Ge, Py : Fo — Cl, the induced chain maps pe, @y : Fo — Co are chain homotopic.
(8) If M = M’ and ¢ = id, then any two free resolutions Fe — M — 0, Co — M — 0 are such

that Fe — 0 and Cys — 0 are chain equivalent.

Lemma 22.6. Let ¢ : FF — M be an R-module morphism from a free module to M, then there exists an
element ¢ € Homg(F, N) such that

F
] / lw
N — M—0
commautes.
Proof. Let {ei}ier be a basis for F. Define ¢ by sending e; to any preimage of ¢(e;). a

Proof. (of theorem ) Define chain map @ by induction on degree.

Fo

!
M

!
O() — M’ a— 0

so there exists @o : Fo — Cp by lemma . The inductive step is similar to the case for i = 1

8055081 : F1 i Fo — Co — M’

L
<p8081 =0

so im(Fy — Fo — Cp) C ker(Co — M') = im(Cy — Cp). Apply lemma to
F
1
Ci — im(Ci — Cy) — 0

to define ¢; etc. ~ ~ o ~ ~
By the previous parts there exist chain maps Qe : Fo — Co and e : Co — Fo. The maps 1)e 0 pe and
ide are homotopic by part 2. O

23. DERIVED FUNCTORS
Let R, S be rings and F' : R-Mod— S-Mod be a functor.
Lemma 23.1. If F is right exact then F is additive and for M, M’ € R-Mod,
(4) FMeM) ~ FM)oFM)
Proof is omitted since in most cases, additivity and (4) can be checked directly.

Lemma 23.2. If F is additive, then it preserves homotopies.
Proof. Consider two chain maps e and 9., and chain homotopy {s, : C, — C,_1}, so that

Yp—tp = Sp-10p + Opr15p.
Since F' is functorial and additive, F(¢p) — F(p) = F(sp—1)F(9p) + F(Op+1)F(sp), that is F(se) is a chain
homotopy between F(p.) and F'(1s). o
Assume the the following that F' is right exact, we seek to construct functors L;F' : R-Mod— S-Mod for

all 4 > 0, such that for all exact sequences 0 — M’ — M — M’ — 0 in R-Mod, we obtain a long
exact sequence

= I F(M') — [ZF(M) — LiF(M") — F(M') — F(M) — F(M") — 0

in S-Mod.

Let M € R-Mod, pick a free resolution P, : P, — M — 0, F additive implies F(P,) is a complex in
S-Mod. Define L; F(M) := H;(F(P,)). Check well defined, that is, independent of the choice of resolution.
Consider another free resolution P, — M — 0. Uniqueness up to homotopy says that there are chain
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maps e : Po — P, unique up to homotopy and chain homotopy inverse s : Py — Po with commutative
diagram

Pa — M
we & lia
P, — M
Po — M
ve | Tia
P, — M

Lemma 23.2 implies that there are canonically chosen homomorphisms
Hi(Fge) : Hi(FP,) — H;(FP.)
and
Hi(Fis) : Hi(FP)) — Hi(FP,).
Lemma 23.2 also imiplies that F'(pe01e) = F(pe)0o F(1)e) and (F1be) o (Fpe) are homotopic to id, Fpe and
F1e are chain homotopy inverses. Therefore H;(F¢e) and H;(F1)e) are canonically chosen isomorphisms.
So we can assume it is well defined using the trick in lecture 12 by picking any resolutions.
Proposition 23.3.
(1) LoF = F
(2) If F is exact, then L;F is the zero functor for all i > 0.

Proof. Consider a free resolution P — Py 20, M — 0, right exactness of F' means that M ~ F Py/ker(Fdy) =
FPy/im(F01) = LoF(M). For part 2, choose a resolution 0 — F — F — 0 and compute homology.
]

Let M,M’ € R-Mod and ¢ € Homg(M,M'). Consider free resolutions P, — M — 0 and P, —
M’ — 0 of M and M’. There exists a chain map e : Po — P, so the diagram

Po — M —0
Pe l l%ﬁ

P, — M —0

commutes. Now define
LiF(p): LiF(M) — L;F(M')
by L;F = H;(F¢a), which is well defined by using the previous arguments and lemma 23.2. We get
Proposition 23.4. L;F : R-Mod— S-Mod is a functor.
Theorem 23.5. Let F': R-Mod— S-Mod be a right exact functor. For any exact sequence 0 — M’ —
M — M"” — 0 in R-Mod, there exists an long exact sequence
— L1 F(M') — LW F(M) — L1 F(M") — F(M') — F(M) — F(M") — 0

Proof. (Sketch) The horseshoe lemma implies we have free resolutions P, — M’ — 0 and P, —
M" — 0 ad P, — M — 0 where P; = P/ @ P/’. Further there is a short exact sequence of complexes

1/).
—_—

0 — P 2 p, P/ — 0

where ¢, : P, — P, is canonical injection and ), : P, — P, is a canonical projection. Lemma 1 implies
that we have a short exact sequence of complexes 0 — FP, — FPy — FP,’ — 0 (*). The theorem
follows from the long exact sequence in homology applied to (*). O

The functor L;F is called the i-th left derived functor of F.

24. Tor

Let R be a commutative ring and a < F, then we have a right exact functor R/a ® g — : R-Mod— R/a-
Mod. The accompanying left derived functors L;(R/a ®g —) is denoted Tor?*(R/a, —). By theorem 23.5,
there is a long exact sequence in Tor.

Example 24.1. Let M = R", and 0 — R™ be a free resolution for M. Then we obtain Tory(R/a, R™) =
(R/a)", and the higher Tor’s are all zero.

Lemma 24.2.
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(1) Let M, M' € R-Mod, then
Torf(R/a, M ® M') = Tor{'(R/a, M) @ Tor;'(R/a, M’).
(2) The functors Torl*(R/a, —) is additive.
Proof. We will prove 1 only. Let P, and P, be free resolutions of M and M’. Then the direct sum P, & P,
is a free resolution for M & M’ (exact since homology commutes with direct sums).
Tor*(R/a, M & M) Hi(R/a®r (Ps @ P.))
H;((R/a®r Ps) ® (R/a®r P.))
Hi(R/a®r Ps) ® H;(R/a ®g Py)
Torf%(R/a7 M) ® Tor,R(R/a7 M.

O
Note 24.3. Let = € R, then since R is commutative, we have a module morphism M —= M. The image
is M = (z)M.
Proposition 24.4. Let x be a non zero divisor. Then for M € R-Mod, we have
M/xzM ifi=0

Torf(R/(x), M) = 0 ifi>1
ker(M -5 M) ifi=1

Proof. Let P, be a free resolution of M. We have an exact sequence of complexes
0 — Ps—% P, — Py/(zPs) — 0
The long exact sequence in cohomology gives
.— Hi(Py) — Hi(Pa/(xPs)) — H;i—1(Ps) — ...
so for i > 1, H;(Ps/(zPs)) = Torf(R/(x), M) vanishes. For i = 1, we get
0 — Hi(R/(z) ®r Ps) — M - M
so Torf(R/(z), M) = ker(M -% M). |

Example 24.5. Let R =7, and a = 6Z compute Tor?(Z/6%,7/97). Using the above proposition, we get

/92 _ e
r rom = sarer = L/3Z ifi=0
Tor (Z/6Z,M) =y 0 ifi>1
Annz(6) if i =1
Annz(6) = ker(Z/9Z - 7.,/97)
= ker(Z/9Z > 17,/9Z)
= 37/9Z
~ Z/3Z

Example 24.6. Let R = k[z,y], a = (z,y). We compute Tor{*(R/a, k). Consider the Koszul resolution
(%) 2ce v
0—R — 'R — 'R—k—0
of k. Then both maps become the zero maps after tensoring by R/a, so we obtain
K ifi=1
Torf(R/a, k) = ko ifi=0,2

0 otherwise

25. UNIVERSAL COEFFICIENT THEOREM. GRADED ALGEBRAS

Recall TrTop = category of triangulable topological spaces and continuous maps and TtH =category of
triangulable topological spaces and homotopy equivalence clases of continuous maps.

Theorem 25.1. There exists a functor H,(—; Z/nZ) : StH — Z/nZ-Mod, and hence a functor Hy,(—; Z/nZ) :
TrTop — Ab. A similar statement holds for Hp,

Proof. As for coefficient Z case. For simplicial complexes K, L we can define H,(|K |; Z/nZ) = H,(K;Z/nZ).
Also for continuous h : |K| — |L| there is a simplicial approximation f : sd™ K — L for h. Then we can
define Hy,(h; Z/nZ) : Hy(|sd™ K|;Z/nZ) — Hy(|L|; Z/n7Z). o
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25.1. Universal coefficient theorem.
Theorem 25.2. Let K be a simplicial complex. Then there exists a split exact sequence in Z/nZ-Mod
0 —Z/nZ ®z Hy(K) — H,(K;Z/nZ) — Tor%(Z/nZ, H, 1(K))—0
for each p.
Proof. For each p, there exists an exact sequence
0 — Cp(K) i’CP(K) — Cp(K)/nCp(K) — 0
We know that Cp(K)/nCp(K) ~ Z/nZ @z Cp(K) ~ Cp(K;Z/nZ). Hence we have a short exact sequence
of complexes
0— Co(K) — Co(K) — Co(K,Z/nZ) — 0
But Hy(K,Z/nZ) = Hy,(Cs(K;Z/nZ)), so we get a long exact sequence
. — Hp(K) = Hyp(K) — Hp(K,Z/nZ) — Hp—1(K) — ...

From this we can extract a short exact sequence

Hy(K n
0— % — H,(K,Z/nZ) — ker(Hp—1(K) — Hp_1(K)) — 0
but n}g’j{% ~ Z/nZ ®z H,(K) and ker(H,_1(K) = H,_1(K)) ~ Tor%(Z/nZ; H,_1(K)) by proposition
24.4, so the theorem follows. O

Example 25.3. Let P = P2.

For p = 0 we have 0 — Z/27 ~ 7./27. ®z Ho(P) — Ho(P;2/27) — Tor%(7./27;7) = 0.
For p = 1 we have 0 — Z/2Z ~ Z./27 &z H\(P) — Hy(P;Z/2Z) — Tory(Z/2Z;Z) = 0.
For p = 2 we have 0 — Z/27 ®z 0 — Ho(P;Z/2Z) — Tort(Z/27;7Z/27) = 7./]27 — 0.
So

H,(P;Z/2Z) = 7/2Z
for all p=0,1,2. Also Z/2Z is a field, so splitting of the universal coefficient exact sequence is automatic.

Remark 25.4. For an n-dimensional compact triangulable manifold X, then H,(X;Z/2Z) ~ Z/2Z. If X
is orientable, then H, (X) ~ Z otherwise H,(X) = 0.

25.2. Graded algebras. Assumee that k is a field.

Definition 25.5. An N -graded k -algebra is a ring A with an abelian group decomposition A = @n>0 A,
such that

(1) k C Ao as a subring and above is a vector space decomposition.
(2) aa = ao for anya € A and o € k
(8) A;A; C A; for alli,j € N.
The nonzero elements of A; are called the homogeneous elements of degree i.

Example 25.6. A = k[z1,...,z,] is a graded k-algebra.

Proposition 25.7. Let A be a graded k-algebra. An ideal a < A is called graded or homogeneous if
a= @n>0 an where a, = aN A,. In this case, we get a graded k-algebra A/a = @n>0 An/an.

Example 25.8. Any ideal generated by homogeneous elements is homogeneous, for instance a = (z, y2)
in k[z,y].

Definition 25.9. Let A be a graded k-algebra. Then M € A-Mod is a graded module if it comes with a
vector space decomposition M = @@, ., My satisfying the following A;M; C My ;.

Example 25.10. A is a graded A-module, (A; =0 for j < 0).
Let M be a graded A-module, for [ € Z define M[l] to be the shift, M[l] = M.

26. THE CATEGORY OF GRADED MODULES
Definition 26.1. An A-module morphism is graded if it preserves degree.

Example 26.2. Let A = k[z], the only graded homomorphism A — A[—1] is the zero map. The only
graded homomorphism A[—1] — A is multiplication by ax for « € k.

Proposition 26.3. The class of graded A-modules and graded homomorpihsms forms a category denoted
A-Gr. The set of graded homomorpihsms from M to N is denoted GrHoma (M, N) and this is a subspace
of both Homa (M, N) and Homy (M, N).
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26.1. Graded submodules and quotients.

Proposition 26.4.
(1) An A-submodule M’ of M is graded if M' = @, ., M} where M} := M' N M;. In this case M’ is
a graded A-module, as is the quotient M /M’.
(2) The kernels and images of graded homomorphisms and are graded A-modules.
(8) For M,N € A-Gr, M & N = (M, & N;).
26.2. Graded free resolutions. The propositions above imply that the notion of complexes and homology
in A are well defined, and both are graded A-modules.

Definition 26.5. A graded free A-module is one of the form @, ;
resolution of M € A-Gr is an exact sequence in A-Gr of the form

Ald;] for some d; € Z. A graded free

— P — P — M —0
where each Pj is graded free.

Note 26.6. The graded homomorphism P, A[d:] — @], Ale;] given by an m x n -matrix of homo-
geneous elements in A with (4, j)-th entry in Ae, g, .

Example 26.7. Continuing example 24.6, let A = k[z,y], k = A/(z,y), we have a graded free resolution

(%)

0— A[-2] " — A[fl]Q( pil g )AHkHO.
26.3. Hilbert basis theorem.

Theorem 26.8. Let A = k[z1,...,x,]/a where a is some ideal of k[z1,...,xn]. If M is a finitely generated
A-module, then every submodule of M is finitely generated. In particular, M has a free resolution Pe —
M — 0 with every P; finitely generated.

If a is homogeneous and M is graded then M has a graded free resolution P, — M — 0 with each P;
a graded free. Let B be another graded k-algebra. A graded homomorphism of algebras ¢ : A — B
is a ring homomorphism satisfying

(1)  restricts to the identity on k C Ao.

(2) o(4;) € B;.
Example 26.9. Let a be a homogeneous ideal of A, the quotient map A — A/a is a homomorphism of

graded k algebras.

Proposition 26.10. There is a restriction of scalars functor res% : B-Gr—s A-Gr defined by res% (M) :=
M as an abelian group and the same vector space decomposition, but the scalar multiplication by a € A is
defined as scalar multiplication ¢(a) € B. Note that we often write Ma for res§ M.

Proof. Let f : M — N be a graded B-module homomorphism, then M4 SN A is automatically a graded
A-module homomorphism.

]
26.4. Grading on Tor. Let a be a homogeneous ideal of A.
Lemma 26.11. Let M € A-Gr, aM is also graded.
Proof. It suffices to show aM = € M; NaM. One inclusion is clear, for the other, we have
aM 2P MnaM 2> > a; M,
j J 1+ia=i
The two end terms are equal, so we have the lemma. O

Corollary 26.12. We have functors A/a®a — : A-Gr— A/a-Gr, and Tor{(A/a,—) : A-Gr— A/a-Gr.
Proof. Omitted g

Example 26.13. We check this for example 26.7. Apply k® a— to the resolution before

() ETIEIDN

0 — k[-2] " — "k — k—0.
S0
0 1> 2
4 )k i=0
Tor; (k7k) = k[—1]2 i=1

k[-2] i=2
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27. THE HILBERT POLYNOMIAL

Let A be a graded k-algebra. We say that M € A-Gr is locally finite if dim, M; < oo for all j € Z. In
this case, we can define the Hilbert polynomial of M to be

har(§) = dimg(M;)
Example 27.1. Let A= M = k[z1,...,2,), then har(j) = (*1%7") if j > 0 and zero otherwise.

Proof. The number of monomials of the form x{l ...x3" where ji + ...+ jn = 1 is the same as the binary

digits of the form 0...010...01...10...0, and there are (jZfil) of these. O
Ji J2 Jn
Note that

j+d-—1 o (H+d-1...(7+1)
d—1 N (d—1)!

so the Hilbert polynomial has degree d — 1 with rational coefficients.
Example 27.2. Let M € A-Gr be locally finite, then
hup(j) = dimg My
= hu(+7)
Proposition 27.3.

(1) Consider an evact sequence in A-Gr of locally finite modules, 0 — M’ — M — M" — 0,
then har(5) = harr (5) + hoarrr (5)-
(2) Given an ezxact sequence of locally finite graded modules

0O—M,, —...— M, —0

then

n

Z (_l)ihMi () = 0

i=m

Proof. Since exact sequence is graded we have an exact sequence in k-Mod, 0 — M; — M; LN M} — 0,
so rank-nullity on ¢ implies dimy(M;) = dimg M} + dimg M} which gives the result. This implies part 2
on splitting up the exact sequence into short exact sequences. Alternatively, consider the exact sequence
in degree j, 0 — (Mp); — ... — (M,,); — 0 of k-vector spaces. Applying the Hopf trace formula to
the identity on the exact sequence above gives proof of part 2. O

Example 27.4. Let A = k[z,y,2] and M = A/(y*). We have a graded free resolution

2
0— A[-2] XA —M—0

so we have, for j > 2,

ha(§) = ha(j) —ha—2(7)
[+ 2 J
- 2 | 2
= 2j+1

This example demonstrates that having a graded free resolution of a graded module is useful for computing
its Hilbert polynomial. Hilbert’s Syzygy theorem tells us that we can always find a (finite!) graded free
resolution for a locally finite graded A-module, when A is a polynomial ring (over k). Moreover, the
minimal length of any such a resolution is equal to the number of variables in the polynomial ring.

27.1. Hilbert Syzygy theorem. Let A = k[z1,...,z4] and M € A-Gr which is locally finite such that
M; =0 for j < 0. Given any exact sequence in A-Gr,

0—P;—...— Ph— M —0
with Py—1,..., Po graded free, then P, is graded free. In particular for any homogeneous ideal a of A, we
have
Tor(A/a,M) = 0
for i > d.

Corollary 27.5. Let A = k[z1,...,xq]/a where a is a homogeneous ideal and M be a finitely generated
graded A-module. Then M is locally finite and for j > 0, har(j) is a polynomial function in j with rational
coefficients, called the Hilbert polynomsial of M.
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Proof. We can restrict scalars to k[z1, ..., zq] which does not change the Hilbert function. We can assume
a = 0, note that M; = 0 if j less than the smallest degree of the generators. By the Hilbert basis theorem,
we have an exact sequence in A-Gr,

0—PFP;—...— Ph—M—0

where Py_1,..., Py are finitely generated and graded free. The Syzygy’s theorem and the basis theorem,
P, is graded free and finitely generated. Now P; has form

P = é}A[zj]

so hp,(j) is a sum of hap,1(j) = ha(li + j) for j > 0, which is a polynomial. Hence hp, is a polynomial,
har is an alternating sum of hp,’s, so is also a polynomial. O

28. MINIMAL RESOLUTIONS AND APPLICATIONS

Let A = k[z1,...,24)/a with a a proper homogeneous ideal. Let m be the homogeneous ideal of A generated
by 1,...,%q, then Ag =k ~ A/m.

Proposition 28.1. Let M € A-Gr be finitely generated. Then there is a graded free resolution
PP 0

where each P; is finitely generated and every 0; is represented by a matrixz with entries in m (that is,
homogeneous elements of positive degree. Such a resolution is called minimal.

Example 28.2. Let A = k[z] and M = A/(z). We have a minimal resolution
0— A[-1]-5A— M —0.

We can take the direct sum with the exact sequence 0 — A — A — 0 — 0, to get another graded
free resolution

0—A-1]oA-5A0A— M-—0

where T is given by the matrix < z 0

0 1 ) This is not a minimal resolution.

Theorem 28.3. Let M be a finitely generated graded A-module and
Y NN Sy - U

be a minimal resolution. The P; are uniquely determined by M. More precisely, if

po= @ Al ;]
j=1

then
Torf (k, M) = EPklti;)
i=1
Proof. Applying k ® 4 — to the minimal resolution, we get
2 K@y AN k@01 R
 — Pkl 5] == @ Kl ;] = €D klo, ;] — 0
j=1 j=1 j=1

The maps k ® 0; are all zero, since 0; is a matrix with entries in m. Taking homology gives the Tor
groups. Hence the number of summands, n;, of P; is equal to dimy Torf‘(k7 M). Conversely, the Tor groups
determine ¢;,1,...,%;n, and hence P;. O

Example 28.4. Let A = k[z,y, 2] and M be a finitely generated graded A-module. Suppose w e have

k ifi=0

A . k-1 @ k[-2] ifi=1

Tor’ (k, M) = k[—3] if i =2
0 otherwise

We use this to find the Hilbert polynomial of M. The theorem above implies we have a minimal resolution

0— A[-3] — A[-1]® A[-2] — A— M — 0.
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Using additivity of the Hilbert polynomial, we have for j > 0

ha(j) = ha(j) —ha—noar—2J) + haj—3()
j+2 j+1 J j—1
- () (03)+0) - 02)
= 2.

We can also show that M is not a submodule of A. Suppose the contrary and let a be a degree r element
of M, so (a) < M, implying h(q)(j) < ha(j) for all j. But (a) ~ A[—r], so
h@(G) = hai-n()
= ha(j—o

()

is quadratic in j, so eventually > 2. This contradicts h(,)(j) < has(j) for all j.
Example 28.5. Let A = k[z,y]. Suppose M is a finitely generated with graded free resolution
00— P — P —M—70

then M has no finite dimensional (over k) graded submodules. Suppose there does exists a submodule
N of M which is finite dimensional over k. Pick n € N, with » maximal, note that this implies mn C
Nrt1®Nry2®... = 0. The first isomorphism theorem on A — An, we see that An ~ A/m = k. Consider
the long exact sequence
0—An~k— M — M/An — 0
The long exact sequence in Tor
... Torg (k, M/An) — Tord (k, k) — Tord (k, M) — ...

Hilbert’s syzygy theorem implies Torj (k, M/An) = 0, also Tor3 (k,M) = 0 but Torj (k, k) = k, which
contradicts exactness.



