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Have the following uniqueness result:

Proposition 2.4. Let :F ! F’ be a field isomorphism. Letp(X) 2 F[X]
be irreducible. Let  and ' be roots of p(X) and (p)(X) (in appropriate
field extensions). Then there is a field isomorphism ~:F( )" F'( ') such
that:

1. 7 extends ~ jp=
2. T ="
Proof. = is the composite of the following:
~ FX] < F’[x
F( ) [ ] | [ ] | F/( /)

ho(X)i = h(p)(X)i -
71 X +mpX)i7l X +hp)X)i7t 9D (2

a7! a+hpX)i7! (a)+hp)X)i7! (3 O
2.4 Splitting Fields

Definition 2.5. Let F be a field, f (X) 2 F[X]. A field extension K=F is
a splitting field for f (X) over F if

(a) f(X) factors into linear polynomials over K .

(b) K =F( 1;::1; ) where 1;::1; 4 are the roots of T (X)) in K.
Examplep2 6p L%tl —e'F. @ p§) is not a splitting field for X* 2 over
Q but Q(” P212)=Q(°2;!) is.

Note 2.7. Consider the tower of field extensions F K L and f (X)) 2
F[X].

1. If L is a splitting field for f (X ) over F then L is a splitting field for
f(X) over K.

2. If K is generated over F by roots of f (X ), then the converse holds.

The proof of this is left as an exercise.



2.5 Existence

Theorem 2.8. Let F be a field, f (X) 2 F[X]. Then there exists a splitting
field K of £ (X') over F.

Proof. By induction on the degree of f (X ). By Proposition 2.3, there
exists a simple algebraic extension F( )=F where 1is a root is a root of
f (X). Factorise in F( ) to get f (X) = (X )g(X ). By induction, there
exists a splitting field K of g(X ) over F( ). Now K is a splitting field for
f (X)) over F( ) which by the note above implies, it is also a splitting field
of f (X)) over F. O

2.6 Uniqueness

Theorem 2.9. Let :F ! F' be a field isomorphism and f (X) 2 F[X].
Suppose K; K " are splitting fields for f (X) and (f )(X) respectively over F
and F' (respectively). Then there is an isomorphism of fields ~: K 17 K’
which extends

Proof. By induction on [K : F] = dimpK using Proposition 2.4. Let
fo(X) 2 F[X] be an irreducible factor of f (X ). Let 2 K; 2 K’ be roots
of fo(X) and (f ¢)(X ) respectively. Then get diagram:

g
F, F!
3 by Prop 2.4 I
F( )RR
splitting field
for f(X) by
Note 2.7

3 isom by induction

~

3 Algebraic Closure

Aim: Prove the existence and uniqueness of algebraic closure of fields.

3.1 Review of Algebraic Extensions

Let F be a field.



coco  ff {1)

: How does symmetry help you understand roots of polynomials

00 The non-real roots of a real polynomial occur in symmetric
é{)mplex conjugate pairs.

0000 }) uadratic formula by symmetry: Let,x, be
ré/ots ofX? c 0. Key point: Any symmetric polynomial in roots
T, Ty is a polynomial in the coecients. E.g:

X1 T2 b
12 (&

Notex; z is antisymmetric, which implies ( x2)? is symmetric. But
(1 22)% ( w1 x2)° 4mx,;  bB*  4c- the discriminant. Solve

X1 T2 b

p—
1 T2 b2 4c

Exercise: repeat for culficX) X® pX g¢. Hint: Letr;, 25, 23 be roots.
Let be a primitive cube root of 1. Suces to find

1:x1 T2 x3 0

2
2¢ 21 X 2 Z3
) 2
3: 1 T2 T 3
Now
3 2 mg?) T1T2733 T32) mlwg rars 3 % afws xzxg Ty
o/ It has Az-symmetry, i.e. symmetric with respect to cyclic per-

mutations of variables. Show it is the sum of a symmetric pialgrmond
an anti-symmetric polynomial. Recall: have an anti-sympoe¢yriomial

5 ( 1 2132)(132 113‘3)(2131 33'3).

Write 3 in terms of coecients and.

S \/>>} )

Aim:Show that given any polynomial, can factorise it into lohpnomials
is some field extension.



2.1 Review of Field Homomorphisms

Proposition/De nition 2.1. Amap of elds :F! F%isa eld ho-
momorphism if it is a ring homomorphism.

1. is injective

2. There is a ring homomorphism

X]I:FIX] ' F9X]
X _ X _
fi X' 7! (f)X!
i=0 i=0
Proof. 2. Easy.
1. ker /F not containing 1, so ker =0. [

2.2 Review of Simple Algebraic Extensions

Let K=F be a eld extension and 2 K be algebraic ovelF, so it is a root
of its minimal or irreducible polynomial sayp(X).
Fact: There is a eld isomorphism

FIX]
ooy - )

X + hp(X)i 7!

a+ hp(X)i 71  a:

Example 2.2. Q B3 L

2.3 The Converse: Adjoining Roots of Polynomials
Let F = eld, and p(X) 2 F[X] be irreducible.

Proposition 2.3.  ThenK = F[X]=hp(X)i is a eld extension ofF via the
composite ring homomorphism

FIX] .
hp(X)i-
Also, K = F( ) where = x+ hp(X)i is a root of p(X).

F! F[X]!

Proof. p(X) is irreducible in PID which implies hp(X)i /F [X] is maximal
and thus F[X]=hp(X)i is a eld. Itis clear that K = F( )and p( ) =
p(X)+ mp(X)i =0 so is arootofp(X). O

8



) a5 a I:I 27
Example 4.9. K = @@2;@2!; 82! 27 = 627; —Q G

Gal (K=Q). K is a splitting field for X3 over QpConJugatlon P Kt
is a field automorphism over Q. It swaps - 2! $ °2! 2 and fixes ° 2. Note
hi G Ssz-order 6. Lagrange’s TheoreBl 1mp15:s G=hi or S;. Lemma
4.8 implies there exists 2 G such that (°2)= 72! 62hi. Thus G’ Sg

Example 4.10 (Biquadratic Extension). K :Q@ P3 L:L( ( 2—i- 3)

is a splitting field for (X2 2) (X2 3) over Q. Ant 2 G = Gal (K=Q)

must map

=i

p§7! p§

p§7! p§

-6 Lz 727

Cl%'m: is an isomorphism. Why7 K is a splitting field for X2 3 over

Q( 2). Proposition 2. tbere exists a field automorphism  of K
fixing Q( 22) and senﬁhng 3 7p 3 3p 2 G. Similarly, there exists 2 G
such that Sp_ Qpand 3. Now, ; generate Z=27 7=21.
This shows Gal Q( ' Z—QZ 1.=27..

]
Exercise: Compute Gal Q( R 2:1)=Q . (Answer: Dy)

5 Weak Galois Correspondence

Aim of next three sections: Show Gal (K=F ) gives info about intermediate
fields L i.e. where F L K (subfields).

5.1 Fixed Fields
Let K be a field, and G a group of field automorphism of K .

Proposition/Definition 5.1. The fixed field of G (in K ) is
K¢:=f 2K j ()=, 8 2Gg

K ¢ is a subfield of K .

Proof. Simply check closure axioms (under +;0; ; ;1 and inverses). Let
us just check closure under +. Let ; 2 K¢and 2 G. ( + )=
()+ ()= + ... + 2K ete O

Example 5.2. c¢:C! C is conjugation. C = R.

10



-R- R, - i
Example 5.3. K =Q Iﬁ?’lZ;p?’ 21 p32! 2 = Q(p3 ;1) = e’s' . We saw
in the previous section G := Gal (K=Q) = S; (on identifying 1,2,3 with 1st,
2nd, 3rd root) e.g. (2 3) is conjugation. We will show

H G K K
G Q
< L KY A
h(123)i h(12)i h(2 3)i h(1 3)i Q) @(p3 21 2) Q(
AN 2 L ya n
1 Q(*2;!)
: B B>
Exercise: Show K (@3 =R\ Q(72;!)=Q("2).

Surprise: We will show in this case, all intermediate fields are obtained from
K as above.

Let K=F be a field extension and G := Gal (K=F ). We define two maps
both called prime ’.

H H =KH#
1 1 1 1
subgroups —— intermediate
of G fields K=F

KéZ: Gal(K:K0)<—|K KQ F

Check well-defined. (i.e. codomains are what we say they are). 1) Know
H’ := K is a subfield of K. Need K F. For 2 F; 2 H G,
2 Gal(K=F), so fixes F . () = = 2 K2 - KH is an
intermediate field.
2) Know K := Gal (K=K ) this is a group of field automorphisms of K
(which fix Kg). They all fix K¢ and therefore fix F (as F Kg. So it is a

group of automorphism fixing F. Therefore it is a subgroup o G.

Example 5.4.
H =11 l':=K!=K
K’ = Gal (K=K) 1K
{
F’' = Gal (K=F) F
é

11



]
But suppose K=F = GBI Q 2)=Q so Gal (K=F) =1 (from Section 4) and
soG7! G' =1 =Q("2). Therefore prime is not always a bijection.

Let K=F be a field extension, G = Gal (K=F ). Below we let Hy;Hy;:::
denote subgroups of G and K1;K>;::: denote intermediate fields of K=F .

Proposition 5.5. Priming reverses inclusion. 1i.e.
1. Hi H; 5 H] Hj.
2. Ky K; 9 Kji Ki.

Proof. 1. Suppose H; Hjandlet 2 Hj:=K?%#2 Forany 2 H;
H, we have ( )= ... 2 KM = Hj.

2. Suppose K; Kz and let 2 KJ := Gal(K=K;). For any 2 K;
()= (as fixesKyand . K;) 9 2 Gal (K=K ) = K].
O]

Proposition 5.6. 1. H; H/.
2. Ky K.

L] L]
Proof. 1. Let 2H;; 2H{:=K™. H{:=Gal KeK M — ()=
(as 2 K 5 fixes all of KH1. So 2 Gal K=K 1 =H]J.

2. Let 2K, 2Kj=:Gal(K=K):K{:=KCGIE/E) Now ()=
(as 2 Gal(K=K,)).. isfixedbyany 2Kj =  2K#& =K/.
O

Definition 5.7. We say H; is a closed subgroup of G if Hy = H{. We
say K1 is a closed intermediate field of K=F if K; = K{. The closure of
H1, respectively Ky, is H{, respectively K7'.

Proposition 5.8. 1. H; =H{".
2. Ki=KY".

Proof. 1. Previous proposition applied to K; = H] =5 H;  H/.
Proposition 5.5 applied to Hy  H{ = H; H{". Thus H; =H/{".

2. Proved identically.
O

We may restrict the Galois correspondence to closed objects to get:

12



Theorem 5.9. Priming induces a well defined bijection:

Ht H =K%
L1 1 [ 1 1
closed subgroups —  closed intermediate
of G 5 fields K=F

K{:=Gal(K=Ko)=~———1K Ko F

Proof. Check well defined. By Proposition 5.8, prime maps anything to a
closed object. Therefore codomains are legitimate. Thus by the definition
of “closed” we get that priming induces a bijection on closed objects. Hence
theorem. O]

6 Technical Results

Aim: Relate [Hy : Hy) to [Hf : Hj] and [K : K4] to [K1 : KJJ.
Setup: Fix, for this section, K=F - a field extension with G := Gal (K=F ).
Correspondence

7

1 1 L1 1
subgroups — intermediate
of G fields K=F

K!:= Gal (K=K ;) <—K;

Theorem 6.1. Let Ky  Kj be intermediate fields withn := [K, : K4 < 1 |
then [K1: K3l [Kz: Kyl

Proof. We reduce to the case of a simple extension by:
Claim: It suffice to prove the theorem when K, = Kq( ).
Proof: Pick 2 K, K;. We argue by induction on n. We are assuming
[KiKl( )l] [Kl( )Kl] Note: Kngl( ) K2 and Ki Kl( ),
Ka. [K1:Kg = [Ki:Ka( )] [Ka( )" =Ky Kz : Kyl
(induction)

[Ka( ) Ka] [Kz: Ky )]
Back to proof of theorem when K, = K1( ) = Ky[X]=p(X)i. [K; : K4] =
n = deg. of min. ploy. p(X) 2 Ky[X] of over K;. Let 2 K{ =
Gal (K=K 1). It fixes K1 so must send to a root of p(X) in K be Lemma
4.4. . There are  n possibilities for ( ). The theorem will be proved once

13



we show:

Lemma: Let ; 2 K/, then K ;6 K}

Proof: (of contrapositive). Suppose ()

Gal(K=K i) sends to ! ()= ! ()= wsofixess andKj . it fixed
Ky=Kyi( ). . 1 2Gal(K=K,) =K} = K} = K} This proves
lemma. Theorem follows. [l
Theorem 6.2. Let Hy H, G. Suppose n = [Hy : Hy| < 1. Then
[HiHé} [HzZHl}.

Proof. Uses:
Lemma: Let ; 2 G besuch that H; = H ;. The for any 2 HJ we have

()= ()

= ()= ()
= (). Then ! 2 Kj :=

L]
Proof: Let 2 Hjybesuchthat = . Then ( )= ()= since 2 Hj=

Remark: As a result, given any left coset C of H; in G and 2 HJ we can
define (unambiguously) C( ):= ( ) where is any element of C. Back to
the proof of theorem, by contradiction.

Suppose 1;::1; np+1 2 HJ are linearly independent over H2 Consider n
(n 4+ 1) matrix over K :
1 1
Ci( 1) Ci( 2) Ci( n+1)
PR =z 10
Cn( l) Cn( n+1)

There exists non-zero solutions X2 K "*1 to AX = &—Pick a non-zero solution
X wlith the most number of 0 entrles We seek to construct X2 K n+1 o hglith

:1; n+1) which are linearly mdependent over H’ . not all

X;’s are in Hj so permuting ;s if necessary, we can agstnje Xz 6“ Kz -
(X1)

can pick 2 Hj such that (Xz) & Xp. Let X = EI : ich is a

(Xn+1)

luti t
SOOI L0 CTI

(Ci( 1) (Ci( n+1)) (X1)
1( 1 1 n+1 X1

€l 1)) (Col o)) . (Xord)

14
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muted. Therefore A X2 64 A Cami aE b—Now x; = 0iff (x;) =0,

soX; =0 = X, =0. Since X; =1, X; =X (x1) =1 1=0. Also
X5 = X (X2) 6 0 by choice of . Therefore X’ a non-zero solution to
AXF b-Hith more 0 entries than X_IThis is a contradiction, and thus the

theorem is proved. O

7 Galois Correspondence

Same setup as in Section 6. Recall the bijection between closed objects
(Theorem 5.9). Estimates from Section 6 gives:

Corollary 7.1. (a) LetH; H, G. IfH; is closed and [Hy : H1] < 1
then Hy is closed and [Hy : Hq] = [H] : HY)].

(b) Given intermediate fields F K, K, K, suppose K1 is closed
and (Ko : Kq] < 1 . Then Ky is closed and [K; : K1) = [K] : Kj].

Proof. (a) Theorem 6.1 and 6.2 give [Hy : H1] [H{:Hj] [Hf :H{] =
[H7 : Hy] (since H; is closed). Proposition 5.6 shows HY  H; and so
equality must hold above and so HJ = H.

(b) Similar. Swap H’s with K’s.

7.1 Galois Extension

Definition 7.2. An algebraic field extension K=F is Galois if F is closed.
i.e. F =F" =KGa&/D

Example 7 3. We saw before that Q is not closed in K=Q = Q(Fg 2)=Q
therefore Q( 2)=Q is not Galois.

Proposition 7.4. Let K=F be a field extension.
1. G:= Gal(K=F) is finite.
2. K=F Galois & [K :F]=]jGj.
3. IfiG] [K :F] then K=F is Galois.

Proof. 1. WriteK =F ( 1;::1; ,). Each ;isalgebraic over F so given
2 G Lemma 4.4 implies there are only finitely many possibilities for

15



2. K=F Galois implies F is closed. Corollary 7.1 (b) implies [K : F] =
[F':K'l=[G:1] (as F' = Gal (K=F ) and K’ = Gal (K=K )) = Gj

3.
K:F] j G =[G:1] because 1 G is closed
=[1":G by part 1 and Corrolary 7.1 (a)
=[K :F"]  because G' =K% =F
Again F” F so dimension considerations imply F = F” so F is closed
K=F is Galois. O

Example 7.5. We saw K=Q = @(e 2;1)=Q has G := Gal (K=Q) = Ss.

K =Q1 @85 QQZ Q! Qgﬁl @QZ!:

So [K : Q] = 6 =]S;sj. Thus by Proposition 7.4 (3), K=Q is Galois.

Theorem 7.6 (Fundamental Theorem of Galois Theory (Galois Cor-
respondence)). Let K=F be a finite Galois extension and G := Gal (K=F ).

(a) There are inverse bijections

H KH
1 1 1 1
subgroups — intermediate
of G fields of K=F

K = Gal (K=K o) <K

(b) Forintermediate field Ko, K=K ¢ is Galois with Galois group Gal (K=K ¢) =
K¢.

Proof. (a) By weak Galois correspondence suffice to show all objects are
closed. Proposition 7.4 (1) implies JGj < 1 so since 1 G is closed,
Corollary 7.1 (a) implies any H G is also closed. K=F Galois =) F
is closed. Therefore any intermediate field K g is also closed by Corollary
7.1 (b).

(b) We need to show Ko = K GaE/K0) — K (w.r.t. K=F). This holds
because Kg is closed in K=F . Therefore K=K ¢ is Galois too.
O

16



Example 7.5 (again). K=Q = @(p3 §;p3§!; @5! 2)=Q; G = Gal (K=Q) =
Ss.
S Q
e N s D D D
h(123)i h(12) h(23)i h(1 3)i Q) QC°21d  Q(*2) Q2
AN 2 L ya D
1 K=Q(2!)
_
Let’s check K ({2) = Q I@2! 2 We know (). Also
O O U O
K@2.Q = Q' K<(12)>@: S5 : M1 2)i] = 3:
Llpl. 1 [ _ [
Since Q Iﬁ3|2! 2 Q =3 too, we must have K {12 = Q IEJZ! 2

Theorem 7.7. Let K be a field and G be a finite group of field automor-
phisms of K. If K = F&, then K=F is Galois and its Galois group is G.

Proof. Let G2 Gal (K=F) and note G~ &—Now

i Gi=[G: 1]
= P:’I: G'] l%y Corollary 7.1 (a), since 1 G is closed
= K :K¢
=K : F]

Therefore [K : F] < 1 and so Proposition 7.4 (3) implies K=F is Galois.
Also part 2 of the proposition, implies G = G2 Gal (K=F). [
8 Normality

Aim: Determine when intermediate field L of finite Galois extension K=F is
such that L=F is Galois.
Galois =  Splitting Field

Definition 8.1. K is a splitting field over F if it is the splitting field of
some family of polynomials over F. We also say in this case that K=F is
normal.

Proposition 8.2. Let K=F be a Galois extension (not necessarily finite)
with Galois group G.

17



1. Let 2 K and p(X) 2 F[X] its minimal polynomial. Then p(X)
factors into linear factors over K.

2. K s the splitting field of ff,9 over F where f; ranges over the minimal
polynomials of all 2 K.

Proof. (1) 9 (2) is obvious. Proof of (1): Let 2 K and p(X) its min.
poly. Let H:=f 2Gj ( )= g Stabg G. Consider
L1
qX) == X (H) );

ocH left

coset
which is well defined by the Remark from the proof of Theorem 6.2 and the
product is finite because G-orbit of is finite. But for any 2 G; q(X) =
q(X ) because it just permutes factors (X  (H )( ))since q(X)2 KYX] =
F[X] (since K=F is Galois). .. p(X)jq(X ) must factorise into linear factors
over K because (X ) does. O

8.1 Stability of Splitting Fields

Lemma 8.3. Let K=F be an algebraic extension and : K ! K be a field
homomorphism over F. Then is an isomorphism.

Proof. Suffice to show is surjective. Pick 2 K, let p(X) 2 F[X]
be its min. poly. and = q;:::; , the roots of p(X) in K. Let L =
F( 1;:::; ). This is finite over F. But  permutes ;’s =) (L) =L.
Dim. considerations =) jr: L, L issurjective. .". im L3 : ..

is surjective. O

Proposition 8.4. Let K be the splitting field of T1,9 over F. Given field
extension L of K and field homomorphism : K ' L over F, we have
(K) =K.

Proof. By the previous lemma, it suffices to show (K) K. Let f ;g
be the roots of all the f; so K is generated over F by the ,’s.  permutes
these roots. So  (K) K. O

8.2 (alois Action on Galois Correspondence
Let K=F be a Galois extension, with G = Gal (K=F ). G acts on:
1. fintermediate fields of K=F g by K; 7! (K;) (where 2 G)

2. fsubgroups of Gg by conjugation i.e. forH G, H 7! H ~1

18



Galois correspondence is compatible with G-action as follows:
Proposition 8.5. Notation as above.

1. IfKy is an intermediate field (K1) = K | ~Yie Gal(K= (Ki)) =
Gal (K:K 1) -1

2. ForH G, (H)=(H

Proof. 1. For 2 G, 2 Gal(K= (Kj))iff forany 2 K,;, ()=
()
0 forany 2Ky 1 ()=
0 -1 2 Gal(K=K,)
0 2 Gal(K=K,;) %

2. Similar to above and is left as an exercise.

8.3 Normal Subgroups in Galois Correspondence

Theorem 8.6. Let K=F be a finite Galois extension. Let G = Gal (K=F ).
If L is an intermediate field then L=F is Galois iff L’ = Gal(K=L) is a
normal subgroup. In this case Gal (L=F ) = G=L".

Proof. Suppose L=F is Galois so normal by Proposition 8.2. Given any
2 G, Proposition 8.4 implies (L) = L. But then Proposition 8.5 =)
L’ < G. Also we have a group homomorphism

:Gal(K=F) | Gal(L=F)
7L

Note ker = Gal(K=L) =L’". Let = 2 Gal(L=F). But K=L is a splitting
field so uniqueness of splitting fields (Theorem 3.8) =)  can extend ~ to
Gal (K=F) ... is surjective. 1st isomorphism theorem =)  Gal(L=F)"
Gal (K=F )=ker = G=L".

Conversely, suppose L’ = Gal (K=L) < G. Then Proposition 8.5 =)
for any 2 G; (L) = L. To show L=F is Galois, it suffices to show
F LG/ Weknow F - K G/ gince K=F is Galois. Let 2 L F.
There exists 2 Gal (K=F ) such that ( )& . But j; 2 Gal(L=F) since

(Ly=L. Also, jo( )& so 2 LGE/H - [ CE/ and L=F is
Galois too. ]

19



Example 8.7. K=Q=Q

2 ¢ > TR @ b
h(123)i h(12) h(23)i h(1 3)i Q1) Q(Q’E! 2) Q(Q’E) Q(
AN ) L Z n
1 K=Q("2!)

9 Separability

Aim: Look at perversity in positive characteristic.

9.1 Inseparability
Let F be a field of characteristic p & 0.

Proposition/Definition 9.1. Let K=F be a field extension. We say 2 K
is purely inseparable over F if there is somen 1 with P 2 F. In this
case, Gal (F ( )=F) =1.

n

Proof.  satisfies X?" 7" = (X )" 2 F[X]. Any 2 Gal(F ( )=F)
sends to . Therefore, Gal (F ( )=F) = 1. O

Example 9.2. F,=7Z=pZ F =F,(t), = e’f 62F , is purely inseparable
over F and F () is a splitting field for X? t over F with Gal (F ( )=F) =1,
so is Galois.

9.2 Separable Polynomials, Elements and Extensions

Let F be a fie )2 T,1;X7 2 F[X]. We can define its derivative
f/(X) =L = " ;X712 F[X].

I

Example 9.3. If F has char. p & 0 then for a 2 F % XP a =

prX Pl = 0.

Proposition 9.4. (a) (f +9) =f'+d, (fg) =f'g+fg’ forf;g 2 F[X].
(b)  is a multiple root of T (X )2 F[X] iffO=f( )=1f'( )

The proof is left as an exercise.
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Definition 9.5. Let K=F be a finite field extension. Iis separable degree
is [K Flg := number of field homomorphisms : K 1 K over F. (Note
—F).

Prop051t10n/Deﬁnition 9.6. Letf(X) 2 FI[X] be irreducible. The fol-
lowing are equivalent:

(a) In the splitting field L of f(X) over F, f (X) factors into distinct
linear factors;

(b) f'(X) & 0;
() [F():Flg=I[F( ):F] where isaroot of f(X).

If these equivalent conditions hold, we say f (X)) and  are separable over
F.

Proof. (a() «¢)[F( ):F]g=isthe number of roots of f (X) in F. This
is deg f (X) =[F ( ) : F] iff there is no multiple roots.

(a) b) f(X) has no multiple roots Prop 5)'4 ©) ¢ f'(X) & 0.

(b) a)If (a) fails then there is a multiple root  of f (X). Proposition 9.4
(b) implies f ( ) =f’( ) =0. But f is the min. poly. of and degf’ <deg
f sof’(X)=0so (b) fails too. O

Exercise: For field extensions K=L, L=F, if 2 K is separable over F,
show that it is separable over L.

Definition 9.7. A field extension K=F is separable if every 2 K is
separable over F .

9.3 Multiplicity of K : F]S

Theorem 9.8. Let K L F be a tower of finite field extensions. Then:
(a) [K:F]g=[K:L]g[L:Flg

(b) [K :Fl]g [K :F] and equality occurs iff K=F is separable.

Proof. (a) LetS=f ZgzK s be distinet field homomorphisms : K | F
over L.

T=1 jg] 1]S be distinct field homomorphisms :L ! F over F.
Uniqueness of algebraic closure (Theorem 3.8) =)  we can extend
;L1 F tofield hom. :F ! F. (a) follows from:

Claim: The distinct field hom. :K ! F over F are the f ; ;0. Why?
~21

If jo = j then the ;is the unique element of T such that "~ fixes

L. ie. j_l 2 S. This proves claim.
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(b) By induction on [K : F|. Pick any 2 K F.

K:Fls=[K:F()ls[F():Fls
) )
K:F]= [K:F()] [F():F]

(y) holds by induction.
() holds because
[F( ):F]= # ofroots inF
deg. of mi. poly. of over F
—F():F)
S K :Flg  [K :F]. If K=F is separable, then by definition equality
holds in ( ) and equality holds in (y) by induction.

Conversely, if [K : F]g = [K : F] then equality holds in ( ) =) is
separable over F. .-, K=F is separable too.
O

Corollary 9.9. (a) Consider field extensions K=L, L=F. The K=F s
separable iff K=L and L=F are separable.

(b) If field K is generated over F by separable elements f ;g then K=F is
separable.

Proof. (a)
[K IF]S: [K IL]S [L . F]S

K :F]= [K:L] [L:F]
equality holds on LHS iff equality holds on RHS.

(b) Any 2 K lies in some F ( ;;:::; ;). Now just apply (a) to F

10 Criterion for Galois

Aim: Show Galois extensions are separable splitting fields so separable ex-
tensions embed in Galois extensions.
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10.1 Galois () Separable Splitting field

Lemma 10.1. Let K=F be a Galois extension. Let L  F be a splitting
field of some f (X)) 2 F [X] over F. The L=F is Galois too.

Proof. Let 2L F. Since K=F is Galois, F = K G/ and can find

2 Gal(K=F) with ( ) & . Proposition 8.4 on stability of splitting
fields =) jir 2 Gal(L=F). j.( )& L F L LGN g
F LG/ and L=F is Galois too. O

Theorem 10.2. K=F is a Galois extension iff K s a separable splitting
field over F.

Proof. () ) Proposition 8.2 =) K is a splitting field over F and for any
2 K with min. ploy. f(X) 2 F[X] over F, we know f (X ) factors into
linears over K. Let L K be the splitting field of f (X ) over F. The above
lemma =) L=F is Galois. So [L : F] =jGal(L=F)j [L :F]g. Theorem
9.8 9 L=F isseparable =) is separable over F. Since was arbitrary
K=F is separable.
(( ) Need to know F KGE/M Tet 2 K F and f(X) 2 F[X] its
min. poly. over F. deg f(X) > 1 (else 2 F) and since is separable
there is a root " of f (X)) with & ’. Proposition 2.4 =) there is a field
isomorphism “: F ( ) !~ F ( /) over F such that ~( ) = ’. Uniqueness
of splitting field K=F =)  we can extend ~ to 2 Gal(K=F) .. ()=
"6 and so 62K GAE/F) - This shows K F K KGAE/F) g
F K CAK/F) which shows K=F is Galois too. This proves theorem. O

g e

Example 10.3. Q °2;! =e5 =Qis Galois and is separable (since char

= 0) and is splitting field of X® 2 over Q.

10.2 Splitting Fields

Proposition 10.4. The following are equivalent:
(a) K=F is a normal extension (i.e. K 1is a splitting field over F );

(b) for any 2 K, if fo(X) is its min. poly. over F, then f,(X) factors
into linear factors over K .

Proof. (b) a)K is the splitting field of ff ., over F so K=F is normal.
(a) b)Let ’2 K be any root of f, (X). It suffice to show that ' 2 K.
Proposition 2.4 =) there is a field isomorphism ~: F( ) !~ F ( /) such
that () = ’. Uniqueness of splitting fields Theorem 3.8 =) can extend
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" to a field hom. : K ! K. Stability of splitting fields (Proposition 8.4)
3 (K)=K. .. "2 (K)=K. Therefore, all roots of f, (X) are in K
and (b) holds. O

10.3 Normal Closure

Theorem 10.5. Let K=F be an algebraic extension. For 2 K, letf,(X) 2
F[X] be its minimal polynomial over F. Let L K be the splitting field of
ffo (X)g,ex over F, soin particular L K.

(a) If Ly is a subfield of K such that L1=F is normal and Ly K then
L, L.

(b) If K=F s separable, so is L=F (so L=F is Galois).

(¢) IfK=F is finite, so is L=F and L is splitting field of single polynomial
f(X)2FI[X] overF.

Proof. (a) Follows from previous proposition.

(b) 2 K sep. over F = f,(X) sep. poly. & L is generated by
separable elements (the roots of f, (X)) over F. Corollary 9.9 =
L=F is separable.

(c) Can write K =F ( 1;::15 ). Let (X)) =1, (X)fo,(X) 1, (X).

Let F be splitting field of f (X ) over F. Note L=F is a finite normal

extension. Also, it contains K since it contains F; 11115 4. (a) 9
L L. But definition shows L L. ... L=F is finite too.

Definition 10.6. The field L from Theorem 10.5 is called the normal
closure of K (over F). If K=F is separable, we also call L the Galois

closure of K (over F ).
Lol ppp

Remark 10.8. In characteristic zero, where separability is guaranteed,
can always “embed” finite extensions in finite Galois extensions.

) _[]
Example 10.7. The Galois closure of Q IE‘JZ =Qis Q

11 Radical Extension

Aim: See what Galois correspondence reveals about radical extensions.
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11.1 Radical Extensions

Recall K=F is a radical extension if thﬁls tevyer of field extensions F =
Fo F1 F, =K, with F;41 = F; ; forsomep, 1, ;2F,.

N.B. If such a tower exists, can replace it with tower where all p; are
prime.

1
Example 11.1. Q 24+ 5 =Q is radical.

11.2 Galois Group of Simple Radical Extension
Proposition 11.2. Let F be a field of characteristic p and n 2 be such

that ptNn. Then the group of nth roots of unity in F* is ' Z=nZ.

Proof. First note that £ (X™ 1) = nX"™* so X" 1 has no repeated
roots. So the set of roots ,, has n distinct elements. Use structure theorem
of finitely generated abelian groups to see

n ' Z:hlz Z:hzz Z:hTZ where hlj hzj j hr and h1h2 A hr =nN:

Now for any z 2, we have z* = 1. But no. of solns. to 2" = 1 is
h,: ..n=h,. Also must have thenr =1so , ' Z=nZ. O

Lemma 11.3. Let p be a prgne and F be a field with all the pth roots of
unity. For 2 F,let K =F (* ). Then:

(i) K=F is a splitting field for X? over F ;

(ii) If char F & p and b 62F , then K=F 1is Galois with Galois group
Gal(K=F)' "% z=pz;

(iii) If char F =p or B- 2 F then Gal (K=F) = 1.

Proof. (i) Proposition 11.2 5 p is a cyclic group, say generated by ! .
BT B. Do p = | if char F = p (derlvatlve s zero) .". the roots of X? are

P 2 p 12 F(*7) =K. . K is splitting field
for Xp over F.
(ii) Prop051t10n 11.2 says if rghalr F & p then the roots B~ piil e_! n-1

are distinct. . K = F (7 ) =F is separable. Thus it is a separable
splitting field and hence is Galois.

Let Galg( . Then (e_) — BT for some i() 2 Z.
’ (” / T Z(")' 7 and so  just multiplies roots by ! “2). Thus
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we get an injective * group hom.
" Gal(K=F) < » Z=pL
70 1@

Since B- 62F; K 6 F and Gal (K=F) & 1. Lagrange =) ' is an

isomorphism.

(iii) Clear.
O]

Lemma 11.4. Let p be a prime and F be a field. Let K be a splitting field
of X? 1 over F. Then Gal (K=F) is abelian.

Proof. IfcharF =pthen X? 1= (X 1)’soK =F and Gal (K=F) =1.
So assume char F 6 p and suppose ! 2, generates ,. Note K =F ().
Let 2 Gal(K=F)so (1) =1%) for somei( )2 Z. Thus (!7) =

(1) =174 je  raises root ! 7 to the power of i ( ). It is left as an
exercise to show that action of any ; 2 Gal (K=F ) commutes. O

11.3 Solvability

Galois correspondence and Lemma 11.4 suggests:

Definition 11.5. Let G be a group. A normal chain of subgroups is a
sequence of the form

1=Gp4G; 4G, < 4G, =G:

We say G is solvable if there exists such a normal chain of subgroups with
Gi+1=G; cyclic of prime order (or trivial).

In Section 13 we will show:

Theorem 11.6. Let K=F be a field extension such that there exists a field
extension L=F with L=F separable and radical. The Gal (K=F) is solvable.

The main key to the proof is:
Theorem 11.7. Consider tower of field extensions
F = Fo F, Fz Fi+1 Fn =K;

where Fivp = F; ( P ) for some p; and ;2 F;. Suppose K=F is Galois and
F contains all p;th roots of unity. Then G := Gal (K=F ) is solvable.

L Proving injectivity is left as an exercise
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Proof. Galois correspondence gives:
G=F' =F, F] F/ Fl., Fr=1 ()

Note K=F; is Galois. Also F;+;=F; is a normal extension by Lemma 11.3
and separable because K=F; is Galois. Thus F;+1=F; is Galois. There-
fore Theorem 8.6 =  Gal(K=F;+;) = F/,; < F/. And also F/=F/,; "’

Gal (F;+1=F;) 3 Z=pZ. Therefore () is a normal chain of subgroups show-
ing G = F’ is solvable. ]

12 Solvable Groups

Aim: Find ways to verify (not) solvable.

12.1 Basic Fact

Proposition 12.1. Let G be a finite group and N < G, then G is solvable
iff N and G=N s solvable.

Proof. (( ) Suppose we have normal chain of subgroups
1=Np<aIN;IN; <IN,, =N

1g/N = Go:N Sl G]_:N ﬂ Sl Gn:N = G:N

and N,+1=N; and % ' Ggl are cyclic of prime order. Then we get a
normal chain of subgroups

I1=Np<dN; g INdG1 4G, < <G, =G:
() ) Suppose we have normal chain of subgroups
1=Gp 4G, 4G, 4G < 4G, =G

with G;+1=G; cyclic of prime order. If : G ! G=N is the quotient map
g 7! gN, then consider normal chain of subgroups:

1) 1=Gp\ N <G;\ NJIG,\ NI <G,\ N <N

2)lgyn= (Go) 2 (G1)g < (G;)=G=N.

Recall that H < G ;41; K < G;41 O le:[K ' % Therefore

Giv1\ N , (Gi+1\ N)G; &
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Gi+1ﬂN\

Note that G;+1=G; is cyclic of prime order. Therefore Lagrange =) e

N is cyclic prime order or trivial. Thus N is solvable. 2 Also
GZ‘+1 |

G, (G))
G 7! (9 (G))

is a surjective group hom. (G;+1)= (G;) is cyclic of prime order or trivial.
Thus G=N is solvable too. This proves proposition. O

Proposition 12.2. A finite group G is solvable iff there is a normal chain
of subgroups 1 = Gg < G; I G, & <G, = G with all G;+1=G; abelian.

Proof. () ) By definition.

(( ) By induction and Proposition 12.1 suffice to show G is abelian then it is
solvable. Assume G is abelian and pick g2 G 1. Let p be a prime dividing
the order n of g. Then hg™/?i is cyclic of prime order so solvable and G=hy™/?i
is solvable by induction, so G is solvable by Proposition 12.1. O]

12.2 Derived Series

Definition 12.3. Let G be a group and g;h 2 G. The commutator of g
and h is [g;h] = g~th~1gh. The commutator subgroup of G is the group
generated by all [g; h| as g;h range over G. It is denoted by [G; G].

Proposition 12.4. Let G be a group.
(a) [G;G] QG.
(b) G=[G; G| is abelian.

(¢) Given any normal subgroup, N < G with G=N abelian, we have N

G; G].
Proof. (a) Let g;h;k2 G. k[g;h k™! = [kgk-t;khk~1] 2 [G;G]. Thus
[G;G] JG.

(b) & (c¢) Let g;h 2 G. [g;h) 2 N, g'h'ghN = N, ghN =
hgN , (gN)(hN) = (hN) (gN). [G; G| contains all [g; h] so G=[G; G]
is abelian i.e. (b) holds. Also, if gNhN = hNgN 8g;h then N
[G; G| giving (c).
[

2 Note that we never used the normality of N for this. This fact will be important
later.
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Definition 12.5. Let G be a finite group. Its derived series is the normal
chain of subgroups

G:G(O)EG(DEG(Z)E EG(T)EZZZ ()
where GO+ = %(T); G(r)l-j

Corollary 12.6. A finite group G is solvable iff in the derived series ( ),
G" =1 for somer< 1 .

Proof. (( ) Clear by Proposition 12.4 (b) and Proposition 12.2.

() ) Consider normal chain of subgroups G = G° > G! > > G =1
ith G'=@* abelian. Proof by induction on r, that G" G, G =
G®;G®  [G); G| (by induction)  G™*! (by Proposition 12.4 (c)). O

12.3 An Insolvable Group

Let A(n) be a subgroup of S, generated by 3-cycles. Note A(n) < S,
A(n) A, (in fact A(n) = A,).

Theorem 12.7. Letn 5.

(b) A(n); A, and S, are not solvable.
Proof. (a)) (b) by 12.6.

Therefore [A(n); A(n)] = A(n). O

13 Solvability by Radicals

Aim: Determine solvability by radicals.

Lemma 13.1. LetL be a Galois closure of separable radical extension. Then
L is radical.

3 Note that we need n 5 for this

29



Proof. Consider tower of field extensions F = Fg F; F, =K
where F; = F;_1( ;) and P# 2 F,_; with p; prime. Let Lo be subfield
of L generated over F by f ( ;)] 2 Gal(L=F)g. Note Ly K. Now
Lo=F is a radical extension so it suffices to show that Lo = L. For any

2 Gal(L=F), permutes generators of Lo=F so (L) = L. Proposition
8.5 implies Ly = Gal(L=Lo) < Gal(L=F). Theorem 8.6 implies Lo=F is
Galois. Minimality of Galois closure L ) L = L,. [

Theorem 13.2. Let K=F be a field extension which “embeds” in a separable
radical extension L=F in the sense that we have a tower of field extensions
F K L. Then Gal (K=F) is solvable.

Proof. We can replace F with K Ga&/F) gince this leaves Galois group
unchanged as well as the hypothesis. Thus we can assume K=F is Galois.
Lets fix an algebraic closure L of L in which to work. Lemma 13.1 implies
we may replace L with Galois closure in L. Therefore can also assume L=F
is Galois. Theorem 8.6 gives Gal (K=F) ' SN = g guffices to show

Gal(L/K)"
Gal (L=F) is solvable. Therefore can now also have L =K.
Consider the tower of field extension F = Fy Fq F. =1L,

where F; = F;,_; ( ;) with " 2 F,_; for some p; prime. Note L=F separable
) Pi & char F. Let F; be splitting field of fX?  1g_, over F. Let L,
be subfield of L generated over L by roots of these X?* 1. Note F;=F
is a separable normal extension so is Galois. Proposition 11.2 (or rather
its proof) shows Gal (F1=F) is abelian and hence solvable. Claim: L;=F is
separable normal therefore Galois. Why? Lj is generated over F by the
separable generators 1;:::; , of L=F and roots of X?* 1. Also if L and
F1 are splitting fields of f (X );9(X ) 2 F[X] over F then L, is splitting field
of f (X)g(X) over F, proves claim.

Fi=F Galois ) F; = Gal(L;=F;) < Gal(L;=F) = G. L;=F Galois
) Li=F; Galois. Also Theorem 11.7 and fact Ly = Fy( 1;:::; ) F{ =
Gal (L1=F;) is solvable, so Proposition 12.1 implies G = Gal (L1=F) is solv-
able. But Gal (L=F ) is a quotient of Gal (L;=F) so is solvable too. Theorem
is proved. [

13.1 Solvability of polynomials

Definition 13.3. Let F be a field and f (X) 2 F[X]. The Galois group
of £ (X) is Gal (K=F) where K is the splitting field of f (X ) over K. We
say f (X)) is solvable by radicals if K=F embeds in a separable radical
extension L=F as in theorem abowve.
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13.2 General degree N monic polynomial

Let 1;:::; , beindeterminants representing roots. Let K = Q ( 1;:::; ,).
Let
1
aa= (1+ + ) &= i i oa,=( 1" 12 n
i<j

+ a, whose roots are 1;:::; ,. Note S, permutes 1;:::; , so acts on
field K. Let F = K" and note that K=F is Galois with Galois group S,.
Also 8; 2 F so p(X) 2 F[X] and K is splitting field for p(X ) over F.

Corollary 13.4. For p(X); F; K as above. The Galois group of p(X)
(over F ) is S, = Gal (K=F ). Ifn 5; p(X) is not solvable by radicals.

14 Some Applications

Aim: Give example of polynomial not solvable by radicals. Show ubiquity
of simple extension.

14.1 A polynomials not solvable by radicals
Fix p a prime.

Lemma 14.1. Let ; 2'S, be a p-cycle and a 2-cycle respectively. Then
subgroup generated by ; is S,.

Proof. Relabelling if need be, can assume = (1 2). Taking a power of if
necessary and relabelling further, can assume = (12 :::p). “(12) =
(1) “2)=(@G(+1 i+2) (modp). But S, is generated by such
transpositions since any permutation of a row of elements can be gotten by
switching neighbouring elements. O]

Proposition 14.2. Let f (X) 2 Q[X] be irreducible of degree p. Suppose f
has ezactly 2 non-real roots. Then G = Galois group of f(X) is S,. Thus
f (X)) is not solvable by radicals if p & 5.

Proof. Let K be splitting field of f (X ) over Q. Labelling roots as usual
gives monomorphism :G ! S,. Conjugation C is an element of Galois
group and (C) 2 S, is a 2-cycle. Let  be a root of f (X ). Then

[Q( )r@}g< - Q] =G
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also p = deg f(X) = [Q( ):Q]. Thus, Sylow’s theorem implies there is
a Sylow p-subgroup of G which must have order p so is say generated by
2 G. Therefore ( )isa p-cycle. Thus (G) =S, by Lemma 14.1. O

Example 14.3. f(X) = X® 6X + 3 is irreducible over Q by Eisen-
stein criterion. f/(X) = 5X* 6. Therefore 3 real and 2 non-real roots.
Proposition 14.2 implies f (X ) not solvable by radicals.

14.2 Primitive element theorem

Exercise: Use argument of Proposition 11.2 to show, if F is a finite field,
then F* is a cyclic group.

Theorem 14.4. Let K=F be a finite separable extension. Then K =F ()
for some 2 K.

Proof. If F is finite, so is K, so simply let  be a generator of the cyclic
group K*. Thus K =F ( ).

Suppose now F is infinite. Pick 2 K such that [F ( ) : F] is maximal.
Suppose F () C K socan pick 2 K F ( ). Note K=F has only finitely
many intermediate fields since the same is of the Galois closure L=F by the
Galois correspondence. Pigeon hole principle implies we can find distinct
;¢ 2 FwithF( +¢ )=F( +¢ ). Note F( +¢ )3 +0¢
and therefore  and also contains . Therefore F ( +¢ ) 2 F( ). This
contradicts maximality of [F () : F]. Hence K =F ( ). O

14.3 Fundamental theorem of algebra

Theorem 14.5. C:=R P! 1I:|2's algebraically closed.
Proof. We use the following facts about R:

(a) Any odd degree real polynomial has a real root.

(b) Any complex quadratic polynomial has a complex root.

Proof by contradiction. Let K=C be a non-trivial finite field extension. Tak-

ing Galois closure if necessary we can assume K=R is Galoiswith Galois group
G. Let P be a Sylow 2-subgroup of G so 2 ¢ % No% KPF:R=K¢% =
[G:P]isodd. Any 2 K? has [R( ):R]j K :R so min. poly. of

over R is odd L?) 2Rso KPP =R=K%s0G=P.
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Lemma 14.6. Let P be any 2-group. There is a chain of subgroups
P=Py.Pi.Psy.:::1
with [P : Py = 2°.

Proof. By induction on jPj, since P is a p-group (p = 2 here) Z(P) 6 1.
It suffices by induction to first find P; /P with [P : P;] =2. If Z(P) & P
we are done by applying inductive hypothesis, to P=Z(P), to get P1=Z(P).

If Z(P) = P then P; is abelian so you can find P, by hand, e.g. using
structure theorem for finitely generated abelian groups. This proves the

lemma. O

Back to proof of theorem. Pick P = Py > P, > P,::: as in lemma.
[P:P;]=2) K isadegree 2 extension of C. This is impossible by (b).
This proves theorem. [l

15 Trace and Norm

Aim: Introduce two tools to study field extension trace and norm.

15.1 Trace and Norm

Let K=F be a finite field extension of degree n.

Definition 15.1. Let 2 K and let multiplication by be m,: K ! K
an F -linear map. Represent m, with N N-matriz over ¥ M,. We define

the trace of  to be trg)p = tr = tr M,, and the norm of  to be
NK/F =N = det Ma.

Note that tr, and N are well dell-define.
1 1

Example 15.2. If 2 F thenM, = El Bherefore tr =n

and N = N

Notation 15.3 (Only for this section).  For a finite field extension L=F let
Gyr,/r be the set of field homomorphisms L ! L over F, sojG/rj = [L : F]g.

Proposition 15.4. Let K=F be a finite separable extension. Then for 2 K
L 1 C 1
tr = ( ) and N = ( )
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Proof. Easy case: Suppose first K = F (). Then (apin-proof of Propo-
sition 8.2) the min. poly. of over F is p(X) = o€Gr/p (X ()
because () are certainly roots of min. poly. and deg. p(X) = jGg/rj =

K :Flg separability [F( ):F]= deg. of min. poly. Thus p(X) is also the
min. poly. of M, (p(M,)=0). But the characteristic poly. of M, has
degreq [F () : F]) p(X) is char. pgly—pf M. Therefore, tr = tr M, =
o€GK,F ( ) and N = det Ma = 0€GK ( )

General case: want to reduce to easy cageq Recall frompppot of Theorem
9.8 the following fact. Suppose Gr()/r = Ext [F(a):F] and let 7;: K ! 7
K be arbitrary extensionof ;. Then Gg/rp = 7 | ;2 Grwyr 2 Gi/r@) -
Therefore

I I
()=K:F(C) ()

O'EGK/F UGGF(Q)/F
= [K:F ()] treyr
] o)
L 1 L 1
()= 0L ()
UGGK/F UGGF(&)/F
Let f ;g be an F-basis for F () and suppose m,: F ( )! F () is repre-

sented by M,, with respect to this basis. Let f ;g be an F ( )-basis for K.
With respect to F-basis for K f ; ;g, m,: K ! K is represented by matrix

L1 1
M,
Mq
M
trp = K F (lir Mo = [ F ( )]f‘{ﬁ.(a)/F
Ng/p = det M, FEl _ R F(a)/F Ol g proposition follows from

easy case. O

Lol [

Example 15.5. Consider K = Q = d , d square free integer. K=Q is

34



1 p_ p_ 1
Galois, with Galois group G= 1; : d! d.For; 2Q.

= IO, 5 p

trgi  + d + d
TG
p_— p—
= + d+ d
=2
L1 p L1 p 01 p_ L1
Nk + d = + d d
— 2 d 2

Number theorists are often interested in solving equations like 2 d 2 =
for certain ; ; 2 Q.

15.2 Linear independence of characters

Theorem 15.6 (E.Artin). Let F;K be fields. Consider the distinct linear
homomorphism q1;:::; ,: F 1 K. Then these are linearly independent

a1( )+a 2( )+ +an a()=0 ()
forall 2 F then all the a; = 0.

Proof. By induction. Suppose we have non-trivial relation ( ) and pick
with as many @ = 0 as possible. (Can assume a;;a, & 0). Pick 06 2 F
with 1 ()& 2( ). ())

O=a; 1( )+ +a, o( )
O=a 1( ) 1( )+ Fa () () (y)
1( )( ) (y)) gives a shorter relation and thus the theorem is proved. [J

Corollary 15.7. Let K=F be a finite separable extension. There exists an
element 2 K with trg/p = 1.

RBreof. (Obvious if char = 0) Linear independence of characters implies
6 0. Pick ’'2 K with

O'EGK/F
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16 Cyclic Extensions

Aim: Galois theory says study filed extensions via the Galois group. Study
implication of cyclic Galois group.

Definition 16.1. A Galois extension is cyclic (resp. abelian) if its Galois
group s cyclic or abelian.

I%I 2m_l:l L1 L1

_ o _ p_
Example 16.2. Q "2;e» =0 e s cyclic. Q IﬂlQ; p3 =(Q is abelian.

16.1 Hilbert’s theorem 90

Theorem 16.3 (Hilbert’s theorem 90). Let K=F be a cyclic extension of
degree N and Galois group G = hi. Then 2 K satisfies N =1 if and
only if = % for some 2 K.

Proof. (( )
L1 [1
N — = - =

—~
~—
N
—~
~—
i
=
—~
~—
—_

() ) Linear dependence of characters implies the function f : K | K defined
by

L] L] L] L]
f=idt +[ () () %) "+ + () "2() "Teo

We can find 2 K withf ( )= &0.

FCn= O+ ) 2O+ )20 2O+ + ) *0) ") Ay

[]

Theorem 16.4. Let K=F be a cyclic extension of degree n. Suppose char
F 1n and F contains all n nth roots of 1. Then K =f () where has min.
poly. X™ bover F.4

4The f3 is not unique
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Proof. Let generate the Galois group G and ! be a primitive nth root of
1,s0 ,=fid; !;:::;0 »1g. 1 2 F soN! =1"=1 so Hilbert’s theorem
90 implies there exists some 2 K with! = % so ()=!"1  Letf(X)
be the min. poly. of over F. Then

"B OrEcd O
f(X)= X ) = X 1=
i=0 1=0
since X “()jf(X)and degf(X) [K:F]=n. Note[F( ):F]=
degf(X)=n) K =F (). Direct expansion shows f (X ) =X" bwhere
b= ™ O

16.2 Artin-Schreier Theory

Theorem 16.5. Let K=F be a cyclic extension of degree n and with Galois
group G=hi. Then 2 K satisfiestr =0 if and only if = ()

Proof. (( ) easy as in Hilbert’s theorem 90. () ) Corollary 15.7 implies
thereisa 2 K with tr =1.

1 1
= ol O O+ + L)+ 20) 20+

+ + ()+ 4+ ") M)

]

Theorem 16.6. Let K=F be a Galois extension of prime degree p =char
F. Then K =F () where has min. poly. X? X boverF.

Proof. Since [K : F] is prime then the Galois group G = h i is cyclic of

prime order. Note that tr 1 = p = 0 so Theorem 16.5 implies 1 = ()
or ()= 1 for some 2 K. Since ( )& , 62X¢=F. Therefore,
as [K :F] is prime, F () = K. Let b= P so that  is a root of
FX)=X? X b Now ()= (/) ()=( 17 ( 1)=
(7 1 +1)= 7 = b By induction, ( )) b2 K% =F. So
f(X) 2 F [X]. It has the correct degree i.e. [K :F] =[F ( ):F] sois the
min. poly. of . [l
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17 Solvable Extension

Aim: Study implication of a solvable Galois group.

Definition 17.1. Let K=F be a finite separable extension. We say K=F is
solvable if it is Galois closure has solvable Galois group.

Theorem 17.2. Let F be a field of char. 0. Then any solvable extension
K=F embeds in a radical extension.

Proof. We may pass to Galois closure of K=F and so assume K=F is
Galois. Fix an algebraic closure K in which to work. Let G = Gal (K=F)
and n = jGj. Let F; and K; be obtained from F and K respectively by
adjoining all nth roots of 1. Since F1=F is radical it satisfies to show K =F;
embeds in a radical extension. As in proof of Theorem 13.2, K1=F is Galois
so K 1=F; is Galois too.

N
deg p
K F1
embeds
n radical
radical? F

Now we need:

Lemma 17.3. (i) G := Gal(K.=Fy) is isomorphic to a subgroup of G,
an $o

(i) s solvable.

Proof. (i)) (ii) by proof of Proposition 12.1. To prove (i), consider the
restriction map

':G; | Gal(K=F)
7'k

which is well-defined since K=F is Galois. We check injectivity of’ as follows.
Suppose 2 ker’ so fixes K. But 2 Gal (K=F ) so fixes also all nth roots
of unity, and thus fixes K; i.e. =1 in G;. This proves lemma. O

Back to proof of theorem. Use induction on h = jGj (is a multiple of jG,j).
Definition of solvable ) there is N /G ; with G;=N cyclic of prime order p.
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Note p@}j Theorem 8.6 ) K¥=F is Galois with Galois group C@:N. This

j). Also,

K1=K% is Galois and has solvable Galois group N. By induction, K=K
embeds in a radical extension. We see from the picture that K=F embeds in
a radical extension. O

cyclic extension is radical by Theorem 16.4 (and the fact that p

Remark 17.4. (i) The above theorem is false in char. = p > 0 since
there are cyclic extensions of deg p which can not be constructed by
adjoining pth roots (since X?  a is not separable). But of we only
assume K=F finite separable in theorem, we do have another version
of the theorem provided in our tower of field extensions we allow not
just nth roots but also roots of X? X a.

(ii) In proof of theorem, it is easy to see that K;=F; is in fact radical.

17.1 General cubic

Let! =e%. K + QY 1; 2 3) where 4; 2; 3 are indeterminants. Sg
acts on K by permuting 1; »; 3. Note if F = K then K=F is a solvable
Galois extension with Galois group S;. Consider normal chain of subgroups
1/A3=N123)i/S3. Galois correspondence gives tower of field extensions

Gal Gal

K = K4 KS = F:

Az S3/A3

K 43=F : is cyclic of degree 2 with Galois group S3=Az = h(1 2)Asi’
7=27. Whats K4? Let =( 1 2 (1 3)( 2 3)2 K. Notethat
the action of the Galois group of Sz=Ag is (1 2)Az: = ) 62K % = F.
Thus K4 = F () (it’s only deg. 2). Proof of Theorem 16.4 says 22 F.
Let’s check directly: 2 2 K43, Also, (1 2);(2 3);(1 3) all fix 2s0 2 2
KA =F.

K=K 43 : is cyclic of degree 3 with Galois group Az = (123). From
proof of Theorem 16.4 we know K = K43 () with 2 K“2 and can be any

element of K with (123): =!*! . Wemay as well take = +! +!2 ,
or 1+!2 1+ ,. Now go back and look at first section of these notes.
What's F: Let a1 = ( 1+ 24+ 3)@& = 1 24+ 2 2+ 3 18 =

1 2 3allin K = F. In fact, one can show F = Q(!;a 1;a,;ag). Also,
K = F (; ) so in principle you can solve the general cubic X3 4+ a;X? +
X +a3=0.
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18 Finite Fields

Aim: Classify and study finite fields via Galois theory.
Proposition 18.1. Let K be a field.
(i) charK =p>0
(i) K] =g
(iii) K is a subfield of F,.
Proof. (i) Pigeon hole principle.
(ii) K isa [K : F,]-dim space over F,,.

(iii) K K T, since K=F, is algebraic.

18.1 Frobenius Homomorphism
Fix a prime p.

Proposition/Definition 18.2. Let K be a field of char. p. The Frobenius
homomorphism is the map

KO K
X 7! xP

(i) This is a field homomorphism.
(ii) IfK is finite or is F,, then’ is an automorphism.
Proof. (i) 17 =1, (xy)” = xPy? and (X +Y)” = x? + y? since char. = p.

(ii) * fixes 1 and therefore fixes all of F,. But in both cases of (ii) K=F,
is algebraic so Lemma 8.3 implies ’ is an automorphism.

O
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18.2 Classification of finite fields

Lemma 18.3. Let K be a field with p* elements, n a positive integer. Then
any 2 K is a root of X?" X = 0. Equivalently, if ' the Frobenius

homomorphism ™ ™ ()= . In particular,’ ™ is the identity on K .

Proof. = 0 satisfies X?* X = 0. On the other hand, if 2 K*,

since K* is a group of order (p* 1)  has order dividing p* 1. i.e.
P" 1=1 . P"= . This proves the lemma. O

Theorem 18.4. Let E ! E be the Frobenius homomorphism.
1. The fized field Fpn = E@n) is the splitting field of X?" X over F,.
2. J]Fpnj — pn.
3. IfK is a subfield of]F_p with P* elements, then K = Fyn.

4. =, is cyclic of degree n and Galois group N jg i’ Z=nZ.

5. F,=F, is Galois.

Proof. 1. The elements fixed by ’ ™ are precisely the roots of X?"  X.
Hence, F,n is the smallest field containing roots of X?* X so is the
splitting field of X?" X over F,,.

2. T, is the set of roots of X?* X and X?P" X is separable over F,
so there are p" roots.

3. Lemma 18.3.

4. Note [Fpn :F,] = n. Also, ' restricts to Frob. hom. on F,. i.e.
", 2 Gal (F,n=F,). So it suffices to show ’ jr,.» has order n. Note by
definition in (1) " jg, = 1. Suppose ' jg", = 1. So’" ™ fixes Fy» and (1)

) Fpn E(W”) = [F,m. Therefore m n and n must be the order of
" jF,.- Thus (4) holds.

— (I
5. F, is closed in [F,, since the only elements fixed by ' 2 Gal F,=F, is

F, by (1) and (2).
[

Warning: Galois group of E:IFP is not " .
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18.3 Lattice of finite fields

Let p be a prime.
Corollary 18.5. (i) The subfields of Fpn are those of the form F,q, djn.
(ii) Fypn=F,a is cyclic of degree 7.

Proof. Let’ :F,n! I,» bethe Frobenius hom. which generates Gal (F,»=F))
by Theorem 18.4 (4). Now any subfield K of F,» contains [, so Galois cor-
respondence says it corresponds to a subgroup of N i’  Z=nZ. These have
form H 4 where djn. Corresponding intermediate field is F;ﬁd> P F,a. Also
h 4 S H i soF=F,is a cyclic extension of degree . O

Remark 18.6. The lattice of finite subfields of of [, is just the lattice of
positive integers ordered by divisibility. E.g. if n;| are positive integers with
Lcm. m and g.c.d = d then smallest subfield containing F,» and I is Fpm
and Fpn\ Fpl =F,..

p

18.4 Some examples

F4=F,: [y is splitting field of X4 X over F; and X4 X =X (X3 1)=
X (X 1)(X24X +1)andsoFy' Fp[X]=hX? X +1i =Fy( ). Thisis an
““Artin-Schreier” extension of degree 2. Non-trivial element of Galois group
is * is Frob. hom. * () = 2 = + 1 which agrees with Artin-Schreier
theory. i

Fys=Fy2: Cyclic degree 3. Now 2 has all 3 roots of 1 ", Fos = Fp2 ~ 2 .

19 Pro-Finite Groups

Aim: Infinite Galois groups are best studied in the context of pro-finite
groups which we introduce today.

19.1 Topological groups

Definition 19.1. A topological group is a group G endowed with a topol-
oqy such that:

(i) multiplication map G G! G is continuous;®

(ii) the inverse map :G! G:g7! g7t is also continuous.

G @ is endowed with the product topology coming from G.

42



Example 19.2. Ris a group with usual Euclidean topology is a topological
group because (a;b) 7! a+band a7! a are both continuous.

Exercise 19.3. A subgroup of a topological group with the subspace topol-
ogy is a topological group.

Proposition 19.4. Let G be a topological group.
1. Forg2 G, left and right multiplication by g are continuous.
2. IfU G s open and g2 G then gU is open.

3. LetU G be an open subgroup. Then U is closed.

mult.

Proof. 1. G——=G G—=G is continuous.
h——=(g; h)
2. Follows from (1).
—1
3. G U= gU is open.
g¢U

P@ition 19.5. Let £G,0,.4 be a set of topological groups. Then G :=

G, endowed with the product topology is a topological group.
acA

Proof. G G! G, G, ™" G, is continuous, s0 G G ! G is

continuous. Similarly the inverse map is continuous. O

19.2 Inverse limits
Consider data of:

(i) a partially ordered set, A;
(ii) for each 2 A a group Gy;

(iii) for each ; 2 A with a group homomorphism * ,5: G, ! Gg
such that for all

ay — By af
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Definition 19.6. These data are said to be:

(i) an inverse system of groups if for any ; 2 A, there is some
2 A with and ;

(ii) a direct system if for any ; 2 A there is some 2 A with
and

Proposition/Definition 19.7. Let fG.g be an inverse system of groups

as above. Let 1 1
|

G= (G.)2 G, % o (Ga) = O

a€cA

1
Then G is a subgroup of G, called the inverse limit of the inverse system
fG.g. It is denoted lim G,.

acA
Example 19.8. Fix a prime number p. Let A =f:::; 3; 2; 1gordered
by

G_4 G_; G_, G_;

Il I Il Il
e s 7= ——> 7=p L — 7=p L — Z=pL
a+pZr—a+ pPZ+——a+pi

This inverse system has an inverse limit denoted Zp called the ring of p-

1
adic integers. Consider a formal power series in p, = a;p’ where
=0
a;210;1;:::;p 1g. Then qrepresents an element of Zp as follows:
7=p’Z 7=p7 7=y
>80 + 1P + &P’ + PLi—> 89 + a1 + pPZI—>a + pL
I 1 Il
q+p°Z q+p*Z q-+ pz

Example 19.9. Let A be the set of positive integers. We order A by
m  n if njm. Define inverse system as follows: G,, := Z=nZ and if m n
so Njm we define

"t Z=MZ ) Z=NnZ
a+mz 7!  a+nZ:

Note that this is well-defined as mZ  nZ. The corresponding inverse limit
is denoted Z.
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Proposition 19.10 (Universal property of inverse @s) Let 1Gg;’" ap9
be an inverse system of groups and G = lim G, G, Let ,:G! G,
be the natural projection. Suppose H is a group and for each 2 A we have
a group homomorphism ,:H ! G,

H
) N
G

o« oy Go
satisfying g =" o3 o whenever . Then there is a unique group
homomorphism :H ! lim G, such that = o

The proof is left as an (easy) exercise.

19.3 Pro-finite groups

Definition 19.11. A pro-finite group G is a group that is (isomorphic to)
an inverse limit of an inverse system fG,g of finite grougs—ie. all the G
are finite. Put discrete topology on the G, which makes G, a topological
group and hence G is also a topological group.

Lemma 19.12. Let G =1im G, be a profinite group with G+, finite.
_ 1.
i) G G, is closed.
(ii)) G is compact.
(iii) The open subgroups are the closed subgroups of finite index.

Proof. ( G. So for S@e . 6 (03) & g,.Then
U= (hy) G, Hﬁg =03 h, = is an open neighbourhood of

(9a) d1SJ01nt from G.
(ii) Follows from (i) and Tychoroff.

(iii) Suppose U G is open. Then disjoint cosets form an open open cover

which is finite by compactness. Therefore [G : U] < 1 . Conversely, if

U Gisclosed and [G: U] < 1 the complement is a finite union of
closed cosets, so is closed.

O

20 Infinite Galois Groups

Aim: View Galois groups as pro-finite groups.
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20.1 Inverse system of finite Galois groups

Lemma 20.1. Let K=F be a Galois extension (not necessarily finite) with
Galois group G. Let L be an intermediate field with L=F Galois too. Then
the restriction map
:G ! Gal (L=F)
7! L
is a well defined group homomorphism with kernel L' := Gal (K==)L. Also
18 surjective.

Proof. This is half of Theorem 8.6 which was stated with the additional
hypothesis K=F finite. Proof doesn’t require this hypothesis. O]

Consider the following set up: let K=F be a Galois field extension with
Galois group G.

(i) A = set of subfields K, of K such that K,=F is finite Galois. Order
A by inclusion; i.e. A is “like”:

This is a direct system. Why? Let L be the smallest field contain-
ing Kg; K, 2 A. Then L is finite over F being finitely generated by
algebraic elements, and Galois closure of L is also finite over F.

(ii) Apply Galois correspondence.
Nﬁ = Gal (K:K 5)

2 N
N, := Gal (K=K ,) N;s := Gal (K=K ) :::
» o)

N, := Gal (K=K ,)

If Ng N, as above there’s a natural map

gNﬁi gNa
' af: G:Ng G:Na
Gal (K 4=F) Gal (K 4=F)




Note Gal (K,=F) is finite so get

Gal K= K/g

/ \
Gal (K=K ,, Gal (K=K ;)
\

This is an inverse system of finite groups.

Gal (K=K,

20.2 Infinite Galois groups
Theorem 20.2. Let K=F be a Galois extension with Galois group G. Then

G’ limGal (K,=F)

where the limit is taken over all the K subfields of K such that K ,=F is a
finite Galois extension. In particular, G is pro-finite.

Proof. We consider the restriction map in Lemma 20.1
«: Gl Gal(K,=F):
Also, it K, Ky are finite Galois “sub-extensions ”

Gal(K=F)=0G

ol TR

Gal (K 5=F) —22~ Gal (K ,=F)

L aT o B
So by the universal property of inverse limits we have a group homomorphism
:G ! lim Gal (K ,=F)
7! K.,
To show that is injective, suppose ( )Iz:l—l Thus for any finite Galois sub
extension K ,=F, g =idg, . But K = K, where the union is taken over
all finite Galois sub-extensions K, so =1idg, so is injective.

To show that is surjective consider ( ,) 2 lim Gal (K,=F). We wish
tofind 2 Gwith ( )= ( ,). Pick 2 K. There exists a finite Galois
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sub-extension K g=F with 2 Kz. Wedefine ()= 3()2 Kz K. This
is well-defined, for if 2 K., there is another finite Galois sub extension K
containing K g and K.

JO= 5 O= 40

2 ()

Note that 55@ = 3. Therefore, is well-defined. A similar argument
shows it is a field automorphism of K fixing F. Clearly ( )= ( ,). Hence
is surjective and theorem is proved. [l

20.3 Absolute Galois group

Proposition/Definition 20.3. Let F be a field and F*P be the set of
elements in F which are separable over F

(i) F3P is a field.
(ii) F3P=F is Galois.
F3¢P is called the separable closure of F.

Proof. (i) Essentially because fields generated by separable elements are
separable.

(ii) We need only show F %P is normal over F. But any separable polyno-
mial (over F) has all roots separable so if f (X) 2 F[X] has a root in

F 3P then all roots are in F3°P.
O

Definition 20.4. Let F be a field. The absolute Galois group of F is
Gal (F**P=F).

Example 20.5. Hix a geime p. What is the absolute Galois group of
F,? Answer: Gal F;P=FF, ' Z. Why? The finite Galois sub-extensions
are F,»=F, which has Galois group Z=nZ. Lattice of finite fields is positive
integers reverse ordered by divisibility. Hence the inverse system of finite
Galois groups is Fy» F,m with njm and Z=nZ Z=mZ. This is the
inverse system we used to define YA
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21 Infinite Galois Theory

Aim: Exhibit the Galois correspondence in the infinite case by determining
closed objects.

21.1 Basic facts about pro-finite groups
Let G = lim G, be a pro-finite group with all G, finite. Let ,: G! G,

acA
be natural projection map. Note f15,9 G, is open. Hence U, := ker , =

o+ L (1) is an open subgroup of G. It is often called a fundamental open
neighbourhood of 1.

Proposition 21.1. With the above notation:

1. The U, form a basis of open nbhds of 1 i.e. if U is an open nbhd of 1
then, U U, for some

2. If 2 G, thenf U ,g form a basis of open nbhds of

3. G is a Hausdorff so in particular points are closed.

1, 1
Proof. 1. Notethat 5 (gs) G Horsome 2A; gz2 Gz isasub-
base for the topology on G. Note ﬂ’l (gs) 3 1g iff gz = 1. .. it suffices
1

to show that any finite intersection Uy, U, for some . But the

j=t
fG,g form an inverse system so you can find 2 A with ; for
j =1;::5;n. But now
G
iy "
Paa,;
Ga d Gaj

Us U,

1

U, U,
j=1

2. (1)) (2) since multiplication by is bicontinous.
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3. Suppose (@) ; (h,) are distinct elements of G so say gg 6 hg for some
2 A. Then 6_1 (95); ﬁ_l (hg) are disjoint open nbhds of (g,) and

(ha)-
[

21.2 Infinite Galois correspondence

Let K=F be a Galois extension with Galois group G. We wish to show
topologically closed subgroups of G are precisely the subgroups which are
closed a la Section 5.

Lemma 21.2. With notation as above, let L be an intermediate field of
K=F .

1. Thel’:=Gal(K=L) G is a topologically closed.

2. The subspace topology on L’ is the same as that coming from its struc-
ture as a pro-finite group.

Proof. 1. We first prove the case where L=Fisfinite. Pick EI:IK a
Galois closure of L=F. Note L=F is finite. F L L K . Have

restriction map:

1 [
:G = Gal(K=F) ! Gal L=F
1 1 O 1 1
H:= ! Gal L=L 7! Gal L=L
1 [ 1 1 1 [

Now Gal L=F has discrete topology so Gal L=L Gal L=F is
1 C1 [l

topologically closed. Therefore, H := 1 Gal L=L G is also
topologically closed. It suffices thus to show H = Gal (K= ).(Byit s
restriction so H ~ Gal(K=L)as 2 H) j; 2 Gal L=L so fixes
L. Similarly, Gal (K=L) H.

C1
Now if L=F is infinite, write L = L, where L  =F are finite sub-

extensions. If , then to be in Gal (K=L) means fixes every L.
Gal (K=L) = Gal(K=L,) so it topologically closed by the L=K finite
case.

2. Left as an exercise. Hint: Let f (X) 2 F[X] and F; L Khe thesplity
ting fields of f over F and L respectively. Then U; :=ker G! Gal F=F
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1

L1 [I1]

is a fundamental open neighbourhood of G and U, := ker Gal (K=L t | Gal K=L

is a fund. open nbhd. of lga(x/r) and observe U, = Gal (K=L) U,.
]

Theorem 21.3. Let K=F be a Galois extension with Galois group G. There
are inverse bijections

Ht H :=KH
1 1 1 1
top. closed — intermediate field
subgroups H G L
L’ := Gal (K=L) 1L

Proof. Use weak Galois correspondence. We first show any intermediate
field L is closed. K=F is separable and normal ) K=L is also such. Thus
K=L is Galois i.e. L = K@K/ — |7 So L is closed a la Section 5.

Let H G be a top. close¢subgrogp. We wish to show it is closed a
la Section 5ie. H H” = Gal K=K 7 | Of ceyrse H H so by Lemma
21.2 we may assume F = K. Let 2 Gal K=K and L=K ¥ a finite
Galois sub-extension of K=K . Consider fundamental open nbhd of 1.

L1 o O ]
U:=ker Gal K=K 7 17 Gal L=K"

U js¢ basiejopen nbhd of . Newj by finife Galois theory we have () 2
Gal L=Lf = (H). But Gal L=K# = L=Lf = L=L"®_ Therefore

“I(H)\ ker =U®6 ;. ThusH\ U & ;. Since U runs thropgh basieq

open nbhds of and H is top. closed 2 H. Therefore H = Gal K=K 7 .
This proves the theorem. O

22 Inseparability

Aim: See what Galois group tells us about inseparable (i.e. not separable)
extensions.

22.1 Purely inseparable extensions
Proposition 22.1. Let K=F be a field extension where char F =p 0.
(i) The following are equivalent:

(a) 2 K is purely inseparable over F i.e. P" 2 F for somen 0.
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(b) s the only root of its minimal polynomial f (X)) 2 F[X].
() F():Flg=1

(ii) In particular, if 2 K is both separable and purely inseparable over
F then 2F.

Proof. (i) (b), (c) easy.

(a)) (b): s aroot of XP*  P" 2 F[X] so f (X)ap” Pt =
(X )P". Therefore the only root of f (X) is

(b) ( (a): By induction on deg f. If deg f =1 then 2 F so (a)
holds. assume 62F so no separable over F. f (X) = (X )"
Have p'A otherwise f'(X) 6 0 so f is separable. Write m = 2 2 Z.
f(X) = (X Y= (XP )" - P gatisfies a polynomial in
F [X] of degree m whose only roots is ?. By induction, ? is purely
inseparable over F. Thus is purely inseparable over F too.

i) 12F():Fl"“% [F():F]. Therefore 2 F. .

22.2 Maximal separable and purely inseparable ex-
tensions

Let F be a field, which characteristic p > 0.

Proposition/Definition 22.2. Let K=F be a field extensions. The inter-
mediate field L := K \ F**P of all elts in K which are separable over F is
such that K=L is purely inseparable. L 1is called the maximal separable
sub-extension.

Proof. Let 2 K and f (X) be its min. poly. over L. Argue by induction
on deg f (X). As before deg f (X ) =1) 2 L. Suppose deg f (X) > 1, so

62L. Note is not separable over F .. not separable over L . f'(X) =
0) f(X)=9g(XP). Thus ? has min. poly. over L of smaller degree so is
purely insep. over L and hence is purely insep. over L. O

Proposition/Definition 22.3. Let K=F be a field extension. The set of
elements in K which are purely inseparable over F forms a field, say L, called
the maximal purely inseparable sub-extension.

Proof. Left as an easy exercise. O]
Example 22.4. If :K ! K is Frobenius then L is just the union of

increasing chain of subfields ™ (F), n=1;2;:::
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22.3 Normal extensions

Theorem 22.5. LetF be a field of char. p> 0 and K=F a normal extension
with Galois group G. Let Lsp be the maximal separable sub-extension and
Loi be the maximal purely inseparable sub-extension. Then:

(i

i) K=K © is Galois with Galois group G.
(ii

Lpi =K G is Galois.

(ili) Lsep=F is Galois.

The smallest subfield L containing Lsep and Lpi s K .

(v

(vi

)
)
)
(iv) Lsep\ Lpi=F.
)
)

The restriction map : Gal (K=L ) ! Gal (Lsep=F) is a well-defined
group isomorphism.

] ]
Proof. (i) G Gal K=K¢ Gal (K=F ) = G. Therefore, K Gal(K/K®) _
K ¢ and thus K=K ¢ is Galois with Galois group G.

(ii) Since K=F is normal, the G-orbits of any 2 K is precisely the set
of roots of its min. poly. f (X ) over F. But 2 K¢ iff the G-orbit of
is 1 element iff (by Proposition 22.1) is purely inseparable over F.

(iii) Same as for F*P. If 2 Lgp then its min. poly. f (X)) is separable
and K=F normal ) all roots of f (X) lie in Lgp. Therefore Lgp=F is
normal too and hence Galois.

(iv) Proposition 22.1 (ii).

(v) K purely inseparable over Lgep so K is purely inseparable over L. (i)
and (ii) ) K is separable over Lp; so K is separable over L. Therefore
K=L is separable and purely inseparable so by Proposition 22.1 K = L.

Cl ]
(vi) Let 2 Gal K=K ¢ . It must permute separable elements so (Lgep) =
Lsep so is a well-defined group homomorphism.

To see that is injective, note that if ( ) =1 then fixes Lgp and
Lpi and by (v) K. Thus =1 and hence is on-to-one.

Also, any ~ 2 Gal (Lsep=F); can pyj uniqueness of splitting fields be
lifted to Gal (K=F ) = Gal K=K ¢ so is surjective and the theorem

is proved.
m
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Corollary/Definition 22.6. A field F of char p > 0 is perfect is Frob
F ! F is surjective. (Also fields of characteristic O are said to be prefect
too). Any finite extension K=F of a prefect field is separable.

Proof. Let : K ! K be the Frobenius map. We can pssumje K=F is

normal. The maximal purely inseparable sub extension is F)=F.

neN
So result follows from theorem. ]

23 Duality

Aim: Prepare for classification of finite abelian extension in the next section.

23.1 The dual group

Definition 23.1. Let A be an abelian group and m be a positive integer.
An element a2 A is m-torsion if ma = 0. We say A is m-torsion if every
element in A is m-torsion. We say A 1is torsion if every element of A has
finite order.

Example 23.2. Q=Z is torsion since § + Z is ¢+torsion.

Proposition/Notation 23.3. Let G be a group and A be an abelian group.
Let Hom (G; A) be the set of group homomorphisms’ : G A. This is an
abelian group when endowed with addition (" 1+ 2)(9) :=="1(9) +’ 2(9).

Proof. Easy. [

Definition 23.4. Let G be a torsion abelian group. The dual of G 1is
G”" := Hom (G; Q=%2).

Example 23.5. (Z=nZ)" ' Z=nZ. Why? Any group homomorphism
" Z=nZ ! Q=nZ is determined by a :=" (1+nZ) 2 Q=Z. This can be
verifies that the hom. : Z=nZ ! Q=nZ mapping i + nZ 7! % + Z is the
generator of (Z=nZ)".

Exercise 23.6. Let A;B be torsion abelian groups. Show

~

A" B 17 (A B)"
G 7 (@7 @+ (b)

is a group isomorphism. Hence by Example 23.5 and structure theorem for
finitely generated abelian groups, A’ A" for A finite abelian.
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23.2 Perfect pairings

Let A;B be torsion abelian groups.

Definition 23.7. A pairing between A and B is a function :A B!
Q=Z such that:

(i) (a; ), ( ;b) are group homomorphisms for alla2 A;b2 B. We
say 1s perfect if:

(i) (a )=0) a=0and ( ;bH=0) b=o0.
Exercise 23.8. For a finite abelian group A, show

A A1 Q=L
@) 7t (3

is a perfect pairing. Conversely, we have:

Proposition 23.9. Let A;B be finite abelian groups and A B! Q=Z
is a perfect pairing between them, then A’ B”.

Proof. Let ¥:A! B” bethemapa7! (a; ). It is a group homomor-
phism by Definition 23.7 and injective by part (ii). Therefore, jAj j B"j =
jBj. Switching roles of A and B shows jBj j Aj so V¥ is an isomorphism. [J

23.3 Some abelian extensions

Fix positive integer m. Let F be a field of characteristic not dividing m and
such that F m (note j ,,j = m). Kummer theory classifies abelian exten-
sions of F with m-torsion Galois groups. Here we construct some examples.
F*=F*": Let F** =f ™) 2 F*g. F* abelian) F** F* and F*=F*"
ié m-torsion abelian group. p_

F m:Let a2 F*=F*" say a= F *. We “define” ™ a to be any m-th
root of . Fact: ™ais well defined up to scalar multiple by some scalar

2 F*. Why? Changing choice of m-th root of , changes ™ a by an ele-

quEIOfIE F*. Changing to ™ e—4 F* changes R by
F J :LetJ F*=F*". Define F J  to be the splitting field over
F of the family of polynomials

fxXm j F™2Jg:

This is generated over F by the R a;a2J.
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1
Proposition 23.10. ForJ F*=F*";F l%]j =F is Galois.

Proof. For F "™ 2 "t has m distinct roots which must be separable

over F. Therefore, F J s generated by separable elements over F. Since

it is also normal, it’s Galois. [l
I:II__RI_EI ]

Proposition 23.11. LetJ F*=F"". Let 2 Gal F J =F ;a2lJ.

Then (;a)= % 2 ., and is independent of choice of m-th root of a.

Proof. Suppose 9‘5 = E_, where 2 F*". Then maps R to some
other root of X ™ X (1a) — U( %) 2 - AlSO, for 2 F* U( %5) _

Va Vap

%{2;(5) so independence of choice of P a follows from this fact. O
I:II__EI_I:I 1

Proposition 23.12. For J F=F*"G = Gal F J =F s m-

torsion abelian group.

1
Proof. The action of ; 2 Gon F I% is determined by its action on

the generators f R aja2Jgof F J =F. Just as in the case of cyclic

extension Proposition 23.11 implies ; act on Qa by multiplication by

(;a); (;a)and the fact that F m ) these actions commute. There-
fore, G is abelian. Finally, (;a)2 ,, implies ™ acts as identity so G is
also m-torsion. O

24 Kummer Theory

Aim: Classify abelian extensions a la Kummer.
Fix for this section a positive integer m and field F of characteristic not
dividing m such that F contains all m, m-th roots of 1.

24.1 A perfect pairing
I:II__EI_I:I 1
Let J  F*=F*"" and G = Gal F J =F . Recall from propositions in

section 23, we have a well-defined map

G J ! m
a7 @
! - T Rm

Note also that ,,’ %Z:Z < Q=%Z.
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Theorem 24.1. r]jﬁg?agﬁ =ak v m + Q=7 is a prefect pairing. If J
is finite then Gal F "3 =F ' J",

Proof. We first check is a paring. Let ; 2 G;a;b2 J.

i

Ak p—
b
(1ab) = = e

thus (; ) is a homomorphism. Also,

so ( ;a) is multiplicative.
We now check that  is perfect. If |(_—€| g 1, then  acts as the
identity on the generator Qa;a 2 Jif F J

now that a2 J 1;. So 62F*™ - Ea 62F soas F "J =F is Galois

(by Proposition 23.10) there exists 2 G such that (B a) & P2 and so
(;a)=2 maa 6 1. Therefore ( ;a)=1) a=1. Thus is perfect too.

=F = 1. Suppose
T

V
Now Proposition 23.9 shows if J is finite (so is Galois too) then G’ J".
This proves theorem. [

24.2 Classification of abelian extensions

Theorem 24.2. For a positive integer m, F a field of characteristic not
dividing m containing primitive m-th root of unity, then:

(i) There is a bijection

—1 1
I:Slubgroups %IJ qgeli(m e:z:tensz'om L1
J FEr*=f*m with M-torsion —

Galois group
J70 F(™J)

(ii) Finite subgroups correspond to finite extensions.

Proof. (ii) Do finite case first.

U injective: Let J1;J2 F*=F*" be finite and J;J, be the_groups
genérated by Ji and J, (which jg still finite). Suppose F(™J;) =
F(

J2). Then F(™J1J;) = F( ™ Jy) since J1J, consists of products
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of elements of J; and J,. Thus it suffices to show J; = J1J, for then

by symmetry J, = J1J,. By Theorem 24.1
L1 — 0[] L1 — 0O

J Gal F(™J)=F =Gal F(™ J1J)=F ' (J1J2)™:
Therefore jJ1j = jI7j = j (31J2)" | = jI1d2j s0 Iy = J1Ja.

U surjective: Suppose K=F is a finite abelian extension with mtorsion

Galois group say G* G; G G, where G; is a cyclic group
of order n;jm. Let ;: G = G; G, ! G, be the natural
projection and H; = ker /G . Note, H; /G ) K=F is a Galois
extension with Galois group G=H? ' G; i.e. is a cyclic extension

of degree n;. The theory of cyclic extensions (Theorem 16.4) tells
us K Hi :_F( a;) for soppe—8y 2 Fi=Fxm Let J = hagiii;al.
Then F(™J) = F( al, el " i3y)) K. We wish to show
J) . Now F(™J) is the smallest
subfield containipg K Hi: oo K Hr therefore by Galois correspondence
Gal K=F(™J) isHj\ H2\ \ H,=1. Thus K —F(QJ)and\P

is surjective.

equality by computing Gal K=F (

(i) do now g,nﬁmte cas?) As before, suffice to show if J; J,  F*=F*"
with F ( " hen J; = J,. Let a2 J,. Then there exists
al;:::;an 2 J suchthat a2 F(I—_a-q"::; E&}f\lf =hay;::a,l
and J? = hajay;::i;a,i and F(™ J9) = F(™ J9). So by finite case
J9 =39 s0oa2 Jp). Thus J; = J, and so V¥ is injective.

To W is surjective: let K=F be an abelian extension with m-torsion
Galois group G. Write K =\ K; where K;=F are finite Galois exten-
sions. These must have Galois gr0é1ps which are quotients of G so are
m-torsion abelian. Thus K = F( for so§qe Jl F*—F*”Q) if J is
a subgroups generated by all the J; then F(

O

25 (Galois Correspondence in Topology

In this section all topological spaces X will satisfy the following.
% is path connected
is locally contractible. i.e for all X 2 X there exists open nbhd U,

) %&nd continous function ,:U, [0;1]! U, such that ,( ;0) =idy,
+( ;1) is constant.

Example 25.1. X is a manifold.
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25.1 (Unramified) covers

Definition 25.2. Let X be a topological space satisfying ( ). A cover of X

1s a continuous map of topological spaces Y 1 X such that for any X 2 X

there is an open nbhd U of X with the property that any component V of
“YU) is open and jy:V ! U is a homeomorphism.

Example 25.3.

‘R ! R=7' St
7! +7Z

R
+
+1

i

Sl | R: Q

25.2 (Galois correspondence

Proposition/Definition 25.4. Let :Y ! X be a cover. A deck trans-
formation of is a homeomorphism : Y ! Y such that the following
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diagram commutes

Y z Y
X
In other words, = . The set of deck transformations of is called the

Galois group of and is denoted Gal (Y=X). It’s a group under composi-
tion.

Remark 25.5. (i) Deck transformation  preserves fibres of  since

y2 7'x)) ()= (y)=x

(i) X is path connected means cardinality of fibres is constant and is
called the degree of the cover.

Example 25.6 (Continued from previous example). For n 2 Z, we can
define ,:R! Rwith ,( )= +n. In fact, Gal(R=S)’ Z

Definition 25.7. A cover :Y ! X is Galois if Gal (Y=X) acts transi-
tively on every fibre of .

Example 25.8. From before R! S is a Galois cover.

25.3 Galois correspondence

Definition 25.9. Let :Y ! X be a cover. An intermediate cover is a
factorisation of i.e. commutative diagram

such that is a cover (and therefore’ is a cover too).
Two intermediate covers Y ' Zy ' X and Y ! Z,! X are equiv-
alent if there exists a homeomorphism h ! I" Z, such that the following

diagram commutes
Y

X

Z; Z,

60



Theorem 25.10. Let :Y I X be a Galois cover with Galois group G.
There is a lattice anti-isomorphism

H——=(Y! Y=H! X)

1 1 1 1
subgroups — intermediate
of G covers of

Gal(Y=Z)~———i(Y! Z! X)

The normal subgroups correspond to intermediate covers Y ! Z 1 X where

Z! X is Galois.

Example 25.11 (Continuing from all previous examples). 0 nZ Z =

Gal (R=S) corresponds to

S’ R=nZ

/

S
25.4 Simply connected cover

R

Theorem 25.12. Let X be a topological space satisfying ( ). Then there is
a unique cover : X1 X with X3¢ simply connected®. This is called the
simply connected cover of X . [t satisfies the following universal property:
Consider any cover : Z ! X, then there is a commutative diagram of
continuous maps:
X s¢ A

L

X

Corollary 25.13. Any cover Y ! X of a simply connected space X is
trivial. 1.e. =id.

Theorem 25.14. Let X be a topological space. Then X3¢ X is Galois
and Gal (X=X is isomorphic to the fundamental group of X, 1(X).

6

i.e. all loops in X®¢ are contractile to a point.
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26 Riemann Surfaces

Aim: See how field extensions arise in the theory of Riemann surfaces.

26.1 Riemann surfaces

Definition 26.1. A Riemann surface is a 1 dimensional complex manifold
i.e. a Hausdorff topological space X with an atlas

1 1
u, 1™ v, C

where X =[ U, is an open cover such that the transition functions . ﬂ_l

are holomorphic.

Example 26.2. Riemann sphere of complex projection line Pt = X . As
a topological space, X = spheres S2 = 1 pt compactification of C. Atlas
given by identifying

(i) X 1 with C (with complex variable z);
(i) X 0 with C (with complex variable y)

and transition function y = z71.

Example 26.3. Elliptic curve. Pick 2 C with im z > 0. Consider lattice
AN:=7Z+7 < C. Let X = C=A. This a Riemann surface.

26.2 Field of meromorphic functions

Definition 26.4. Let X be a Riemann surface. The field of meromorphic
functions C(X) is the set of meromorphic functions on X i.e. functions
which are holomorphic except for a finite number of poles.

Note that meromorphic functions on X are just holomorphic functions
X1 PL

Example 26.5. The meromorphic functions on X = PL are the mero-
morphic functions on C which are neither holomorphic at 1 or have a pole
there. Thus meromorphic functions are just rational functions. Therefore

C(P) = C(2).

Example 26.6. As before A = Z + 7 is a lattice in C and X = C=A.
A meromorphic functions on X is a meromorphic function f (x) on C which
double periodic with periods 1; ie. f(z+1)="f(z);f(z+ ) =1 (2).
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Proposition/Definition 26.7. The Weierstrass } function
1
TR S
2% e (oW W
is meromorphic on C and doubly periodic. Therefore C(} (z)) = C(X).

Facts:

(i) }(2?=4}(2® }(z) g for some g;Q 2 C depending on A.

1
(i) C(X)=C(}(2:}(2)’ Ct 4 gt g). In fact,

C=A! P2
z+A7! 3(z2):}:(2):1)

embeds C=A into P2 as the the curve y? = 4x3  @gX g3

26.3 Functoriality

Proposition 26.8. Let : X ! Y be a non-constant map of Riemann
surfaces.

(i) Letf:Y ! PL be a meromorphic function Y. Then *f :=f is
meromorphic on X . We thus obtain a field homomorphism *: C(Y)!
C(X). This is the pull back of functions.

(ii) If we have another non-constant holomorphic map : W ! X of
Riemann surfaces then ( )y = * *C(Y)! C(W).

(iii) (idy)* = idegyy.

Proof. (i) Clear.

i ) ()= ().

(iii) Clear.

Example 26.9. Elliptic curve X = C=A

g
X —P¢

hol. C
p*f=f(so(2k lf ol JEEE)

Pt
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Therefore, writing t for } (z)
:C(Pz) ! C(C=A
bioEhtocEsn
Ct)ye—C t;, 4t® @ G
t7! t

26.4 Riemann’s Theorem

Theorem 26.10. Let K be a finite extension of C(z). Then there is a unique
compact Riemann surface with C(X)’ K. Furthermore, if L=K 1is a finite
extension and Y is the compact Riemann surface with C(Y)' L, then there
is a non-constant holomorphic map :Y ! X such that *C(X)! C(Y) is
the original field inclusion K L.

27 Geometric examples of field automorphisms

Proposition 27.1. Let X;Y be a Riemann surfaces and :Y ! XX be
an unramified cover. Then Y has a unique structure as a Riemann surface
i such a way that s holomorphic.

27.1 Galois groups

Proposition 27.2. Let :Y ! X be a non-constant holomorphic map of
compact Riemann surfaces. We will use *: C(X) ! C(Y) to identify C(X)
with a subfield of C(Y).

(i) Let :Y ! Y be a biholomorphic map such that
- Y
X

commutes = . Then *:C(Y)! C(Y)2 Gal(C(Y)=C(X)).

Y

(ii) The elements of Gal (C(Y)=C(X)) are the * where is as in (i).

(iii) Let G be the pro-finite completion 1(X) i.e.

G= lim  1(X)=N/ (X)
N 9 7 (X)

[r1(X): N] < o0
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L] L]

Then G is a quotient of the absolute Galois group Gal C(X)=C(X)
corresponds to the “maximal unramified extension”.

Proof. (i) Functoriality implies * *= *. Thus * fixes C(X).
(ii)) This follows from Riemann’s theorem.

(iii) Any finite Galois unramified cover X¢ I Y I X corresponds to
N/ 1(X), Proposition 27.1 implies Y is a Riemann surface. Parts (i)
and (ii) give Gal (C(Y)=C(X))" Gal(Y=X)" 1(X)=N.

[l

27.2 Unramified covers of elliptic curves

Consider lattice in C, A=7Z+7Z ,im > 0. Elliptic curve X = C=A. C is
simply connected so C! C=A is the simply connected cover. Translation by

2 C is a deck transformation. We see that 1(C=A)’ A’ Z2?. Therefore
by Proposition 27.2 (iii) the absolute Galois group Gal (C(X )=C(X)) has a
quotient corresponding to @\) ’ What are finite unramified covers
of X = C=A? Pick A’ < A of finite index Y = C=A’! C=A = X. Note
A’ is still a Riemann surface, in fact an elliptic curve. Also Gal (Y=X) =
Gal (C(Y)=C(X)) = A=A".

27.3 Ramified Cyclic Covers of P§

Definition 27.3. Let Y ! X be a non-constant holomorphic map of com-
pact Riemann surfaces. If is surjective, so we will call it a ramified cover

if it not unramified. We will say it is Galois or cyclic if C(Y)=C(X) is.

Now PL o8- p- S? which is simply connected so any unramified cover is
trivial. Let’s find all ramified cyclic covers using Kummer theory, say with
Galois group G ' Z=mZ;m > 0. Recall, C(PL) * C(Z). Need to know

C(z)*=C(z)*™.
Fact:
Cr—
(i) ' :C* recZ ! C(z)*.

L1
(ii) C(z)*=C(z)*™™’ rec L=MZ.
Why?

o4 ny+ 4Ny, T7 (z )"™iii(z )™
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Need cyclic, order m subgroups of ,_ Z=mZ. Pick some (ny,;:::;Nny,) 2
Z" which is order m, modu]m‘nl__KB@er theory says if f(z) = (z
)™ iii(z )™ then C z; ™ f(z) =C(z) is a cyclic extension of de-
gree m.
What’s happening geometrically? Let X ! PL be corresponding map
of compact Riemann surfaces. Then away from 1; ,;::: , is unramified,

L 1r— L1
Example 27.4. IfX ! PLcorrespondstoC z; z(z 10(z ) =C(2)

then X is essentially zeroes of y* =z(z 1)(z ) in C? compactified in PZ.

28 Ramification Theory

28.1 Discrete valuation rings

Proposition/Definition 28.1. A discrete valuation ring (DVR) is a
PID R which is not a field and has a unique maximal ideal (i.e. a local
ring) tR = hti. In this case, any non-zero ideal | has form W"i, for some

n2N.

This is not the standard definition, but is equivalent to it.

o1 L1
Example 28.2. Let F beafield. Then Ft] = ., it'j ;2 F which

is the ring of formal power series in t with coeflieiens in F. This is a DVR
with maximal ideal Hi. Why? Given a(t) = ., iff-whgre o 6 0 then
a(t) is invertible. This means that any element a(t) = ..~ ;' with , 60

is an associate of t™ and so any non-zero ideal has form h"i for some n 2 N.

Example 28.3. Cftg < C[t] is the subring of convergent power series.
Thisis a DVR Cftg’ ring of germs of holomorphic functions at some point
of a Riemann surface.
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