
Lecture 7: Basis and Coordinates

Aim of Lecture: Develop notion of coor-

dinate systems and the concept of bases.

V = vector space/ field F

Defn A subset B ⊂ V is a basis for V if

a.

& b.

E.g. 1 V = Pk has standard basis

B =

Check: Span B =

B is lin indep by

If B is finite, we usually fix an ordering of
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the elements B = {v1, . . . ,vn}.
This is called an

Defn Consider an ordered basis B =

{v1, . . . ,vn} of a vector space V over F.

If v = x1 v1 + . . . + xn vn

then the coordinate vector of

Rem: This is well-defined by thm lecture 6.

e.g.2 Let B = {v1 =
(

1
2

)
,v2 =

(
0
1

)}. B

spans R2 & is lin indep ∵
So B is a basis. The coord vector (wrt B)

of
(

1
4

)
=

is
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The vector with coord vector
(

1−1

)
wrt B

is

Testing for Bases & Finding Coor-

dinates in Fm

Let B = {v1, . . . ,vn} ⊂ V & A be the

matrix

Propn B is a basis for Fm iff

a.

& b.

OR equivalently,
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Since Ax = x1 v1 +

the unique soln is

Stupid E.g. 3 Recall (from lecture 4)

that the set of standard basis vectors B =

{e1, . . . , em} ∈ Fm spans Fm.

Here A = . You can always solve

i.e. the coord vector of b wrt standard basis

is

E.g. 4 B = {v1 = (1, 0, 1)T ,v2 =

(2, 2,−2)T ,v3 = (1, 1, 1)T}.
Is B a basis? If so determine the coordinates

of (2, 0, 0)T wrt B.

A i.e. we need to ask, does Ax = b always
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have a unique soln & if so what’s

(A|b) =

A is

∴B

For b = (2, 0, 0)T ,

Testing for Basis & Finding Coordi-
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nates in Mmn(F) and Pk

As usual, reduce to linear algebra questions

of the form considered in the Fm case, i.e.

does Ax = b always have a unique soln and

if so, what is the soln?

E.g. 5

v1 =


1 1

0 0


 ,v2 =


1 −1

0 0




v3 =


−1 1

1 1


 ,v4 =


1 −1

1 −1




Is B = {v1,v2,v3,v4}
If so, what’s the coord vector of

(
0 0
0 1

)
wrt

B?

Ans: B is a basis iff
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(*)

always has a

LHS of (*) =

Solving

which always has a unique soln.
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∴
If b =

then

E.g. 1 revisited B =

Coordinates of λ0 + λ1 x + . . . + λk xk wrt

B is

In this way, we can identify Pk with Rk+1.

Note: In fact, addn and scalar multn also

identified e.g.

[(
∑

λi x
i) + (

∑
µix

i)]B =
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cont’d

More generally,

Thm Let V = vector space/ field F and

B = {v1, . . . ,vn} be an ordered basis. Then

for v,w,∈ V , α ∈ F:

a.

b.

Proof: Sim to e.g. above, see notes §6.8

e.g. 4 revisited Let B be the ordered

basis in e.g. 4.

Then
[(

0 0
0 2

)]
B =

Orthonormal Bases

The most useful coord systems have orthog-

9



onal axes.

E.g. In R3

Recall B ⊂ Rm is orthonormal (o/n) if the

vectors are

Propn 1 An o/n set {v1, . . . ,vn} is lin

indep

Proof: If

then for any i
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Propn 2 If B = {v1, . . . ,vn} is an o/n

basis of Rm (see later m = n) then

Proof: None. This is ex 60 of §6.8 of the

notes.

Geometric picture is more enlightening.

Suppose B = {v1,v2} ⊂ R2 is o/n.
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