
ALGEBRAIC GEOMETRY, D. CHAN

1. Why Algebraic geometry

The basic aim is to solve polynomial equations. Let K be an algebraically closed field. Geometrical meaning:
let An be the set Kn as an affine space with coordinates x1, . . . , xn. Consider S ⊆ K[x1, . . . , xn] and the
zero locus

V (S) = {(α1, . . . , αn) ∈ An | ∀f ∈ S, f(α1, . . . , αn) = 0}
These are called algebraic sets. In algebraic geometry, these and “natural compactifications” are the
primary objects of study.
These are interesting in their own right. We outline some examples.

Example 1.1. Let f(x, y), g(x, y) ∈ K[x, y]  plane curves V (f), V (g) ⊆ A2. When are V (f) and V (g)
isomorphic? If V (f) and V (g) are isomorphic, is deg(f) = deg(g)? If K = C, then dimR(V (f)) =
dimR(V (g)) = 2 in C2. What is the topology of the curve? What is its natural compactification?

Example 1.2. What is #(V (f), V (g))? This is answered by Bezout’s theorem. In general #(V (f), V (g)) =
deg(f) · deg(g).

Example 1.3. Consider 5 plane conics, ci = V (fi(x, y)) with deg(fi) = 2 for i = 1, . . . , 5. In general,
how many conics are tangent to all 5? We sketch an approach solving this. Consider all quadratics
{ax2 + bxy + cy2 + dx+ ey + f | a, b, c, d, e, f ∈ K}. Then the space of conics is five dimensional, since we
can divide by any scalar in K. The condition of being tangential to a given conic c means to have a conic
on a 4 dimensional hypersurface Hc in the five dimensional space of curves. We want the number of points
in Hc1 ∩ . . . ∩Hc5 . The answer is less than 65.

Note 1.4. The exact answer is 3264. For calculations see p729 of Griffiths and Harris.

Algebraic geometry also arises naturally in other branches of mathematics.

Example 1.5. Consider solutions of f(x, y) = xn + yn = 1. We either generalise the setup to K = Q
and/or K = Q and consider the action of G = Gal(Q/Q) and the answer is found by considering the fixed

points of the G-action on Q/Q. (Compare with the G-action on R/R = C/R).

Example 1.6. Representation theory. When classifying objects in algebra and the answer is not discrete,
it is often the case that the (continuous) moduli space is algebraic, or related to an algebraic object.

Example 1.7. Classify the ‘two dimensional representations’ of R = K[x, y], i.e. the K-algebra homomor-
phisms ϕ : R −→ K2×2. It suffices to define the 2 × 2 matrices ϕ(x) = (xij) and ϕ(y) = (yij), satisfying
[ϕ(x), ϕ(y)] = 0 since K[x, y] is a commutative algebra. This imposes 4 polynomial equations on the 8
dimensional parameter space, hence the ‘two dimensional representations’ are classified by an algebraic set.

Note 1.8. The words ‘two dimensional representations’ are in quotation marks since we usually seek
to classify isometry classes of such maps ϕ : R −→ K2×2. This amounts to factoring out simultaneous
conjugation on ϕ(x) and ϕ(y).

Example 1.9. Classical groups such as GLn(K) and SLn(K) are algebraic. The Bott Borel Weil theorem
realises the representations of compact Lie groups on the cohomology modules of G/B where B is the Borel
subgroup of G. The quotient group G/B is often algebraic.

Example 1.10. In complex analysis, consider the 2 valued function f(x) =
√
x(x− 1)(x− 2) and the

associated Riemann surface S given by V (y2 − x(x − 1)(x − 2)). Then f is a single valued function on S
with value at a point given by y.

2. Duality, Zariski topology and coordinate rings

K denotes some algebraically closed field, and Anx1,x2 is the affine space. We saw that

K[x1, . . . , xn] ⊇ S  V (S) ⊆ An

Conversely

An ⊇ X
define
 I(X) := {f ∈ K[x1, . . . , xn] | f(α) = 0 if α ∈ X} ⊆ K[x1, . . . , xn]

Example 2.1. Consider A2
x,y ad X = {(0, 0)} then I(X) = (x, y). Note that I(X) C K[x1, . . . , xn] since

if f, g ∈ I(X) and α ∈ X, then (f + g)(α) = f(α) + g(α) = 0 implies f + g ∈ I(X) etc.
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We have a type of algebraic geometry duality

Proposition 2.2. Let S, S′ ⊆ K[x1, . . . , xn] and X,X ′ ⊆ An,
(1)

{Subsets of K[x1, . . . , xn]}
V

�
I
{Subsets of An}

Then V and I are reverse inclusions. I.e. S ⊆ S′ =⇒ V (S) ⊇ V (S′) and X ⊆ X ′ =⇒ I(X) ⊇
I(X ′)

(2) V (I(X)) ⊇ X and I(V (S)) ⊇ S
(3) I(V (I(X))) = I(X) and V (I(V (S))) = V (S).
(4) V (S) = V ((S)), where (S) is the ideal in K[x1, . . . , xn] generated by S.

Proof. (1) Exercise
(2) Pick x ∈ X and f ∈ I(X), so f(x) = 0 =⇒ x ∈ V (I(X))
(3) Applying I and 1. to 2. gives I(V (I(X))) ⊆ I(X) but 2. implies the reverse inclusion.
(4) By 1. V we have V (S) ⊇ V ((S)). For the converse, suppose x ∈ V (S) and consider

∑
risi ∈ (S)

where ri ∈ K[x1, . . . , xn] and si ∈ S. Then si(x) = 0 since s ∈ V (S) implying
∑
ri(x)si(x) = 0.

2

Corollary 2.3. The above restricts to a 1:1 correspondence on im(V ) = {algebraic subsets of V } im(I) ⊂
{ideal of K[x1, . . . , xn]}. We will see what im(I) is below.

Example 2.4. X = (N, 0) ⊆ A2
x,y, then I(X) = (y) (polynomials only have finite zeroes). V (I(X))

4.
=x-

axis. I(V (I(X))) = (y).

2.1. The Zariski topology.

Lemma 2.5.

(1) Let Iα C K[x1, . . . , xn], then
⋂
V (Iα) = V (

∑
Iα)

(2) Let I, J C K[x1, . . . , xn], then V (I) ∪ V (J) = V (IJ)
(3) V (0) = An and V (K[x1, . . . , xn]) = ∅.

Proof. (1) V reverses inclusions so we have ⊇. The converse is by proposition 2.2-4.
(2) V reverses inclusions implies ⊆. Suppose x ∈ V (IJ) but x 6∈ V (I) i.e. ∃f ∈ I with f(x) 6= 0. But

x ∈ V (IJ) implies ∀g ∈ J, (fg)(x) = f(x)g(x) = 0 but f(x) 6= 0 so g(x) = 0, and x ∈ V (J).
(3) Trivial.

2

Definition 2.6. The algebraic subsets of An are the closed sets of a topology on An called the Zariski topology.
For any algebraic subset X ⊆ An, we have the induced Zariski topology, i.e. Y ⊆ X is closed iff Y is alge-
braic subset of An.

Example 2.7. The Zariski topology in A1 is the cofinite topology. Note that it is not Hausdorff.

2.2. The coordinate ring. Restricting polynomial functions to an algebraic subsetX ⊆ Anx1,...,xn
suggests

the following

Definition 2.8. The coordinate ring of X is

K[X] := K[x1, . . . , xn]/I(X)

Example 2.9. Consider X =point, and X = (0, 0) ⊆ A2
x,y, then

K[X] = K[x, y]/I(X) = K[x, y]/(x, y) = K

If {0} ⊆ A1
x we have

K[X] = K[x]/(x) = K

In A0 we have K[X] ' K. So K[X] is ‘independent’ of the embedding of X and captures the intrinsic
geometry.

Example 2.10. For algebraic subsets X ⊆ Am, Y ⊆ An, then X × Y ⊆ Am ×An = Am+n is an algebraic
set, I(X × Y ) = (I(X), I(Y )).
V (x2 + y2 − 1) ⊆ A2

x,y and V (z2 − 1) ⊆ A1
z, then V (x2 + y2 − 1) × V (z2 − 1) = ((x2 + y2 − 1), (z2 − 1)).

Draw picture as exercise, intersect cylinder with two planes, to get 2 circles.

Exercise 1 K[X × Y ] ' K[X]⊗K K[Y ]. Warning: in general, not the product topology.
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3. Commutative algebra Noetherian rings and Nullstellensatz

Let K =algebraically closed field R =commutative ring. Proofs will be omitted in this lecture, for more
details see course notes on webpage.

Definition 3.1. A K-algebra R is a ring containing K such that for λ ∈ K, r ∈ R, λr = rλ.

We need a technical

Proposition 3.2. We say that R is Noetherian if it satisfies one of the following equivalent conditions,

(1) Every ideal I C R is finitely generated.
(2) (ACC) Any chain of ideals of R, I0 C I1 C . . . C R stabilises, i.e. for large enough n, In = In+1 =

In+2 = . . ..
(3) Every submodule of a finitely generated R module is finitely generated.

Example 3.3. R = K is Noetherian.

Theorem 3.4. R Noetherian =⇒ R[x] is Noetherian.

Corollary 3.5.

(1) K[x1, . . . , xn] is Noetherian by induction
(2) For X ⊆ An an algebraic set K[X] is Noetherian by 1. and proposition 3.2-2.

Geometric consequences

(1) Given an arbitrary algebraic set V (I) ⊆ An, I C K[x1, . . . , xn] with I finitely generated, say by
{f1, . . . , fn} implies V (I) = V ({f1, . . . , fn}). So an algebraic set is the zero locus of finite sets of
polynomials.

(2) (DCC) For X ⊆ An an algebraic set, any chain of closed subsets stabilises.
(3) In fact, X is compact in Zariski topology. Exercise, DCC gives finite intersection property.

3.1. Hilbert’s Nullstellensatz. What is the image of I? From above

I{subsets of An} −→ {ideals of K[x1, . . . , xn]}

Example 3.6. Let I = (x2) C K[x] then A1
x ⊇ V (I) = X and I(V (I)) = (x) ⊃ I.

Proposition 3.7. Let I C R. The radical of I, denoted
√
I, is

√
I := {f ∈ R | fn ∈ I for n� 0}

√
I is an ideal of R containing I. We say that I is radical if

√
I = I.

Proof. Clear
√
I ⊇ I. Suppose f, g ∈

√
I so say fm, gn ∈ I, and

(f + g)m+n =

m+n∑
i=0

(
m+ n

i

)
f igm+n−i ∈ I

since either f i and gm+n−i is in I. Similarly if r ∈ R, then (rf)m = rmfm ∈ I =⇒ rf ∈
√
I. 2

Theorem 3.8. (Nullstellenstaz) Let K be algebraically closed as usual. For I C K[x1, . . . , xn], I(V (I)) =√
I. So im(I) is the set of radical ideals.

Proof. (Sketch) ⊇: Suppose f ∈
√
I, i.e. fr ∈ I. Then ∀x ∈ V (I), fr(x) = 0 = (f(x))r =⇒ f(x) = 0 and

so f ∈ I(V (I)). 2

Geometric consequence

(1) V and I restricts to a 1:1 correspondence

{maximal ideals I C K[x1, . . . , xn]}
V

�
I
{points in An}

In particular the maximal ideals are those of the form I(α1, . . . , αn) = (x1−α1, x2−α2, . . . , xn−αn).
Note that V (x1 − α1, . . . , xn − αn) = (α1, . . . , αn). So this point is closed and I(α1, . . . , αn) =

(x1 − α1, . . . , xn − αn) since (x1 − α1, . . . , xn − αn) is already a maximal ideal.

Use the correspondence in lecture 2 to get the following

{points of An} = {minimal nonempty closed sets} ←→ {maximal radical ideals of R}
Therefore it suffices to show that every maximal ideal is radical. In fact this is true for any prime ideal
P C R for R a commutative ring. Recall that P is prime if R/P is an integral domain, or equivalently

I, J C R and P ⊇ IJ implies I ⊆ P or J ⊆ P . Let us show that P is radical for P prime. Suppose f ∈
√
P ,

so fr ∈ P , then R/P 3 (f + P )r = 0 + P , but R/P is an integral domain so f + P = 0 =⇒ f ∈ P and

P =
√
P .
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Example 3.9. Correspondence restricts to points of an algebraic subset X ⊆ An and maximal ideals of
K[X],

{points of an algebraic set X} � {maximal ideals of K[X]}

(α1, . . . , αn) 7−→ (x1 − α1, . . . , xn − αn)

I(X)

4. Primes and Localisation

We explore the geometric meaning of prime ideals.

Definition 4.1. An algebraic set X ⊆ An is irreducible if it cannot be expressed as a union of two proper
closed subsets. Otherwise we say X is reducible.

Example 4.2. Consider V (xy) ⊆ A2
x,y then V (xy) = V (x) ∪ V (y) so V (xy) is irreducible. Note that

I(X) = (xy) is not prime, since (x)(y) = (xy) < (x), (y).

Proposition 4.3.

{prime ideals P C K[x1, . . . , xn]} 1:1←→ {irreducible closed subsets X ⊆ An}

Proof. Suppose P is prime and V (P ) = V (I) ∪ V (J) = V (IJ) (second equality from lecture 2) with

I, J C K[x1, . . . , xn]. Then P =
√
P = I(V (P )) = I(V (IJ)) =

√
IJ = IJ from the Nullstellensatz and

that prime ideals are radical. Since P is prime, P > I or J , and V reverse inclusions so V (P ) ⊆ V (I) or
V (J), implying V is irreducible. The argument reverses to give the converse. 2

Theorem 4.4. Let X and Y be algebraic sets, then X,Y irreducible implies X × Y is irreducible.

Proof. Let π : X×Y −→ Y be the trivial bundle over Y with typical fibre X, and suppose X×Y = Z1∪Z2

with Zi closed algebraic sets. Then π−1(y) = X × {y} := Xy ' X. Decompose using Z1 and Z2, we have
π−1(y) = (Xy ∩ Z1) ∪ (Xy ∩ Z2). Since X is irreducible, Xy ⊆ Z1 or Z2.
Define Yi := {y ∈ Y | Xy ⊆ Zi}, so Y = Y1 ∩ Y2 and if we show Y1 and Y2 are closed, then Y irreducible
implies Y ⊆ Y1 or Y2. This gives Xy ⊆ Z1 or Z2 for all y ∈ Y , so X × Y = Z1 or Z2 and we are done.
Finally Yi is closed since Yi =

⋂
x∈X ρ

−1(x)∩Zi, where ρ : X×Y −→ X a trivial bundle, and intersections
of closed sets are closed. 2

Theorem 4.5. Let X be an algebraic set, then X can be written as X =
⋃n
i=1Xi, where Xi is irreducible

closed algebraic sets. Moreover if n is minimal, then X1, . . . , Xn are uniquely determined and are called
the irreducible components of X.

Alternatively, let {Xi} be a family of irreducible closed subsets of X, Xi are irreducible components of X

if X =
⋃n
i=1Xi and i 6= j =⇒ Xi * Xj.

Proof. (Sketch) Assume X is not irreducible, then we can write X = X1 ∪ X2 and if X1 or X2 is not
irreducible, we can continue the process. This procedure terminates due to the DCC. 2

Example 4.6. Consider V (xy, xz, yz) ⊆ A3
x,y,z, this is the x, y and z axes. Claim V (xy, xz, yz) = V (x, y)∪

V (x, z) ∪ V (y, z), and each of these is irreducible since K[x-axis] = K[x, y, z]/I(y, z) ' K[x] which is a
domain, this implies I(y, z) is prime and hence the x-axis is irreducible.

4.1. Localisation. The aim is to construct a ring which resembles the field of fractions for a domain. Let
R be a commutative ring, we first need a set of denominators, this is given by the

Definition 4.7. A multiplicatively closed subset T ⊆ R is a subset which satisfies

(1) s, t ∈ T =⇒ st ∈ T
(2) 1 ∈ T

Theorem 4.8. Let T ⊆ R be a multiplicatively closed subset. Define

R[T−1] =
{r/t | r ∈ R, t ∈ T}

∼
where r/t ∼ r′/t′ ⇐⇒ t′′(rt′ − r′t) = 0 for some t′′ ∈ T . Moreover R[T−1] is a ring with the obvious

operations, r
t

+ r′

t′ = rt′+r′t
tt′ and r

t
· r

′

t′ = rr′

tt′ . Further, we have a ring homomorphism R −→ R[T−1]
defined by r 7−→ r

1
.

Proof. Routine checking. 2

Note 4.9. If 0 ∈ T , then R[T−1] = 0 and if R is an integral domain the condition t′′(rt′ − r′t) = 0 is the
same as rt′ − r′t = 0.
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Example 4.10. Let T = {1, t, t2, . . .} for some t ∈ R. Then T is multiplicatively closed. We write

R[f−1] := R[T−1] and R[f−1] = R[y]
(fy−1)

with y = f−1.

Example 4.11. Let P C R be a prime ideal, then clearly T := R − P is multiplicatively closed and we
denote RP := R[T−1].

5. Regular functions and maps

Definition 5.1. An irreducible algebraic set X ⊆ An is called an affine variety.

In the sequel, let K be algebraically closed and X an affine variety.
In this case, K[X] = K[x1, . . . , xn]/I(X) where I(X) is prime, so K[X] is a domain. Let T = {f ∈ K[X] |
f 6= 0}, then T is a multiplicatively closed set. Define K(X) := K[X][T−1], called the function field, or the
ring of rational functions. Moreover, it is a field.

Proposition 5.2. A rational function f ∈ K(X) is regular at x ∈ X if the following equivalent conditions
hold,

(1) f = g/h for some g, h ∈ K[X], with h(x) 6= 0.
(2) f ∈ K[X]Mx ⊆ K(X), where Mx is the maximal ideal corresponding to x.

Proof. Let x = (α1, . . . , αn), then Mx = (x1 − α1, . . . , xn − αn) = ker(ϕx) where ϕx : K[X] −→ K is
defined by f 7−→ f(x). So h(x) 6= 0⇐⇒ h 6∈ Mx. 2

Let U ⊆ X be an open set of an affine variety, then we say U is a quasi-affine variety. Note that U is either

dense or empty, since X is irreducible and X = U ∪ (X − U).

Definition 5.3. A regular function on U is a regular function f ∈ K[X] which is regular for every x ∈ U .

Example 5.4. Let X = A2
x,y and U = X − V (y), then x3+2xy+y2

y3
is regular.

Definition 5.5. A hypersurface in An is an algebraic set of the form V (f) for some f ∈ K[x1, . . . , xn]. If

X is an affine variety, a principal open set is of the form X −V (f), denoted D(f). Note that f is nonzero

in D(f).

Example 5.6. These principal open sets form a basis for the Zariski topology.

Theorem 5.7. Consider principal open sets D(f) ⊆ X an affine variety. The set of regular functions on
D(f) is K[X][f−1] ⊆ K(X). In particular, the regular functions on X is the set K[X].

Proof. Suppose g : D(f) −→ K is regular, i.e. ∀x ∈ D(f), g = g′x/g
′′
x where g′′x(x) 6= 0.

Recall that X Noetherian
exercise−→ D(f) Noetherian=⇒ D(f) compact. We have D(f) ⊆

⋃
x∈D(f)D(g′′x) and

since D(f) is compact, D(f) ⊆
⋃n
i=1D(g′′xi

) for suitable x1, . . . , xn ∈ D(f).
Taking complements and intersecting with X, we have

V (I(X) + (f)) = X ∩ V (f) ⊇ X ∩

(
n⋂
i=1

V (g′′xi
)

)
= V (I(X) + (g′′x1 , . . . , g

′′
xn

))

Applying I on both sides and the Nullstellensatz give,

I(X) + (f) ⊆
√
I(X) + (f) ⊆

√
I(X) + (g′′x1 , . . . , g

′′
xn

)

so f ∈
√
I(X) + (g′′x1 , . . . , g

′′
xn

) and by definition of radicals, ∃s � 0 such that fs =
∑n
i=1 aig

′′
xi

, with
ai ∈ K[X]. Now

fs =

n∑
i=1

ai
g′xi

g
⇐⇒ g =

n∑
i=1

ai
g′xi

fs
∈ K[X][f−1]

The last assertion follows by substituting f = 1. 2

5.1. Regular maps. Let U be a quasi-affine variety, then a regular map, or a morphism of varieties is

a map ϕ : U −→ Am of the form (ϕ1, . . . , ϕm) where ϕ1, . . . , ϕm are regular functions on U . If Y is
another quasi-affine variety containing im(ϕ), then we say that ϕ is a regular map, or morphism of varieties
ϕ : U −→ Y .

Example 5.8. ϕ : A1
t = U −→ Y ⊆ A2

x,y, defined by t 7−→ (t2, t3). In fact, we can take Y = (y2 − x3) and
ϕ : U −→ Y is a homeomorphism. But U and Y are not isomorphic as varieties, (Y has a singular point,
U does not).

Example 5.9. π : A2
x,y −→ A1

z be the usual projection onto the x coordinate.

Example 5.10. Compositions of regular maps are regular (exercise). E.g. A1
t

ϕ7−→A2
x,y

ψ7−→A1
z where ϕ is

from the above example, and ψ : (x, y) 7−→ f(x, y) for some f ∈ K[x, y]. Then ψ ◦ ϕ is a polynomial K[t].
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Example 5.11. The identity map is regular.

Definition 5.12. A morphism of varieties ϕ : U −→ Y is an isomorphism of varieties if there is an

inverse morphism, i.e. ∃ψ ∈ HomVar(Y,U) satisfying ϕ ◦ ψ = idY and ψ ◦ ϕ = idU .

Example 5.13. Let ϕ : A1
t − {0} := U −→ im(ϕ) =: Y ⊆ A2

x,y defined by t 7−→ (t, 1/t). This is

an isomorphism with inverse ψ : Y −→ A2
x,y

π7−→A1 defined by (x, y) 7−→ x. Check that ϕ and ψ are

morphisms.K[U ] = K[t, t−1], K[x, y]/(xy − 1) ' K[x, x−1].

6. Duality and continuity

Remark 6.1. The Nullstellensatz implies that the coordinate rigs of affine varieties are the finitely gen-
erated K-algebras which are integral domains. We extend this to the corresponding maps.

6.1. Functoriality.

Proposition 6.2. Consider a regular map of affine varieties, ϕ : X −→ Y , then the pullback ϕ∗ : K[Y ] −→
K[X] is a well defined algebra homomorphism.

Proof. Check ϕ∗ is a homomorphism

(f + g)∗(x) = (f + g)(ϕ(x)) = (f ◦ ϕ)(x) + (g ◦ ϕ)(x) = (f∗ + g∗)(x)

similarly for (f · g)∗ = f∗ · g∗. Check f ◦ ϕ ∈ K[X] which is clear for any example,

ϕ : A1
t −→ K[t]

f(x, y) 7−→ f(t2, t3) ∈ K[t]

explicitly, x 7−→ t2, y 7−→ t3. 2

Proposition 6.3. Consider regular maps of affine varieties X
ϕ−→Y

ψ−→Z, then there exists an inverse ψ

(1) (ψ ◦ ϕ)∗ = ϕ∗ ◦ ψ∗
(2) id∗ = id

Example 6.4. Let ϕ be as in proof of proposition 6.2. We show ϕ is not an isomorphism. Suppose it is,
and let ρ be its inverse.

ρ∗ ◦ ϕ∗ = (ϕ ◦ ρ)∗ = id

since ϕ∗ ◦ ρ∗ is an isomorphism, so is ϕ∗. But this implies im(ϕ∗) = K[t2, t3] ⊂ K[t], in particular
im(ϕ∗) 6= K[t], contradiction. This example shows that bijective regular maps need not be isomorphisms.

Proposition 6.5.

(1) The following is a bijection for X,Y affine varieties.

{regular maps X −→ Y } ←→ {K-algebra homomorphism K[Y ] −→ K[X]}
ϕ 7−→ ϕ∗

(2) The category of affine varieties is equivalent to the opposite category of finitely generated K-algebras
which are domains.

Proof. We construct an inverse to ϕ 7−→ ϕ∗. Let X ⊆ Anx1,...,xn
, Y ⊆ Amy1,...,ym

, consider

K[y1, . . . , ym]/I(Y ) = K[Y ] −→ K[X] = K[x1, . . . , xn]/I(X)

Define ϕ : X −→ Y by (x1, . . . , xn) 7−→ (ψ(y1)(x1, . . . , xn), . . . , ψ(ym)(x1, . . . , xn)) for any ψ : K[Y ] −→
K[X], where y1, . . . , ym ∈ K[Y ]. We check that im(ϕ) ⊆ Y : ∀f ∈ I(Y ), f(ψ(y1), . . . , ψ(yn)) = ψ(f(y1, . . . , yn)) =
0 since ψ is a homomorphism. Exercise: show that this construction is inverse to ϕ 7−→ ϕ∗. 2

Remark 6.6.

{algebraic subsets Y ⊂ Anx1,...,xn
} ←→ {radical ideals I C K[x1, . . . , xn]}

restricts to

{closed subsets of X} ←→ {radical ideals of K[X]}



ALGEBRAIC GEOMETRY, D. CHAN 7

6.2. Continuity.

Proposition 6.7. Let ϕ : U −→ Y be a regular map of quasi-affine varieties then ϕ is continuous.

We will need the following lemma.

Lemma 6.8. A principal open subset, D(f) of an affine variety X is itself an affine variety.

Proof. Exercise: sketch Z irreducible ⇐⇒ (V dense open subset of topological space X then V irreducible
⇐⇒ Z irreducible). 2

Proof. (of proposition 6.7) We saw that the ring of regular functions on D(f) is K[X][f−1] ⊂ K(X), which
is finitely generated (K[X] is finitely generated and we add 1 generator) and a domain (subring of a field
K(X)). By above D(f) is an affine variety.
Since the sets D(f) is a basis for the topology, it suffices to assume X = U affine and Y = Am. The answer
follows from the claim

ϕ−1(V (I)) = V (ϕ∗(I))

this is true because, x ∈ ϕ−1(V (I)) ⇐⇒ ϕ(x) ∈ V (I) ⇐⇒ ∀f ∈ I, f(ϕ(x)) = 0 = (ϕ∗f)(x) ⇐⇒ x ∈
V (ϕ∗(I)). 2

Example 6.9. Consider A3
x1,x2,x3 −→

π A2
x1,x2 , then ϕ∗f = f(x1, x2).

7. Quasi-projective Varieties I

Definition 7.1. Let W be a finite dimensional vector space over K. Then K∗ acts on W via scalar
multiplication. Define P(W ) := (W −{0})/K∗ = sets of lines in W containing 0. If W = Kn+1, then Pn :=
P(W ). Write (x0 : . . . : xn) for the K∗-orbit of (x0, . . . , xn). These are called homogeneous coordinates.

Proposition 7.2. A polynomial p ∈ K[x1, . . . , xn] is homogeneous of degree d if all monomials are of

degree d. Denote the set of all degree d homogeneous polynomials, K[x1, . . . , xn]d. In this case, Euler’s
relation holds: for λ ∈ K,

f(λx1, . . . , λxn) = λdf(x1, . . . , xn)

Hence, the set where f = 0 is independent of the choice of homogeneous coordinates. So for any S ⊆
K[x1, . . . , xn]d, it makes sense to define V (S) ⊆ Pn to be {(x0 : . . . : xn) | f(x0, . . . , xn) = 0}.

7.1. Homogeneous ideals. Let R := K[x1, . . . , xn] =
⊕∞

d=0Rd where Rd = K[x1, . . . , xn]d ∪ {0}. Note
that Rd is a finite dimensional vector space.

Proposition 7.3. I C R is a homogeneous ideal if either of the following equivalent properties hold,

(1) I
v.s.
=
⊕
Id where Id ⊆ Rd.

(2) ∀f ∈ I, f has a decomposition w.r.t. to the grading f = fd + fd+1 + . . .+ fe with each fi ∈ I.

Proof. 1 =⇒ 2 is clear. For 2 =⇒ 1, I =
⊕
Rd ∩ I. 2

Example 7.4. V (z2 − x2 − y2) ⊆ P2
x,y,z, the ideal z2 − x2 − y2 is homogeneous. The ideal (y − x2) is not

homogeneous. Since y − x2 decomposes into f1 = y and f2 = x2, but neither of these are in (y − x2). We
can think of homogeneous ideals as the ones generated by homogeneous polynomials.

7.2. Topology of Pn. This is completely analogous to the affine case.

Proposition 7.5. For a homogeneous ideal I =
⊕
Id C K[x1, . . . , xn]. Define V (I) = V (

⋃
Id)

?
=
⋃
V (Id).

Then

(1) For S ⊆ K[x1, . . . , xn]d, the ideal generated by S is homogeneous and V ((S)) = V (S).
(2) The V (I) for homogeneous ideals I = (S) form the closed sets of the topology.
(3) Any closed set is in the form V (S) for some finite set S ⊆ K[x1, . . . , xn]d.
(4) Pn is Noetherian and compact in the Zariski topology.

Remark 7.6. Note that the concepts of Noetherian topological spaces, irreducibility, irreducible compo-
nents, DCC on closed sets, etc depend only on the topology so makes sense for Pn by part 2.

Definition 7.7. A closed irreducible subset X ⊆ Pn is called a projective variety. An open subset of X is
called a quasi-projective variety.
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7.3. Affine pieces. Consider Pnx1,...,xn
, define an open subset Ui := Pn − V (xi) called an affine piece of

Pn. This allows working affine locally.

Example 7.8. Consider f(x, y, z) = y2z−x3+xz2 ∈ K[x, y, z]3 and the closed subset of P2
x,y,z. Look at the

affine piece Uz := {(X : Y : 1) | X,Y ∈ K} where X = x/z, Y = y/z. X and Y are like affine coordinates.
We have the local bijection U2−̃→A2

x,y defined by (X : Y : 1) 7−→ (X,Y ). To get V (f) affine locally, we

dehomogenise f by F (X,Y ) := 1

zdeg(f) f (x, y, z) = Y 2−X3+X (essentially set z = 1). Therefore V (f)∩Uz
corresponds to points of A2

x,y such that the dehomogenised polynomial F (X,Y ) = 0. The reverse procedure

can also be performed. Given G(X,Y ), we can homogenise by setting g(x, y, z) = zdeg(g)G
(
x
z
, y
z

)
.

The converse result: let U := {(X : Y : 1) | g(X,Y ) = 0} ⊆ Uz ⊂ P2. What is U ⊆ P2? Exercise:

U = V (S) where S is a set of homogeneous polynomials which are homogenisations of polynomials in
(g(X,Y )).

Proposition 7.9. Pn is covered by open affine patches Ui := Pnx0,...,xn
. The map Φ : Ui −→ An given by

(x0 : . . . : xn) 7−→
(
x1
xi
, . . . , x̂i

xi
, . . . , xn

xi

)
is a homeomorphism.

In fact, V := V (I) −→ Φ−1(V ) sets up a correspondence

{closed subsets of An ' Uj} ←→ {closed sets of Pn}
Φ(U ∩ Uj) ←−[ U = V (S)

where S ⊆ K[x1, . . . , xn]d. This is given by homogenising polynomials in I and dehomogenising polynomials
in S. Hence a projective variety X ⊆ Pn is covered by affine varieties, {X ∩ Ui}, called the affine patches
of X.

8. Grassmannians

Definition 8.1. The Grassmannian of r-dimensional subspaces of Kn is the set

G(r, n) := {V 6 Kn | dim(V ) = r}

For V ∈ G(r, n), P(V ) = V−{0}
K∗ ⊆ Pn−1 is called an (r − 1)-plane in Pn−1. Hence G(r, n) also classifies

the (r − 1) planes in Pn−1.

Note 8.2. Consider V 6 Kn as above. Then
∧r V is a line containing 0 in

∧r Kn, therefore defines a
point in P(

∧r Kn). Hence we have a map G(r, n) −→ P(
∧r Kn). This makes G(r, n) a closed subset of

P(
∧r Kn) if x ∈

∧r Kn satisfies the Plücker relations,

i(u)x ∧ x = 0 for all u ∈
∧

r−1Kn∗

where i(u) :
∧r Kn −→ Kn∗ is the contraction operator defined by (i(u)x)(v) = x(u ∧ v) for all v ∈ Kn∗.

For r = 2, this formula specialises to the following. Write x =
∑
k,l pkle

∗
k ∧ e∗l ∈

∧2 Kn, it suffices to check

for the basis {e∗1, . . . , e∗n} ⊆ Kn∗. Recall (i(e∗j )x)(e
∗
i ) = x(e∗j ∧ e∗i ) = pji,

0 = i(e∗j )x ∧ x =
∑
i

pjie
∗
i ∧
∑
k,l

(pkle
∗
k ∧ e∗l ) =

∑
i,j,k

pjipkle
∗
i ∧ e∗k ∧ e∗l

Now for every triple (s, t, u), s, t, u = 1, 2, 3; s, t, u distinct; and 1 6 ls < lt < lu 6 n. We get,

3∑
s=1,j<ls

pjlspltlu(−1)s+1 −
3∑

s=1,j>ls

plsjpltlu(−1)s+1 = 0(1)

This formula has to hold for all j ∈ {1, . . . , n} and triples 1 6 l1 < l2 < l3 6 n.

8.1. Elementary treatment of above. Let V ∈ G(r, n) and {b1, . . . , br} be a basis for V . Let

A =

 bT1
...

bTr

 =
(

a1 . . . an
)

For each r-tuple (i1, . . . , ir) with 1 6 i1 < . . . < ir 6 n define Plücker coordinates of A to be

pi1,...,ir (A) = det
(

ai1 . . . air
)

Then if N :=
(
n
r

)
−1 = number of such r-tuples −1, we let (pi1,...,ir ) be coordinates in PN and (pi1,...,ir (A))

is a point in PN . If we change basis for V , i.e. we multiply A on the left by some M ∈ GLr, then pi1,...,ir (A)
changes by a factor of det(M) for all r-tuples (i1, . . . , ir), with 1 6 i1 < . . . < ir 6 n. This gives a well
defined map π : G(r, n) −→ PN .
We will prove the following theorem for r = 2.

Theorem 8.3. π is injective and im(π) is closed in PN . Moreover the affine pieces are Ar(n−r).
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Lemma 8.4. im(π) satisfies the specialised Plücker relations (1).

Proof. Consider A as before, assume j < l1 < l2 < l3, let

b =

(
−a2j

a1j

)
then the Plücker coordinates of A is pj,ls =

∣∣ aj als
∣∣ = b · als , then the r.h.s. of (1) is∣∣∣∣ b · al1 b · al2 b · al3

al1 al2 al3

∣∣∣∣ row operations
=

∣∣∣∣ 0 0 0
al1 al2 al3

∣∣∣∣ = 0

2

The theorem will follow from

Lemma 8.5. (r = 2) Given Plücker coordinates (pst) with affine piece p12 = 1 (the other cases are
identical) satisfying (1), then there exists a unique V ∈ G(r, n) such that V has Plücker coordinates (pst).
In fact V is given by

A =

(
1 0
0 1

a3 . . . an

)
where a1s = −p2s and a2s = p1s, s > 3. The nonconstant entries of A give the 2(n− 2) affine coordinates.

Proof. Note that (pst(A)) = (pst) iff s = 1 or 2. Also the choice of as is uniquely determined if we assume
a is normalised, i.e.

(
a1 a2

)
= I. Consider (1) when j = 1, l1 = 2, l2 = s, l3 = t, we get

0 = p12pst − p1sp2t + p1tp2s

so we can solve uniquely for pst. 2

9. Quasi-projective varieties II

9.1. Homogeneous coordinate rings. Let Y be a closed subset of Pnx0,...,xn
, we define an homogeneous ideal

as an ideal, I(Y ) =
⊕
I(Y )d (I(Y )d ∈ K[x0, . . . , xn]d) generated by homogeneous polynomials f ∈

K[x0, . . . , xn] with f(y) = 0 for all y ∈ Y . The homogeneous coordinate ring of U is S(Y ) := K[x0, . . . , xn]/I(Y ) :=
⊕
S(Y )d,

where S(Y )d := K[x0, . . . , xn]d/I(Y )d.

9.2. Rational and regular functions. Let Y be a quasi-affine variety. As in the affine case, Y is
irreducible implies T := set of nonzero homogeneous elements in S(Y ) is a multiplicatively closed set,
consisting of nonzero divisors. We define the ring of rational functions of Y , or the function field of Y to
be

K(Y ) :=
{ g
h
| g, h ∈ S(Y )d, h 6= 0

}
⊆ S(Y )[T−1]

This is a field which is a subring of S(Y )[T−1] (exercise).

Note 9.1. The values of g and h are defined up to scalar multiplication by λd. Therefore g/h is a well
defined function on Y − {zeroes of h}.

Definition 9.2. f ∈ K(Y ) is regular at y ∈ Y if we can write f = g/h where h(y) 6= 0.

9.3. Compatibility of affine pieces. Let Y ⊆ Pnx0,...,xn
be a projective variety, and Ui = Y − V (xi) be

the i-th affine piece. Then we have the following isomorphism

K(Y ) −̃→ K(Ui)

g

h
7−→ g/xdi

h/xdi

where g, h ∈ S(Y )d.

Proof. Recall that Ui is defined by an ideal K
[
x0
xi
, . . . , x̂i

xi
, . . . , xn

xi

]
obtained by dehomogenising I(Y ).

Hence K[Ui] is a subring of K(Y ) given by all polynomial functions
{
g

xd
i

| g ∈ S(Y )d
}

. Localising gives the

isomorphism. 2

Remark 9.3. Under this identification the concept of regularity at y ∈ Ui is the same in both the affine
and projective cases.

Definition 9.4. (This definition is nonstandard) Let X be a quasi-projective variety. An open subset

U ⊆ X is called an affine open set if it is a principal open subset of some affine piece of U .
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9.4. Regular maps. Let X and Y be quasi-projective varieties. A continuous function ϕ : X −→ Y is
regular if any of the following equivalent conditions hold.

(1) If for any affine open V ⊆ Y and affine open U ⊆ ϕ−1(V ), the map of affine varieties U −→ V is
regular.

(2) For any cover {Ui} of Y by affine opens, and the cover {Uij} of ϕ−1(Vi) by affine opens, every
Uij −→ Vi is regular.

(3) For any V ⊆ Y open and regular function f on V , the pullback function ϕ∗f on ϕ−1(V ) is also
regular.

Note 9.5. The key point is that regular maps of affine varieties is defined by regular functions and this is
independent of the choice of the affine open cover.

Definition 9.6. Let X and Y be quasi-projective varieties. A rational map ϕ : X  Y is a regular map
U −→ Y where U is a dense open (i.e. nonempty) subset of X. We usually identify rational maps if they
agree on a dense open subset.

Example 9.7. Rational maps to Pn via forms. Let X be a projective variety in Pnx0,...,xn
and f0, . . . , fn ∈

S(X)d. Then the map ϕ : X −→ Pn defined by x 7−→ (f0(x) : . . . : fn(x)) is a well defined regular map on

X − V (f1, . . . , fn). Over the affine piece Yi 6= 0, it is a rational map,
(
f1
fi

: . . . : f̂i
fi

: . . . : fn
fi

)
.

Example 9.8. Let X = V (f) ⊆ P2
x,y,z where f(x, y, z) = x2 + y2 + z2. The map X −→ P1

u,v defined
by (x : y : z) 7−→ (u : v) = (x : y) is a regular map since if x = y = 0 then f = 0 =⇒ z = 0. This
is the projection from the point (0 : 0 : 1). On affine pieces A2

y
x
, z

x
⊇ Ux = ϕ−1(Vu) −→ Vu ' A1

v
u
, the

coordinate ring is K
[
y
x
, z
x

]
/
(
1 +

(
y
x

)2
+
(
z
x

)2)
, and the map is given by

(
y
x
, z
x

)
7−→ v

u
= y

x
, the projection

onto the first factor on the affine piece. Also A2
x
z
, y

z
⊇ Uz ⊇ ϕ−1(Vu) ∩ Uz −→ Vu ' A1

v
u
, defined by(

x
z
, y
z

)
7−→ v

u
= y

x
= y/z

x/z
.

10. Birational maps and products

Let X and Y be quasi-projective varieties.

Lemma 10.1. Suppose f, g : X −→ Y are regular maps which agree on some open dense subset U ⊆ X.
Then f = g.

Proof. We require f(x) = g(x) for all x ∈ X. We can assume Y = Pn and pick a hyperplane avoiding f(X)
and g(X) and shrinking X?, if necessary, we can assume Y = An. Let ϕ = (f, g) : X −→ An × An given
by u 7−→ (f(u), g(u)) and ∆ := {(u, v) | u = v} ⊆ An × An is a closed subset. Now ϕ−1(∆) ⊇ U is closed
implies ϕ−1(∆) = X i.e. f = g. 2

Definition 10.2. A rational map ϕ : X  Y is dominant if its image is dense in Y .

In this case we can find affine open subsets, ∅ 6= U ⊆ X, ∅ 6= V ⊆ Y such that ϕ restricts to a regular
dominant map.

Lemma 10.3. In this case, ϕ∗ : K(V ) −→ K(U) is injective. Hence this is an induced field homomorphism
ϕ∗ : K(V ) −→ K(U) given by g/h 7−→ ϕ∗g/ϕ∗h.

Proof. Let h ∈ K[V ] and V ′ the dense open set where h 6= 0. im(ϕ) is dense implies ϕ−1(V ′) 6= ∅. But
ϕ∗h is nonzero on ϕ−1(V ′), therefore ϕ∗h 6= 0. 2

10.1. Birational maps.

Definition 10.4. A rational map ϕ : X  Y is birational if it has a rational inverse ψ : Y  X such that
ϕψ and ψϕ are the identity maps on dense open sets.

Note 10.5. In this case ϕ and ψ are dominant so we have an isomorphism K(X) ' K(Y ) of function
fields.

Example 10.6. The Cremona transformation. This is a map ϕ : P2 −→ P2 defined by (x : y : z) 7−→ (xy :
yz : zx). This is defined everywhere except where any two of x, y, z are nonzero (intersection of the axes)
and contracts lines into points. The image is P2 − {axes} ∪ {intersection of axes}.
Note that ϕ2(x : y : z) = ϕ(xy : yz : xz) = (xy2z : xyz2 : x2yz) = (x : y : z), hence ϕ−1 = ϕ and ϕ is a

birational map. Consider ϕ∗ : K
(
x
z
, y
z

)
−→ K

(
x
z
, y
z

)
given by

(
x
z
, y
z

)
7−→

(
z
x
, z
y

)
(note that we can write

(x : y : z) 7−→ (1/x : 1/y : 1/z).)
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10.2. Products. We aim to show that Pnx0,...,xn
× Pmy0,...,ym

is naturally a projective variety. Let N =

(m+ 1)(n+ 1)− 1 and coordinates on PN be {zij}i∈[0,n],j∈[0,m]. The Segre embedding is the map

S : Pnx0,...,xn
× Pmy0,...,ym

−→ PN

((x0 : . . . : xn), (y0 : . . . : ym)) = (x,y) 7−→ xTy = (xiyj) = (zij)

Lemma 10.7. The map S is an embedding, and that im(S) is a closed subset of PN defined by zijzrs =
ziszrj for all i, r ∈ [0, n] and j, s ∈ [0,m].

Proof. im(S) is the set of rank 1 matrices. Conversely for each rank 1 matrix, there exists a unique
factorisation A = xT y up to scalar multiplication.
The rank 1 matrices are those with vanishing 2× 2 determinants, this gives the equations above. 2

Proposition 10.8. There are regular maps Pnx0,...,xn
× Pmy0,...,ym

−→ Pn, given by (x,y) 7−→ x

xTy =

 z00 z01
...

. . .

zn0

 7−→

(
z00 . . . zn0

)
= . . . =(

z0m . . . znm
)

10.3. Compatibility with affine local picture. Let U = Pnx0,...,xn
− V (x0) ' An, U = Pny0,...,ym

−
V (y0) ' Am,

Lemma 10.9. U × V ⊆ Pn × Pm is isomorphic to An × Am.

Proof. U × V is the affine piece of Pn × Pm when z00 = x0y0 = 1. Using this we can use the vanishing
determinant equations to fill out the matrix below

1 z01 . . . z0m
z10 z10z01 . . . z10z0m
...

...
. . .

zn0 zn0z01 znm

 =⇒ K[U × V ] = K[z10, . . . , zn0, z01, . . . , z0m] = K[An × Am]

2

11. Graphs and Blowing up

Proposition 11.1. Let X ⊆ Pn, Y ⊆ Pm be projective varieties (closed in Pn and Pm resp) Then X × Y
is a projective variety.

Proof. Projection is regular implies it is continuous so X × Y = X × Pn ∩ Pm × Y is closed. The proof of
lecture 4 showing products of affine varieties was irreducible works to show X × Y is irreducible. 2

11.1. Graphs. Let ϕ : X −→ Y be a morphism (regular map) of quasi-projective varieties. Define the
graph of ϕ to be

Γϕ := {(x, ϕ(x) | x ∈ X} ⊆ X × Y

Let the diagonal ∆ := {(y, y) | y ∈ Y } ⊆ Y × Y .

Proposition 11.2. Γϕ ⊆ X × Y is closed.

Proof. By enlarging Y , we can assume Y = Pm. Let ϕ̃ : X × Y (ϕ,id)−→ Y × Y . Exercise: this is regular.
Therefore Γϕ = ϕ̃−1(∆), and it suffices to show the following 2

Lemma 11.3. ∆ ⊂ Pnx0,...,xn
× Pny0,...,yn

⊆ PNz00,...,znn
(via Segre embedding) is closed, In fact, ∆ given by

xiyj = zij = zji = xjyi.

Proof. It is clear that points of ∆ satisfy zij = zji. Conversely, for (x,y) ∈ Pn × Pn, then xTy = yTx by
symmetry, we get y‖x, so the lemma is proved. 2
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11.2. Closed subsets of Pnx0,...,xn
× Pmy0,...,ym

.

Definition 11.4. f ∈ K[x0, . . . , xn, y0, . . . , ym] is bihomogeneous of degree (d, e) if it is homogeneous in
xi’s of degree d and homogeneous in yi’s of degree e.

Note 11.5. Zeroes of bihomogeneous polynomials in Pn × Pm are well defined.

Proposition 11.6. The closed subsets of S := Pnx0,...,xn
×Pmy0,...,ym

are precisely the zeroes of bihomogeneous
polynomials.

Proof. Consider the Segre embedding S ⊆ PNz00,...,xmn
. Let f ∈ K[z00, . . . , zmn]d, then V (f) ∩ S are zeroes

of bihomogeneous polynomials f(x0y0, . . . , xmyn) of degree (d, d). Conversely, let f(x0, . . . , xn, y0, . . . , ym)
be bihomogeneous of degree (d, e) (w.l.o.g. d > e). We have

zeroes of f = common zeroes of {fyd−e0 , . . . , fyd−em } (each of degree (d, d))

These in turn are homogeneous polynomials in zij = xiyj . 2

Remark 11.7. Similarly closed subsets of Anx1,...,xn
×Pmy0,...,ym

, given by zeroes of polynomials f(x1, . . . , xn, y0, . . . , ym)
which are homogeneous in yj ’s.

11.3. Projections. Let E ⊆ Pnx0,...,xn
be an r-plane defined by V (l1, . . . , ln−r), lj ∈ K[x0, . . . , xn]1, or

linear forms in x0, . . . , xn. Define a projection away from E to be the rational map

(l1, . . . , ln−r) : Pn  Pn−r−1

clearly this is not defined on E, and is regular on Pn − E.

Example 11.8. Let (1 : 0 : 0) = E ⊆ P2
x,y,z  P1 defined by (1 : y : z) 7−→ (y : z) (slope y/z). The

regular locus of the map is A2
y,z = P2 − V (x).

11.4. Blowing up Pn. Let p = (1 : 0 : . . . : 0) ∈ Pnx0,...,xn
, let U = Pn − p, we have the projection

π : U −→ Pn−1

(x0 : . . . : xn) 7−→ (x1 : . . . : xn)

Consider the graph Γπ
closed

⊆ U × Pn−1
open

⊆ Pn × Pn−1.

Definition 11.9. The blow up of Pn at p is the closure of Γπ in Pn × Pn−1. Denote it Blp(Pn).

The projection restricts to regular maps

Blp(Pn) ⊆ Pn × Pn−1

↙σ ↘
Pn  Pn−1

Example 11.10. Draw picture, see hand out

Theorem 11.11. Consider Blp(Pn) ⊆ Pn × Pn−1, then

(1) σ : Blp(Pn) −→ Pn is an isomorphism above U := Pn − p, σ is birational.
(2) Blp(Pn) is irreducible
(3) σ−1(p) = {(p, q) | q ∈ Pn−1} ' Pn−1

(4) Blp(Pn) is defined by the bihomogeneous polynomials xiyj = xjyi, where i, j > 1.
(5) The affine piece of Blp(Pn) where x0yi 6= 0 is isomorphic to An.

Proof. (1) The inverse to σ is given by a map U −→ Blp(Pn), u 7−→ (u, π(u)).
(2) True since dense open U is irreducible.
(3) We need σ−1(p) = p× Pn−1. Pick (y1 : . . . : yn) = (α1 : . . . : αn) ∈ Pn−1. Then

((1 : λα1 : . . . : λαn), (α1 : . . . : αn)) ∈ Γπ

where λ ∈ K∗ − {0}. These are points of the affine line. Exercise: Blp(Pn) = Γπ 3 ((1 : 0 . . . :
0), (α1 : . . . : αn)), where (1 : 0 : . . . : 0) = p, so part 3 holds.

(4) Exercise: same as proof that ∆ ⊆ Pn × Pn defined by xiyj = zij = zji = xjyi.
(5) The affine piece where x0yi 6= 0 is isomorphic to An, which is dense by dehomogenising homoge-

neous equations by the definition of blow up.
2
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12. Completeness of projective varieties

Lemma 12.1. Let I C K[x0, . . . , xn] be homogeneous then V (I) = ∅ iff I ⊇ K[x0, . . . , xn]>s =:
⊕

d>s K[x0, . . . , xn]d
for some s ∈ N.

Proof. (⇐=) V (I) ⊆ V (xs0, . . . , x
s
n) = ∅. (=⇒) Let U ′ be the common zeroes of I in An+1

x0,...,xn
. Then

V (I) = ∅ implies I = K[x0, . . . , xn] i.e. U ′ = {(0 : . . . : 0)}. By Hilbert’s Nullstensatz,
√
I = I(V (I)) =

I(∅) = (x0, . . . , xn), therefore for some r ∈ N, I 3 xr0, . . . , xrn. Therefore I ⊇ K[x0, . . . , xn]>n(r+1), so the
lemma is proved. 2

The rest of the lecture will be spent on proving the following

Theorem 12.2. Consider the morphism ϕ : X −→ Y , where X is a projective variety and Y is a quasi-
projective variety. Then im(ϕ) ⊆ Y is closed.

The proof will follow from a sequence of lemmas. The graph Γϕ := {(x, ϕ(x))} ⊆ X×Y is closed from last
lecture. Since im(ϕ) = im(π : Γϕ −→ Y ) (π is projection onto the second coordinate) it suffices to show

Lemma 12.3. The map π is a closed map, i.e. takes closed sets to closed sets.

Note 12.4. The above is not true if X is an affine variety.

Suppose X ⊆ Pn is closed and Z ⊆ X × Y is also closed. Since

Z ⊆ X × Y π−→ Y

ι ↓ ↗π̃

Pn × Y
commutes and ι is a closed map, it suffices to show π̃ is closed. We will need the following topological

Lemma 12.5. Let {Uα}α∈A be an open cover of Y . Then V ⊆ Y is closed iff V ∩ Uα ⊆ Uα is closed in
the relative topology of Uα for all α ∈ A.

Proof. (=⇒) by definition. (⇐=) Let Zα = Z ∪ (Y −Uα) = Z ∩ Uα ∪ (Y −Uα) which is closed in Y . Then
Z =

⋂
α∈A Zα. 2

This implies we can replace Y with an element of any open cover of Y . Replacing Y with U where U is an
affine piece of Y , it suffices to prove π : Pm × Am −→ Am is a closed map, since U is closed in Am.

Theorem 12.6. The projection map π : Pn × Am −→ Am is closed.

Proof. Let Z ⊆ Pnx0,...,xn
× Amy1,...,ym

be a closed subset defined by the ideal I C K[x0, . . . , xn, y1, . . . , ym]
which is homogeneous in {x0, . . . , xn}. By lemma 12.1, (y1, . . . , ym) = (α1, . . . , αm) = α is not in im(π)
iff the ideal Iα := {f(x0, . . . , xn, α1, . . . , αm) | f ∈ I} is such that Iα ⊇ K[x0, . . . , xn]>s for some s ∈ N.
Define

Ws := {α ∈ Am | Iα ⊇ K[x0, . . . , xn]>s}

so Ws are points not in im(π), and hence im(π) = Am −
⋃
s∈N Ws. It suffices now to show 2

Lemma 12.7. The set Ws is open.

Proof. Consider Vs = K[x0, . . . , xn]s. This is a finite dimensional vector space so let dim(Vs) = ns. so let
Bs be a basis of monomials for Vs. Suppose I is generated by f1, . . . , ft where fi(x0, . . . , xn, α1, . . . , αm)
are homogeneous in the xi’s and of degree di 6 s. For any qj ∈ Bs−di ,

fi(x0, . . . , xn, y1, . . . , ym)qj ∈ K[x0, . . . , xn]s

Let the coordinate vectors (i.e. coefficients of the monomials) of those fiqj be aji1, . . . , a
j
ini
∈ K[α1, . . . , αm]

for 1 6 j 6 ns−di .

Iα ∩K[x0, . . . , xn]=s = col

 A1

...
At

 := col(A)

where Ai =

 a1
i1 . . . a1

ins

...
. . .

a
ns−di
i1 . . . a

ns−di
ins


this is equal to K[x0, . . . , xn]s iff A is full rank. This is an open condition, hence Ws is open. 2

This completes the proof of theorem 12.2.

Corollary 12.8. Let X be a projective variety. Any regular function f : X −→ K is constant.
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Proof. f induces a regular map ϕf : X −→ A1 ↪→ P1. Theorem 12.2 implies im(ϕϕ) is closed, but it is not
P1 so it is a finite set of points. X irreducible implies it is connected and ϕ continuous implies im(ϕ) is a
single point. Hence f is constant. 2

13. Finite maps

Example 13.1. Let X be an affine variety in Anx1,...,xn
, and Y ⊆closed X×A1

y, then K[Y ] ' K[X][y]/(yd+

a1y
d−1 + . . .+ ad) for d > 0, ai ∈ K[x].

The projection map ϕ : Y −→ X is surjective and has finite fibres. Consider (x1, . . . , xn) = (α1, . . . , αn) =
α ∈ X, and ϕ−1(α) contains the points (x1, . . . , xn, y) = (α1, . . . , αn, y), where y is a root of

yd + a1(α)yd−1 + . . .+ ad(α) ∈ K[y]

so ϕ−1(α) is nonempty and finite.

Proposition 13.2. An homomorphism of commutative K-algebras ϕ∗ : A −→ B is said to be finite if
either of two following equivalent conditions hold,

(1) B is a finitely generated A-module.
(2) B is a finitely generated A-algebra and B is integral over ϕ∗A in the sense that if any b ∈ B

satisfies a monic polynomial equation of the form

bd + a1b
d−1 + . . .+ ad = 0

with d > 0, ai ∈ ϕ∗A.

A morphism of affine varieties ϕ : X −→ Y is finite if ϕ∗ : K[Y ] −→ K[X] is finite.

Proof. Commutative algebra, see lecture notes on web. 2

Remark 13.3.

(1) K[Y ] a finitely generated algebra over K implies K[Y ] a finitely generated algebra over K[X].

(2) Definition depends only on the map ϕ∗A −→ B and ϕ∗K[Y ] ←→ ϕ(X). So X −→ Y is finite iff

X −→ ϕ(X) is finite.

Proposition 13.4.

(1) Composites of finite maps are finite.
(2) ϕ : X −→ Y finite implies the fibres are finite.

Proof. Proof of 1 as for fields. For part 2, let R = ϕ∗K[Y ] and suppose K[X] generated by b1, . . . , br over
R. Then

R ⊆ R[b1] ⊆ R[b1, b2] ⊆ . . . ⊆ R[b1, . . . , br] = K[Y ]

now use induction and example 13.1 to show the fibres are finite. 2

Example 13.5. Let U = A1
x − 0 −→ A1

x, then K[U ] = K[x, x−1] ←− K[A1] = K[x]. This is not a finite
map.

Theorem 13.6. Any finite map is closed.

Proof. Omitted, see notes on web. 2

Proposition 13.7. Let X and Y be quasi-projective varieties. Let {Vα} be a cover of Y by affine open
sets. A morphism ϕ : X −→ Y is finite if ϕ−1(Vα) is a affine open subset of X and ϕ−1(Vα) −→ Vα is a
finite map of affine varieties.
This definition is independent of the choice of open covers.

Proof. Omitted, using partition of unity. 2
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13.1. Projections and Noether normalisation.

Theorem 13.8. Let X be a closed subset of Pnx0,...,xn
and let E be an r-plane in Pn such that E ∩X = ∅.

Let π : X −→ Pn−r−1 be the projection away from E. Then π is a finite map.

Proof. By induction we can assume E =point= (1 : 0 : . . . : 0) (exercise). If X ′ ⊆ X is closed, then
X ′ −→ X is finite. (Reason, if X is affine then K[X] −→ K[X ′] ' K[X]/I(X ′) this is a finitely generated
K[X]-algebra...). We can reduce to the case where X = V (f) where f ∈ K[x0, . . . , xn]d.

Consider π : X
(x1:...:xn)7−→ Pn−1

x1,...,xn
, look above the affine piece U ⊆ Pn−1

x1,...,xn
where xn 6= 0, so

U ' A1
x1
xn

,...,
xn−1

xn

The affine piece π−1(U) ∩X is the affine piece of X where xn 6= 0. We need π−1(U) ∩X −→ U to be a
finite map of affine varieties. The corresponding K-algebra map is

K[π−1(U) ∩X]
π∗←− K[U ] = K

[
x1

xn
, . . . ,

xn−1

xn

]
The subset of A1

x1
xn

,...,
xn−1

xn

defined by equation

f(x0, . . . , xn)

xdn
= f

(
x1

xn
, . . . ,

xn−1

xn
, 1

)
= 0

Note that E ∩X = ∅, so f(1 : 0 : . . . : 0) 6= 0. Therefore coeff(xd0) 6= 0 so can scale so coefficient is 1. Thus

K[π−1(U) ∩X] =
K[U ][x0/xn]

f
(
x1
xn
, . . . ,

xn−1
xn

, 1
)

f is monic, so by example 13.1, this is finite. 2

13.2. Noether normalisation.

Theorem 13.9.

(1) Let X ⊆closed Pn. Then there exists some finite surjective morphism X −→ Pm.
(2) Let X ⊆closed An. Then there exists some finite surjective morphism X −→ Am.

Proof. If X 6= Pn then pick a point on Pn−X and project from it. Continue inductively. Since composite of
finite maps is finite, we eventually obtain part 1. Part 2 is proved by applying this sequence of projections
(need to choose these projections carefully) to X ⊆ Pn. 2

14. Dimension theory I

Let M be a finitely generated field extension of K. Then there are algebraically independent elements

x1, . . . , xr with M/K(x1, . . . , xr), where algebraically independent means that K(x1, . . . , xr) is the field of
rational functions in x1, . . . , xr (no algebraic relations). The number r is independent of the choice of
x1, . . . , xr and is called the transcendence degree of M/K, denoted

r = tr .degK M

Example 14.1. Consider a finite surjective morphism ϕ : X −→ Amx1,...,xm
, X irreducible, then we have

K[x1, . . . , xm][b1, . . . , bs] = K[X] ←− K[x1, . . . , xm] = K[Am]

where the b1, . . . , bs are integral over x1, . . . , xm.

K(X) = K(x1, . . . , xm)[b1, . . . , bs]

note that K(X) is the smallest field containing K[X]. Therefore tr .degK K(X) = m, this suggest the
following

Definition 14.2. Given a quasi-projective variety X, define the dimension of X to be

dim(X) = tr .degK K(X)

More generally, given Xi quasi-projective varieties,

dim

(
n⋃
i=1

Xi

)
= max

i
dim(Xi)

Remark 14.3. K(X) depends only on any dense open subset of X. So the same is true of dim(X).

Example 14.4. Consider finite surjective morphisms X
ϕ−→Am and Y

ψ−→An. Then the map ϕ × ψ :
X × Y −→ Am+n is finite (exercise). Hence dim(X × Y ) = dim(X) + dim(Y ).

Theorem 14.5. Let Y be a quasi-projective variety and X ⊆closed Y ,
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(1) then dim(X) 6 dim(Y )
(2) if dim(X) = dim(Y ), then X = Y
(3) Suppose Y is a projective variety and X = V (f) ⊂ Y (strict inclusion, i.e. f(Y ) 6= 0), then

dim(X) = dim(Y )− 1.

Proof. We can assume Y is projective by taking closure in Pn. Construct Noether normalisation using
projections from points to get a finite surjective map Y −→ Pdim(Y ). Keep going to get a finite surjective
map X −→ Pdim(X) and so dim(X) 6 dim(Y ). This gives part 1.
Part 2 follows from 3 and 1. We need the Veronese embedding to show part 3.

Example 14.6. The 2-Veronese embedding of P1 is

P1
x0,x1 −→ P2

(x0 : x1) 7−→ (x2
0 : x0x1 : x2

1)

In general the d-th Veronese embedding of Pn is the regular map

Pnx0,...,xn
−→ PN

(x0 : . . . : xn) 7−→ (m0 : . . . : mN )

where m0, . . . ,mN are all the degree d monomials in x0, . . . , xn.

Suppose f ∈ K[x0, . . . , xn]d and X ⊂closed Y ⊆closed Pn d-th Veronese−→ PNm0,...,mN
. Now f is a linear combina-

tion of the m0, . . . ,mN , so we can change coordinates so that Y ⊆ PNy0,...,yN
and X = V (f) with f = y0.

Apply the Noether normalisation algorithm as before, but only projecting from points in the hyperplane
y0 = 0. So say we have a map from

Ps
(y0:l1:...:ls−1)

 Ps−1

where the l1, . . . , ls−1 are linear. This terminates with im(Y ) = Ps (under the sequence of projections)
containing y0 = 0, and Y 6= V (y0) ⊆ Ps by assumption. So as Y is irreducible (exercise) Y = Ps also
X = V (y0) so dim(X) = dim(V (y0)) = s− 1 = dim(Y )− 1. 2

Definition 14.7. Let Y be a quasi-projective variety and X ⊆closed Y . The codimension is defined as
codimY X = dim(Y )−dim(X). A hypersurface in Y is one of form X = V (f)∩Y , f a nonzero homogeneous
polynomial on Y .

Corollary 14.8. Every irreducible component of a hypersurface in Pn or An has codimension 1.

Proof. Do projective case only. Let X = V (f) ⊂ Pn with f ∈ K[x1, . . . , xn]d, and we factorise f into
irreducibles f = f1 . . . fr and note that all fi are homogeneous. It suffices to show V (fi) are irreducible

by theorem 14.5 part 3. Exercise fi irreducible =⇒every dehomogenisation f̃i is irred. therefore V (f̃i) is
irreducible which implies V (fi) is irreducible. 2

Theorem 14.9.

(1) Let X ⊆closed Anx1,...,xn
be such that every irreducible component has codimension 1. Then X =

V (f) for f ∈ K[x1, . . . , xn].
(2) Let X ⊆closed Pn1 × . . . × Pnr be such that every irreducible component has codimension 1. Then

X = V (f) where f is homogeneous in each set of variables for each Pnk .

Proof. Do part 1 only. Suffice to assume that X is irreducible. Pick f such that X ⊆ V (f) with f 6= 0.
Factorise f into irreducibles f = f1 . . . fr so X ⊆ V (f1)∪ . . .∪ V (fr). X irreducible implies X ⊆ V (fi) for
some i. Now dim(X) = dim(V (fi)) so theorem 14.5 part 2 implies X = V (fi). 2

15. Dimension theory II

We saw that if we intersect a projective variety X with hypersurface V (f) with f 6= 0, the dimension
reduces by 1. Induction gives the following

Corollary 15.1. Let X ⊆closed Pnx0,...,xn
, and f1, . . . , fr ∈ K[x0, . . . , xn] with fk homogeneous, then

dim(X ∩ V (f1, . . . , fr)) > dim(X)− r.

Definition 15.2. A curve (resp. surface) is a 1-dimensional (resp. 2-dimensional) quasi-projective variety.

Corollary 15.3. Any two projective curves in P2 intersect.

Proof. We saw in lecture 14 that any curve in P2
x,y,z is a hypersurface V (f) for some homogeneous poly-

nomial f(x, y, z). Therefore the result follows form corollary 15.1. 2

Theorem 15.4. Let X be a quasi-projective variety in Pnx0,...,xn
and f1, . . . , fr ∈ K[x0, . . . , xn] with fk

homogeneous, then every component of X ∩ V (f1, . . . , fr) has dimension > dim(X)− r.
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Remark 15.5. X ∩ V (f1, . . . , fr) may be ∅.

Proof. Omitted, not too hard. 2

Corollary 15.6. Let X,Y ⊂ Pn be quasi-projective varieties of dimensions d and e. Then every component
of X ∩ Y has dimension > d+ e− n.

Proof. By considering affine pieces of Pn containing components of X ∩ Y , we can assume X,Y ⊆ An. Let
∆ ⊆ An × An be the diagonal. Then X ∩ Y ' X × Y ∩∆, and since ∆ is defined b n equations, we apply
the theroem to X × Y with dim(X × Y ) = d+ e. 2

Definition 15.7. Let I C K[x0, . . . , xn] be a homogeneous ideal corresponding to a projective variety
X = V (I). The affine cone of X is

V (I) ⊆ An+1
x0,...,xn

Remark 15.8. Think of conic sections.

Corollary 15.9. Consider projective varieties X,Y ⊆ Pn of dimensions d and e. If d + e > n then
X ∩ Y 6= ∅.

Proof. Consider affine cones X̃, Ỹ ⊆ An+1 of X and Y . Exercise: locally X̃ − 0 ' X × (A1 − 0) implies

dim(X̃) = dim(X) + 1. Now apply corollary 15.6 to X̃ ∩ Ỹ ⊆ An+1 noting that 0 ∈ X̃ ∩ Ỹ . This gives
a component containing 0 having dimension > (d + 1) + (e + 1) − (n + 1) = d + e − n + 1 > 1 (since we
assume d+ e > n), giving a point in X ∩ Y ,. 2

15.1. Theorem on dimension of fibres.

Theorem 15.10. Let ϕ : X −→ Y be a dominant regular map of quasi-projective varieties, then

(1) any component F of a fibre has dim(F ) > dim(X)− dim(Y ).
(2) there is a dense open U ⊆ Y such that for any y ∈ U ,

dim(ϕ−1(y)) = dim(X)− dim(Y )

Proof. We can assume Y is affine by replacing with appropriate affine space.

(1) Consider the fibre ϕ−1(y) and let F be one of its components. We can assume that X is affine
by picking an affine open intersecting F . Pick a nonzero f1 ∈ K[Y ] such that f1(y) = 0. Note
dim(V (f1)) = dim(Y )−1. Exercise: we can f2 ∈ K[Y ] such that f2(y) = 0 but f2 is not identically
zero on any component of V (f1). Hence dim(V (f1, f2)) = dim(Y ) − 2. Continue inductively to
get f1, . . . , fdim(Y ) ∈ K[Y ] such that dim(V (f1, . . . , fdim(Y ))) = 0, therefore V (f1, . . . , fdim(Y )) has
Y as a component (see assignment 2). F is a component of V (ϕ∗f1, . . . , ϕ

∗fdim(Y )). So theorem 1
implies dim(F ) > dim(X)− dim(Y ).

(2) Since X is covered by affine opens, we can replace X by an affine open. Since ϕ is dominant, ϕ∗ :
K[Y ] −→ K[X] is injective. Noether normalisation implies there is a finite surjective map Y −→
Adim(Y ), so we can assume Y = Ady1,...,yd

where d = dim(Y ). Exercise: we can find xd+1, . . . , xe ∈
K[X] such that e = dim(X), y1, . . . , yd, xd+1, . . . , xe are algebraically independent and K(X) is
algebraic over K := K(y1, . . . , yd, xd+1, . . . , xe). Suppose K[X] is generated by t1, . . . , tr over
K[y1, . . . , yd, xd+1, . . . , xe]. That K(X)/K is algebraic implies there are relations of the form

a0t
ni + ait

ni−1 + . . .+ ani = 0(2)

where ai ∈ K[y1, . . . , yd, xd+1, . . . , xe]. Pick a dense open U ⊆ Y be a set of points, y, where
the polynomial a0 ∈ K[y1, . . . , yd, xd+1, . . . , xe] is nonzero when evaluated at y. Then K[ϕ−1(Y )] =
K[xd+1, . . . , xe, t1, . . . , tr], where the t1, . . . , tr are still algebraic over K(xd+1, . . . , xe), since the
equation (2) reduces to a non trivial relation for y ∈ U . Therefore dim(ϕ−1(Y )) = e−d as desired.
(The algebraic relation (2) is only nontrivial generically).

2

Corollary 15.11. Let ϕ : X −→ Y be a dominant map of quasi-projective varieties. Then im(ϕ) contains
a dense open set.

16. Lines on surfaces in P3

Definition 16.1. A degree d hypersurface in Pnx0,...,xn
is a variety of the form V (f) where f ∈ K[x0, . . . , xn]d.

Note 16.2. Most cubic surfaces in P3 has a finite nonzero number of lines on it.
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16.1. Compactified space of degree d surfaces in P3. Let W = K[x0, . . . , x3]d, P(W ) parameterises
degree d surfaces in P3 and has some extra points, e.g. x3

0x1. Let Γ = G(2, 4), which parameterises lines in
P3.

Definition 16.3. Define the incidence correspondence, P(W )×Γ ⊃ I := {(f, `) | V (f) ⊇ `, i.e. f(`) = 0}.

Theorem 16.4. I ⊆ P(W )×Γ is closed, i.e. I is defined by polynomial equations, which are homogeneous
in the coefficients of f ∈W and homogeneous in Plücker coordinates pij of ` ∈ Γ.

Proof. Let ` ∈ Γ be a line joining α = (α0 : α1 : α2 : α3) and β = (β0 : . . . : β3). Let f ∈ W − 0, ` is the
set sα− tβ for s, t ∈ K. Therefore f(`) = 0 iff for all s, t ∈ K,

f(sα0 − tβ0 : . . . : sα3 − tβ3) = 0

Note that rank

(
α0 . . . α3

β0 . . . β3

)
= 2 so any

(
t
s

)
can be written as a linear combination(

t
s

)
= u0

(
α0

β0

)
+ . . .+ u3

(
α3

β3

)
(think of the u’s as variables). Therefore

sα0 − tβ0 = u0 · 0 + u1(β0α1 − α0β1) + u2p02 + u3p03

where p0k = β0αk − α0βk (check). Hence (f, `) ∈ I iff

f(−u1p01 − u2p02 − u3p03, . . .) = 0(3)

linear combinations of pij ’s with coefficient u’s.
Consider l.h.s. of (3) as a polynomial in uj ’s , (3) holds for all uj ’s iff all coefficients are zero. Coeffices
are polynomlas in coefficiencts fi of f and pij ’s. These polynomials are linear in fj ’s and degree d in pij ’s.
This proves the theorem. 2

Theorem 16.5. Let X ⊆closed Pn and X =
⋃
iXi be the decomposition of X into irreducible components.

Let Y be a projective variety. Let ϕ : X −→ Y be a continuous surjective map such that ϕ|Xi : Xi −→ Y
is regular. Suppose all fibres are irreducible and have the same dimension n. Then X is irreducible.

Proof. Exercise: show there is a dense open subset U ⊆ X such that the dimension of the fibres of
ϕ|Xi : Xi −→ Y are constant on U , which is dim(Xi)− dim(Y ) unless empty.
Pick y ∈ U . Since ϕ is surjective, we can find an i such that ϕ−1(y)∩Xi 6= ∅. Now ϕ−1(y) is irreducible so
we can find Xi such that ϕ−1(y) ∩Xi = ϕ−1(y) =

⋃
(ϕ−1(Y ) ∩Xi). Note that ϕ : Xi −→ Y is dominant

but the image of projective varieties are closed implies ϕ|Xi : Xi −→ Y is surjective. Also the dimension
of fibres of ϕ|Xi > dim(ϕ−1(y) ∩Xi) = dim(ϕ−1(y)) = n. But all fibres of ϕ : X −→ Y are irreducible of
dim(n). So Xi contains all fibres of ϕ i.e. Xi −X is irreducible. 2

16.2. Analysis of projections.

I ⊆ P(W )× Γ

π1 ↙↘π2

P(W ) Γ

We use π2 to get information on I, then extract information about π1.

16.2.1. Fibres of π2, π
−1
2 (`). By symmetry we can assume ` = V (x0, x1), (f, `) ∈ π−1

2 (`) iff f(`) = 0. That
is, we can write

f = x0f0 + x1f1(4)

with f0, f1 ∈ K[x0, . . . , x3]d. Let W̃ 6W be subspaces of these. Hence π−1
2 (`) ' P(W̃ ). This is irreducible,

as is Γ so theorem 16.5 implies I is irreducible.

Note 16.6. Recall dim(K[x0, . . . , xn]d) =
(
n+d
d

)
.

The expression (4) is unique if we assume f1 ∈ [x1, x2, x3]d−1. Now we specialise to d = 3.

dim(π−1
2 (`)) = dim(P(W̃ )) = dim(W̃ )− 1 = dim(K[x0, x2, x3]d−1) + dim(K[x1, x2, x3]d−1)− 1

for d = 3 . . . =

(
3 + 2

2

)
+

(
4

2

)
− 1 = 15
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The theorem on dimension of fibres imply dim(I) = dim(Γ) + dim(π−1
2 (`)) = (4− 2) · 2 + 15 = 19. Check

the dimension of P(W )

dim(P(W )) = dim(W )− 1 =

(
3 + 3

3

)
1− 1 = 20− 1 = 19

16.2.2. Fibres of π1, π
−1
1 (`). Exercise: the cubic surface x0x1x3 = x3

3 as a finite number of nonzero lines
on it (restrict to affine pieces).
If im(π1) =: X has dim < 19, then all the nonempty fibres have dimension > dim(I) − dim(X) > 1
contradiction. Therefore dim(X) = 19 and π1 is surjective and theorem on dimension of fibres imply that
fibres of π1 are zero dimensional, that is finite by assignment question.

In summary P(W )
π1←− I ⊆ P(W )×Γ, π1 is surjective, on U ⊆ P(W ) dense and open (theorem on dimension

of fibres). Fibres are zero dimensional. We say the generic cubic has a finite nonzero number of lines on it.

17. Tangent spaces

Consider V (I) =: X ⊆closed Anx1,...,xn
and let p := (p1, . . . , pn) ∈ X. Define for f ∈ K[x1, . . . , xn],

dpf =
∂f

∂x1
(p)(x1 − p1) + . . .+

∂f

∂xn
(p)(xn − pn)

Proposition 17.1. We define the tangent space of X at p to be the common zeroes of {dpf}f∈I(X). De-

note it TX,p. It is a vector space with 0 at p. If I(X) = (f1, . . . fr) then TX,p = V (dpf1, . . . ,dpfr).

Proof. Let f =
∑
aifi where ai ∈ K[x1, . . . , xn].

dpf =
∑
i,j

(
∂ai
∂xj

(p)fi(p) +
∂fi
∂xj

ai(p)

)
(xi − pi) ∈ (dpf1, . . . ,dpfr)

fi(p) = 0 since fi ∈ I and summing over j gives
∑
ai(p)dpfi. 2

Proposition 17.2. Restricting dpf to TX,p is a linear functional such that it is zero when f ∈ I. This
induces a linear map

dp : K[X] = K[x1, . . . , xn]/I −→ T ∗X,p

Example 17.3. Consider y2 = x3 in A2
x,y, p = (α, β) and f = y2 − x3, then

0 = dpf =
∂f

∂x
(p)(x− a) +

∂f

∂y
(y − β)

= 3α2(x− α) + 2β(y − β)

This is a line if p 6= (0, 0) and is a plane when p = (0, 0).

Theorem 17.4. Let X ⊆closed An and p ∈ X and m ∈ K[X] be the maximal ideal corresponding to p. Let
OX,p be the local ring of K[X] at p and mp := mOX,p. Then dp induces an isomorphism

mp/m
2
p −→ m/m2 dp−→ T ∗X,p

In particular, the tangent space TX,p is independent of coordinates and is an affine open set containing p.

Note 17.5. Local ring, OX,p, of X =quasi-projective variety at p ∈ X.

OX,p = {f ∈ K(X) | f regular at p}

=
⋃
p∈U

K[U ] U affine neighbourhood of p

= K[U ]m U affine neighbourhood of p

and m =maximal ideal of K[U ] corresponding to p. (Stalk of structure sheaf at p.)

Remark 17.6. Hence we can define the tangent space at p only any quasi-projective variety X by picking
any affine open set containing p.

Theorem 17.7. Let X ⊆ Pn be locally closed (i.e. X is open in X). Let p ∈ X and X ′ ⊆ X be the union
of all irreducible components containing p. Then

dimK(TX,p) > dimp(X) =: dim(X ′)

We say X is smooth at p if equality holds above and say that p is singular point or singularity otherwise.

Example 17.8. Tangent space of a hypersurface. Consider V (f) ⊆ Anx1,...,xn
and dim(V (f)) = n − 1.

TX,p is dpf = 0, one of the following occur

• dpf is not identically zero, so dimK TX,p = n− 1 too i.e. p is smooth.

• dpf = 0 so TX,p = An and p is singular. This happens on the closed set 0 = f = ∂f
∂x1

= . . . = ∂f
∂xn

.
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Theorem 17.9. Let X ⊆ Pn be locally closed. The set U of points where dimK TX,p = dim(X) is open and
dense.

Reason: Assume V (I) =: X ⊆ An, I = (f1, . . . , fr) and assume X is irreducible. Consider the tangent
fibre space

Xx1,...,xn × Any1,...,yn
⊇ T = {(p, v) | p ∈ X, v ∈ TX,p}

Can check that T is closed and defined by f1, . . . , fr in the x variables, and ∂fi
∂xj

in the y variables. The

points in U are the points where the fibre dimension of T −→ X is min (= dim(X) by theorem 17.4. Then
use the theorem on dimension of fibres.

Proposition 17.10. The intersection points of two or more irreducible components are singular.

Proof. In case X = V (fg) = V (f) ∪ V (g) ⊆ An. Let p ∈ V (f) ∩ V (g), dim(X) = n− 1.

dp(fg) = g(p)dp(f) + (dpg)f(p) = 0

since g(p) = f(p) = 0. Hence TX,p = An, so p is singular. 2

Corollary 17.11. Any connected smooth variety is irreducible. In particular any smooth hypersurface in
Pn is irreducible, if n > 2.

Note 17.12. The last statement follows from the fact that any two hypersurfaces in Pn for n > 2 must
intersect.

Example 17.13. Suppose X = V (f1, . . . , fr) ⊆closed Pnx0,...,xn
where f1, . . . , fr are homogeneous polyno-

mials generating I(X). Let p ∈ X, then the closure of TX,p in Pn is the zeroes of

∂fi
∂x0

(p)x0 + . . .+
∂fi
∂xn

(p)xn = 0

for i ∈ [1, r].

18. Smooth varieties and local equations

Let X be a quasi-projective variety.

Definition 18.1. Y ⊆ X is a subvariety if it is an irreducible closed subset.

18.1. Local equations.

Definition 18.2. Let Y ⊆ X be a codimension 1 (w.r.t. X subvariety and p ∈ Y . A local equation for

Y at p is some f ∈ K[U ] where U ⊆ X is a sufficiently small affine open neighbourhood of p such that
I(Y ∩ U) C K[U ] is the principal ideal (f).

Example 18.3. Consider V (x, y, z) ∈ P2
x,y,z where p = V (x) ∩ V (y). At p, on affine open Uz ⊆ P2 where

z 6= 0, K[Uz] = K
[
x
z
, y
z

]
. The subvariety X = V (x) ⊆ P2 is given by x/z = 0 on Uz, therefore x/z gives

local equation.

Remark 18.4. We saw (lecture 14 ??) that K[x1, . . . , xn] is a UFD implies any codimension 1 subvariety
Y ⊆ An has the form V (f). This holds locally in the smooth case.

Theorem 18.5. Let Y be a codimension 1 subvariety of X. Let p ∈ Y be a smooth point of X, then OX,p
is a UFD. Hence there is a local equation for Y at p.

Example 18.6. Consider X = V (y2 − x2(x + 1)) ⊆ A2
x,y, then p = (0, 0) is singular. There is no local

equation for p on X.

K[X] =
K[x, y]

(y2 − x2(x+ 1))
C mp = (x, y)/(y2 − x2(x+ 1))

T ∗X,p ' mp/m
2
p = (x, y)/(x2, xy, y2, y2 − x2(x+ 1))

= (x, y)/(x2, xy, y2)

is 2-dimensional over K. Moreover mp is not principal, else mp/m
2
p is generated by 1 element, this is

impossible since dimK(mp/m
2
p) = 2 and for z ∈ mp/m

2
p, K[x]z = Kz. In fact, this argument applies to any

affine open neighbourhood of p, using more commutative algebra.

Example 18.7. Consider a smooth curve X and p ∈ X. Pick f ∈ K[X] with dpf 6= 0. We can replace f
with g := f − f(p) such that g(p) = 0, then g = 0 is a local equation for p.

Theorem 18.8. Let ϕ : X  Pn be a rational map where X is a smooth variety. Then ϕ is defined on an
open set whose complement has codimension > 2.
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Example 18.9. A rational map is give at p ∈ X by ϕ = (ϕ0 : . . . : ϕn) where ϕi ∈ K(X). Note that
changing p we may have to replace (ϕ0 : . . . : ϕn) with (ψϕ0 : . . . : ψϕn) for some ψ ∈ K(X). The map
ϕ is defined where some ϕi 6= 0 and all denominators of ϕi 6= 0. This is open. Therefore ϕ is defined on
an open set. To show it is defined off a codimension 2 set, suppose, to the contrary, that it is not defined
on a codimension 1 subvariety Y ⊆ X. Let p ∈ Y and g = 0 be a local equation for Y at p. Suppose
ϕ = (ϕ0 : . . . : ϕn), by shrinking X to sufficiently small affine open neighbourhood we can assume

(1) All ϕi ∈ OX,p ⊆ K(X) (i.e. clear denominators), and
(2) there are no common factors in the ϕi’s (considered as elements of OX,p, since OX,p is a UFD.)

1. implies ϕ is defined where not all ϕi = 0. Also 2. implies g is not a factor of some ϕi i.e. ϕi is not
identically 0 on Y . Therefore ϕ is defined on most points of Y , a contradiction.

Corollary 18.10. Any rational map ϕ : X  Pn where X is a smooth curve is regular.

Corollary 18.11. Two birational smooth projective curves are isomorphic.

Proposition 18.12. Any smooth conic (i.e. degree 2 projective curve) in P2 is isomorphic in P1.

Proof. Let q ∈ K[x, y, z]2 and ϕ : V (q) = X  P1
s,t be projection away from p (p′ ∈ X is sent to the line

through p′ and p and p ∈ X is sent to the tangent line at p). By corollary 18.10, this is regular since X is
smooth. We will show the inverse ψ is rational as well and is a regular inverse.
Change coordinates so that p = (0 : 0 : 1) for simplicity assume q(x, y, z) = xz − y2. A line through p has
form sx+ ty = 0. Intersect this with V (q), and scale z = 1

0 = x−
(
−s
t
x
)2

= x

(
1− s2

t2
x

)2

there are two roots, x = 0 (which is p) and x = t2/s2 (this is the x value of ψ(s : t)). The y value of ψ(s : t)

is y = −t/s, so ψ(s : t) =
(
t2

s2
: − t

s
: 1
)

is rational and ψ is a regular inverse. 2

19. Divisors

The aim is to study subvarieties of a quasi-projective variety X and incidences between them. An easy
case are codimension 1 subvarieties.

Definition 19.1. A prime divisor of X is a codimension 1 subvariety. A divisor is a formal finite sum of
the form

D =

k∑
i=1

niHi

where Hi are prime divisors, ni ∈ Z. Let Div(M) be the free abelian group generated by prime divisors,
called the divisor group. The support of D is supp(D) =

⋃
Di. A divisor is effective, denoted D > 0 if all

ni > 0. Finally if D −D′ > 0, then we write D > D′.

19.1. Valuations. Assume X is a smooth variety and D be a prime divisor, we wish to define

νD : K(X)∗ −→ Z
f 7−→ “order of zero or pole along D”

Restrict to affine open neighbourhood U of p ∈ D such that D has local equation π on U (uses X smooth),
that is

I(D ∩ U) = (π) C K[U ]

Let f = g/h ∈ K(X)∗ with g, h ∈ K[U ] ⊂ OX,p. Now OX,p is a UFD so we can write g = πdg̃ uniquely,
where g̃ ∈ OX,p − πOX,p is coprime to π in OX,p. Define νD(g) = d and νD(f) = νD(g)− νD(h).

Proposition 19.2.

(1) νD : K(X)∗ −→ Z well defined in the sense that it is independent of how you write f = g/h and p
and U .

(2) Can compute d = νD(g) in K[U ] as the d ∈ Z such that g ∈ πdK[U ]− πd+1K[U ].

Example 19.3. Consider X = P2
x,y,z, f = xy−z2

x2 ∈ K(X) = K(x, y, z). Look at the affine open U ⊆ P2

where y 6= 0, then K[U ] = K
[
x
y
, z
y

]
. For D = V (x) on U has local equation π = x/y, therefore

νD(f) = νD

(
xy − z2

y2

)
− νD

(
x2

y2

)
= νD

(
π − z2

y2

)
− θD(π2) = 0− 2 = − 2
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since π − z2

y2
is coprime to π. Similarly if D = V (xy − z2), then local equation is ...

νD(f) = νD

(
xy − z2

y2

)
− νD

(
x2

y2

)
= 1− 0 = 1

and νD(f) = 0 for any other D.

19.2. Principal divisors. Let X be a smooth variety

Proposition 19.4. The map

div : K(X)∗ −→ Div(X)

f 7−→
∑

D prime divisor

νD(f)D

is a well defined group homomorphism. The image consists of principal divisors.

The zeroes of regular functions have finite number of irreducible components so only finitely many νD(f) 6=
0. Hence this is well defined. Each ν0 is additive so div is a group homomorphism.

Example 19.5. Let X = Pnx0,...,xn
and f =

g
m1
1 ...gmr

r

h
n1
1 ...h

ns
s
∈ K(X), where gi and hi are distinct irreducible

homogeneous polynomials in x0, . . . , xn. Then

div(f) =
∑

miV (gi)−
∑

njV (hj)

Note that
∑
mi deg(gi) =

∑
ni deg(hi).

Definition 19.6. The quotient Div(X)/div(K(X)∗) is called the Picard group denoted Pic(X) or the

class group denoted Cl(X). The elements in Cl(X) are called divisor classes. Given D,D′ ∈ Div(X) in

same divisor class, we write D ∼ D′ and say that D is linearly equivalent to D′.

Remark 19.7. We think of linearly equivalent divisors as being continuous deformations of each other.

For example X = P2
x,y,z, f = z2−xy

xy
so div(f) = V (z2−xy)−V (x)−V (y), and V (z2−xy) ∼ V (x)+V (y).

On the affine open z 6= 0,
f = 0 XY = 1
f = 1 XY = 1

2
...

f =∞ X = 0 Y = 0

draw diagram to show continuous deformation of hyperbolae approaching the axes.

Proposition 19.8. We have a group homomorphism

Pic(Pnx0,...,xn
) −̃→ Z

Div(Pn) 3 V (f) 7−→ d

where f ∈ K[x0, . . . , xn]d is irreducible. More generally

Pic(Pn × . . .× Pn
r times

) −̃→ Zr

V (f) 7−→ (d1, . . . , dr)

where f is multi-homogeneous of multi-degree (d1, . . . , dr) and irreducible.

Proof. Comments. Saw in lecture 14 that any prime divisor D has form D = V (f) so have defined
deg : Div(Pn) −→ Z. This has kernel the principal divisors by example 19.5. 2

20. Intersecting divisors and curves

Let ϕ : Y −→ X be a regular map of smooth varieties and D ∈ Div(X). We wish to define ϕ∗D ∈ Div(Y ).
It suffices to defined ϕ∗ for prime divisors and extend linearly. We need to assume ϕ(Y ) * supp(D). To
define ϕ∗D it suffices to describe it on an open cover of Y . Let {Ui} be an affine open cover of X such
that on Ui, D has local equations πi ∈ K[Ui]. let {Vij}j be an affine open cover of ϕ−1(Ui) ⊆ Y and

ϕij = ϕ|Vij : Vij −→ Ui

Note that if Ui ∩ supp(D) = ∅, then we can take πi = 1. Consider ϕ∗ijπi ∈ K[Vij ] and note that since

ϕ(Y ) * supp(D), so ϕ∗ijπi 6= 0. Therefore we can define ϕ∗D on Vij to be div(ϕ∗ijπi).

Proposition 20.1.

(1) This definition is independent of Ui’s, Vij’s, and πi’s.
(2) supp(ϕ∗D) ⊆ ϕ−1 supp(D), since div(π∗1) = div(1) = 0 ∈ Div(Y ).
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Example 20.2. Consider P1
y,z ' V (x) = Y

ϕ
↪→ X = P2

x,y,z. Let D = V (yz2 − x3 + xz2) ⊆ Div(X). find
ϕ∗D ∈ Div(Y ) (Picture: D is a cubic intersecting V (x) at (0 : 0 : 1) and tangent to V (x) at (0 : 1 : 0)).
Let U be the affine piece where z 6= 0, here D has local equation

π =
y

z
−
(x
z

)3

+
x

z

K
[y
z

]
3 ϕ∗π =

y

z

div
(y
z

)
= (0 : 0 : 1) on U

since y/z = 0, z 6= 0 which we scale to 1 and x = 0. On V , the affine piece where y 6= 0, D has local
equation

π =

(
z

y

)2

−
(
x

y

)3

+
xz2

y3

ϕ∗π =

(
z

y

)2

∈ K
[
z

y

]
= K[Y − (0 : 0 : 1)]

div (ϕ∗π) = 2(0 : 1 : 0)

therefore on all of Y ϕ∗D = 2(0 : 1 : 0) + (0 : 0 : 1).

Proposition 20.3. (Chow’s moving lemma) Let X be a smooth variety and D ∈ Div(X), x1, . . . , xr ∈ X.
Then there exists D′ ∈ Div(X) with D′ ∼ D and no xi ∈ supp(D′).

There is a group homomorphism ϕ∗ : Pic(X) −→ Pic(Y ). Suppose D ∈ Div(X) and [D] is its divisor class.
Pick any D′ ∼ D such that ϕ(Y ) * supp(D′) (exists by Chow’s moving lemma). Then ϕ∗[D] = [ϕ∗D].
This is functorial.

Proposition 20.4. Let X be a smooth variety, D be a prime divisor and U = X−D. Consider ϕ : U ↪→ X
be the inclusion map, then ϕ∗ : Pic(X) −→ Pic(U) is surjective. Its kernel is the subgroup generated by
[D]. In particular

Pic(An) = Pic(Pnx0,...,xn
− V (x0))

= Z/Z = 0

Pic(P2 − irred conic) = Z/2Z

Proof. (sketch) In this case ϕ∗ : Div(X) −→ Div(U) is always defined and surjective to compute the kernel
note that K(X) = K(U). Computing div(f) for f ∈ K(X) = K(U) differs in X and U only in coefficient of
D. 2

20.1. Degree of divisors.

Proposition 20.5. Let X be a smooth projective curve, define

deg : Div(X) −→ Z∑
p∈X

npp 7−→
∑

np

Then the kernel of deg contains all principal divisors so we get an induced group homomorphism deg :
Pic(X) −→ Z.

Heuristic reason: continuously deforming divisors does not change deg and the image of deg is discrete.

20.2. Intersection numbers. Let X be a smooth projective variety, C be a smooth projective curve
in X. The inclusion ι : C ↪→ X. Let D ∈ Div(X) with divisor class [D]. Define intersection numbers
C ·D := C · [D] := deg (ι∗[D]) ∈ Div(C) ∈ Z. If D > 0 and ι∗D = n1p1 + . . .+nrpr we say that D intersects
C at pi with intersection multiplicity ni. If D is prime then ni > 2 means D is tangent to C at pi.

Example 20.6. Let X = Pnx0,...,xn
, and H = V (x0) which generates Pic(Pn). Let ` be the line 0 = x0 =

. . . = xn−2 in H. Find H · `: move H to H ′ = V (xn) ∼ H. Compute H ′ · ` to be 1.

Note that since D > 0 implies ι∗D > 0 (if ι∗D is defined, if not defined, this can be false) so C ·D > 0.
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21. Intersecting divisors

Let X be a smooth projective variety of dimension n. Let D1, . . . , Dn ∈ Div(X)

Definition 21.1. We say that D1, . . . , Dn are in general position if dim
(⋂n

i=1Di
)

= 0.

Aim: to define intersection number D1 . . .Dn in this case. By extending linearly, it suffices to define when
D1, . . . , Dn are prime divisors. Note that by assignment q2

⋂
supp(Di) is just a finite set of points. Let

p ∈ X, we can pick a sufficiently small affine open neighbourhood, U of p such that

a) the only point of
⋂

supp(Di) in U is p.
b) Di is defined by a local equation πi ∈ K[U ] for all i.

Note that {p} = V (π1, . . . , πn) ⊇ U and by the Nullstellensatz, (π1, . . . , πn) ⊇ mr for some r ∈ N where
m C K[U ] is the maximal ideal corresponding to p.
Exercise: dimK(K[U ]/mr) <∞ (clear for K[U ] =polynomial ring). Hence we can make

Proposition 21.2. The local intersection number

(D1 . . .Dn)p := dim

(
K[U ]

K(π1, . . . , πn)

)
< ∞

This is independent of the choice of U and πi’s (in fact, we can replace K[U ] with OX,p.)

Some points

• If n = 2, and D1 is a smooth curve then (D1D2)p is the multiplicity of D1 intersecting D2

• If p 6∈ supp(Di), the one can take πi = 1,

(D1 . . .Dn)p = dimK

(
K[U ]

(. . . , 1, . . .)

)
= 0

Also if p ∈
⋂

supp(Di), then (D1 . . .Dn)p > 1 since m ⊃ (π1, . . . , πn) (exercise).

Definition 21.3. The intersection number is defined as

D1 . . .Dn =
∑
p∈X

(D1 . . .Dn)p =
∑

p∈
⋂

supp(Di)

(D1 . . .Dn)p

on prime divisors D1, . . . , Dn and extend via linearity in each Di to all divisors.

If D1, . . . , Dn > 0 and in general position, then D1 . . .Dn > 0.

Example 21.4. LetX = Pnx0,...,xn
, Di = V (xi), i = 1, . . . , n. Noe that

⋂
supp(Di) = {p = (1 : 0 : . . . : 0)}.

Consider affine open neighbourhood U ⊂ P2 where x0 6= 0 so K[U ] = K
[
x1
x0
, . . . , xn

x0

]
, the Di is given by

local equations πi = xi/x0 ∈ K[U ],

D1 . . .Dn = (D1 . . .Dn)p = dimK

K
[
x1
x0
, . . . , xn

x0

]
(
x1
x0
, . . . , xn

x0

)
 = 1

21.1. General definition of intersecting divisors. Let X be a smooth projective variety of dimension
n. There is a well defined map

∩ : Pic(X)n −→ Z
([D1], . . . , [Dn]) 7−→ [D1] · . . . · [Dn]

where [Di] is the divisor class of some Di ∈ Pic(X). The map ∩ is linear ineach copy of Pic(X) and
symmetric in these variables. It can be characterised as follows; move Di to linearly equivalent divisor so
that they are in general position. This is possible by Chow’s moving lemma. Then define [D1] . . . [Dn] :=
D1 . . .Dn. To prove this, we need to show that the intersection number is invariant under changing Di to
D′
i where D′

i ∼ Di. We have the following corollary

Theorem 21.5. (Bézout)

(1) Let X = Pn, D1, . . . , Dn be irreducible hypersurfaces of degree di. Recall Pic(Pn) ' Z, then

Pic(X)n
cn
1−→ Zn −→ Z

([D1] , . . . , [Dn]) 7−→ (d1, . . . , dn) 7−→ d1 . . . dn

In particular, if D1, . . . , Dn are in general position, then no points in
⋂

supp(Di) 6 d1 . . . dn.
Further if n = 2 and D1 and D2 are smooth curves not tangent to each other then we have
equality,

⋂
supp(Di) = d1 . . . dn.

(2) Let X = Pm × Pn, D1, . . . , Dm+n be divisors of bidegree (d1, e1), . . . , (dm+n, em+n) so Pic(X) =
Z× Z. Note Pic(X) ' Z× Z. Then

D1 . . .Dm+n =
∑

i1,...,jn distinct

di1 . . . dimej1 . . . ejn
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Proof. We prove 1., 2. is similar. Note that Di ∼ diH where H1 = V (x1) a hyperplane, since divisor
classes on Pn are classified by degree. So we have D1 . . .Dn = (d1H1) . . . (dnH1) = d1 . . . dn(Hn

1 ) =
d1 . . . dn(H1 . . .Hn) = d1 . . . dn, since H1 . . .Hn = 1 by example 21.4. 2

Example 21.6. To illustrate case 2., let X = P1 × P1, π1, π2 be projections onto the first and second
factor. Consider divisors on X, D = π∗1p, E = π∗2q for some points p, q ∈ P1, then Pic(P1×P1) = ZD⊕ZE,
D2 = 1, E2 = 1, D · E = 1, extending linearly

(d1D + e1E) · (d2D + e2E) = e1d2D · E + d1e2D · E = d1e2 + d2e1

22. Applications of Bézout’s theorem

Let C ⊆ P2 be a degree d curve C = V (f), irreducible.

Definition 22.1. A line L ⊆ P2
x,y,z is an inflexion line of C if it has intersection multiplicity > 3 at some

smooth point p ∈ C, that is if ι : L −→ P2 then ι∗C = 3p+effective divisor. The Hessian of f is the
homogeneous polynomials

H(x, y, z) =

∣∣∣∣∣∣
fxx fyx fzx
fxy fyy fzy
fxz fyz fzz

∣∣∣∣∣∣ fxy :=
∂2f

∂x∂y
, . . .

The Hessian curve of f is CH (zeroes of H). It depends on C only.

Theorem 22.2. Suppose C = V (f), where f is irreducible, is a smooth curve in P2
x,y,z of degree d > 3.

Then the inflexion points are the intersections poings of C with the Hessian CH .

Proof. Consider p ∈ C. Exercise: Hessian curve is independent of coordinatnes chosen, so we can change
them such that p = (1 : 0 : 0) and the tangent to C at p is L = V (z). Write f = f0 + f1z + f2z where
f0, f1, f2 ∈ K[x, y]. Recall that tangency mean ι∗C = 2p + effective (ι : L −→ P2) and inflexion means

ι∗C = 3p + effective. Therefore, on restricting to L, f(x, y, 0) = f0. Double root at p implies f0 = y2f̃0,

where f̃0 ∈ K[x, y]. Inflexion point at p means y3|f0, since (1 : 0 : 0) is a smooth point, coefficient of xd−1z
is nonzero, i.e. fxz(p) 6= 0

H(1 : 0 : 0) =

∣∣∣∣∣∣
0 0 #
0 fyy(p) ∗
# ∗ ∗

∣∣∣∣∣∣ where # non-zer

Therefore H(1 : 0 : 0) is zero iff fyy(p) = 0 ⇐⇒ constant term of f̃0 = 0. That is y3|f0. Therefore being
an inflexion point is equivalent to being on the Hessian curve. 2

Corollary 22.3. A smooth plane curve C ⊂ P2 of degree d has at most 3d(d− 2) inflexion points.

Proof. The number of points is bounded above by Bézout. C · CH = d(deg(CH) = 3d(d− 2). 2

22.1. Common tangents to two conics. Let C1, C2 be smooth conics (i.e. deg 2) in P2
x,y,z. What is

the number of common tangents to C1 and C2. The answer we expect is 4.
Recall a line ax+ by + cz = 0 in P2

x,y,z corresponds to the point (a, b, c) ∈ P2∨
a,b,c.

Describe the set of points in P2
a,b,c correspondinng to tangents of C. For simplicity, change coordinates so

that C1 is x2 + y2 + z2 = 0. Let’s intersect with line L ax + by + cz = 0 with C1. Consider affine open
where c 6= 0. Intersection

0 = c2
(
x2 + y2 +

(
−a
c
x− b

c
y

)2
)

= c2x2 + c2y2 + a2x2 + 2abxy + b2y2

= (a2 + c2)x2 + 2abxy + (b2 + c2)y2

Want a double root for C1 and L to be tangent, i.e. discriminant, ∆ = 0

∆ = 4a2b2 − 4(a2 + c2)(b2 + c2) = − 4c2(b2 + a2 + c2) = 0

This is the condition for L to be tangent (on c 6= 0). Considering the affine pieces, b 6= 0, c 6= 0 we see
te general condition is a2 + b2 + c2 = 0. Therefore the set of tangent lines to C1 corresponds to the conic
a2 + b2 + c2 = 0 in P2

a,b,c. The set of tangent lines to C2 corresponds to another conic, intersecting these
give the common tangents, which by Bézout’s theorem is less than or equal to 4. In fact, in general it will
be 4.
General situation: see exam problem list. What about the number of common tangents to two curves of
arbitrary degree. Sketch: Define the dual curve C∨ := {` ∈ P2∨

a,b,c | ` tangent to C}. Can check that this is

a subvariety of P2∨
a,b,c, (find regular map C −→ C∨, p 7−→tangent line at p.) As before, common tangents

to C1 and C2 is given by intersection points, C∨1 ∩ C∨2 . Key is to determine the degree of C∨ and use
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Bézout’s theorem. To find the degree of C∨1 (resp. C∨2 ), we find the number of points of intersection of C∨1
(resp. C∨2 ) and any line in P2

a,b,c.

Exercise: a line, `, in P2
a,b,c corresponds to all lines in P2

x,y,z though some fixed point (α, β, γ) (projective
duality). To count these, recall that the tangent to (x0, y0, z0) ∈ C is

∂f

∂x
(x0 : y0 : z0)x+

∂f

∂y
(x0 : y0 : z0)y +

∂f

∂z
(x0 : y0 : z0)z = 0

Therefore a line passing through (α, β, γ) means that it is on the polar curve

Cp :
∂f

∂x
(x0 : y0 : z0)α+

∂f

∂y
(x0 : y0 : z0)β +

∂f

∂z
(x0 : y0 : z0)γ = 0

Therefore the number of these tangent lines through (α, β, γ) is in general C · Cp = d(d− 1) = deg(C∨).

23. More applications of intersection theory

23.1. Pascal’s Hexagon.

Theorem 23.1. Let C ⊂ P2 be a plane conic (that is, irreducible of degree 2) A,B,C,A′, B′, C′ ∈ C
distinct. Let P = AB′ ∩ A′B, Q = AC′ ∩ A′C, and R = BC′ ∩ B′C. Then P,Q,R are collinear. (see
geometry notes for picture)

Proof. Let D ∈ Div(P2) sum of lines AB′, BC′, CA′. Similarly E := A′B + B′C + C′A. Note supp(D) ∩
supp(E) = {A,A′, B,B′, C, C′, P,Q,R}.
Let D = V (f), E = V (g) for 2 cubic forms f and g. Pick O ∈ C − {A,A′, B,B′, C, C′}. Note then we
have f(O) 6= 0 6= g(O). Therefore we can pick λ ∈ K such that

f(O) + λg(O) = 0

Let F = V (f + λg), and we have

(1) O ∈ F ,
(2) supp(D)∩supp(E) ⊂ F since for all p ∈ supp(D), supp(E) f(p) = 0 = g(p). Therefore (f+λg)(p) =

0 etc.

If F and C are in general position, no. points in supp(F )∩supp(C) 6 F ·C Bezout
= 6. But we have > 7 points

{A,A′, B,B′, C, C′, O}. Therefore F and C are not in general position, must have common components.

Now C is irreducible, so there is only 1 component. Therefore F = C+ line `. Note that Bezout’s theorem
implies P,Q,R 6∈ C, but P,Q,R ∈ supp(F ), therefore lies in line `. 2

23.2. Blowing up varieties. Let p ∈ Pn, recall the blow-up at p Blp Pn ⊂ Pn×Pn−1 can be though of as
the “graph of porjection from p.” Suppose X ⊆ Pn is a subvariety with X 3 p. Define the strict transform
of X in Blp(Pn) to be

s(X) = σ−1(X − p)

where σ : Blp Pn −→ Pn.

Definition 23.2. If p is a smooth point of X then we define the blowup of X at p to be

σ : s(X) =: Blp(X) −→ X

(1) The blowup σ : BlpX −→ X is an isomorphism away from p. Also Blp(X) ⊃ σ−1(p) ' Pd−1 where
d = dim(X).

(2) Blp(X) is smooth if X is smooth.
(3) Blp(X) is independent of the choice of embedding X ⊆ Pn.
(4) If Y ⊆closed X then s(Y ) ⊆ s(X), then s(Y ) ⊆ s(X) so we can speak of the strict transform of Y

in s(X) = Blp(X).

23.3. Picard group of blowups. Let X be a smooth projective variety p ∈ X. Blowup

σ : BlpX −→ X
∪

E := σ−1(p) 7−→ p

E is called an exceptional divisor. We have the map

σ∗ : Pic(X) −→ Pic(Blp(X))

Theorem 23.3. In Pic(Blp(X)), so Pic(Blp(X)) ' ZE ⊕ σ∗ Pic(X) ' ZE ⊕Pic(X), since σ∗ is injective.
(Proof omitted)

Example 23.4. Let X = P2, Pic(X) = Z. We can compute σ∗D = s(D) + E.
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23.4. Intersection theory on blown up surfaces.

Theorem 23.5. Let X =smooth projective surface, p ∈ X, and σ : Blp(X) −→ X be the blowup at p. Let
E = σ−1(p). Let E = σ−1(p) be the exceptional divisor (or curve). Then E2 = −1.

Reason: 1 = D · D′ = σ∗(D) · σ∗(D′), since we can move D,D′ away from p where P2 and Blp P2 are
isomorphic. Therefore local intersection numbers are the same

1 = D ·D′ = σ∗(D) · σ∗(D′) = (s(D) + E) · (s(D′) + E)

= s(D) · s(D′) + E · s(D′) + s(D) · E + E2

= 0 + 1 + 1 + E2

E2 = −1

Corollary 23.6. We know

Pic
(
P1 × P1) ' Pic

(
Blp P2) ' Z× Z

but the intersection pairing

∩ : Z× Z −→ Z

is different so P1 × P1 6' Blp P2. More precisely, P1 × P1 has no effective curve E with E2 = E · E = −1.
Let Pic

(
P1 × P1

)
= ZD⊕ZE where D and E are some generators. An effective curve has the form aD+bE

for some a, b ∈ N, and it is clear that (aD + bE)2 > 0.

24. Birational Classification of Projective Varieties

24.1. Program to understand all projective varieties.

(1) Classification: obtain a list of all projective varieties up to some equivalence relation.
(2) Criteria: given projective variety X, find effective criteria to check which variety on your list X is.
(3) Properties: determine all geometric properties of varieties on your list, e.g. Picard group.

We usually do (1), (2), (3) together. This program is reasonably complete in

(1) Dimension 1 (projective curves) Classical 19th century stuff done by the German school.
(2) Dimension 2 (surfaces) Early 20th century, Italian school (Enriques, Castelnuovo).
(3) Dimension 3 (3-folds) 1980’s by Japanese school and others (Mori, Reid, ...)

Still lots of research in dimension > 4.

24.2. Birational Equivalence. The best case scenario is to classify varieties up to isomorphism. But
usually it is easier to classify up to birational equivalence, i.e. identify birational varieties. Recall that
given a dominant rational map of varieties ϕ : X− → Y we get a field homomorphism ϕ∗ : K(Y ) −→ K(X)
of field of rational functions. Converse is true too:

Proposition 24.1. Let X,Y be quasi-projective varieties. Let ψ : K(Y ) −→ K(X) be a field homomor-
phism. Then there is a unique dominant rational map ϕ : X− → Y such that ϕ∗ = ψ.

Proof. Since ϕ only rational, we can assume X,Y affine. Suppose K[Y ] is finitely generated as a K-algebra
by y1, · · · , yn. By clearing denominators, we can find x ∈ K[X] such that xψ(yi) ∈ K[X] for all i. Let U
be an open subset of X where x 6= 0. Then ψ restricts to a map ψ|K[Y ] : K[Y ] −→ (K[X])[X−1] ' K[U ].
Hence obtain a regular map U −→ Y , therefore rational map ϕ : X− → Y such that ϕ∗ = ψ (Ex: check ϕ
dominant). 2

Corollary 24.2. Let ϕ : X− → Y be a dominant rational map. The following are equivalent:

(1) ϕ is birational
(2) ϕ restricts to an isomorphism of an open subsets of X with an open subset of Y
(3) ϕ∗ : K(Y ) −→ K(X) is a field isomorphism.

24.3. Reduction of classification problem to smooth projective varieties. A quasi-projective va-
riety is birational with its closure in projective space, so we’ll only classify projective varieties X. Smooth
varieties are easier to study, since like manifolds, so can apply techniques of differential geometry.

Definition 24.3. Let X =projective variety. A resolution of singularities (for X) is a smooth projective

variety X̃ and a birational morphism (i.e. regular map) π : X̃ −→ X. If π is not birational but is still
dominant rational, and π∗ : K(Y ) −→ K(X) is a finite field extension, then say π is an alteration.

Example 24.4. X ⊆ P2
x,y,z, X = V (zy2 − x3). We’ll show π : P1

u,v −→ X, (u : v) 7−→ (u2v : u3 : v3) is a

resolution of singularities. (Note P1 smooth) Its rational inverse is ϕ : X− → P1
u,v, (x : y : z) 7−→ (y : x)

which is defined when y or x 6= 0.
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24.4. Resolution of Singularities. Let X =projective variety.

Theorem 24.5. X has a resolution of singularities if

(1) dim(X) = 1 (classical 19th century)
(2) dim(X) = 2 (due to Walker 1935, Zariski 1939, char(K) = 0. Abhyankar 1956 char(K) > 0)
(3) char(K) = 0 (Hironaka 1964)
(4) For arbitrary char(K), X has an alteration (de Jong 1995).

Upshot:

1. If only interested in birational classification then for dim 6 2 or char = 0, suffice to classify smooth
varieties and determine which are birational.

2. If want classification up to isomorphism, then better study resolution of singularities X̂ −→ X too.

Remark: conjecturally all projective varieties have resolutions of singularities.
Recall corollary of lecture 18, that birational smooth projective curves are isomorphic. This implies that
projective curvers have unique resolution of singularities, and the classification of {projective curves}/birational
equivalence is same as classification of {smooth projective curves}/isomorphism. This is completely false
in higher dimensions. If X is a smooth projective variety of dimension d > 2 then so is BlpX which is
birational to X but not isomorphic, since exceptional divisor is a fibre ' Pd−1 6=point.

25. Differential Forms

Let X =smooth projective variety. Consider U =affine variety. Recall given p ∈ U , there is surjective
linear map dp : K[U ] −→ T ∗U,p, f 7−→ dpf . Now think of f fixed and vary p to get function which assigns
to p ∈ U , dpf ∈ T ∗U,p (“covector field”).

25.1. Regular Differential 1-Forms.

Definition 25.1. A regular differential 1-form on X is a function which assigns to p ∈ X, ωp ∈ T ∗X,p
such that Zariski-locally it has form

∑
gidfi, gi, fi regular functions, i.e. for any p0 ∈ X there is some

affine open neighbourhood U and fi, gi ∈ K[U ] such that for any p ∈ U , ωp =
∑
gi(p)dpfi. Let Ω1[X]

denote set of such 1-forms.

Example 25.2. X = V (Y 2Z−X(X−Z)(X+Z)) ⊆ P2
X,Y,Z . Look at affine piece where Z 6= 0, let X = X

Z
,

Y = Y
Z

. Here X is subvariety of A2
x,y given by y2 = x(x−1)(x+1) = x3−x. Therefore 2ydy = (3x2−1)dx.

Consider differential form ω = dx
y

= 2dy
3x2−1

. dx
y

is regular whenever y 6= 0, i.e. x3 − x 6= 0. 2dy
3x2−1

is regular

wherever 3x2 − 1 6= 0, i.e. x 6= ±
√

1/3. Therefore ω is certainly regular if Z 6= 0. Therefore only need to
check regularity at (0 : 1 : 0). Ex: check similarly that ω is also regular at (0 : 1 : 0). Hint: consider affine

piece Y 6= 0 and use coordinates u = X
Y

, v = Z
Y

and rewrite dx
y

= d(u/v)

v−1 = · · · =reg du+reg dv.

Remark 25.3. If U =affine variety, ω, ω′ ∈ Ω1[U ], f ∈ K[U ], then ω + ω′ ∈ Ω1[U ] and fw ∈ Ω1[U ]. In
fact, Ω1[U ] is a K[U ]-module. For X not affine, we still have Ω1[X] is a vector space over K.

Theorem 25.4. Let X =smooth quasi-projective variety, dim n, p ∈ X and f1, · · · , fn ∈ K(X) regular
at p. Suppose that {dpf1, · · · ,dpfn} ⊂ T ∗X,p is a basis (/K). Then there is an affine open neighbourhood

U 3 p such that fi ∈ K[U ], Ω1[U ] = K[U ]df1 ⊕ · · · ⊕K[U ]dfn.

25.2. Rational Differential 1-Forms.

Definition 25.5. A rational differential 1-form on X is a function ω, defined on some dense open
U ⊂ X mapping p ∈ U to ωp ∈ T ∗X,p such that locally it has the form

∑l
i=1 gidfi with fi regular and

gi ∈ K(X). Denote the set of such 1-forms by Ω1(X). As for rational functions, we identify rational
1-forms if they coincide on a dense open set.

Corollary 25.6. If U ⊂ X, U open and dense in X, then Ω1(U) = Ω1(X).

Thm =⇒ Ω1(X) is a vector space over K(X) of dimn = dimX. In notation of theorem, Ω1(X) = Ω1(U) =
K(X)df1 ⊕ · · · ⊕K(X)dfn.

Example 25.7. X = P1
x,y. Let z = y

x
. z is regular away from p = (0 : 1). Can check dz is a basis for TP1,s

for s ∈ P1 − p. Fact: If U = P1 − p, then K[U ] = K[z] and Ω1[U ] = K[z]dz. So Ω1(P1) = Ω1(U) = K(z)dz.
Fact: Ω1[P1] = 0. Why? Suppose ω = g(z)dz ∈ Ω1[P1], g ∈ K[z]. Now check regularity at p. Introduce
t = z−1 and note dpt 6= 0 so Ω1 is generated by dt in neighbourhood of p by theorem. w = g(z)dz =
(ant

−n+ · · ·+a0)(−t−2dt) in any neighbourhood of p. This is not a regular function unless is 0. Therefore
ω = 0 and Ω1[P1] = 0.



ALGEBRAIC GEOMETRY, D. CHAN 29

25.3. Functoriality. Given regular map ϕ : X −→ Y , get induced linear map ϕ∗ : Ω1[Y ] −→ Ω1[X]
defined essentially by ϕ∗(

∑
gidfi) =

∑
ϕ∗(gi)d(ϕ∗fi).

Theorem 25.8.

(1) If X =smooth projective variety, then dimK Ω1[X] <∞.
(2) Given a dominant rational map ϕ : X− → Y (say from regular map U −→ Y , U open in X) we

get ϕ∗ : Ω1[Y ] −→ Ω1[U ]
(3) In particular, we see that Ω1[X] is a birational invariant. We call dimK Ω1[X] = g(X) the genus

of X.

26. Canonical divisor

Let X = smooth projective curve, ω =rational differential 1-form. Aim: To associate to ω a divisors Dω
which changes only up to linear equivalence as you change ω.3
As usual, to define Dω need only define on an affien open cover {Uα} of X. Let p ∈ X, last lecture saw
that there is an affine neighbourhood U containing p such that Ω1[U ] = K[U ]dt where t ∈ K[U ]. Also
Ω1(X) = Ω1(U) = K(U)dt 3 ω = gdt for some g ∈ K(U). We will define Dω only U to be div(g). This is
independent of the cohice of t in the following sense,

Proposition 26.1. Suppose also s ∈ K[U ] with Ω1[U ] = K[U ]ds. If ω = hds, then div(h) = div(g).

Proof. Note K[U ]dt = K[U ]ds, so dt = uds and u ∈ K[U ] is invertible, sometimes we write u =: dt
ds

.
gdt = guds = hds. 2

Note that u invertible implies div(u) = 0 since u and u−1 have no poles. Therefore div(g) = div(g)+div(u).
This gives a well defined Dω.

Example 26.2. Consider P1
x,y and z = y/x is regular where x 6= 0, ω = dz. What is Dω? Look on

affine pieces U0 := {x 6= 0} ' A1
z, Ω′[U ] = K[U ]dz = K[z]dz. Therefore Dω|U = div(1) = 0. On {y 6= 0},

t = z−1 is regular and Ω1[V ] = K[V ]dt, ω = d(t−1) = −t−2dt, therefore Dω|V = div(−t−2) = −2p where
p = (0 : 1). Therefore on P1, Dω = −2p.

26.1. Canonical divisor. A canonical divisor on X is the divisor class containing Dω. This is well defined-
we show that chaning ω to η ∈ Ω1(X) implies Dω ∼ Dη. Note that Ω1(X) = K(X)dt for some t ∈ K(X),
hence η = fω for some f ∈ K(X). By definition

Dη = Dω + div(f)

Example 26.3. Continue from above. Let X = P1. Identifying Pic(P1)
deg−→Z we see deg(KP1) = −2.

26.2. Riemann-Roch space. Let Y be a quasi-projective varietyD ∈ Div(Y ) define the Riemann-Roch space
associated to D to be

L(D) = {f ∈ K(Y )∗ | div(f) +D > 0} ∪ {0}

This is a vector space over K, so denote `(D) := dimK(L(D)).

Example 26.4. X = P1
x,y, z = x/y, let D = p. Note that z ∈ L(D) since div(z)+D = (q−p)+p = q > 0.

Also constants are in L(D). In fact, L(D) = K1⊕Kz. Why? If f(z) = g(z)/h(z) ∈ L(D) with g, h ∈ K[z]
relatively prime then must have h =constant and deg(g) 6 1. (else have higher order pole at x = 0).

Proposition 26.5.

(1) If D1 ∼ D2 say D1 = D2 + div(g) for g ∈ K(Y )∗ then

gL(D1) = L(D2)

and `(D1) = `(D2).
(2) g(X) = `(KX) (g is the genus of X) when X is a smooth projective curve since

L(Dω)ω = Ω1[X]

Proof. (1) L(D1) = {f | div(f) +D1 > 0}, div(f) +D2 + div(g) = div(fg) +D2.
2
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26.3. The Riemann-Roch theorem. Let X be a smooth projective curve, then for D ∈ Div(X),

`(D)− `(KX −D) = deg(D)− g(X) + 1

Proof. Non-trivial. 2

We can use the Riemann-Roch theorem to classify smooth projective curves. We have a discrete invariant
g(X) ∈ N.

Corollary 26.6. Let X be a smooth projective curve g(X) = 0 iff X ' P1.

Proof. We have shown g(P1) = 0. Applying Riemann-Roch to the divisor p gives

`(p)− `(KX − p) = 1− g(X) + 1

`(p) = 2

so there exists f ∈ L(p) nonconstant and f : X −→ P1 is a regular map with a simple pole, i.e. f is an
isomorphism (needs further proof). 2

However there are lots of non-isomorphic smooth projective curves of genus 1.

27. Canonical divisor in higher dimensions

Let X be a smooth projective variety, with dimension d. Last time, we saw that if dim(X) = 1, then
X is covered by affine opens U such that Ω1[U ] = K[U ]dt for some t ∈ K[U ] and Ω1(U) = Ω1(X) =
K(U)Ω1[U ] = K(U)dt.
If 0 6= ω ∈ Ω1(X), then we can use Ω1(U) ∼ K(U) (the isomorphism changes with U) to determine Dω.
Question: How to extend this to higher dimensional varieties where now Ω1[U ]dt1⊕ . . .⊕K[U ]dtd. Answer:
Use

27.1. Exterior products. Let R be a commutative ring, andF be the free R-module with basis e1, . . . , ed,
that is F = Re1 ⊕ . . .⊕Red. Exterior product defined to be the algebra∧ ∗

F =
R 〈e1, . . . , ed〉
〈eiej + ejei〉

that is, in
∧ ∗ F , we have eiej = −ejei and e2i = 0. We write for v1, . . . , vr ∈ F , v1 ∧ v2 ∧ . . . ∧ vr for the

image of v1 . . . vr in
∧ ∗ F .

Facts: there is the R-module isomorphism∧ ∗
F '

⊕∧ r
F

where
∧ r F =

⊕
i1<...<ir

Rei1 ∧ . . . ∧Reir is an R-submodule of
∧ r F .

27.2. Universal property.

(1) The map

F r −→
∧ r

F

(v1, . . . , vr) 7−→ v1 ∧ . . . ∧ vr

is R-linear in each variable vi, and is alternating.
(2)

∧ r F (and hence
∧ ∗ F ) is independent of choice of coordinates since it is universal with property

1.

27.3. Functoriality. Let ϕ : F −→ F ′ be an homomorphism of finitely generated free R-modules. Then
we obtain an R-module homomorphism∧ r

ϕ :
∧ r

F −→
∧ r

F ′

ei1 ∧ . . . ∧ eir 7−→ ϕ(ei1) ∧ . . . ∧ ϕ(eir )

independent of choice of coordaintes as v1 ∧ . . . ∧ vr 7−→ ϕ(v1) ∧ . . . ∧ ϕ(vr)
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27.4. Canonical divisor.

Definition 27.1. Elements in here are called rational differential r-forms→ Ωr(X) =
∧ r Ω1(X)← K(X)-

vector space (using R = K(X)).

Choose U ⊂ X an affine open subset so that

Ω1[U ] = K[U ]dt1 ⊕ . . .⊕K[U ]dtd

where d = dim(X). Define

Ωr[U ] =
∧ r

Ω1[U ]

where R = K[U ], to be the regular differential r-forms.
The above imply that

Ωd(X) = Ωd(U)

=
∧ r

(K(U)dt1 ⊕ . . .⊕K(U)dtd)

= K(U)dt1 ∧ . . . ∧ dtd

' K(X)dt1 ∧ . . . ∧ dtd

and

Ωd[U ] = K[U ]dt1 ∧ . . . ∧ dtd

Fix 0 6= ω ∈ Ωd(X). To define Dω ∈ Div(X), define on U as follows: can write

ω = fUdt1 ∧ . . . ∧ dtd

where fU ∈ Dω and Dω on U is div(f) in U . A more complication version of argument from last lecture
implies that changing basis dt1, . . . ,dtd does not change div(f) on U . Therefore Dω is well-defined. Also
[Dω] ∈ Pic(X) is independent of ω and is called the canonical divisor, denoted KX .

Example 27.2. Let X = P2
x,y,z. On U = {z 6= 0}, u = x/z, v = y/z are regular on U , and K[U ] = K[u, v].

Also, it turns out Ω1[U ] = K[U ]du ⊕ K[U ]dv. Let 0 6= ω = du ∧ dv ∈ Ω1(P2), Dω on U is div(1) = 0. On
V = {y 6= 0}, s = x/y, y = z/y, so K[U ] = K[s, t],

Ω1[U ] = K[U ]ds⊕K[U ]dt

ω ∈ K(U)ds ∧ dt. Now

ω = du ∧ dv

= d
(s
t

)
∧ d

(
1

t

)
=

(
1

t
ds− s

t2
dt

)
∧
(
− 1

t2

)
dt

= − 1

t3
ds ∧ dt

Theorem 27.3.

(1) If we identify Pic(Pn) with Z via degree, then KPn = −(n+ 1)
(2) Adjunction formula. Let Y be a smooth codimension 1 subvariety of X and ι : Y −→ X the

inclusion. Then

KY = ι∗(KX + Y )

=: KX + Y |Y
(3) Let Y ⊂ P2 be a smooth curve, then deg(KY ) = e(e− 3), where e is the degree of Y .

Proof. Only do 2 =⇒ 3.

KY = KP2 + Y |Y
deg(KY ) = (KP2 + Y ) · Y

= (−3 + e)e

2

Example 27.4.

(1) If e = 1, then Y ' P1, deg(KY ) = −2, know KP1 = −2.
(2) If e = 2, then Y ' P1 still.
(3) If e = 3, deg(KY ) = 0, and Y is not isomorphic to P1.

In fact, we see that smooth plane curves of different degree are non-isomorphic, since deg(KY ) differs for
these.
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28. Pluricanonical maps

Let X be a smooth projective variety, and D ∈ Div(X). Consider the Riemann-Roch space

L(D) = {f ∈ K(X)∗ | div(f) +D > 0} ∪ {0}
and let f0, f1, . . . , fn be a basis over K. Then we obtain a rational map associated to D (most of the time)

ϕ : X −→ Pn

x 7−→ (f0(x) : . . . : fn(x))

Suppose we change the basis f0, . . . , fn b M ∈ GLn+1(K), then ϕ only changes by a composite

X − ϕ→Pn M−→Pn

Essentially, this map depends only on the divisor class of D.

Proposition 28.1.

(1) Let ϕm : X− → Pn(m) be the rational map associated to mKX . This is called the m-th pluri-
canonical map. The ϕm factors through ϕm,m2 in sense

X − → im(ϕm1)
↘ im(ϕm1m2)
↘ im(ϕm1m2m3)

(2) Eventually these map stablise, i.e. for large m, we get “fixed map” X− → im(ϕm) =: Xcan. This
map is called the canonical map. The Kodaira dimension of X is dim(Xcan) denoted Kod(X).

(3) The Riemann-Roch spaces L(mKX) are birational invariants so Kod(X) is too.

28.1. Classification of varieties via Kodaira dimension.

28.1.1. Case for curves.

• g = 0. Then X = P1 here deg(KP1) = 2 therefore deg(mKP1) = −2m where m > 1. Hence

L(mKP1) = {f ∈ K(X)∗ | div(f)− 2m > 0}
= 0

since div(f) = 0. Pluricanonical maps do not exist, so define the Kodaira dimension to be
Kod(P1) = dim(∅) = −∞.

• g = 1. That is `(KX) = 1. In fact, L(mKX) = 1 and KX = 0. Pluricanonical maps X −→ P0 =:
Xcan = pt. So the Kod(X) = 0.

• g > 2. `(KX) > 2, therefore have non proportional f0, f1 ∈ L(KX) and the canonical map

ϕ1 : X −→ Pn

does not map to a point. That is is nonconstant, so the image is one dimensional, and the image
of pluricanonical maps also dimension 1. The Kod(X) = 1, turns out that X −→ Xcan is an
isomorphism.

28.1.2. Case for surfaces. Let X be a smooth projective surface.

• Kod(X) = −∞. X is birational to C × P1 where C is a curve. These are called ruled surfacs.

Example 28.2. P2 is birational to P1×P1 (Both contain A2 as an affine open), and Kod(P2) = −∞.
These surfaces are very special but occur frequently in mathematics.

• Kod(X) = 0. These have been classified into four types. For example, let X be a quartic in P3.

KX
adjunction

= (KP3 +X)|X
= (−4 + 4)|X
= 0

therefore mKX = 0.

L(mK) = L(0)

= {f ∈ K(X)∗ | div(f) + 0 > 0} ∪ {0}
= regular functions on X

= K
so X is projective. The pluricanonial map X− → P0.

• Kod(X) = 1. We have a rational map X− → C = Xcan where C is a curve. This fibration allows
you to study X. It turns out the fibres are generically curves of genus 1, hence they are called
elliptic fibrations.

• Kod(X) = 2. These are the general surfaces, but rarely occur in mathematics. Still being classified.
We can use canonical map X− → Xcan to study X.
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When are two smooth projective surfaces birational? Ans:

Theorem 28.3. (Zariski) Let ϕ : X− → Y be a birational map, then there is a diagram

Xm = Ym
↙ ↘

Xm−1 Ym−1

↙ ↘
Xm−2 Ym−2

. . .
. . .

Y = X1 − → Y1 = Y

and Xi −→ Xi−1 and Yi −→ Yi−1 are blowups at points.

Blp(P1 × P1) ' Blq(Blq P2)
↙ ↘

P1 × P1 − → P2 ←− Blp(P2)


