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Abstract

This article investigates both basic qualitative and basic quantitative properties
of solutions to first— and higher—order dynamic equations on time scales and thus
provides a foundation and framework for future advanced nonlinear studies in the field.
Particular focus lies in the: existence; uniqueness; dependency; approximation; and
explicit representation, of solutions to nonlinear initial value problems. The main tools
used are from modern areas of nonlinear analysis, including: the fixed—point theorems
of Banach and Schéfer; the method of successive approximations; a novel definition of
measuring distance in metric spaces and normed spaces; and a “separation” of variables
technique is introduced to the general time scale setting.

The new results compliment and extend those of Stefan Hilger’s seminal paper of
1990.

As an application of the new results we present and analyse a simple model from
economics, known as the Keynesian—Cross model with “lagged” income, in the general
time scale environment.

Ideas suggesting further applications and possible new directions for the novel re-
sults are also presented.
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1 Introduction

Important advancements in all the physical-, life- and social-sciences rest heavily on the
existence of a mathematical framework to describe, to solve and to better understand the
problems from these fields. Historically, two separate approaches have dominated mathemat-
ical modelling: the field of differential equations, termed “continuous dynamic modelling”,
where variables (eg. time) are assumed to flow in a continuous fashion; and the area of
difference equations, termed “discrete dynamic modelling”, where variables (such as time)
are assumed to vary in a discrete manner.

Traditionally, researchers have assumed that dynamical processes are either continuous
or discrete and thus have employed either differential equations or difference equations - but
not elements from both schools of thought - for the mathematical description and analysis
of dynamic models. For example, the classical approach of Domar [3] used differential
equations to analyse an expanding economy, while, on the other hand, Harrod’s method [3]
of mathematical description for economic growth involved the field of difference equations.

This blanket assumption that processes are either solely continuous or solely discrete,
while convenient for traditional mathematical approaches, is flawed because, in reality, many
processes do feature both continuous and discrete elements. Thus, traditional mathemati-
cal modelling techniques, such as differential or difference equations, provide a limited un-
derstanding of these types of physical models and appears to be a case of modifying the
assumptions on a physical problem to best fit the mathematics, rather than vice—versa.

In particular, certain economically important phenomena do not possess solely continuous
properties or solely discrete aspects. Rather, these phenomena contain processes that feature
elements of both the continuous and the discrete. A simple example of this hybrid continuous—
discrete behaviour is seen in “seasonally breeding populations in which generations do not
overlap. Many natural populations, particularly among temperate—zone insects (including
many economically important crop and orchid pests) are of this kind” [30, p.460]. These
insects lay their eggs just before the generation dies out at the end of the season, with
the eggs laying dormant, hatching at the start of the next season giving rise to a new,
nonoverlapping generation. The continuous—discrete behaviour in seen in the fact that during
each generation the population varies continuously (due to mortality, resource consumption,
predation, interaction etc.), while the population varies in a discrete fashion between the
end of one generation and the beginning of the next [17, p.620].

In addition, continuous—discrete processes are seen in: robust 3D tracking in shape and
motion estimation [31, p.712]; option—pricing and stock dynamics in finance [6, p.3]; the
frequency of markets and duration of market trading in economics [24, p.1], [28, p.2]; large—
scale models of DNA dynamics [26, p.2504]; gene mutation fixation [9, pp.1-2|; and “hybrid
systems” where stop—start elements are naturally seen.

Current approaches, such as the field of differential equations or the field of difference
equations are ill-equipped as separate fields to accurately describe the above models because
these mathematical areas are limited to either the continuous or the discrete and thus are
of limited value in understanding these models. Therefore, there is a great need to find a
more flexible mathematical framework to accurately model the aforementioned dynamical
blend of systems so that they are precisely described, better—understood and significant
advancements are made.



To address the aforementioned needs, an emerging, progressive and modern area of math-
ematics, known as the field of dynamic equations on time scales, has the capacity to act as
the framework to effectively describe the above phenomena and to make advancements in
their associated fields. Created by Hilger in 1990 [23] and developed by others (see [5, 27]
and references therein), this new and exciting type of mathematics is more general and ver-
satile than the traditional theories of differential and difference equations as it can, under
one framework, mathematically describe continuous—discrete hybrid processes and hence is
the optimal way forward for accurate and malleable mathematical modelling. In fact, the
progressive field of dynamic equations on time scales contains, links and extends the classical
theory of differential and difference equations.

Much of the “linear” theory of dynamic equations on time scales has been presented in [5],
however, there is significantly less literature available on the basic “nonlinear” theory of the
field. It is important to bridge this gap between known linear studies and unknown nonlinear
theory, as the processes in our world are inherently nonlinear and such investigations will
provide an important platform for gaining a deeper understanding of our environment.

This paper considers first—order dynamic equations of the type

x® =f(t,x), t€la,blr:=[a,b]NT; (1.1
x® =f(t,x%), t€a,br; (1.2)

subject to the initial condition
x(a) = A; (1.3)

where f : [a,b]r x R” — R™ may be a nonlinear function, n > 1; ¢ is from a so—called “time
scale” T (which is a nonempty closed subset of R); x2 is the generalised “delta” derivative
of x; and a < b are given constants in T; and A is a given constant in R". Equation (1.1)
subject to (1.3) is known as a dynamic initial value problem (IVP) on time scales. Equations
(1.2), (1.3) are defined similarly, where x? := x o o with ¢ a function to be defined a little
later.

We will also consider the generalised form of (1.1) and (1.2), namely

x® =f(t,x,x%), t€ [a,br;
and higher—order dynamic equations of the type
zh" = f(ta:,a:A,xAQ, o ,fol), t € a,b]T.
If T =R then x® = x’ and (1.1) becomes the familiar ordinary differential equation
x' =f(t,x), te€lab].
If T = Z then x® = x(t + 1) — x(¢) and (1.1) becomes the well-known difference equation
Ax =x(t+1) —x(t) =f(t,x), te{a,a+1,...,b}.

There are many more time scales than just T = R and T = Z and hence many more
dynamic equations.

This paper focuses on the qualitative and quantitative properties of solutions to dynamic
equations on time scales. Some important questions that this work addresses are:



e Under what conditions do the above dynamic equations actually have (possibly unique)
solutions?

e If solutions do exist, then what are their nature; and how can we find them; or closely
approximate them?

The main tools that we use to answer the above questions are from modern areas of
nonlinear analysis, including: the fixed—point theorems of Banach and Schafer; the method
of successive approximations; and a novel definition of measuring distance in metric spaces
and normed spaces. In addition, a new “separation” of variables technique is introduced to
the general time scale setting.

The results contained herein compliment and extend those of Stefan Hilger’s seminal
paper of 1990 23] and provide a new foundation and framework for future advanced nonlinear
studies in the field.

As an application of our new ideas, we present and analyse a simple model from economics
in the general time scale setting. Moreover, further applications and possible new directions
for the novel results are also presented.

To understand the notation used above, some preliminary definitions are needed, which
are now presented. For more detail see [5, Chap.1] or [23].

Definition 1.1 A time scale T is a nonempty closed subset of the real numbers R.

Since a time scale may or may not be connected, the concept of the jump operator is
useful to define the generalised derivative x2 of a function x.

Definition 1.2 The forward (backward) jump operator o(t) at t fort < supT (respectively
p(t) att fort > infT) is given by

o(t):=inf{r >t: 7€ T}, (pt):=sup{r<t:7e€T},) forallteT.
Define the graininess function p: T — [0,00) as u(t) := o(t) —t.

Throughout this work the assumption is made that T has the topology that it inherits
from the standard topology on the real numbers R.

Definition 1.3 The jump operators o and p allow the classification of points in a time
scale in the following way: If o(t) > t, then the point t is called right—scattered; while if
p(t) < t, then t is termed left-scattered. If t < supT and o(t) = t, then the point t is called
right—dense; while if t > inf T and p(t) = t, then we say t is left-dense.

If T has a left-scattered maximum value m, then we define T® := T — {m}. Otherwise
T :=T.
The following gives a formal ¢ — § definition of the generalised delta derivative.

Definition 1.4 Fizt € T* and let x : T — R™. Define x2(t) to be the vector (if it exists)
with the property that given € > 0 there is a neighbourhood U of t with

[zi(o(t) — 2i(s)] — 22 (t)[o(t) — s]| < e|a(t) —s|, foralls€ U and eachi=1,...,n.

7

Call x2(t) the delta derivative of x(t) and say that x is delta—differentiable.



Converse to the delta derivative, we now state the definition of delta integration.

Definition 1.5 If K2(t) = k(t) then define the delta integral by

/ k(s)As =K(t) — K(a).

IfT =R then [ k(s)As = ['k(s)ds, while if T = Z then [ k(s)As = S-""k(s). Once
again, there are many more time scales than just R and Z and hence there are many more
delta integrals. For a more general definition of the delta integral see [5].

The following theorem will be fundamental.

Theorem 1.6 /23] Assume that k : T — R™ and let t € T".
(i) If k 1s delta—differentiable at t then k is continuous at t.
(i) If k is continuous at t and t is right-scattered then k is delta—differentiable at t with
k(o(t
kA(t> — (U( ))
o(t)

(1) If k is delta—differentiable and t is right-dense then

—k(?)
—t ’

k2 (t) = lim k(t) = kis)

s—t t — S
(iv) If k is delta—differentiable at t then k(o (t)) = k(t) + u(t)k>(t).

For brevity, we will write x? to denote the composition x o .
The following gives a generalised idea of continuity on time scales.

Definition 1.7 Assume k : T — R". Define and denote k € C.q(T;R") as right-dense
continuous (rd-continuous) if: k is continuous at every right-dense point t € T; and
lim, ;- k(s) exists and is finite at every left-dense point t € T.

Of particular importance is the fact that every C,4 function is delta-integrable [5, The-
orem 1.73].

A solution to (1.1), (1.3) is a delta—differentiable function x : [a, o (b)]r — R™ that satisfies
(1.1) and (1.3). A solution to (1.2), (1.3) is defined similarly.

Throughout this work, if y,z € R” then (y, z) denotes the usual Euclidean inner product
on R™ and ||z|| denotes the Euclidean norm of z on R™.

For more on the basic theory of time scales, see [1, 2, 5, 7, 8, 11, 14, 15, 19, 20, 21, 22,
23, 25, 27, 37, 33, 34, 35, 38, 39, 40].



2 Preliminary lemmas

In this section we present some basic lemmas in which we reformulate our dynamic equations
as equivalent delta integral equations. The approach is based on the ideas in [23] and will
be of fundamental importance in following sections.

Lemma 2.1 Consider (1.1), (1.3). Let f : [a,bly x R — R™ be continuous.
(i) If x € C([a,o(b)]T; R™) is a solution of (1.1), (1.3) then

x(t):/ £(s,x(s) As+ A, ¢ € [a,0(b)]: (2.1)

(ii) If x € C([a,o(b)]r; R") satisfies (2.1) then x> € C([a, blr; R™) and x is a solution of
(1.1), (1.3).

Similarly, we have the following result.

Lemma 2.2 Consider (1.2), (1.3). Let f : [a,b]lr x R™ — R" be continuous.
(i) If x € C([a,o(b)]T; R™) is a solution of (1.2), (1.3) then

x(t) = / £(s,x7(s)) As + A, t € [a,0(b)r: (2.2)

(ii) If x € C([a,o(b)]r; R") satisfies (2.2) then x> € Cyq([a, blr; R™) and x is a solution
of (1.2), (1.3).

We will also consider (1.1) and (1.2) with a right—-dense continuous right-hand side. This
definition generalises the idea of Definition 1.7 and is weaker than the usual assumption
of continuity. The mapping f : [a, bt x R" — R" is called right—dense continuous if: f is
continuous at each (¢,x) where t is right—dense; and the limits

lim f(s,y) and lim f(¢,y)

(5,y)—=(t™ %) y—x
both exist (and are finite) at each (t,x) where ¢ is left—dense.

Lemma 2.3 Consider (1.1), (1.3). Let f : [a,b]r x R® — R™ be rd—continuous. We then
have (i) and (ii) of Lemma 2.1 holding with “x* € C([a,b]r;R™)” replaced by *x> €
Cra([a, b]r; R™)”.

Lemma 2.4 Consider (1.2), (1.3). Let f : [a,blr x R — R"™ be rd—continuous. We then
have (i) and (ii) of Lemma 2.2 holding.

The proofs of all of the above results are straightforward and so are omitted. We remark
that (2.1) and (2.2) are well-defined as continuous or rd-continuous functions are always
delta integrable. We also remark that o is, in general, a right—dense continuous function and
that the differences in the continuity of x® in the above theorems are a result of the fact
that the compositions of continuous and rd—continuous functions are always rd—continuous,



3 Contractive mapping approach

In this section we obtain some new results concerning the existence, uniqueness, dependency
and approximation of solutions to the dynamic IVPs: (1.1), (1.3); and (1.2), (1.3). The
ideas will rely on Banach’s fixed—point theorem and a novel definition of measuring distance
in metric spaces (and normed spaces).

Banach’s fixed—point theorem is one of the simplest, yet most powerful, ideas from fixed—
point theory - mainly because the theorem produces a wide range of qualitative and quan-
titative information about solutions. For example, the theorem’s basic idea of successive
approximations can be utilised, via a computer, to find the fixed—point of a contractive
map; and can yield approximations to any degree of precision. In addition, the number of
iterations required to obtain a desired accuracy can be ascertained [12, p.9], [36, pp.2-3].

Let (Y,d) be a complete metric space and F' : Y — Y. The map F is said to be
contractive if there exists a positive constant o < 1 such that

d(F(x), F(y)) < ad(z,y), Vr,yecY.

The constant « is called the contraction constant of F.
For any given y € Y we define the sequence {F"(y)} recursively by: F°(y) := y; and
F*(y) == F(F'(y)).

Theorem 3.1 (Banach, [12] p.10) Let (Y,d) be a complete metric space and let F 1Y —
Y be contractive. Then F has a unique fived—point v and F'(y) — u for eachy € Y.

Remark 3.2 [t is well-known [12, p.10] that if we start at an arbitraryy € Y then Banach’s
theorem provides the following estimate on the “error” between the ith iteration F'y and the

fixed point u, namely .

d(F'y,u) < ———d(y, Fy). (3.1)

-«

An important question regarding the contraction condition on F' in Banach’s fixed—point
theorem is: what is a suitable metric to define on Y so that we can “maximise” the class of
F' that will be contractive, with the minimum amount of conditions? For example, a map
may not be contractive under one particular definition of metric, however, the same map
may be contractive with respect to a different metric [12, pp.24-25].

With the above question in mind, we now introduce a novel metric (and norm) in the
time scale setting with the ideas involving the generalised exponential function on a time
scale. For this, we require a few more definitions to assist with our investigation.

Define the so—called set of regressive functions, R, by

R :={p € Cry(T;R) and 1 + p(t)u(t) # 0, Vt € T}
and the set of positively regressive functions, R*, by
RT :={p e Cy(T;R) and 1 + p(t)u(t) > 0, Vt € T}. (3.2)

For p € R we define (see [5, Theorem 2.35]) the exponential function ey(-, %) on the time
scale T as the unique solution to the scalar IVP

2 =pt)x, x(ty) =1.



If p e RT then e,(t,to) > 0 for all t € T, [5, Theorem 2.48].
More explicitly, the exponential function e,(-,ty) is given by

exp (fti p(s) ds) , fort €T, p=0;

¢ Log(1 + p(s)p(s)) . .
exp< (5) As), forte T, pu>0;

ep(t, to) =

where Log is the principal logarithm function.

Let 5 > 0 be a constant and let || - || denote the Euclidean norm on R™. We will consider
the space of continuous functions C'([a, o (b)|r; R™) coupled with a suitable metric, either
t) —y(t
ds(x,y) == sup M, which we term the “TZ-metric”;
o)y €8(ta)
or
do(x,y) := sup ||x(¢t) —y(t)|, the well-known sup—metric.
t€a,o(b)]T

We will also consider C([a, o(b)]r; R™) coupled with a suitable norm, either

x|l
[x[|g == sup ,
tela,o(b)]r eﬁ(ta a’)

which we term the “TZ-norm”;

or
IIx|lo := sup ||x(¢)||, the well-known sup—norm.
tela,o(b)]T
The above definitions of dg and || - ||z are new generalisations of Bielecki’s metric and
norm [4], [12, pp.25-26], [13, pp.153-155], [36, p.44] in the time scale environment.
Some important properties of dg and || - || are now listed.

Lemma 3.3 If 3 > 0 is a constant then:
(i) dg is a metric;
(i) (C(la,o(b)]r;R™),dg) is a complete metric space;
(iii) || - || is @ norm and is equivalent to the sup-norm || - |o;
(iv) (C(la,a(d)]r;R™), || - |lg) is a Banach space.

Proofs

(i) If 3 > 0 is a constant then from (3.2) we have § € R*. Thus, we have eg(t,a) > 0
for all t € [a,0(b)]r from [5, Theorem 2.48]. The three properties of a metric [10, p.21] are
now easily verified.

(ii) Let {x;(t)} be a Cauchy sequence, that is, for every ¢ > 0 there exists a positive
integer N, such that

[1xi(£) — %;(#)]l -
eoto) <e, VYi,j> N, Vtela,ob)r.



It follows that the sequence {x;(t)} is uniformly convergent. The limit of a uniformly con-
vergent sequence of continuous functions is also a continuous function. Taking 7 — oo above

we have
1xi(t) — x(@)]
es(t, a)
and thus the Cauchy sequence {x;(t)} converges in the metric dg of C([a,c(b)|r;R") to a
function x(t) € C([a, o (b)]r;R™). Thus, (C([a,o(b)]r;R"),ds) is a complete metric space.
(iii) From (i) it follows that || - ||5 is a norm. We show that there exist positive constants
k and K such that

<e, Yi>N. VYte][a,ob)r

klx[lo < [Ixlls < KlIx[fo- (3-3)
Since § > 0 we have eg(t,a) > 0 for ¢ € [a,0(b)]r. Hence,

les(t, a)]A = fes(t,a) >0, tea,o(b)|r;

so that 1/eg(t,a) is strictly decreasing for ¢ € [a,o(b)]r. We also have eg(a,a) = 1 from [5,
Theorem 2.36 (i)]. Combining the above ideas we have

[1xlo
es(o(b), a)

so that (3.3) holds with k := 1/eg(0(b),a) and K := 1. Hence the TZ-norm || - ||z and the
sup-norm || - ||o are equivalent.
(iv) This follows from (ii) and (iii). O
We are now ready to present the main result of this section, which will be proved by
using Banach’s theorem.

< [lx[ls < 1ixllo;

Theorem 3.4 Consider the dynamic IVP (1.1), (1.3). Let f : [a,b]T x R" — R"™ be rd-
continuous and let L be a positive constant. If

I£(t,p) —£(t. @)l < Lllp —all. V¢ € [a,b]r, (p,q) € R™; (3.4)
then the dynamic IVP (1.1), (1.3) has a unique solution. In addition, if a sequence of
functions {x;} is defined inductively by choosing any xo € C([a,o(b)|r;R™) and setting

x41(t) = A +/ f(s,xi(s)) As (3.5)

then the sequence {x;} converges uniformly on |a,o(b)|t to the unique solution x of (1.1),
(1.3). Furthermore, x> € Crq([a, b]; R™).

Proof Since f is a rd—continuous function, (3.5) is well-defined. Let L > 0 be the constant
defined in (3.4) and let 3 := Ly where v > 1 is an arbitrary constant. Consider the complete
metric space (C([a, o(b)]r; R™), ds) and let

F: C([a,o(D)|r;R") — C([a, o (b)]T; R™)
be defined by .
[Fx|(t) ::/ f(s,x(s)) As+ A, te€a,o(d)r. (3.6)



By Lemma 2.3, fixed—points of F will be solutions to the dynamic IVP (1.1), (1.3). Thus,
we want to prove that there exists a unique x such that Fx = x. To do this, we show that
F is a contractive map with contraction constant o« = 1/ < 1 and Banach’s fixed—point
theorem will then apply. For any u,v € C([a,o(b)]r; R™), consider

— |F
t€la,o(b)]T 65 a
= ctos { / I1£(s, u(s) = £(s, V()] As}
tE[aJ
< Sup { / Lilu(s As} from (
t€la,o(b)]r eﬁ(t7a) a ” ( H
1 ' [u(s) = v(s)] }
= L sup [ /e s,a
telacl: Les(ta) Jq o) = G es(s,a)
1 t
< Ldg(u,v) sup {—/ es(s,a As}
B( ) t€la,o(b)lr ﬂ<t7 CL) a ﬂ( )

1 es(t,a) — 1>}
— Id
() ela Ol Lﬁ(t,a) < 8

d 1
= 5(1,v) sup [1 — } , since 8 = L,
Y tela,o®)r es(t, a)
_ d/g(ll, V) |:1 _ < dﬁ(u, V) '
ol es(o(b),a) ot

As v > 1 we see that F is a contractive map and Banach’s fixed—point theorem applies,
yielding the existence of a unique fixed—point x of F. In addition, from Banach’s theorem,

the sequence {x;} defined in (3.5) converges uniformly in the TZ-norm || - ||s and thus
the sequence {x;} converges uniformly in the sup-norm || - ||o to that fixed—point x. This
completes the proof. O

Theorem 3.4 extends the ideas of [23, Theorem 5.5] where the condition
Lio(b) —a] <1 (3.7)

was imposed. If L[o(b)—a] > 1 then [23, Theorem 5.5] does not directly apply to the dynamic
IVP (1.1), (1.3) and, moreover, the use of the TZ-metric ds in the proof of Theorem 3.4
demonstrates that the assumption on L{o(b) — a] in (3.7) is removable from [23, Theorem
5.5].

In view of Remark 3.2, our approach in the proof of Theorem 3.4 can be used to evaluate
the rate of convergence of iterates. If x, xg € C([a, o(b)]r; R") then for § := Ly with v > 1
we have from (3.1)

—1

dg(F'xg,x) < lj —dp(x0, Fxo)

and so
[F*x — x|| < eg(a(b),a)

1 _ A1 HXO — FXOH (38)

10



If we choose 7 :=i/L[o(b) —a] then we obtain a nice evaluation of the rate of convergence
in (3.8), namely

i ,
[Fxo = x| <e_.

Lio(b) —a]\’ i

b — Fxq|.

0).0) (H0=) Pl
We now present a simple example to illustrate Theorem 3.4.

Example 3.5 Consider the scalar dynamic IVP

® = 2[&02—1-5}1/2—1-25, t € |a,b]T;

z(a) =
We claim that this dynamic IVP has a unique solution for arbitrary T.

Proof We will use Theorem 3.4. Consider

1/2 1/2
Fp) — ft)l = [2[p*+5]"" —2[¢ +5]"
2
< ilel]g |W| -|p—gq|, by the mean value theorem
< 2lp—dq
so that (3.4) holds with L = 2. The result now follows from Theorem 3.4. O

We now present a result on the dependency of solutions to the IVP (1.1), (1.3) with
respect to initial values.

Theorem 3.6 The solution furnished under the conditions of Theorem 3.4 is Lipschitz con-
tinuous in A, uniformly in t. In fact, for any two initial conditions A, B € R" we have

|Ix(t; A) — x(t; B)|| < er(t,a)||A—B|, Vtea,o)r. (3.9)
Proof Using (3.4) in a standard fashion we obtain the estimate
¢
|Ix(t; A) — x(t; B)|| < L/ IIx(s; A) —x(s;B)|| As+ [|[A=B|, te€][a,o(b)]r. (3.10)

Now for t € [a,o(b)|r let

anzjﬁmwAJ—maBmAs

and so from (3.10) we have
E*—LE < ||A-B].
Dividing both sides in the previous line by an integrating factor ey (c(t),a) we obtain

Lﬁ@ﬂA<HA—BH

er(t,a ~ep(o(t),a)

11



with an integration from a to ¢ on both sides yielding

Bt < LB La gy
The result now follows via a substitution into (3.10). O

Theorem 3.6 partially extends the ideas in [27, Theorem 2.6.1] from continuity of solutions
with respect to initial conditions to Lipschitz continuity of solutions with respect to initial
conditions. Furthermore, we do not impose the restriction L[o(b) — a] < 1 in our ideas.

Our attention now turns to the dynamic IVP (1.2), (1.3). Although (1.2) appears to be
similar to (1.1), there are genuine distinctions between the two in terms of mathematical
theory, as the following theorem demonstrates.

Theorem 3.7 Consider the dynamic IVP (1.2), (1.3). Let f : [a,b]r x R" — R"™ be rd-
continuous and let L > 0 be a constant. If

[£(t,p) —£(t,a)ll < Llp —all, vt € [a,b]r, (p,q) € R*"; (3.11)
L sup p(t) < 1; (3.12)
t€la,o(b)r

then the dynamic IVP (1.2), (1.3) has a unique solution. In addition, if a sequence of
functions {x;} is defined inductively by choosing any xo € C([a,c(b)|r;R™) and setting

xii(t) = A + / £(s,x7(s)) As (3.13)

then the sequence {x;} converges uniformly on |a,o(b)|t to the unique solution x of (1.2),
(1.3). Furthermore, x* € Cyq([a, b]r; R™).

Proof Since f is a rd—continuous function, (3.13) is well-defined. Let L > 0 be the constant
defined in (3.11) and let § := L~ where v > 1 is a constant chosen such that L|u|o = 1—1/7.
Consider the complete metric space (C([a, o(b)]T; R™), dg). Let

F: C(la,0(0)]1; R") — C([a, o(b)]r; R™)
be defined by t
[Fx]|(t) := / f(s,x7(s)) As+ A, te€la,od)r. (3.14)

By Lemma 2.4, fixed—points of F will be solutions to the dynamic IVP (1.2), (1.3). Thus,
we want to prove that there exists a unique x such that Fx = x. To do this, we show
that F is a contractive map and Banach’s fixed—point theorem will then apply. For any
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u,v € C([a,o(b)|r;R™), consider

t€la,o(b)]r

ds(Fu,Fv) < sup [ﬁ [t (s) =t v ) As]

IN

sup [eﬁ%/ljﬂu”(s)—v”(s)” As}, from (3.11)

tela,o(b)]T 2 CL) a
: [[u”(s) = v7(s)]|
= L sup [ / eg(o(s),a) As}
tela,o(b)T eﬁ(tva) a ’ 65(0(5),@)

1
< Ldg(u,v) sup

telao(®)ln {M /at eolo(s),a) AS]

- Liuy) s i @ uls)ests.a) A

tela,o(b

< L+ Addsay) s [t [eito.a) ad

tefao®)r Lea(t, a)
1 eg(t,a) —1

= L(1+4 B|plo)ds(u,v) sup [ ( )]

( ilo)ds )te[a,o(b)]qr es(t,a) B

(1+L||)d(u) {1 ! } ince 5 = I
= |- 1 ,V) sup — ——|, since g = L,

g ') tefa,o(b)]r es(t,a)

1

= dg(u,v) {1——} < dg(u,v).

’ ep(o(®),a)]

We see that F is a contractive map and Banach’s fixed—point theorem applies, yielding the
existence of a unique fixed—point x of F. In addition, from Banach’s theorem, the sequence
{x;} defined in (3.13) converges uniformly in the TZ-norm || - ||3 and thus the sequence {x;}
converges uniformly in the sup—norm || - [|p to that fixed—point x. This completes the proof.
O

Theorem 3.7 gives existence and uniqueness of solutions to (1.2), (1.3) for those time
scales where the points are not spaced “too far apart”, whereas Theorem 3.4 does not
involve any such restriction. Notice that condition (3.12) in Theorem 3.7 is less restrictive
than the “usual” assumption L{o(b) —a] < 1.

It is a fact of life that not all maps are contractions in the global sense. However, many
maps are locally contractive, that is, they are contractive within certain balls. We now
investigate this avenue and the following local version of the Banach fixed—point theorem
will be useful for our study.

Corollary 3.8 (local Banach, [12] pp.10-11) Let (Y,d) be a complete metric space and
let B.(yo) represent an open ball in Y with centre yo and radius r. Let F' : B, — Y be
contractive with contraction constant o < 1. If d(F(yo),v0) < (1 — a)r then F' has a fized—
point.

The following result gives conditions that guarantee local existence and uniqueness of
solutions to our dynamic equations, with the solutions lying in certain balls.

13



Theorem 3.9 Consider the dynamic IVP (1.1), (1.3). Let f : [a,b]T x R" — R"™ be rd-
continuous with M and L being positive constants. If

|f(t,p) — f(t,q)| < L|p — 4, Vt € [a,b]r, [[p— Al <M, |lg— Al < M;(3.15)

o(b) M
/a IFeA) As <

then the dynamic IVP (1.1), (1.3) has at least one solution, with a unique solution satisfying
dr(x,A) < M/ep(o(b),a).

(3.16)

Proof Choose R > 0 such that Rey(o(b),a) = M and consider the complete metric space
(C(la,o(b)]r; R™),dy). Now consider the open ball Br(A) C C([a,o(b)]r; R™) defined by

Br(A) :={x € C([a,0(b)]1;R") : dp(x,A) < R}.
together the operator F defined in (3.6) with
F : Bgr(A) — C(la,o(b)]r; R™).

We show that the conditions of the local Banach corollary are satisfied. In a similar fashion
to the proof of Theorem 3.4 we obtain for all u, v € Br(A)

d;,(Fu, Fv) < {1 - } dp,(u,v).

_
er(o(b),a)

So we see that F is a contractive map with contraction constant « =1 —1/er(co(b), a).
Now consider

1 o(b)
dr(F(A),A) = sup / f(s,A)|l As
L(F(A) A) e [eL(t,a) ) 1£(s, A

o(b)
< [l A A

M
< aemap V610
R
er(o(b),a)
= 1-ao)R

so that all of the conditions of the local Banach corollary are satisfied. Thus F has a unique

fixed—point x € Bg(A) so the dynamic IVP also has a unique solution in Bg(A). O
We now present a simple example to illustrate Theorem 3.9.

Example 3.10 Consider the scalar dynamic IVP

= 2P +t+o(t), tela bl

z(a) = 0.

We claim that this dynamic IVP has a solution when o(b) — a is sufficiently small.

14



Proof We will use Theorem 3.9. Let M > 0 is an arbitrary constant. For |[p| < M and
lg| < M consider

[f(tp) = Ft o)l < lp+dqllp—d
< 2Mlp — 4|

so that (3.15) holds with L = 2M. Now consider

o(b) o(b)
/ If(s,A)|| As = / (s+0a(s)) As
= [o(®) -a’

which can be made smaller than M/[er (o (D), a)]?* provided o(b) — a is sufficiently small and
thus (3.16) holds.
The result now follows from Theorem 3.9. O
Note that the problem in the previous example does not satisfy (3.4) in the global sense
and thus Theorem 3.4 does not apply.

4 Topological degree approach

In this section we formulate some new results that guarantee the existence of at least one
solution to the dynamic IVPs: (1.1), (1.3); and (1.2), (1.3). Fixed—point theorems based on
the ideas of topological degree [29, Chap.4] will be the main tools to be used in conjunction
with a new definition of measuring distance via the TZ—norm in normed spaces. In particular,
Schéfer’s fixed—point theorem will be employed, rather than Banach’s fixed—point theorem.

A convenient advantage of Schéfer’s theorem is that no explicit knowledge of topological
degree theory is needed to verify the conditions of the theorem. On one hand, Schéafer’s
theorem is very wide-ranging, but on the other hand, it does not provide as much information
as Banach’s theorem. Thus, the focus in this section is on obtaining qualitative information
about solutions, in particular, existence of at least one solution, under mild assumptions on

f.

Theorem 4.1 (Schifer, [29] Theorem 4.4.12) Let X be a normed space with H : X —
X a compact mapping. If the set

S:={ueX: u=AHu for some € [0,1)}
1s bounded then H has at least one fixed—point.

Recall that a mapping between normed spaces is compact if it is continuous and carries
bounded sets into relatively compact sets.

Lemma 4.2 Consider the normed space (C([a, o (b)]r;R™), || - [lo) and consider the map F :

C([a,o(d)|r;R™) — C([a,o(b)]r; R™) defined in (3.6). If f : [a, by x R® — R" is continuous
then F is a compact map.

15



Proof Our argument follows that of [12, pp.52-53] and so is only sketched. We show that
the conditions of the Arzela—Ascoli theorem are satisfied. That is, given {x;} with ||x;[|o < r
we show that the sequence v; := F(x;) is bounded and equicontinuous.

(a): We claim that {v;} is bounded. Let

M = sup{[[f(¢, p)| : ¢ € [a, 0 (V)]r, [Pl <7} < o0,

We have
[villo == sup [lvi(¥)] (4.1)
t€[a,o(b)]T
t
< sup [£(s,x5(s))[| As + [|A] (4.2)
tela,o(b)]tr Ja
< [o(b) —a]M +[[A] (4.3)

and hence {v;} is bounded.
(b): We claim that {v;} is equicontinuous. Let € > 0 be given and for t1, t2 € [a,c(b)]r
consider

max{tl,tz}
i) =it < [ e o) As

min{tl,tg}
< Mty —to
< &, whenever |t} — 3] < d(e) :=¢/M
and hence {v;} is equicontinuous.

The result now follows from the Arzela—Ascoli Theorem [32, p.3]. O
The following existence theorem permits linear growth of ||f(¢,p)|| in ||p||-

Theorem 4.3 Consider the dynamic IVP (1.1), (1.3). Let f : [a, by x R" — R™ be contin-
wous and L > 0, N > 0 be constants. If

[£(¢,p)l| < Lllpl[ + N, Vi€ [a,b]r, pe R (4.4)
then the dynamic IVP (1.1), (1.3) has at least one solution.

Proof We will use Schéfer’s theorem. Let L > 0 be the constant defined in (4.4). Consider
the normed space

(C(la, o ()] R™), [ - ]|)

with the family of equations

x=AFx, Ae|0,1); (4.5)

where

F:C(la, 0(b)]r;R") — C([a, o (0)]1; R")

is defined in (3.6). Note that F is a compact map from Lemma 4.2. From Lemma 2.3, fixed
points of F will be solutions to the dynamic IVP (1.1), (1.3).
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For a fixed A € [0,1) let x € C([a,o(b)]T; R™) be a solution to (4.5). We then have

_ (/ It x(s)] A+ AT

%[l < sup

t€la,o(b)]r _6 t
o t
< te{:};}()())ﬁ _eL(t,a) (/a (L||x(s)|]| + N) As+ ||A||)} , from (4.4)
. 1 L|x(s)]||
= te[a,agnm )(/ o(s,a )eL(S a) As Nl - HHAHH
< ) As] Nlo(b) — ] + A

tela,o(

L|x|l. sup [
1

0‘

_ ||x||L[1— ))] Nio(s) - a + || A

(o

and a rearrangement leads to
x|z < er(o(b), a)(N[o(b) — a] + [|A]]).

Thus, the set of possible solutions to the family (4.5) is bounded a priori, with the bound
being independent of A. Schéfer’s theorem now applies to F, yielding the existence of at
least one fixed-point. Hence the dynamic IVP (1.1), (1.3) also has at least one solution. O
If we had used the sup—norm || - ||op in the proof of Theorem 4.3 rather than the TZ-
norm || - ||z then we would have needed an additional assumption in Theorem 4.3, namely,
Lio(b) —a)] < 1.
As an application of Theorem 4.3 we present the following example.

Example 4.4 Consider the dynamic IVP

o = x) +xycos(tey). t € [a,b]r;
x5 = 1y — 11 cos(tay);

subject to any initial condition x(a) = A # 0. We claim that this dynamic IVP has at least
one solution for arbitrary T.

Proof We will use Theorem 4.3. Let p := (p1, p2). Then
1/2
It )| = 1+ 93 cos”(tp2) + v + 7} cos?(tp2)]
1/2
< 207 +9)]" = V2lp|

so that (4.4) holds with L = v/2 and N = 0. The result now follows from Theorem 4.3. O
The following is an important special case of Theorem 4.3.

Theorem 4.5 Consider the dynamic IVP (1.1), (1.3) with f : [a,blr x R" — R™ continuous.
If there exists a non—negative constant N such that

I£(t,p)|| < N, Vte [a,blp, p R (4.6)

then the dynamic IVP (1.1), (1.3) has at least one solution.
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Proof It is easy to see that if (4.6) holds then (4.4) holds and the result now follows from
Theorem 4.3. a

In a similar fashion to Theorem 4.5 we have the following result for the dynamic IVP
(1.2), (1.3).

Theorem 4.6 Consider the dynamic IVP (1.2), (1.3) with f : [a, bl x R" — R™ continuous.
If there exists a non—negative constant N such that (4.6) holds then the dynamic IVP (1.2),
(1.3) has at least one solution.

Proof The idea of the proof follows that of Theorem 4.5 and so is omitted. a

The following two results allow superlinear growth of ||f(¢,p)|| in [|p|| and, because of
the nature of their proofs, appear to be uniquely applicable to the dynamic IVP (1.2), (1.3)
rather than to (1.1), (1.3).

Theorem 4.7 Consider the dynamic IVP (1.2), (1.3) with f : [a, blr x R" — R™ continuous.
If there exist non—negative constants L and N such that

I£(t,p)|| < —2L(p, f(t,p)) + N, Vt € [a,b]r, p € R (4.7)
then the dynamic IVP (1.2), (1.3) has at least one solution.

Proof We will use Schéfer’s theorem. Consider the normed space

(C(la, o (0)]z;R™), || - flo)
and the family of equations
x = AFx, Xe|0,1); (4.8)

where

F: C(ja,0(b)|r;R?) — C([a, o(b)]r; R")

is defined in (3.6). Note that F is a compact map by a similar argument as in the proof of

Lemma 4.2.
For a fixed A € [0,1) let x € C([a,o(b)]r;R™) be a solution to (4.8). Then, for a fixed
A€ 0,1), x2 € Cry([a, br; R™) and x is also a solution to

x® = M(t,x%), tea,by; (4.9)
x(a) = MA. (4.10)

If r(t) := ||x(¢)||* for all t € [a,o(b)]r then for each t € [a, bt we have, from the product rule
[5, Theorem 1.20 (iii)],

rA(t) = (x(t) +x7(1),
= 2(x7(t), x*(t)) — p(®)||x>(®)||>, by Theorem 1.6, (iv).
In addition, if (4.7) holds then for A € [0, 1)

||)‘f(t’ p)” < _2L<p7 /\f(t’p» + N7 Vt € [a7 b]T7 P c R™.
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Taking norms in (4.8) we have
[1x[lo = [[AFx][o

t
< s [ M) As+ Al
)t Ja

tela,o(b
¢
< s [ (LR MR+ N) As Al
tela,oc(b)]r Ja
¢
< sup / (—2L(x7(s), M(s,x7(s))) + Lu(s) M (s,x7)[|> + N) As+[|A]
tela,o()]r Ja
¢
= sup / (=Lr®(s) + N) As+ Al
t€la,o()]r Ja
= sup (L[r(a) —r(t)] + N(t—a)) + ||A]
tea,o(b)]T
< L||A[? + N[o(b) — a] + [|A]l.

Thus, the set of possible solutions to the family (4.8) is bounded a priori, with the bound
being independent of A. Schéfer’s theorem now applies to F, yielding the existence of at
least one fixed—point. Hence the dynamic IVP (1.2), (1.3) also has at least one solution. O

The following result compliments Theorem 4.7 as it also permits superlinear growth in f.

Theorem 4.8 Consider the dynamic IVP (1.2), (1.3) with f : [a, blr x R" — R™ continuous.
If there exists a non—negative constant K such that

(p, f(t,p)) <K, Vtelablr, peR (4.11)
then the dynamic IVP (1.2), (1.3) has at least one solution.

Proof We will use Schéfer’s theorem. Consider: the normed space
(C(la, o (®)]r;s R™), || - [lo);

the family of equations defined in (4.8); and the family of dynamic IVPs (4.9), (4.10). Let
the function r be defined as in the proof of Theorem 4.7 where x is a solution to (4.9), (4.10)
for a fixed A € [0,1]. We then have, for each t € [a, b]r,

rA(t) = 2x7(1),x3(t) — p(®)x2(0)]

< 2(x7(1), A (8, x7(1)))
< MK LK.
Hence . .
/ r2(s) As < K/ As, t € [a,o(b)]r;
so that

=I5 < A + K(o(b) - a).
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Thus, the set of possible solutions to the family (4.8) is bounded a priori, with the bound
being independent of A. Note that F is a compact map. Schéfer’s theorem now applies to F,
yielding the existence of at least one fixed—point. Hence the dynamic IVP (1.2), (1.3) also
has at least one solution. a

The idea for Theorem 4.8 was motivated by the papers [11] and [18].

Comparing Theorems 4.7 and 4.8 we see that if (4.7) holds then (4.11) holds so that
Theorem 4.7 is a special case of Theorem 4.8.

We now demonstrate the applicability of Theorem 4.8 via an example.

Example 4.9 Consider the dynamic IVP

e = —adt—a+ 1. t€a by
:L‘QA = —x%t—l—:vl—i—l;

subject to any initial condition x(a) = A # 0. We claim that this dynamic IVP has at least
one solution for arbitrary T with a > 1.

Proof We will use Theorem 4.8. Let p := (p1, p2). Then

(p.f(t.p)) = —pit+pi—pat+pe
< —pitpi—p+pr <2
so that (4.11) holds with K = 2. The result now follows from Theorem 4.8. O

5 Higher—order equations

The ideas of Sections 3 and 4 are now extended to treat higher—order dynamic IVPs of the
type

b = f(t,x,xA,zAQ, . ,a:NH), t € |a,b]T;
zla) = Ay, x#%(a) = Ay -3 22" (@) = Ay
where: 72" := [z2"]2: f:[a,bly x R — R; and each 4; is a given constant in R.
g

We define o'(b) as: o'(b) := o(b); and o*"1(b) := o' (a(b)). A solution to (5.1), (5.2) is a
function z : [a, 0" (b)]r — R that is n-times delta-differentiable and satisfies (5.1), (5.2).
The function f : [a,b]ly x R" — R in (5.1) is said to be rd—continuous if : f is continuous

at each (t,zq,...,x,) where t is right—dense; and the limits
lim S, Y1, ---,Yn) and lim LYty Yn
(S’yl 7777 yn)"(t_vxl 7777 x’ﬂ) f( yl y ) (yl ----- yn)—>(9€1 ----- .Z‘n) f< yl y )
both exist and are finite at each (¢, x1,...,x,) where ¢ is left—dense.

We now present our first result for the higher-order IVP (5.1), (5.2).

Theorem 5.1 Consider the dynamic, higher—order IVP (5.1), (5.2). Let f : [a, bl xR" — R
be rd—continuous and let Ly be a positive constant. If

[f(tapla R 7pn) - f(tJQ17 oo 7Qn)]2 S Ll[(pl - q1)2 +.o+ (pn - %)2]7 (5?))
Vt € [a,blt, and each p;,q; € R;

then the dynamic, higher—order IVP (5.1), (5.2) has a unique solution.
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Proof The idea of the proof involves a suitable substitution and the use of Banach’s theorem.
Introduce new variables z1, ..., x, with:

. . . A, . A?, . . A2 . An—1
I = T Tog (= T T3 ‘=T X Tp—1 =X y Iy =X i

If we take the delta derivative of each x; above then we obtain a system of n, first—order
dynamic equations

A A , A A )
TT =g, Xy =3y e 5 T =Xn; Tn = f(t, Ty, my);

so that our higher—order problem may now be written as
x® = f(t,x), t€[a,b]r; (5.4)
x(a) = A (5.5)
for suitable f and A. Now for any p, q € R"™ consider
= [(pQ —)* + (p3 — ¢3)

< [ — @)+ (p2 — @)
= (1+L)"*|p—dl

2+ (ftprs o a) = fqn, )]

+
2+ A L= @)+t (e — D)

so that (3.4) holds with L := (1 + L;)/2. Thus the dynamic IVP (5.4), (5.5) has a unique

solution from Theorem 3.4. The existence of a solution to the higher-order IVP (5.1), (5.2)

now follows. O
The following result allows linear—type growth of |f| in its variables.

Theorem 5.2 Consider the dynamic, higher—order IVP (5.1), (5.2). Let f : [a,blrxR™ — R
be continuous and Ly > 0, N1 > 0 be constants. If

[f(tprs ) < Lalpl + ..+ PP+ Ny, V€ [abr, (pro..,pa) €ER™Y (5.6)
then the dynamic, higher—order IVP (5.1), (5.2) has at least one solution.

Proof The idea of the proof involves a suitable substitution and the use of Schafer’s theorem.
Introduce new variables as in the proof of Theorem 5.1 and consider the IVP (5.4), (5.5).
Note that F is a compact map from Lemma 4.2.. Now for any (¢,p) € [a, b]r x R™ consider

1/2
lEE D)l = [P3+p2+. ..+ (f(t o))
1/2
[p%—i_pZ +p721—1] / +‘f(t>p177pn)‘

(1+Ly) [p1+p2+...+pi}1/2+N1
(14 Li)[[p|l + N

IN

IN

so that (4.4) holds with L := (1+ L;) and N := N;. Thus the dynamic IVP (5.4), (5.5) has
at least one solution from Theorem 4.3. The existence of a solution to the higher—order IVP
(5.1), (5.2) now follows. O
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6 A simple example from economics

In this section we formulate and analyse a simple model from economics in the time scale
setting, known as a Keynesian—Cross model with “lagged” income.

In a simple closed economy, the dynamics of: aggregate demand, D; aggregate income,
y; aggregate consumption, C'; aggregate investment, I; government spending, GG; are given
by three simple equations, namely:

D(t) = Ct)+1+G; (6.1)
Ct) = Co+cy(t); (6.2)
y® = 0[D7 —y), t>a (6.3)

where 6 < 1 is a positive constant known as the “speed of adjustment term” and Cj, ¢
are non—negative constants. To keep the model very simple, G and [ are assumed to be
constant in (6.1), and current consumption is assumed to depend on current income in (6.2).
Equation (6.3) means that the change in income is a fraction of excess demand at o(t) over
income at .

The above example is a generalisation of the classical Keynesian—Cross model involving
difference equations given in [16, p.23] for the special case T = Z.

If we substitute (6.1) and (6.2) into (6.3) then we obtain

y> = 0[Co+ ey’ +1+G—y]

= h(t,y,y7).

The above equation can be recast into the form (1.1) using the simple, useful formula y? =
y + py® and if 1 — dcu(t) # 0 for t > a then a substitution and rearrangement leads to

A Ole—1) o+ 1+G)
Yo o1 dep(t) 1 —dep(t)
= Sy +9(0). (6.4)

It is easy to verify that the dynamic equation in (6.4) satisfies the conditions of Theorem
3.4 and so a unique solution y to our problem exists on any compact interval of the type
la,o(b)]r. However, we can go further and define the solution for all ¢ > a by solving the
linear dynamic equation (6.4) directly. Using the techniques in [5, Chap.2] we obtain

o0 = estt0) o+ [ 2 ad]iza

7 Separation of variables approach

Bohner and Peterson [5, p.51] define a dynamic equation to be of first—order if it is of the
form

™ = f(t,x, 2%). (7.1)
Although the presence of both = and z7 in (7.1) may appear to be somewhat strange, their

appearance can naturally occur, as the example from economics presented in Section 6 clearly
illustrates.
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We will look at a special case of (7.1) and develop a method to find its solution. The
method is akin to the separation of variables approach for first—order ordinary differential
equations. The ideas will rely heavily on the chain rule for time scales.

Theorem 7.1 (Chain rule for T) Let V : R — R be continuously differentiable and sup-
pose that x : T — R is delta—differentiable. Then V o x is delta—differentiable and

V() = ( [ v+ o) dh) 2.

Proof See Pétzsche [35] or Bohner and Peterson [5, Theorem 1.90]. O
We will call the dynamic equation (7.1) “separable” if is has the form

8 = f(t,z,2%) = k(i’(,?:") (7.2)

for a right—dense continuous function j, and a continuous function k.

Theorem 7.2 (Separation of variables) Consider the separable dynamic equation (7.2).
If there exists a function K € C*(R;R) such that

/01 K'(z + h[z” — x]) dh = k(z,27) (7.3)

then the solution to (7.2), subject to the initial condition x(a) = A, is given implicitly by

t
K(x(t)) = / j(s) As+ K(A).
If, in addition, K is globally one—to—one then the solution x can be explicitly obtained.

Proof If we “separate” the variables in (7.2) then we obtain
k(z,x%)x™ = j(t).

Since (7.3) holds, we may replace k above and obtain
1
| Ko+ bl (0) = o) dh-2(0) =
0
which simplifies to

/0 K (t) + hu(t)a (1)) dh - 2(t) = ().

By the chain rule we have

(K (2(t))]* = j(#)-
Thus, taking the delta integral of both sides in the previous expression and incorporating
the initial condition we obtain

t
K(z(t)) = / j(s) As+ K(A).
We now present a simple example.
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Example 7.3 Consider the dynamic IVP

A €a<t70)

= t bl;

x T +IU7 € [Oa ]Ta
z(0) = A>0;

where a 1s a positive constant. We claim that this dynamic IVP has a solution for arbitrary

T.
Proof We will use Theorem 7.2. See that our dynamic equation is separable with
k(x,z°) =x+2° and j(t) = ey(t,0).

If we choose K to be K(v) := v? then we see K’'(v) = 2v and

/1 K'(z + hja” —2]) dh = /1 2z + ha” — a]) dh

Hence t
—1
) = [ ealsn0) s+ 42 = Wlt0) =1 o

@ Qo

and so .
t,0) —1
l’(t) — |:€O¢( 70) _'_ A2
o

The result now follows from Theorem 4.8. .

8 Open problems and remarks

We conclude this work with some suggestions for possible further investigations resulting
from the ideas of this paper.

For a positive constant 3, the new TZ-norm | - |3 and new TZ-metric ds introduced
in Section 4 seem to have potential applications to a wide range of additional areas. In
particular, the use of the above norm and metric over the traditional sup—norm and sup-—
metric may lead to further advancements in local existence, uniqueness and approximation of
solutions to: Volterra integral equations of the second kind on time scales; integro—differential
equations of Volterra type on time scales; delay-dynamic equations on time scales; and so on.
In fact, there appear to be a host of areas that use or rely on Banach’s fixed—point theorem
to gain important properties of solutions to various types of equations and, as such, existing
ideas might be simplified by adopting the TZ-norm and TZ-metric. This may include,
for example: continuous dependence of solutions to dynamic equations on time scales with
respect to initial values and parameters; and nonlinear variation of parameters.

As a result of the convergence conclusions of Theorems 4.3 and 4.5, we feel that it would
be interesting to go further and to systematically and explicitly compute or approximate
solutions to dynamic equations on time scales.
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Many of the ideas from this work could possibly be extended to the area of dynamic
equations on “measure chains”, which is a generalisation of the field of time scales, see [5,
Chap.8]|, by using the ideas in Sections 3 and 5.

In view of the ideas raised in Sections 6 and 7 regarding the generalised dynamic equation

& = f(t,x,2%), (8.1)
we believe that it might be interesting to formulate new qualitative and quantitative results
for (8.1).
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