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This article analyzes a nonlinear system of first-order difference equations with periodic and non-periodic
boundary conditions. Some sufficient conditions are presented under which: potential solutions to the
equations will satisfy certain a priori bounds; and the equations will admit at least one solution. The
methods involve new dynamic inequalities and use of Brouwer degree theory. The new results are
compared with those featuring in the theory of solutions to boundary value problems for differential
equations.
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1. Introduction

The continuing interest in the field of difference equations can be attributed to two main

factors:

1. due to the theory’s powerful and versatile applications to almost all areas of science,

engineering and technology, which teem with discrete phenomena; and

2. from the emergence and popularity of computers, where differential equations are solved

by utilizing their approximative difference-equation formulations.

Therefore, scientific advancements in the area of difference equations are naturally

motivated, and are of significant interest. The valuable uses of difference equations lead to a

deeper theoretical analysis of the subject. The theory of the qualities of solutions to difference

equations are particularly interesting, as studies have shown rich distinctions and interesting

links between the qualitative theory of solutions to difference equations and the qualitative

theory of solutions to differential equations. This has included essential concepts such as:

existence, uniqueness and multiplicity of solutions; existence and non-existence of spurious

solutions; a priori bounds on solutions; stability, instability and disconjugacy of solutions.

We refer the reader to [1–13,15–27], for some previous insights in these directions.

This paper considers a priori bounds on, and the existence of, solutions to the following

first-order difference equations:

DxðtÞ ¼ f ðt; xðtÞÞ; t [ ½0;N�Z :¼ ½0;N�> Z; ð1Þ
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Mxð0Þ þ RxðN þ 1Þ ¼ 0; 0 , N [ Z M þ R – 0; and ð2Þ

DxðtÞ þ bðtÞxðtÞ ¼ gðt; xðtÞÞ; t [ ½0;N�Z; ð3Þ

xð0Þ ¼ xðN þ 1Þ; ð4Þ

Above: f and g : ½0;N�Z £ Rn ! Rn are continuous, nonlinear functions; DxðtÞ :¼

xðt þ 1Þ2 xðtÞ is the usual forward difference; b : ½0;N�Z ! R is continuous; M and R are

given constants in R; and N is a given positive constant in Z. Equation (1) subject to equation

(2) is known as a discrete boundary value problem (BVP) with non-periodic boundary

conditions. Equation (3) subject to equation (4) is known as a discrete BVP with periodic

boundary conditions.

The article is organised as follows. Section 2 deals with a priori bounds on solutions to the

above equations. The discrete BVPs are reformulated as equivalent summation equations.

Then, novel conditions are introduced, involving the right-hand side of the difference

equations and also the boundary conditions, so that all potential solutions to the BVPs are

bounded a priori. Section 3 is devoted to the existence of solutions. The a priori bounds from

Section 2 are applied, in conjunction with fixed-point operator theory and Brouwer degree, so

that at least one solution to the discrete BVP of interest will exist.

Examples to highlight the theory are presented throughout the paper and a comparison is

made between the new results and the qualitative theory of solutions to differential equations.

The new results contained herein are given for systems of equations, however, the results are

also new even for scalar difference equations.

A solution to equations (1) and (2) is a x : ½0;N þ 1�Z ! Rn (which may also be

equivalently denoted by {xðtÞ}Nþ1
t¼0 [ RðNþ2Þn) that satisfies equations (1) and (2). A solution

to equations (3) and (4) is defined similarly.

A tool used in this paper to gain existence of solutions is Brouwer degree theory and the

interested reader is referred to [14] for more information.

2. A priori bounds on solutions

In what follows, if y; z [ Rn then ky; zl denotes the usual inner product and kzk denotes

Euclidean norm of z on Rn.

We will need to use the following identities involving products and sums involving

arbitrary functions a : Z! R

Y21

s¼0

aðsÞ ¼ 1;
X21

s¼0

aðsÞ ¼ 0:

Lemma 2.1. Suppose

M þ R – 0: ð5Þ

The discrete BVP equations (1) and (2) is equivalent to the summation equation

xðtÞ ¼
Xt21

s¼0

f ðs; xðsÞÞ2 ðM þ RÞ21R
XN
s¼0

f ðs; xðsÞÞ; t [ ½0;N þ 1�Z: ð6Þ
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Proof. Let x : ½0;N�Z ! Rn satisfy equations (1) and (2). It is easy to see that

xðtÞ ¼ xð0Þ þ
Xt21

s¼0

f ðs; xðsÞÞ; t [ ½0;N þ 1�Z; ð7Þ

and

xðN þ 1Þ ¼ xð0Þ þ
XN
s¼0

f ðs; xðsÞÞ: ð8Þ

So equation (2) gives

0 ¼ Mxð0Þ þ R xð0Þ þ
XN
s¼0

f ðs; xðsÞÞ

 !
ð9Þ

and rearranging equation (9) we obtain

xð0Þ ¼ 2ðM þ RÞ21R
XN
s¼0

f ðs; xðsÞÞ: ð10Þ

So substituting equation (10) into equation (7) we obtain equation (6). If x is a solution to

equation (6) then is it easy to show that equations (1) and (2) hold by direct calculation. A

Lemma 2.2. Suppose

1 2 b has no zeros in ½0;N�Z; and
YN
s¼0

½1 2 bðsÞ� – 1: ð11Þ

The discrete BVP equations (3) and (4) is equivalent to the summation equation

xðtÞ ¼
Yt21

s¼0

½1 2 bðsÞ�

�

QN
s¼0 ½1 2 bðsÞ�

1 2
QN

s¼0 ½1 2 bðsÞ�

XN
i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

þ
Xt21

i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

" #
ð12Þ

for each t [ ½0;N þ 1�Z.

Proof. Let x be a solution to equations (3) and (4). By the discrete quotient rule [13] we have

D
xðtÞQt21

s¼0 ½1 2 bðsÞ�

" #
¼

½DxðtÞ�
Qt21

s¼0 ½1 2 bðsÞ�2 xðtÞð2bðtÞÞ
Qt21

s¼0 ½1 2 bðsÞ�Qt
s¼0 ½1 2 bðsÞ�

Qt21
s¼0 ½1 2 bðsÞ�

¼
DxðtÞ þ xðtÞbðtÞQt

s¼0 ½1 2 bðsÞ�
¼

gðt; xðtÞÞQt
s¼0 ½1 2 bðsÞ�

:

Summing both sides above, obtain

Xt21

i¼0

D
xðiÞQi21

s¼0 ½1 2 bðsÞ�

" #
¼
Xt21

i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�
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and rearrange to obtain

xðtÞ ¼
Yt21

s¼0

½1 2 bðsÞ� xð0Þ þ
Xt21

i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

" #
ð13Þ

for each t [ ½0;N þ 1�Z.

Now using the boundary conditions and equation (13) obtain

xð0Þ ¼ xðN þ 1Þ ¼
YN
s¼0

½1 2 bðsÞ� xð0Þ þ
XN
i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

" #

and a rearrangement gives

xð0Þ ¼

QN
s¼0 ½1 2 bðsÞ�

1 2
QN

s¼0 ½1 2 bðsÞ�

XN
i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

which is substituted into equation (13) and the result follows.

If x is a solution to equation (12) then direct computation shows that equations (3) and (4)

both hold. A

Some new a priori bound results are now presented.

Theorem 2.3. Suppose equation (5) holds and f [ Cð½0;N�Z £ Rn;RnÞ. If there exist non-

negative constants a and K such that

k f ðt; qÞk # a½2kq; f ðt; qÞlþ k f ðt; qÞk
2
� þ K; for all ðt; qÞ [ ½0;N�Z £ Rn; ð14Þ

and
M

R

����
���� # 1; ð15Þ

then all possible solutions to the BVP equations (1) and (2) satisfy kxðtÞk # Q for

t [ ½0;N þ 1�Z, where Q is a non-negative constant involving M, R, N and K.

Proof. Let x be a solution to equations (1) and (2) and define a constant P by

P ¼ ð1 þ jðM þ RÞ21RjÞ: ð16Þ

From Lemma 2.1, x must also satisfy equation (6). Consider kxðtÞk
2

for all t [ ½0;N þ 1�Z.

By the discrete product rule [13, Theorem 2.2 (d)] we have

DtðkxðtÞk
2
Þ ¼ kxðtÞ þ xðt þ 1Þ;DxðtÞl; t [ ½0;N�Z;

¼ 2kxðtÞ;DxðtÞlþ kDxðtÞk
2
; since xðt þ 1Þ

¼ DxðtÞ þ xðtÞ ¼ 2kxðtÞ; f ðt; xðtÞÞlþ kf ðt; xðtÞÞk
2
:

ð17Þ

Notice also that equations (15) and (2) together imply that kxðN þ 1Þk # kxð0Þk.
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So from equation (6) we have for t [ ½0;N þ 1�Z,

kxðtÞk ¼

����Xt21

s¼0

f ðs; xðsÞÞ2 ðM þ RÞ21R
XN
s¼0

f ðs; xðsÞÞ

���� # P
XN
i¼0

k f ði; xðiÞÞk

# P
XN
i¼0

ða½2kxðiÞ; f ði; xðiÞÞlþ k f ði; xðiÞÞk
2
� þ KÞ

¼ P
XN
i¼0

½aDiðkxðiÞk
2
Þ þ K�; from ð17Þ

¼ P½aðkxðN þ 1Þk
2
2 kxð0Þk

2
Þ þ KðN þ 1Þ� # PKðN þ 1Þ:

Hence the bound on all possible solutions follows. A

Note that equation (5) means that Theorem 2.3 does not apply to the BVPs equations (3)

and (4) or equations (1) and (4). The next two theorems will cover these outstanding

cases.

Theorem 2.4. Suppose equation (11) holds and g [ Cð½0;N�Z £ Rn;RnÞ. If there exist

non-negative constants a and K such that

kgðt; pÞkQt
s¼0 ½1 2 bðsÞ�

�� �� # a
�
2
�
kp; gðt; pÞl2 bðtÞkpk

2�
þ kgðt; pÞ2 bðtÞpk

2�
þ K;

for all ðt; pÞ [ ½0;N�Z £ Rn;

ð18Þ

then all possible solutions to the BVP equations (3) and (4) satisfy kxðtÞk # Q1 for

t [ ½0;N þ 1�Z, where Q1 is a non-negative constant involving b, N and K.

Proof. From Lemma 2.2, consider the equation equivalent to equations (3) and (4) given by

equation (12). Define the positive constant P1 by

P1 ¼ max
t[½0;Nþ1�Z

Yt21

s¼0

½1 2 bðsÞ� 1 þ

QN
s¼0 ½1 2 bðsÞ�

�� ��
1 2

QN
s¼0 ½1 2 bðsÞ�

�� ��
" #�����

�����: ð19Þ

Let x be a solution to equations (3) and (4) and consider kxðtÞk
2

for all t [ ½0;N þ 1�Z. By

the discrete product rule we have

DtðkxðtÞk
2
Þ ¼ 2kxðtÞ;DxðtÞlþ kDxðtÞk

2
; t [ ½0;N�Z;

¼ 2kxðtÞ; gðt; xðtÞ2 bðtÞxðtÞÞlþ kgðt; xðtÞÞ2 bðtÞxðtÞk
2
:

ð20Þ
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If we take norms in equation (12) then for t [ ½0;N þ 1�Z;

kxðtÞk # P1

XN
i¼0

kgði; xðiÞÞkQi
s¼0 ½1 2 bðsÞ�

�� ��
# P1

XN
i¼0

�
a
�
2kxðiÞ; gði; xðiÞÞ2 bðiÞxðiÞÞlþ kgði; xðiÞÞ2 bðiÞxðiÞk

2�
þ K

�

¼ P1

XN
i¼0

½aDiðkxðiÞk
2
Þ þ K�; from ð20Þ

¼ P1½aðkxðN þ 1Þk
2
2 kxð0Þk

2
Þ þ KðN þ 1Þ� ¼ P1KðN þ 1Þ:

Hence the bound on all possible solutions follows. A

Attention now turns to the BVP equations (1) and (4).

Theorem 2.5. Let f [ Cð½0;N�Z £ Rn;RnÞ. If there exist non-negative constants a and K

such that

k f ðt; pÞ2 pk

2tþ1
# a

�
2ðkp; f ðt; pÞlþ k f ðt; pÞk

2�
þ K; for all ðt; pÞ [ ½0;N�Z £ Rn;

then all possible solutions to the BVP equations (1) and (4) satisfy kxðtÞk # Q2 for

t [ ½0;N þ 1�Z, where Q2 is a non-negative constant involving N and K.

Proof. Rewrite the BVP equations (1) and (4) in the form

DxðtÞ2 xðtÞ ¼ f ðt; xðtÞÞ2 xðtÞ; t [ ½0;N�Z; xð0Þ ¼ xðN þ 1Þ;

so that it becomes of the type equations (3) and (4) with b ¼ 21 and gðt; pÞ ¼ f ðt; pÞ2 p. It is

not difficult to show that
Qt

s¼0 ½1 2 bðsÞ� ¼ 2tþ1 and thus equation (11) holds. If (2.5) holds

then equation (18) holds and the result follows from Theorem 2.4. A

Some examples are now presented to highlight the theory.

Example 2.6. Consider the discrete, scalar BVP (n ¼ 1) given by

DxðtÞ ¼ ½xðtÞ�3 þ xðtÞ þ t; t [ ½0; 99�Z; ð21Þ

xð0Þ ¼ xð100Þ: ð22Þ

Let f ðt; pÞ ¼ p3 þ pþ t and see that j f ðt; pÞ2 pj # jp3j þ 100 for ðt; pÞ [ ½0; 99�Z £ R.

For a and K to be chosen below, see that

a½2pf ðt;pÞþ ðf ðt;pÞÞ2�þK¼a½2ðp4 þp2 þptÞþ ðp3 þpþ tÞ2�þK

$ 2aðp4 þp2 þptÞþK¼ ðp4 þp2 þptÞþ400;

for the choices a¼
1

2
; K¼ 400$ jp3jþ100

$ j f ðt;pÞ2pj$
j f ðt;pÞ2pj

2tþ1
; for all ðt;pÞ[ ½0;99�Z£R

C. C. Tisdell1218



and thus (2.5) holds. Thus, all of the conditions of Theorem 2.5 hold and all possible

solutions to the discrete BVP equations (21) and (22) satisfy an a priori bound. A

Example 2.7. Consider the discrete, scalar BVP (n ¼ 1) given by

DxðtÞ ¼ ½xðtÞ2 1�2 þ t; t [ ½0;N�Z; ð23Þ

xð0Þ þ xðN þ 1Þ ¼ 0: ð24Þ

Let f ðt; qÞ ¼ ðq2 1Þ2 þ t and see that j f ðt; qÞj # ðq2 1Þ2 þ N. For a and K to be chosen

below, see that

a½2qf ðt; qÞ þ ð f ðt; qÞÞ2� þ K ¼ a½2qþ f ðt; qÞ� f ðt; qÞ þ K

¼ aðq2 þ 1 þ tÞ½ðq2 1Þ2 þ t� þ K $ aðq2 1Þ2 þ K

¼ ðq2 1Þ2 þ N; for the choice a ¼ 1; K ¼ N

$ j f ðt; qÞj; for all ðt; qÞ [ ½0;N�Z £ Rn

and thus equation (14) holds for the choices a ¼ 1 and K ¼ N. Since M ¼ 1 ¼ R, it is easy to

see that equation (15) holds. Thus, all of the conditions of Theorem 2.3 hold and all solutions

to the discrete BVP equations (23) and (24) must satisfy an a priori bound. A

Remark 2.8. It is easy to see that if there exist non-negative constants a and K such that

k f ðt; qÞk # 2akq; f ðt; qÞlþ K; for all ðt; qÞ [ ½0;N�Z £ Rn; ð25Þ

then equation (14) holds. Thus, if equation (14) is replaced by equation (25) then under these

stronger conditions, Theorem 2.3 ensures that all solutions to the discrete BVP equations (1)

and (2) will satisfy an a priori bound.

Condition (25) has been used in guaranteeing a priori bounds on solutions to the BVP

[28,29]

x 0 ¼ f ðt; xÞ; t [ ½a; c�; ð26Þ

Mxð0Þ þ RxðNÞ ¼ 0: ð27Þ

For discrete BVPs, however, it is of more benefit to consider the less restrictive inequality

(14) rather than equation (25). For example, the right-hand side of equation (23) satisfies

equation (14) for the choices a ¼ 1 and K ¼ N, but the right-hand side of equation (23)

cannot satisfy equation (25) for any choice of non-negative a and K. Hence, Example 2.7

illustrates a distinction between the qualitative theories of solutions to difference and

differential equations.

3. Existence

In this section the a priori bounds from Section 2 are applied to obtain some new existence

results.
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Theorem 3.1. Suppose equation (5) holds and f [ Cð½0;N�Z £ Rn;RnÞ. If there exist

non-negative constants a and K such that

k f ðt; pÞk # 2a kp; f ðt; pÞlþ K; for all ðt; pÞ [ ½0;N�Z £ Rn; ð28Þ

and equation (15) holds then the BVP equations (1) and (2) have at least one solution.

Proof. Consider the map T : RðNþ2Þn ! RðNþ2Þn defined by

TðxðtÞÞ :¼ 2ðM þ RÞ21R
XN
s¼0

f ðs; xðsÞÞ þ
Xt21

s¼0

f ðs; xðsÞÞ; ð29Þ

for all t [ ½0;N þ 1�Z. Thus, our problem is reduced to proving the existence of at least one v

such that

v ¼ Tv: ð30Þ

Since f is continuous, see that T is also a continuous map. In order to invoke the non-zero

property of Brouwer degree under homotopy invariance, it will be shown that all solutions to

x ¼ lTx; l [ ½0; 1�; ð31Þ

satisfy

x – lTx; ;x [ ›V; ;l [ ½0; 1�; ð32Þ

where V is a suitable ball containing the origin. Let

V :¼ x : ½0;N þ 1�Z ! Rn max
t[½0;Nþ1�Z

kxðtÞk , PKðN þ 1Þ þ 1

����
� �

, RðNþ2Þn

where P is defined in equation (16). Notice that equation (31) is equivalent to the BVP

DxðtÞ ¼ lf ðt; xðtÞÞ; t [ ½0;N�Z; l [ ½0; 1�; ð33Þ

Mxð0Þ þ RxðN þ 1Þ ¼ 0; 0 , N [ Z; M þ R – 0: ð34Þ

If equation (28) holds then for each ðt; p; lÞ [ ½0;N�Z £ Rn £ ½0; 1� we have

klf ðt; pÞk # 2akp; lf ðt; pÞlþ lK # a½2kp; lf ðt; pÞlþ klf ðt; pÞk
2
� þ K

so that Lemma 2.1 applies to equations (33) and (34). Hence all solutions x to equations (33)

and (34) must satisfy x [ V and thus equation (32) holds.

By the non-zero property of Brouwer degree under homotopy, equation (30) must have at

least one solution in V and hence the BVP equations (1) and (2) must have at least one

solution. A

Theorem 3.2. Let equation (11) hold, g [ Cð½0;N�Z £ Rn;RnÞ and b [ Cð½0;N�Z;

ð21; 0ÞÞ. If there exist non-negative constants a and K such that

kgðt; pÞkQt
s¼0 ½1 2 bðsÞ�

�� �� # 2a k p; gðt; pÞlþ K; for all ðt; pÞ [ ½0;N�Z £ Rn; ð35Þ

then the BVP equations (3) and (4) has at least one solution.

C. C. Tisdell1220



Proof. Consider the map U : RðNþ2Þn ! RðNþ2Þn defined by

UxðtÞ ¼
Yt21

s¼0

½1 2 bðsÞ�

QN
s¼0 ½1 2 bðsÞ�

1 2
QN

s¼0 ½1 2 bðsÞ�

XN
i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

þ
Xt21

i¼0

gði; xðiÞÞQi
s¼0 ½1 2 bðsÞ�

" #

ð36Þ

for all t [ ½0;N þ 1�Z. Thus, our problem is reduced to proving the existence of at least one q

such that

q ¼ Uq: ð37Þ

Since g and b are continuous, see that U is also a continuous map. Consider the family of

problems

x ¼ lUx; l [ ½0; 1�: ð38Þ

In order to invoke the non-zero property of Brouwer degree under homotopy invariance, it

will be shown that all solutions to equation (38) satisfy

x – lUx; ;x [ ›V1; ;l [ ½0; 1�; ð39Þ

where V1 is a suitable ball containing the origin. Let

V1 :¼ x : ½0;N�Z ! Rn max
t[½0;Nþ1�Z

kxðtÞk , P1KðN þ 1Þ þ 1

����
� �

, RðNþ2Þn

where P1 is defined in the proof of Theorem 2.4. Note that equation (38) is equivalent to the

BVP

DxðtÞ þ bðtÞxðtÞ ¼ lgðt; xðtÞÞ; t [ ½0;N�Z; l [ ½0; 1�; ð40Þ

xð0Þ ¼ xðN þ 1Þ: ð41Þ

Using a similar argument to the proof of Theorem 3.1 it is not difficult to show that if

equation (35) holds then Lemma 2.4 applies to equations (40) and (41). Hence all solutions x

to equations (40) and (41) satisfy x [ V1 and thus equation (39) holds. The non-zero

Brouwer degree under homotopy invariance ensures the existence of at least one solution in

V1 to equation (37) and hence equations (3) and (4) have at least one solution. A

Attention now turns to the BVP equations (1) and (4).

Theorem 3.3. Let f [ Cð½0;N�Z £ Rn;RnÞ. If there exist non-negative constants a and K

such that

k f ðt; pÞ2 pk

2tþ1
# 2akp; f ðt; pÞlþ K; for all ðt; pÞ [ ½0;N�Z £ Rn £ ½0; 1�; ð42Þ

then the BVP equations (1) and (4) have at least one solution.

Proof. Rewrite the BVP equations (1) and (4) in the form

DxðtÞ2 xðtÞ ¼ f ðt; xðtÞÞ2 xðtÞ; t [ ½0;N�Z; xð0Þ ¼ xðN þ 1Þ;
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so that it becomes of the type equations (3) and (4) with b ¼ 21 and gðt; pÞ ¼ f ðt; pÞ2 p. For

the above special cases, if equation (42) then equation (35) holds and the result follows from

Theorem 3.2. A

Some examples are now presented to highlight the theory.

Example 3.4 Consider the discrete, scalar BVP (n ¼ 1) given by equations (21) and (22).

Let f ðt; pÞ ¼ p3 þ pþ t. Under similar working to that in Example 2.6 we can choose

a ¼ 1=2 and K ¼ 400 so that equation (42) holds. Thus, by Theorem 3.3 the discrete BVP

equations (21) and (22) have at least one solution. A

Example 3.5 Consider equations (1) and (2) with n ¼ 2 and f given by

f ðt; pÞ ¼ ðhðt; y; zÞ; jðt; y; zÞÞ; t [ ½0;N�Z;

¼ ðt þ 1Þy3 þ ye2z 2

þ 1; ðt þ 1Þz3 þ ze2y 2
	 


:
ð43Þ

The above f satisfies the conditions of Theorem 3.1. Note that for all ðt; pÞ [ ½0;N�Z £ R2 we

have

k f ðt; pÞk # jhðt; y; zÞj þ j jðt; y; zÞj # ðN þ 1Þjyj
3
þ jyje2z 2

þ ðN þ 1Þjzj
3
þ jzje2y 2

þ 1:

Below, we will need the following simple inequalities:

w4 $ jwj
3
2 1;w4 þ w $ jwj

3
2 10; for all w [ R;

b2e2a 2

$ jbje2a 2

2 1; for all ða; bÞ [ R2:

For a $ 0 and K $ 0 to be chosen below, consider for ðt; pÞ [ ½0;N�Z £ R2,

2a k p; f ðt; pÞlþ K $ 2a y4 þ yþ y 2e2z 2

þ z4 þ z2e2y 2
h i

þ K

$ 2a jyj
3
2 10 þ jyje2z 2

2 1 þ jzj
3
2 1 þ jzje2y 2

2 1
h i

þ K

$ ðN þ 1Þjyj
3
þ jyje2z 2

þ ðN þ 1Þjzj
3
þ jzje2y 2

þ 1

$ k f ðt; pÞk choosing a ¼ ðN þ 1Þ=2; K ¼ 13N þ 14:

Thus f satisfies the conditions of Theorem 3.1 for the choices a ¼ ðN þ 1Þ=2 and

K ¼ 13N þ 14.
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