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ABSTRACT. The authors consider consider a two point boundary value problem (BVP) for second
order differential inclusions. Some inequalities are introduced so that all solutions to the BVP are
bounded a priori. These bounds are then applied to prove the existence of solutions. The results

are new even for differential equations with single-valued Carathéodory right-hand side.
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1. INTRODUCTION

In this paper, we consider the boundary value problem (BVP) for differential

inclusions
y' € F(t,y,y), forae tel0,T], y(0)=A, y(T)=DB, (1.1)

where F': [0,7] x R" x R" — IC(R") is a multifunction, IC(R") is the family of all
nonempty convex and compact subsets of R, 0 < T € R, and A, B € R", where
“a.e.” stands for “almost every.” The interest in studying differential inclusions is
twofold. First, the theory of differential inclusions enjoys applications to optimal
control [1], [9], [11]. Secondly, results for differential inclusions can incorporate dif-

ferential equations with discontinuities in the right hand side (or even when the right
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hand side is inaccurately known) [1], [11]. This work is devoted to the existence of

solutions to (1.1).

We introduce some new inequalities in the differential inclusion setting and prove
some a priori bound results for all solutions to (1.1). The new inequalities are unre-
lated to the maximum principle methods of [5],[6] and [7]. The new a priori bound
results are then applied, in conjunction with appropriate fixed point-based theorems,
to prove the existence of solutions to (1.1). The results contained herein are new
for Carathéodory multifunctions F : [0,7] x R* x R* — K(R"), n > 1. How-
ever, the results are also new in the following special cases: when F' is a scalar-valued
Carathéodory multifunction; when F' is a scalar- or vector-valued Carathéodory func-
tion; or, in all of the above cases, when F'is independent of 4. For more on differential

inclusions, we refer the reader to [1] - [11].

To present the new results we need to define the necessary notation.

Definition 1.1. Suppose that E and F are Banach spaces and X C Fand Y C F are
subsets. By K(Y') we denote the family of all nonempty convex and compact subsets
of Y. A multivalued map I' : X — K(Y) is called upper semi-continuous (u.s.c.) if
{r € X :T'(z) C U} is an open subset of X for any open U in Y.

Definition 1.2. In what follows we will consider the Banach function spaces:
C([0,T];R™) ={u:[0,7] — R" : uw is continuous on [0, 7]}

with the norm [|u|sc = sup;e(o 1 ||u(t)]], where [ - || denotes the usual Euclidean norm
in R"™;
L*([0,T);R™) = {u: [0,T] — R : |lu(t)|| is L*-integrable}

e = ( [ b fulo)ir ) "

H*([0,T);R™) = {u: [0,T] — R™ : u has weak derivatives
u e L*([0,T); R™) for 0 <i < k}

with the norm

with the norm

lullzn = max{][ut?]l2 : 0 < < kY.
The spaces H*([0,T]; R") are the usual Sobolev spaces of vector functions denoted
also by W*2([0,T]; R™) (for more details see [5]).

We now introduce the notion of a Carathéodory map or multifunction which will

be central in the results to follow.

Definition 1.3. A multifunction F : [0, T]|xR™ — IC(R") is said to be a Carathéodory

multifunction if it satisfies the conditions:
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(i) the map t — F(t,u) is Lebesgue measurable for each v € R™;
(ii) the map u — F(t,u) is u.s.c. for each t € [0,77;
(iii) for any r > 0 there is a function v, € L*[0,T] such that for all ¢ € [0, 7], u € R™
with [[u]| <7 and y € F(t,u), we have [|y|| < ¥.(t).

The following general existence theorem will be very useful in the remainder of

the paper.

Theorem 1.4. ([7, Theorem 3.1]) Suppose that F': [0,T] x R x R" — K(R") is a

Carathéodory multifunction. If there exists a positive constant M such that:
max{[|y(loc, [|y'lloc} < M,
for all solutions y to
y' € NF(t,y,y), forae t€]0,T], y(0)=ANA, y(T)=\B, (1.2)

for X € [0,1], then (1.1) has at least one solution in H?([0,T]; R").

2. MAIN RESULTS

The main question that Theorem 1.4 raises is this: How can we ensure that all
solutions to the family of BVPs (1.2) are bounded a priori? The following results

introduce some new inequalities that will guarantee the desired bounds. Set
17t y, )« = sup{[|w]| : w € F(t,y,9)}

Lemma 2.1. Let F': [0,7] x R* x R" — KC(R"™) be a Carathéodory multifunction. If

there exists non-negative constants oy and Ky such that

IF(t,y,p)l|« < ess teifng] inf{2a; [y -w+ ||p|°] + K1: (y,p) € R™"

and w € F(t,y,p)}, (2.1)
then all solutions y to (1.1) satisfy
[yl < 1B? + B+ KaT?/8 = R, (2.2
where § := max{[|Al|, |B]]}.
Proof. The inclusion (1.1) is equivalent to
y(t) € — /OT G(t,s)F(s,y(s),y'(s))ds + ¢(t), for a.e. t€[0,T], (2.3)

where

0<G(t,s) =



4 LYNN ERBE, RUYUN MA, AND CHRISTOPHER C. TISDELL

and

o(t) = TA+ (;3 — A)t

Taking norms in (2.3), we obtain

, fort €10,7].

WO < [ GO p(6) o las +5,

< / ) ess gt int([2en () - w(s) + 1/ + K} + 5,
) Rea(y() - 5(5) + I/ (5)?) + K] ds + 5,
our"(s) + Kalds + B, where r(t) = (&)

( ) (s )ds+/tT (t(TT_ S)) o (s)ds

+K; / G(t,s)ds + 3.
0

I
\\\

Integrating by parts and using the fact that

T
/ G(t, s)ds < T?/s,
0

we obtain
T—t 9 9 9
ly@I <o |\ =7 ) Iy O + Zly(DI7| + K T7°/8 + 5,
T—t t
< a|(55) e |+ mrs e
= o+ 6+ KT8,
and the result follows. This concludes the proof. O

For scalar Carathéodory multifunctions (n = 1), we have the following new result

as a corollary to Lemma 2.1.

Corollary 2.2. Let F': [0,T] x R x R — IC(R) be a Carathéodory multifunction. If
there exist non-negative constants oy and Ky such that

[F(t,y,9)]- <ess inf inf{2a lyw+ )]+ Ki: (y,9) €R®, we F(t,y,y)}2.4)
then all solutions y to (1.1) (with n = 1) satisfy (2.2), where ( := max{|A|, |B|}.
If F' is independent of 3/, then (1.1) reduces to
y' e F(t,y), forae. tel0,T], y(0)=A, y(T)=B, (2.5)

and Lemma 2.1 and Corollary 2.2 reduce to the two following new results.



BOUNDARY VALUE PROBLEMS FOR DIFFERENTIAL INCLUSIONS 5

Lemma 2.3. Let F': [0,T] x R" — KC(R"™) be a Carathéodory multifunction. If there

exist non-negative constants oy and Ky such that
| E(t, )|« < ess i[%fT] inf{201y - w+ Ky : y e R", we F(t,y)}, (2.6)
te|0,
then all solutions to (2.5) satisfy (2.2).

Proof. Notice that
200y - w+ K < 20aly - w et Iy I+ Ky < ar” o+ K,
where r = ||y||*>. The remaining argument is identical to that of Lemma 2.1. O

Corollary 2.4. Let F': [0,T] x R — IC(R) be a Carathéodory multifunction. If there
exist non-negative constants oy and Ky such that

|F(t,y)]s < ess i[%fT] inf{2cmyw + K1 : y € R, we F(t,y)}, (2.7)
te|0,
then all solutions to (2.5) satisfy (2.2) where f = max{|A|, |B|}.

To ensure a priori bounds on first derivatives of solutions to (1.2), we will need

the following well known Nagumo condition [7].

Lemma 2.5. Let F': [0,T] x R* x R" — KC(R"™) be a Carathéodory multifunction. If

there exists ¢ : [0,00) — (0,00) and non-negative constants as, Ko, and R such that

s > s
—— e LY ——ds = 2.8
¢(S) € loc [07 00)7 /0 ¢(S) S o0, ( )
IE(Ey, 9l < o(Y'l]), for a.e. t €[0,T] and all ||y < R, y' € R, (2.9)

IF(t .9l < 200 [y w + [YIP] + Ko,
fora.e.t €[0.T] and all |ly| <R, y €R", w € F(t.y,y), (210)

then for all solutions to (1.1) satisfying ||y||cc < R, we also have ||y ||oc < N for some

constant N.

Lemma 2.5 may be simplified, if R or «ay is small enough, to give the following

result.

Lemma 2.6. Let F' : [0,7] x R* x R* — IC(R") be a Carathéodory multifunction.
If there exist non-negative constants ag, Ko, R such that (2.10) holds with 2aaR < 1,
then for all solutions to (1.1) satisfying ||y||cc < R, we also have ||y ||oo < N for some

constant N.
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Proof. If (2.10) holds, then taking norms on both sides of (2.10) and rearranging the

terms, we obtain

|y'[|* + K

1—2R’

So the conditions of Lemma 2.5 will hold with

B 52 + Ky
1— 2R’

IF(t,y,y)| < for a.e. t € [0,7] and all ||y|| < R, ¢ € R™.

o(s)
and the result then follows from Lemma 2.3. O

Remark 2.7. If F': [0,7] x R x R — K(R) and F satisfies the conditions of Lemma
2.5 with (2.10) removed, then the conclusion of Lemma 2.5 will still hold.

Remark 2.8. If F' is independent of 3/, then a priori bounds on 3’ follow naturally,
once an a priori bound on y is obtained, say from Lemma 2.3 or Corollary 2.4. To

verify this, just differentiate in (2.3) and then take norms.

We are now in a position to present some existence theorems for solutions to
(1.1).

Theorem 2.9. Let F': [0,T] x R x R* — IC(R"™) be a Carathéodory multifunction.
If there exists ¢ : [0,00) — (0,00) and non-negative constants ay, Ki, as, Ko, and R
such that (2.1), (2.8), (2.9), and (2.10) hold, then (1.1) has at least one solution in
H2([0, T]; R™).

Proof. In view of Theorem 1.4, we will show that the inequalities (2.1), (2.8), (2.9),
and (2.10) imply that Lemmas 2.1 and 2.5 are applicable to the family of BVPs (1.2).
Thus, all solutions to (1.2) will be bounded a priori and the existence of solutions to
(1.1) will follow from Theorem 1.4.

If (2.1) holds, then multiplying both sides of (2.1) by A € [0, 1], we obtain
||)‘F(t>y>y/)||* S 2041 [y S Aw + >\||y'||2} + )\Kl,

200 [y - wi + |[y])7] + Ku,
for a.e. t € [0,T] and all (y,7') € R*", w; € AF(t,y,7/).

N

Therefore, Lemma 2.1 applies to (1.2), and so ||y||cc < R for all solutions to (1.2).
If (2.9) holds, then

IAE (g, 9) e < IE @y, ) < oY), for ace. t € [0, T] and all [ly[| < R, y' € R™.

Inequality (2.10) will hold with F' replaced by AF' and w replaced by w; as per the
initial argument of this proof. Therefore, Lemma 2.5 is applicable to (1.2), and hence

all solutions to (1.2) satisfying ||y||e < R also satisfy ||| < N for some N > 0.
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Finally, choose M := max{R, N} + 1; then all solutions to (1.2) satisfy
mesc{[yllor [/} < M, for all A € [0,1].
By Theorem 1.4, the BVP (1.1) has at least one solution in H?([0,7]; R™). O

Corollary 2.10. Let F': [0,T] x R x R — K(R) be a Carathéodory multifunction.
If there exists ¢ : [0,00) — (0,00) and non-negative constants a1, Ki, and R such
that (2.4), (2.8), and (2.9) hold, then (for n=1) (1.1) has at least one solution in
H2([0, T]; R).

Corollary 2.11. Let F': [0,T] x R* x R" — K(R"™) be a Carathéodory multifunction.
If there exist non-negative constants oy, Ky, as, Ko, and R such that (2.1), (2.10),
and 2caR < 1 hold, then (1.1) has at least one solution in H*([0,T]; R™).

If the constants in Theorem 2.9 or Corollaries 2.10 or 2.11 satisfy a; = as and
K, = K3, then the inequalities (2.1) and (2.10) can be combined to give the following
result.

Corollary 2.12. Let F': [0,T] x R* x R" — K(R"™) be a Carathéodory multifunction.

If there exist non-negative constants o and K such that

IF(t,y, )|« <ess teifng] inf{2a [y-w+ |y|)] + K: yeR", we F(ty,y)}

and either

(1) there exists ¢ : [0,00) — (0,00) such that (2.8) and (2.9) hold, or
(i) 2aR < 1,

then (1.1) has at least one solution in H*([0,T]; R™).

When considering (2.5), Theorem 2.9 reduces to the following new result.

Corollary 2.13. Let F': [0,T] x R" — K(R"™) be a Carathéodory multifunction. If
there exist non-negative constants a1, Ky, and R such that (2.6) holds, then (2.5) has
at least one solution in H?([0,T]; R").

If F' is scalar-valued, then Corollary 2.13 becomes the following new result.

Corollary 2.14. Let F : [0,T] xR — KC(R) be a Carathéodory multifunction. If there
exist non-negative constants oy, Ky, and R such that (2.7) holds, then (forn = 1)
(1.1) has at least one solution in H*([0,T];R).
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3. SINGLE-VALUED CARATHEODORY F

For Carathéodory single-valued functions, the problem (1.1) reduces to
y' = fty.y), forae. te[0,T], y0)=A4, yT)=B,  (31)

and the following new results follow as corollaries to Theorem 2.9. The proofs involve
applying the earlier theorems to (1.1) for the special case F(t,y,y) = {f(t,y,9)}.

Corollary 3.1. Let f:[0,T] x R" x R — R" be a Carathéodory function. If there
ezists ¢ : [0,00) — (0,00) and non-negative constants oy, K1, oo, Ka, and R such
that

1F oy, < 200 [y- fltysy) + IYIP] + K,
for a.e. t €[0,T] and all (y,y') € R*™,
(2.8) and (2.9) hold, and
1F .y, < 200y f(ty.9) + [1YIP] + Ko,
for a.e. t € 10,T] and all ||y|]| < R, y € R", (3.2)
then (3.1) has at least one solution in H*([0, T]; R™).

Corollary 3.2. Let f : [0,T]x RxR — R be a Carathéodory function. If there ezists

¢ :[0,00) — (0,00) and non-negative constants oy, Ki, as, Ka, and R such that
fty,y) < 200 [yf(ty.y) + (V)] + Ki,
for a.e. t € [0,T] and all (y,y) € R?,
(2.8) and (2.9) hold, then (forn =1) (3.1) has at least one solution in H*([0, T]; R).

Corollary 3.3. Let the conditions of Corollary 3.1 hold, with the assumptions on ¢
and (5.1) removed. If 2a5R < 1, then (3.1) has at least one solution in H*([0,T]; R).

Corollary 3.4. Let f : [0,T] x R" x R* — K(R"™) be a Carathéodory function. If

there exist non-negative constants o, K, and R such that
Ifty, o)l < 2aly- f(ty ) + 1Y% + K,
for a.e. t € 0,T] and all (y,y') € R",
with 2aR < 1, then (3.1) has at least one solution in H*([0,T]; R").

When [ is Carathéodory and independent of v/, the following new results are

obtained from Corollaries 3.1 and 3.2.

Corollary 3.5. Let f : [a,b] x R" — R"™ be a Carathéodory function. If there exist

non-negative constants oy and Ky such that

||.f(t>y>y/)|| < 20&1’3/ ' .f(t>y) + K1> fO’f’ a.e. b€ [07T] and all /S Rn?
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then the BVP
y'=[ty), for a.e. te0,T], y(0)=A, y(T) =B, (3:3)
has at least one solution in H*([0,T]; R™).

Corollary 3.6. Let f: [0,7] x R xR — R be a Carathéodory function. If there exist

non-negative constants oy and Ky such that
1f(t,y)] <201y f(t,y)+ K1, forae t€l]0,T] and ally € R,

then (form =1) (3.3) has at least one solution in H*([0,T]); R).

4. Examples

Some examples are now presented to highlight the previous results.
Example 4.1. Consider the Carathéodory multifunction F' : [0, 7] xR — KC(R) given
by

F(t,y) = Ucepait(l +&)y*",  nis any natural number. (4.1)

For F in (4.1), we claim that (2.5) has at least one solution in H?([0,77]);R).

In view of Corollary 2.14, we need to show that (2.7) holds for some non-negative
constants a; and K;. We see that for each € € [0,1], ¢t € [0,T], and y € R, we have

tL+e)y™ | <t +e)(y™ P + 1)

since k = 2n + 1 is odd. Thus, for every f(t,y) € F(t,y), we have

fty) = tA 4oy <t(1+e)(y™ 2 + 1),
= yt(14+e)y™ ™ +t(1+e) =yflt,y) +t(1+e),
S 2a1yf(t,y) + K1>

for the choices a; = 1/2 and K; = 27T'. Hence, (2.7) holds, and by Corollary 2.14,
the BVP has a solution.

Example 4.2. Consider the Caratheodory multifunction F': [0,7] x R x R — K(R)
given by

F(t,y,y") = Usepo)(t + ) sin(y) sin(y'). (4.2)
For F in (4.2), we claim that (1.1) has at least one solution in H?([0,T]); R). In view

of Corollary 2.10, we need to show that (2.4) holds for some non-negative constants
op and K.

Now for each ¢ € [0,1], t € [0,T], (y,y') € R? and f(t,y,vy) € F(t,y,v), we
have

|f(t,y,9) = (t+¢e)|sin(y) sin(y)| < T + 1=y f(t,y,y) + Ki,
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for the choices a; = 0 and K; = T + 1. Hence, (2.4) holds. Also, the function
¢ :[0,00) — (0,00) given by the constant function ¢ = 7'+ 1 satsfies (2.8) and (2.9).
Thus, by Corollary 2.10, the BVP has a solution.

The maximum principle results in [5], [6] and [7] do not apply to the previous

example.
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