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b)

Answer each question in a separate book
- This is a PRACTICE EXAM

Solve the difference equations
i)
y(t+1) —y(t) = 3" + 3
i)
y(t+2) =2yt +1)+y(t) =t", neN

Find the solution to the difference equation
y(t+1) —ty(t) = =3

i) Prove the following summation by parts identity for definite sums:
If m < n then

n—1 n—1
Z Qe Abk = [akbk]nm — (Aak)bkﬂ.
k=m k=m

ii) Find the following indefinite sum:

>k

Consider the (scalar) second-order difference equation

Ax(k—1) = f(kz(k), k=1,...,T, (1)
z(0) =0, z(T+1)=0. (2)

If there is a positive constant R such that
zf(k,z) >0, fork=0,...,7, andV|z|> R,
then show all solutions must satisfy |z(k)| < R for k =0,..., T+ 1.

Provide a paragraph or two outlining the motivation for studying “dy-
namic equations on time scales”.
i) Define a time scale.
ii) Provide three examples of time scales and give an example of a set
that is not a time scale.

Let f: T — R and let ¢t € T". Show that if f is continuous at ¢ and ¢ is
right-scattered then f is delta-differentiable at ¢ with

~ fla(t) = f(t)
fA) = T o=t

Please see over . ..



June 2005 PRACTICE EXAM MATH5215 Page 3

d)

Let f and g be continuous, delta-differentiable functions. Prove the prod-
uct formula for time scales with only isolated points:

(FOgE)® = FOG> (1) + fA()glo(t)), Vte T

Briefly explain why the product of two functions, fg, may not be twice
delta-differentiable, even though f and g may be twice delta-differentiable
in their own right.

For f(t) = 2, find f2(t) for:
i) T={yn:neNy},
i) T={n/2:n¢eNy}.

Prove that every right-dense (rd) continuous function has an anti-delta-
derivative.

If f e C,qgandt e T" then show that

o(t)
/t F(5)As = pu(t) (1),

Hence show that if [a,b]r consists of only isolated points and a,b € T
then

b
| rse= 3w

t€a,b)
Evaluate the following delta integrals:
i)
1
/1 SOt T=q¢°={¢"¢.¢ .}, a¢>1,
i)
<1
/ ——At, T arbitrary, 0 <a €T, supT = oo,
iii)
t
/ sAs, teT=][0,1U][2,3].
0
iv)

b
/ (u(t) +t)ea(t,0)At, T arbitrary, a,beT, a€R.

Consider the following dynamic IVP on arbitrary T

y> = p(t)y, peR, (3)
y(te) = 1, tyeT. (4)

Show that the only solution to (3), (4) is e, (%, o).

Please see over . ..
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b) Consider the following dynamic IVP on arbitrary T

y> = p(t)y, peER, (5)

y(to) = yo, to €T, yo €R. (6)
Under which conditions will solutions to (5), (6): oscillate; be non-
oscillatory; be strictly positive; be strictly negative?

c) i) Show that the solution to the dynamic (nonhomogeneous) IVP

y> = —pW)y’ +f(t), peER, f€Cu
y(tO) = Yo, tO € Ta Yo S Ra

18

ot Sy enlsto) f(s)As

y(t
@ (i1
ii) Hence solve
yA = —ty’ +1/e,(t,t9), pER,
y(to) = 1, to € T.

d) Let N(t) be the number of plants of a certain species at time t. During
the months of April until September, NV grows exponentially according to
N’ = N. At the beginning of October, all plants suddenly die out, but the
seeds remain in the ground and start growing again when they germinate
in the following April with N now being doubled. An appropriate time
scale to model IV on is given by

T = U [2k, 2k + 1]

Explain why the model leads to the dynamic equation N = N. If there
is originally N(0) number of plants then solve the dynamic IVP for N.

5. a) LetreC,yandpe RT.
i) Show that if

r2(t) < p(t)r(t), Vt e [ty,00)r, to€ T,

then
r(t) < r(to)ey(t, to), Vt € [to,00)r.

ii) Consider the system of dynamic IVPs

™ = f(t, x), t € [ty,o0)T, (7)
x(to) = o, toe T, x9eR", (8)

Please see over . ..
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where f : [tg,00)r X R" — R"™. Prove the following theorem: If
dp € Cra([to, 00)T; [0, 00)) such that

2(x, f(t,2)) + p@)llf(t,2)]* < p(t)l|=]?, (9)
V(t,z) € [to,00)r x R™;
tlircr)lo ep(t, to) < oo, (10)

then all solutions z to (7), (8) are bounded on [tg, 00)r.
iii) Illustrate the applicability of the above result in (ii) by constructing
a f and T such that the conditions of the theorem are satisfied.

b) Consider the (scalar) first-order dynamic BVP

= f(t,x), tE€la,dr, (11)
Mz(a) + Rz(o(c)) = a, a,ceT, aeR" (12)

where f : [a,c]t x R — R is a continuous, nonlinear function; M, R and
« are given constants in R.

i) Reformulate the dynamic BVP (11), (12) in the fixed-point form
z(t) = P(x(t)), te€la,o(c)n,

where P is an approriate operator, making sure you state any condi-
tions you are assuming in the process.

ii) Hence provide some general sufficient conditions (on f and possibly

other components) such that all of the solutions = to the dynamic
BVP (11), (12) are bounded a priori on [a,o(c)]r.



