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Chapter 4

A Symmetric Functional
Calculus for Systems of
Operators of Type w

Brian Jefferies

ABSTRACT For a system A = (Ax,..., Ay) of linear operators whose real linear
combinations have spectra contained in a fixed sector in C and satisfy resolvent
bounds there, functions f(A) of the system A of operators can be formed for
monogenic functions f having decay at zero and infinity in a corresponding sec-
tor in R™1. In the case that the operators A1, ..., A, commute with each other
and satisfy square function estimates in Hilbert space, the correspondence be-
tween bounded monogenic functions defined in a sector in R™*! and bounded
holomorphic functions defined in a sector in C™ is used to define the functional
calculus f — f(A) for bounded holomorphic functions f in a sector of C"™. The
treatment includes the Dirac operator on a Lipschitz surface in R" 1.

Keywords: functional calculus, plane wave formula, Dirac operator

1 Introduction

For a finite system A = (A;1,...,A,) of bounded linear operators acting
on a Banach space X, functions f(A) of the n-tuple A can be formed via
the Cauchy integral formula

fA) = [ Ge(A)n(z)f(z) dp(z), (1.1)

o0

just under the assumption that the spectrum o((A,&)) of the operator
(A,8) = >0, Aj&; is a subset of R for every £ € R”™ [6]. The Cauchy
kernel  — G,(A) is defined outside a distinguished subset y(A) of R,
the open set Q C R™*! contains 7(A) and has a smooth oriented boundary
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0%} with volume measure p and outward unit normal n(z) at each point
x of the boundary. The function f is defined in a neighbourhood of the
closure  in R™"*! takes values in the Clifford algebra C¢(C™) over C"
and is left monogenic in the sense of Clifford analysis. In particular, the
bounded linear operator f(A) : X — X is defined for any real analytic
function f : U — C defined in a neighbourhood U of v(A) in R™, simply
by replacing f in formula (1.1) by its left monogenic extension to an open
set in R™*1 [6]. For a polynomial p in n real variables, p(A) is the operator
formed by substituting symmetric products in the bounded linear operators
Ay, ..., A, for the monomial expressions in p that is, we have a symmetric
functional calculus in the n operators Ap,..., A,. In the case n = 1, we
obtain the usual Riesz—Dunford functional calculus for a single operator.
By analogy with spectral theory in one operator, the set v(A) is called the
monogenic spectrum of the n-tuple A = (Ay, ..., Ap).

The key ingredient of this approach is the Cauchy kernel G;(A). In [6],
it is defined by the plane wave formula

(n=1 /i

Gy (A) = s (g)nsgn(ﬂfo)nl

X / (eg +is) ((Z,s)I — (A, s) —xzosl) " ds (1.2)
S’n.—l

for all x = xgeg + £ with xg a nonzero real number and ¥ € R". Here
S™~1is the unit (n— 1)-sphere in R", ds is surface measure and the inverse
power ((£I — A, s) —x¢s)” " is taken in the Clifford module £(X) ® C(y,.
The spectral reality condition

o({(A,&)) CR, forall &eR", (1.3)

ensures the invertibility of ((ZI — A, s) — x¢s) for all 29 # 0 and s € S*~!
by the spectral mapping theorem. The Cauchy kernel G, (A) given by for-
mula (1.2) coincides with the convergent series expansion of G, (A) for large

If we now pass to unbounded operators, then a similar analysis holds
if we retain the spectral reality condition (1.3), provided that we suitably
account for operator domains.

The question of forming functions of noncommuting systems of opera-
tors arises in quantum physics [14] and the connection with Clifford anal-
ysis is already apparent in [9]. Explicit calculations can be made with two
hermitian matrices [7]. The application of ideas from Clifford analysis to
Feynman’s operational calculus is pursued in joint work of the author with
G.W. Johnson [5].

The examination of functional calculi for n-tuples of operators, and for-
mula (1.2) in particular, was also motivated by the study of the commuting
n-tuple Dy, = (D», ..., D,) of differentiation operators on a Lipschitz sur-
face ¥ in R™™1, see [13]. In the case that ¥ is just the flat surface R™, the
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operators D; = %%, j=1,...,n, commute with each other and are self-
bt
adjoint, otherwise, the unbounded operators D;, j = 1,...,n, have spectra

o(Dj) contained in a complex sector
S.(C)={2€C:2#£0, |arg(z)| <w}

with an angle w depending on the variation of the directions normal to the
surface 3.

The existence and properties of the H°°-functional calculus for the com-
muting n-tuple Ds; are now well-understood, see for example [13]. Here we
show how a functional calculus for an n-tuple A of unbounded operators of
type w can be constructed directly and to apply this to the problem of form-
ing bounded linear operators f(Dsx) acting on LP(X) when f is a bounded
holomorphic function defined on a suitable sector in C™. The construc-
tion of an H°°-functional calculus for Dy has applications to the solution
of irregular boundary value problems. The spectral reality condition (1.3)
needs to be replaced by a condition where the spectra are contained in a
fixed sector of angle w in the complex plane in order to treat systems of
operators such as Dy. The convergence of the integral on the right—hand
side of the plane wave formula (1.2) for the Cauchy kernel is then at issue.

In Section 2, it is shown how formula (1.2) for the Cauchy kernel asso-
ciated with the system A of sectorial operators still works if the spectral
reality condition (1.3) is replaced by a sectoriality condition with the appro-
priate resolvent bounds. The system Dy, of commuting sectorial operators
described above is of this type. By this means functions f(A) of the opera-
tors A can be formed, provided that f is left monogenic in a sector in R™*1
and satisfies suitable decay estimates at 0 and oo, in a fashion similar to the
case of a single operator of type w [12]. Because G (A) is only defined for
x outside a sector in R™™1, the monogenic spectrum (A) is now contained
in that sector in R"*!. Recall that under condition (1.3), y(A) is a subset
of R® = R" x {0}.

A function f(Dg) of the system Dy has a natural interpretation as a
multiplier operator acting on LP-spaces of functions defined on the Lipschitz
surface 3 as well as a singular convolution operator, so the multiplier f
should be a bounded holomorphic function defined on a sector in C™ [13],
rather than a bounded monogenic function defined in a sector in R™*1.

In this work, we use the recently proven bijection [3] between bounded
monogenic functions defined on a sector in R®*! and bounded holomorphic
functions defined on a sector in C™ to resolve this apparent dilemma about
what is the appropriate function space for the symmetric functional calcu-
lus. The association between the two function spaces is via the Cauchy—
Kowaleski extension to a sector in R™*! of the restriction of the holomor-
phic function to R™ \ {0}.

In Section 3 the bijection between bounded monogenic functions and
bounded holomorphic functions in sectors is described. In Section 4, this
enables us to form functions f(A) of a commuting system A of operators
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acting in a Hilbert space when the single operator Z;.Lzl Aje; satisfies
square function estimates and f is bounded and holomorphic in a sector.

Some notation and facts from Clifford analysis [1, 2] follow.

Let C¢(C™) be the Clifford algebra generated over the field C by the
standard basis vectors eg, eq, ..., e, of R®*! with conjugation v — w. The
generalized Cauchy—Riemann operator is given by D = Z?:o ej%.

Let U C R™*! be an open set. A function f : U — C¢(C") is called
left monogenic if Df = 0 in U and right monogenic if fD = 0 in U. The
Cauchy kernel is given by
1 z—y

G$(y) = T,y € Rn+1ax 7é Y, (14)

on |z —y[r

with o, = 27rn;1/F (%) the volume of the unit n-sphere in R"*!. So,

given a left monogenic function f : U — C¢(C™) defined in an open subset
U of R™! and an open subset  of U such that the closure Q of € is
contained in U, and the boundary 92 of €2 is a smooth oriented n-manifold,
then the Cauchy integral formula

fy) = | Gu(yn()f(z)du(z), ye
o2

is valid. Here n(z) is the outward unit normal at = € 9Q and p is the volume
measure of the oriented manifold 9Q. An element © = (xg,x1,...,%,) of
R™*1 will often be written as = = zpeg + & with & = Z;.Lzl zje;.

2 The plane wave decomposition

Let A = (A41,...,4,) be an n-tuple of densely defined linear operators
Aj : D(A;j) — X acting in X such that N}_;D(A;) is dense in X. The
space L) (X () of left module homomorphisms of X,y = X @ C{(C")
is identified with £(X) ® C¢(C™) in the natural way and becomes a right
Banach module under the uniform operator topology.

If we take formula (1.2) as the definition of the Cauchy kernel G.(A),
then we need to establish the convergence of the integral

/ (eg +is) ((TI — A, s) — xosl)” " ds
S’n.—l

for particular values of x = zgeg + & € R™t!. Now

(FT — A, s) — xosI) " = ((F1 — A, s) + mosT) ((T1 — A, 5)% + 221) "'

if 0 ¢ o ((F1 — A, s)? + ) . Thus, we need to ensure the appropriate uni-
form operator bounds for

(FT— A, 9)2+a2)"", sesm!
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as T = xpeo+ T ranges over a subset of R"*1. In the case that o((A4, s)) C R
and (A — (A, s))~! is suitably bounded for all s € S~ ! and A € C\R,
then Gy e,+2(A) is defined for all zg # 0. First, for 0 < v < %71’, set

S, (C)={zeC:|argz|<v}U{0}, S, (C)={z€eC:|argz| <v}.

The set of s € S"~! with nonzero coordinates s; for every j = 1,...,n
is denoted by Sj~'. Then S ! is a dense open subset of S"~! with full
surface measure.

Definition 1. Let A = (Ay, ..., A,) be an n-tuple of closed, densely defined
linear operators Aj : D(A;) — X acting in X such that N}_D(A;) is dense
in X and let 0 < w < 5. The operator

(A,5) : Mj_1D(4;) — X
1s defined by

n

(A, shu = Zsj(Aju) , VseS" 1l ue Nj—1D(4;).

J=1

Then A is said to be uniformly of type w if o({A,s)) C S,(C) for all
s € Syt and for each v > w, there exists C,, > 0 such that

JGI = (A ) Sl 2¢ Su(C) sesp™  (2)
If n =1, the A is just said to be of type w.

It follows that s + (A, s) is continuous on S§ ™' in the sense of strong
resolvent convergence [8, Theorem VIIL.1.5]. The subset S§~* of S"~1 is
used here simply because N7_;D(A;) may be strictly contained in D(Ay)
fork=1,...,n.

Now suppose that equation (2.1) is satisfied and let z = (&, s) + ixo.
Then z ¢ S2(C) means that |zg| > tanv|[(Z, s)|.

First, let

N, ={z ¢ R"" .z = zpeq + 7, |wo| > tanv|| },
S,(R™) = {z e R"™ . o = zpep + 7, || < tanv|7] },
SO(R™) = {z € R"! : & = wpeg + 7, |wo| < tanv|F| }.

Note that if zoeg+Z € N, then z = (Z, s)+izg ¢ SS(C) for every s € S~ 1,

because |zg| > tanv|Z| > tanv|(Z, s)|.
The proof of the following result is straightforward and appears in [4].

Lemma 1. Letw <v < %7‘(. Suppose that the n-tuple A of linear operators
s uniformly of type w. Then for all xgey + & € N, the integral

ds

I — A, s) —xos])™"
( ) 0s1) Lny(X(ny)
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converges and satisfies the bound

/Sn—l

Thus, if A is uniformly of type w, then

!
v

2l — A, s) —xosI)™" ds < )
(< > ) ['(n) (X(n)) |x0|n

ro€og + T — Grgeg+f(A) (22)

is defined by the plane wave formula (1.2) for all zpeg + & € N, with
w < v < im. Standard arguments ensure that (2.2) is both left and right
monogenic as an element of £,)(X(y)). If we denote by y(A) € R™** the
set of all singularities of function (2.2), then v(4) C S, (R"*1).

Suppose that w < v < %71’, 0 < s<mnand f is a left monogenic function
defined on S°(R™*!) such that for every 0 < v/ < 6 < v there exists
Co,» > 0 such that

|z]*

W, S Sg(Rn+1) N NV/. (23)

|f(x)] < Co
According to Lemma 1, for every w < v/ < 6 < v, we have

T =x0€0 + T

Gz (A)|[.|f(z)] < Cé,wm’

for all z € S§(R"™) N N,,. Now if w < § < v and
Hy = {x € R"" o = zpep + &, |xo|/|x| = tand} € SS(R™T)  (2.4)
it follows that
|G (A)|[f(2)] = O1/|z["®) as x—0 in H,.

Hence, © — Gz(A)n(z)f(x) is locally integrable at zero with respect to
n-dimensional surface measure p on Hy. Similarly,

1Ga(A)1f(2)] = O(1/|=[""*) as |z] — oo in Hy,

so © — Gy (A)n(x)f(x) is integrable with respect to n-dimensional sur-
face measure on Hy. Therefore, we define the element f(A) of the module
ﬁ(n) (X(n)) by the formula

f(A) = | Gu(A)n(x)f(z) du(z). (2.5)

Hq

If ¢ : R"\ {0} — C has a two-sided monogenic extension ¥ to SS(R"H1)
that satisfies the bound (2.3) for all 0 < § < v, then ¢(A) is written just as
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1 (A). Formula (2.5) does just what we would expect in the noncommuting
situation. For example, let p be a polynomial of degree n with

p(0) =0 and by(z)=p(z)A—2z)"!

for some A ¢ Sp(C). Let € € R™ and set ¢y ¢(Z) = ba((Z,§)) for all & € R™.
Denote the two-sided monogenic extension of ¢y ¢ to SS(R™T!) by ¢y ¢.
Then ¢y ¢ has decay at zero and infinity and we have

Ore(A) = dre(A) = p((A, )N — (4,6) 7"

is a bounded linear operator. More generally, the next result shows that
formula (2.5) gives the right result when for a special class of functions
f, there is a representation of the bounded linear operator f(A) by an
alternative formula, namely, the usual Riesz—Dunford functional calculus.
Set D, = {z € C: |z|] < r} for each r > 0.

Theorem 1. Let 0 < w < v < 37 and suppose that A = (Ay,..., Ay) is
an n-tuple of operators uniformly of type w with the property that for each
w < W < v, there exist n-tuples A¥®) = (Agk), e ,Aﬁ{“) yk=1,2,..., of
bounded linear operators such that, with ' replacing w, the bound (2.1) is
satisfied uniformly for k=1,2,... and

(2 — (AW )71 — (21 — (A, s)7Y, 2¢ 8,(C), se Si™', (2.6)

as k — oo.
Suppose that 0 < s < 1,0 <w < v, r >0 and ¢ : So(C)UD, — C is
a holomorphic function satisfying $(0) = 0, such that for each 0 < v’ < v,
there exists C,r > 0 with
Cy
1+ |z

[p(2)] < . z€85(C).

Let £ € R™ be a vector with nonzero components. Then the function & —
o((Z,€)), T € R*\ {0}, has a two-sided monogenic extension f to SS(R"T1)
satisfying the bounds (2.3) and the operator f(A) € L(X) given by formula
(2.5) has the representation

1
) = 0lA©) = 3= [ I= (a0 e (2)
The contour C' can be taken to be {z € C : |Im(z)| = tan 0| Re(z)| }, with
O<w<l<r.

Proof. We can suppose that £ € S{f‘l by scaling. It is routine to check
that the two-sided monogenic function f is given by the Cauchy integral
formula

f(z) L/C(z—<:f,5>+aco§)*1<;s(z) dz, x€ 8% (R™1),

= omi
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for all x = zpeg + 7 € S5, (R™1) and all 0 < v/ < 0. Furthermore, as noted
in [13, Section 5.2], the element ¢ of the Clifford algebra C¢(C™) has the
spectral decomposition

i§ = x+ ()¢l = x- (&g

with respect to the projections

1 i€
Xi_2<1i|£|)’

so that f also has the representation

f(@) = (T, &) + ixol&])x+(€) + (T, §) — iwol€)x—(£),

for all x = woeg + & € S2(R™). Hence, f satisfies the bounds (2.3).
Note that (¥, &) = 0 if & is orthogonal to £, but by assumption in (2.3),
|xo| > tanv/'|Z| for v/ > 0.

Now suppose that w’ < 6 < v. We first observe that

Go(TAW)n(2)(¢ = (%, €) + 208) " dp(w) = (I —7(AW,€))! (2.8)

Hy

for every ¢ € C\ S,(C) and 7 € R. The (improper) integral is over the
cone Hy = {zpeg + ¥ € R"! : |29 = tan0|Z| }, which can be deformed
by Cauchy’s theorem in Clifford analysis to the integral over a ball B, of
radius 7 > [|A®)|| centred at zero in R"*! when || is large enough. Both
sides of equation (2.8) are holomorphic for 7 in a neighbourhood of zero in
C and have the same Taylor series about zero, because

&
dri

— /H [<—A(k), Vf>jGI(TA(k))]n(x)(C —(Z,6) + xog)—l dp(z)
= ‘/Rni <_A(k), Vf)jGI(TA(k))n(x)(C —(Z,€) + $0£)71 du(z)

— [ G AW @) AW, T2 (¢ - (3.6) + 206) " dulz)
R™+eeq
— j!(‘j_1<A(k),§>j as 7 — 0.

Here we have used the observation, apparent from the plane wave formula
(1.2), that for each & = 1,2,..., the Cauchy kernel (z,7) — G,(TA®)
satisfies the operator equation

gGw(TAW) + (AW V)G (tA®) =0
-
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for all x € N,. Then the equality (2.8) is obtained for all ( € C\ S,(C)
by analytic continuation of both sides. Next, the cone Hy can be deformed
to an n-dimensional surface consisting of part of the sphere of radius 0 <
r’ < r together with Hy \ B, and the contour C can be deformed so as to
avoid the disk D,.. Then it follows that the equalities

FA®) = | Goa®n(@)f(z) dulz)
_ % 5 G (AW )n(x) [ /C (¢ = (£,€) + 208) "1 6(0) dg] ()
= 2% g [ | G An@)(C = (@) +o0t) ™ du(x)] $(C) d¢
= ﬁ (cr- (A® ) 7to(¢) dC

= o((AM, ¢))

hold. Now the assumption (2.6) of strong resolvent convergence guarantees
that ¢p({A*) €)) — ¢({A,£)) in the strong operator topology as k — oo,
so the convergence of the integrals

FAW) = [ G.(AM)n(2)f(z) du(z)

Hy

to f(A) as k — oo remains to be established. According to Lemma 1, we
can find C' > 0 such that

C

k

||Grc(A( ))“ﬁm)(X(n)) = |zo[™

for all x € Hp and k = 1,2,.... Moreover, the plane wave formula (1.2)

and strong resolvent convergence (2.6) ensures that G,(A®)) — G,(A)
in the strong operator topology for each nonzero x € Hy. The monogenic
function f has decay at zero and infinity, so dominated convergence ensures
that f(A®) — f(A) as k — oc. O

The approximation (2.6) by bounded operators is somewhat simple-
minded. A more sophisticated approximation should yield the result for
general systems of operators uniformly of type w. In order to form func-
tions f(A) of the system A of operators for a class of monogenic functions f
larger than those which satisfy a bound like (2.3), a greater understand-
ing of function theory in the sector S, (R"*!) is needed. To this end, the
simple system A = ¢ = (1, ..., () € C™ of multiplication operators in the
algebra C¢(C™) is considered in the next section.
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3 Function theory in sectors

For the particular example of the n-tuple Dy of differentiation operators on
a Lipschitz surface ¥ mentioned in the Introduction, the theory described in
[10] associates a bounded linear operator f(Dsx) with a Fourier multiplier f,
this being a suitable holomorphic function of n complex variables defined in
a sector in C™ associated with Dy. By means of formula (2.5), we have seen
how to associate a bounded linear operator f(Ds) with a left monogenic
function f with suitable decay in a sector, once we verify that Dy, satisfies
the assumptions of Definition 1.

This suggests that we can associate a bounded holomorphic function of n
complex variables in a sector in C™ with a left monogenic function f with
suitable decay at zero and infinity in a sector in R™*!. The association
is by analytic continuation from R™ \ {0} to a sector in C"™. The precise
formulation of this correspondence and its consequences is formulated in
this section in Theorem 2. The proof is somewhat technical and will appear
elsewhere [3]. In the next section, Theorem 2 and some additional estimates
are used to extend the functional calculus defined by means of formula (2.5)
to all bounded holomorphic functions defined in a sector C", at least in the
case when A is an n-tuple of commuting operators.

Let 0 < v < i and let H°(Sg(R™™!)) denote the set of all left mono-
genic functions

f oSSR — cren)

that are uniformly bounded on every subsector S, (R"*1) 0 < v/ < v.
Endowed with the topology of uniform convergence on subsectors

Se,(R™), 0< v <,

the topological vector space H°(S2(R"*1)) is a Fréchet space. The analo-
gous space for right monogenic functions is written as HZ° (S (R"H1)).
For any f € HJ°(S2(R™*!)), the restriction

fo: R"\ {0} — C¥(C)

of f to R™\ {0} is real analytic and so it has a complex analytic extension f
to some open neighbourhood U,, of R™\ {0} in C™\{0}. The argument above
concerning Fourier multiplier operators on Lipschitz surfaces suggests that
we can take U, to be some open sector in C™ on which f is uniformly
bounded on subsectors. The sectors in C" are described as follows.

For z € R™""! and n complex variables ( = ((1,...,(,), the Cauchy
kernel G, (¢) is understood to be the maximal analytic continuation of the
Cauchy kernel ¢ — G, (%), ¥ € R, § # x, given by formula (1.4). More
precisely, let

z— (R =123+ (¢ — ¢)
j=1
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and denote the positive square root of |z — (|2 by |z — (|c. In the case that
x actually lies in {0} x R™ = R", the function ¢ — |z — (|c coincides with
the analytic extension of the modulus function £ — |z — &, £ € R™ \ {z}.
Then

1 T+¢

— =~z eR™ (3.1)
on |z — |

G(C) =

Here we take |z — (|2 ¢ (—00,0] if n is an even integer and |z — |2 # 0
if n is an odd integer. If the dimension n is even, then |z — ¢|¢*! has a
discontinuity as the complex number |z — ¢|% moves across (—o0, 0] in C. If
n is odd, we only require the denominator |z — ¢ |E+1 to be nonzero. Then
the function (z,¢) — G (¢) is two-sided monogenic in z and holomorphic
in ¢ on its given domain.

According to the point of view mentioned in the Introduction, for fixed
¢ € C™, the set of singularities of the Cauchy kernel G, (¢) as a function of
x € R"*! is called the monogenic spectrum of ¢ € C™ and denoted by ~(¢).
In fact, we are just considering ¢ € C™ as an n-tuple of multiplication oper-
ators in the Clifford algebra C¢(C™) and taking the natural definition of the
Cauchy kernel z — G,(¢). We do not need the plane wave decomposition
here-the Cauchy kernel G, (A) is defined by the L>°-functional calculus for
any commuting family A = (44,..., 4,) of normal operators in a Hilbert
space.

To examine the subset v(¢) of R™ more closely, write ( = £ + in for
&,neR™ and x = zpeg + & for g € R and & € R™. Then

o =g =g+ ) (0 — G =af + [T &P —nf® 2@ - &, m). (3.2)
j=1

Thus, |z — (|2 belongs to (—oo,0] if and only if z lies in the intersection
hyperplane (Z — £,n) = 0 passing through ¢ and with normal 7, and the
ball 2 + | — &[> < |n|? centred at ¢ with radius |n|. If n is even, then

Y(¢) =
{z =000 +F€R"™ (T~ &m) =0, ag + [T~ <> }. (3.3)
and if n is odd, then

7(¢) =
{r=20e0+Fe R (F-&n) =0, a5 +[T—&=[n*}. (3.4)

In particular, if Im(¢) = 0, then y(¢) = {{} C R™.
Now suppose that f € Hp°(So(R™*1)). The Cauchy integral formula
gives

f(QO) = [ Ge(On(x)f(x)du(z) (3.5)

o0
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for a bounded open neighbourhood 2 of (¢) with smooth oriented bound-
ary 00, outward unit normal n(x) at x € 9 and surface measure p. The
integral does not depend on 2 because G(() is right monogenic in z and f
is left monogenic [1, Corollary 9.3]. Differentiating under the integral sign
shows that f is holomorphic on the open subset

e (O C SR} of 7,
which we now describe [4, Proposition 2.1].

Proposition 1. Let ¢ € C"\ {0} and 0 <w < i7. Then

7(¢) C SL(R™Y)
if and only if
[C1g # (=00,0] and  [Im(¢)] < Re(|¢|c) tanw. (3.6)

For each 0 < w < %w, let S, (C™) denote the set of all { € C" satisfying
condition (3.6) and let S2(C™) be its interior. The sector S, (C™) arose
in [10] as the set of ¢ € C™ for which the exponential functions

ey(w,Q) = " Temmolley ((), @ =moey + 7,

have a decay at infinity for all z € R"™! with (z,m) > 0 and all unit
vectors m = moeq + m € R™""! satisfying mo > cot w|rm|.
For each 0 < v < i, let H>*(S3(C™)) denote the set of all holomorphic
functions
[+ 52(C) — CeR™)
which are uniformly bounded on every subsector
Se.(C™), 0<V <. (3.7)

Endowed with the topology of uniform convergence on subsectors (3.7) the
topological vector space H> (S5 (C™)) is a Fréchet space and a (nonabelian)
Fréchet algebra under pointwise multiplication. The subalgebra of C-valued
functions is, of course, an abelian Fréchet algebra. The proof of the following
result is given in [3].

Theorem 2. The mapping f — [ given by the Cauchy integral formula
(3.5) is an isomorphism between the Fréchet spaces H{°(SS(R™1)) and
H>(S5(C™)).

Given two functions f, g € H>®(SS(R" 1)), the restrictions
fo:R*\ {0} = C¢C") and go:R"\ {0} — CL(C")

of f and g to R™ \ {0} are real analytic, so their product fogo has a left
monogenic extension f -y g to an open neighbourhood of R™ \ {0} in R™"**.
The analogous product for right monogenic functions is written as f -, g.
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Corollary 1. For each f,g € H*(Sg(R™*1)), the function f - g has a
left monogenic extension to SS(R™M1), denoted by the same symbol, and
feg € HFX(SS(R™)). Moreover, Hi*(SS(R"T1)) is a Fréchet algebra
with the product

(fa g) = f 0 g-
The mapping f — f given by the Cauchy integral formula (3.5) is an
isomorphism of the Fréchet algebras H7°(Sg(R™1)) and H>(S.(C™)).

If the restrictions fp, go of f and g take values in C rather than C¢(R™),
then both f and g are two-sided monogenic and

fog=Fvg=Fa=aF.
Hence, f v g = g -« f and the subalgebra of Hp*(S2(R"*!)) consisting of
such functions is abelian.

4 Joint spectral theory of operators of type w

Suppose that T' : D(T) — H is a single densely defined linear operator
acting in the Hilbert space H. If 0 < w < 3 is a number for which T is
of type w (see Definition 1), then the one—dimensional version of formula
(2.5) gives a bounded linear operator f(A) defined by

f(T) = L/C(AI—T)*lf(A)dA (4.1)
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for any function f satisfying the bounds (2.3) in S, (C) in the case n = 1.
The contour C can be taken to be

{z € C:|Im(z)| = tan | Re(2)| },

with w < 6 < v. The operator T of type w is said to have a bounded
H®-functional calculus if for each w < v < %w, there exists an algebra
homomorphism f +—— f(T) from H>*(S5(C)) to L(H) agreeing with (4.1)
and a positive number C, such that

[ < Collflle forall fe H>(S(C)).
The following result is from [11, Theorem 6.2.2]

Theorem 3. Suppose that T is a one-to-one operator of type w in H.
Then T has a bounded H-functional calculus if and only if for every
w<r< %71’, there exists ¢, > 0 such that T and its adjoint T* satisfy the
square function estimates

* dt
/ [e(T)ull* = < evllul®, uweH, (4.2)
0

> dt
/0 [ (T ul® = < e|lull?, wen, (4.3)
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for some function i € H°°(S°( ), which satisfies

/0 V3 (t) / Y3 (— ——1 and (4.4)

z|® o
¥ < c% - € 52(0), (4.5)

for some s > 0. Here ¢,(z) = ¢(tz) for z € S(C).

We now use formula (2.5) to generalise this result to n-tuples of com-
muting operators acting in a Hilbert space H.

Theorem 4. Let A = (A1,...,A,) be an n-tuple of densely defined com-
muting linear operators A; : D(A;) — H acting in a Hilbert space 'H such
that N7_1D(A;) is dense in H. Suppose that 0 < w < 7r and A is uniformly
of type w.

IfT = i(A1e1 + -+ + Aye,) is a one-to-one operator of type w act-
ing in He,y and T has an H*-functional calculus, then the n-tuple A
has a bounded H®>-functional calculus on S(C™) for any w < v < %ﬂ',
that is, there exists a homomorphism b — b(A), b € H*(S2(C™)), from
H>(S;(C")) into L,)(H(n)) and there exists C, > 0 such that

(A < Cullblloc  for all b e H*(S(C")).

Moreover, if f is the unique two-sided monogenic function defined on Sy (R"H1)
such that b = f, as in Theorem 2, and f satisfies the bound (2.83), then
b(A) = f(A) is given by formula (2.5).

Proof. By assumption, the operator T" has an H“-functional calculus, so
there exists a function ¢ € H*(S9(C)) satisfying conditions (4.2) — (4.5).
Our aim is to define b(A) for b € H>(S;(C")), by the formula

o = [ (eoo@umu ) § o)

for all u,v € H,). The function ¢ : S7(C") — C is constructed from v by
setting

¢(¢) = ¥*{iC} = ¥ (ICle)x+ () + ¥ (=[¢le)x- (<),
for all ¢ € S(C™). Then for a particular choice of the function ¢ [3], the
holomorphic function ¢; defined for ¢t > 0 by ¢:({) = ¢(t¢) has the property
that

T b(@)¢i(7), T eR"\{0}, (4.7)

has a left (and right) monogenic extension b -y ¢; to S2(R"!) with decay
at zero and infinity [3]. Hence (bg;)(A) := (b-¢ ¢¢)(A) is defined by formula
(2.5) and satisfies

sup [|(b ¢ ¢¢)(A)l| < C|blloc -
t>0
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By normalising 1 so that

/oow%)ﬁ:l,
0 t

the desired functional calculus b — b(A), b € H*(S5(C™)), is obtained. O

Remark. (i) In [13], it is shown that the n-tuple Dyx of differentiation
operators on a Lipschitz surface ¥ € R"*! mentioned in the Introduction
satisfies the conditions of Theorem 4. In particular (Dy, s) is the differen-
tiation operator on the Lipschitz graph determined by the slice of X in the
direction s € S"71, so for some 0 < w < %w, the n-tuple Dy is uniformly
of type w.

(ii) A result similar to Theorem 4 is obtained in [11, Theorem 6.4.3] using
the idea that A generates a bounded monogenic semigroup rather than the
assumption that A is uniformly of type w. I do not know the connection
between the two concepts.
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