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Riemann—Liouville fractional integral:

a—1

Tav(®) = [ 80t = )o(s)ds, B =

Initial-boundary value problem for fractional wave equation: find
u = u(x,t) such that

O<a<l.

% + ZoAu = f(t) for t > 0, with u(0) = ug, (1)

where A = —V2 on a domain C Rd subject to homogeneous
Dirichlet or Neumann boundary conditions.

Energy argument shows that (1) admits a unique mild solution,
stable in the norm of L>(2),

t
[u@®)l < lluoll + [ If()llds, ¢ > 0.



Introduce time levels 0 = tg < t1 < to < --- with non-uniform step
size kn, = tn, — t,—1, and generate U™ =~ wu(tp) using a generalized
Crank—Nicolson scheme

n — Un—l B
- 47"y = 712 form> 1
n
We use an averaged, product-integration method to define
_ 1 rin _
Tov(ty,_ 1) = To 2V = = " TVt dt
nJin—1
where
_ o |vi for 0 <t < ty,
Vi(t) = n—1/2 . lryn n—1
V =54+ VnTt) fort, 1 <t<tpandn>2.

Note: AU well-defined even if U° ¢ D(A).



T he definition of 13‘1/2 allows us to apply an energy argument and

prove stability for an arbitrary choice of time levels:

n .
o™ < 1U°+2 3 177 Y2|k;  for n> 1.
Jj=1

The most singular modes of w(t) behave like t11T% as ¢t — 0, so uy
IS not bounded. To compensate for the singular behaviour at t = O,

we take

71/~
tn = (nk)? for 0 <n < N with k = N

for suitable v > 1. However, the obvious error analysis still yields a
suboptimal error bound,

U™ — u(ty)|| < CKIT® for 0<t, <T.



A much more elaborate analysis shows that
O n

U™ —u(tn)|| < UP —wupl +2 )
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where ¢} = 2(tj_1+tjy1). Assuming

t]| A’ ()| + t2)| A" @) || + t]| £ @O + 2 £ @) < M7,
with o > 0, it follows that

U™ — u(tn)| < |[U® = ug|| + CME?  if v > 2/0.



If we discretise in space using continuous piecewise-linear finite el-
ements, and if

|w(t)||x + ||’ ()| < MY for t >0, with 0 < x <2 and v > 0,

then the additional error is bounded by

1+ log(tn/t1) v =0,
UY — R CMHh"
| U puol| + {1 V>0,

where Rj; denotes the Ritz projector.

Practical conclusion: for smooth f and ug, the error is O(h? + k2)
provided v > 2 /0 and ug satisfies the boundary conditions.



For a simple numerical example, take

u(x,0) = cos(mx) for t =0,

with f(x,t) chosen so that the exact solution is

4¢3/2

3V
With k = h = 1/N and f"~1/2 = f(t,_1,5), we find that the maxi-
mum error in L>(0,1) is as follows:

u = cos(mwx) —

(1 + cos(27m;)).

N v=1 v=4/3 v =2

20 | 5.42e-03 5.53e-03 6.37e-03

40 | 1.39e-03 1.95|1.39e-03 1.99| 1.63e-03 1.99

80| 5.17e-04 1.43 | 3.47e-04 1.99 | 4.00e-04 1.99
160 | 1.95e-04 1.40 | 8.14e-05 2.09 | 9.54e-05 2.07
320 | 7.26e-05 1.42 | 2.04e-05 1.99 | 2.39e-05 1.99




