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1. PDEs and Sob olev Spaces

Basic Notations

Second-o rder partial dierential operator
|

X1 X1 ' X
Pu= @ Ajk@Qu Aju + Aj@Qu + Au
j=1 k=1 j=1
with C™ M.valued coecients (possibly functions of x)
Ajx=[absl; Aj=T[abg, A=T[apgd;, 1 p m 1 g

Thus, with u= [ug], and using the summation convention,
_ K . .
(PU)p— @ aqu@l]q aJquq + aqu@l]q+ dpqUq
— J K J J
= @ apg@Quq + @ apglq + apg@Uq+ apquq
j K J J :
@ apgQUuq + 2apq@uqt+ @apgt apg Ug:



Formal adjoint :
|

X X ' X
Pu= @ A @Qu+ Aju | Aj@Qu+ A u
j=1 k=1 ] =1
satis es
Z Z
(Pu) vdx = u (P v)dx foru, v2 Cczomp() m
because If u, v vanish on = @ then
Z Z Z
@(Au) vdx = (Au) @vdx = u (A @Qv) dx:

We say P is formally self-adjoint if P = P, lLe., |if

Akj:Ajk; Aj: Aj; A = A

(W rongly stated in [SESBIE, p. 116].)



Cono rmal derivative w.r.t. a Lipschitz domain R" with out ward

unit normal on boundary = @
|
X0 X0 '
Bu=B. u= j Ajk@Qu Aju on
j=1 k=1

|
X X '
BU:B;U: j Akj@U‘I‘AjU on
j=1 k=1

Sesquilinea r form determined by P and

Z (I
(u;v) = (u;v) = (AjkQu) @v

j=1 k=1 ,

+ g (Aj@Qu) v (Aju) @Qv + (Au) v dx
j=1



First Green identit y: if u, v2 C&mp ()™ then
Z Z
(u;v) = (Pu) vdx+ (B u) vd
Z Z
= u (P v)dx+ u((Bv)d:

Pro of uses the divergence theo rem:
Z Z

div F dx = Fd:

l.e.,
Z Z X
@Fj dx = i Fj d :
j=1 j=1
Key step:
Z Z Z

(Ajk@Qu) @vdx = , @ (AjkQu) v de @(AjkQu) vdx
= (jAjxQu) vd @(Ajk@u) v dx:



Laplace Op erato r

The Laplacian (m = 1)

X
Pu= r 2u= @u: @izj+ + @;
] =1 @1 @n
Is formally self-adjoint (P = P) with
X
Bu:@u:%:. j@u: r u;
1=1
Z 0 Z
( uv) = (Qu) @vdx = ru r vdx;
]=1
and
Z Z Z

ru rvdx = (r 2u)vdx+ (@u)vd :



Linea r Elasticit y

Strain tensor:
1
Ejk(u) = 5(@Uk+ Quj):
Stress tensor, for a homogeneous and isotropic elastic medium:
jk(u) = 2E jg(u) + (div u) jg;

where the Lam e coe cients and are real constants. In equilib-
rium,

@ jk(u) = fx where f = body force density:
Since
@ jk(u) = @(Quk+ Quj)+ @(divu)= @Quk+ ( + )@Q(div u)
we have Pu = f where

Pu= r?u ( + )r (divu):



Cono rmal derivative

Bu= ;j jk(u)e = surface traction :

Bilinea r form .

(uv) = jk(U) @vy dx:
Since

2Ejk(u) @Qvk = Ejr(u)(@vk+ @QVj) = Ejk(u)Ejr(v);
we have
Z
( uv) = E jk(U)Ejk(v) + (div u)(div v) dx:
Quadratic form

( u;u) = 2 (free energy) :



Sob olev Spaces | First De nition
Consider scalar-valued functions u:R"! C.
Test functions D() = Cgomp ().

Imbed L10c() In space of Schwartz distributions D () by writing
Z
hu, 1 = u(x) (x)dx for 2 D().

Also write

(u; ) = hu; 1 = u(x) (x)dx:

10



Multi-index notation
@ Ju
@t @n"

@u(x) = @' @"u(x) =

for

Sobolev space of integer order r 0 based on Lp() (1 p 1):

Wp() =fu2lp() :@u2Lp() forjj rag:

This Is a Banach space with norm
X Z ! 1=p
kukwé() = j@ u(x)jPdx 1 p<1;
I 1T
with usual modication for p= 1.

11



Slob odecki seminorm
77 . . '1=p
- ju(x)  u(y)jP
Uj .- = dx d ; 0< < 1:
e oy
Here, integrand is ju(x) u(y)jsjx yj T "=P P 5o for p= 1 we get
a Heolder inequalit v:
ju(x) - u(y)] Juj;1; Xy
Sobolev space of fractional order s=r +
WS() :fu2W|{,() j@Ujp <1 forj j=rg
Obvious norm
0 X D ' 1=p
kukwg() = kukwé() + j@uj', '

J =T
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Negative-o rder space W, "() consists of all distributions u2 D ()
of the form

X
u= @ f for some f 2 Lp().
o
Norm
X ) ' 1=p
kukWpr() = inf N Kf kLp()
)T
In this way,
jhu; vij kukWpr() kvkwé()
for
' 1 1
u2Wp () ; v2D() ; —+ — = 1; 1 p<1:
P P

13



Sob olev Spaces | Second De nition

Denote the Fourier transfo rm of u:R"! C by

Z
— 12 X
a( ) = Rne u(x) dx
and recall the inversion formula
Z
12 X i
u(x) RnO( )e d:

Note that

@u( )= (i2 1)t (i2 n) "= (i2

Bessel potential of order s2 R:
Z

Ju(x) = Rn(l +jj5)520( )e'? Xdx;

) a():

x 2 R":

14



Notice

JStt=3s3t=31s (3% 1=73 s J30= jdentt y:

In fact,

=2
JS= 1 (2 ) %27

Space of rapidly decreasing test functions S(R").
Space of temp erate distributions S (R").

Sobolev space of order s (second de nition):

H3(RM = fu2S (RM:J% 2Ly (RMg:

This is a Hilb ert space with inner product

(U V) srny = (3 °u;J 5v):

15



Parseval{Plancherel identit v,
(0;9)rn = (U; V)Rn;
easily implies that, forr =0, 1, 2, ...,
H'(R") = W3(R™) with Kuky r(rn) kUkWZr(Rn)

Fractional-o rder case is a bit harder, but nd H3(R") = W3(R") for
all real s 0.

For any closed set F R" and any open set R" de ne
HE = fu2 H3R") :suppu Fg;
H3() =fu2D () :u= Uj for some U2 H3R"q;
HS() = completion of D() in HS(RM),
H3() = completion of D() in H3().

16



Alw ays have

HS() HS and H§() H S()

1.1 Theo rem. If IS a Lipschitz domain then
1. H5() = WJ3() forall real s 0 and all integer s< O;
2. HS() = H S() and HS() = H S() forall s2R;

3. HS() = HS for all s2 R;

4. HS() HS§() foralls O;

5. HS()

H§() forall real s 0 except s= %, 3, 3, ....



V ecto r-V alued Functions

If u: ! CM then write
Z Z Z
hu, 1 = u(x)T (X) dx = u(x) (x)dx = uj(x) j(x) dx
and
Z Z Z
(u; ) = u(x) (x)dx= u(x) (x)dx = uj(x) j(x) dx:

Denote vecto r function spaces by

D() ™= Clomp() ™ WSO ™ HS() ™M et

18



2. Fredholm Prop erty and Elliptic BVPs

Bounda ry Values

2.1 Lemma. Consider the linear operator : D(RM ' D(R" 1)
de ned by

If s> 1=2 then has a unique extension to a bounded linear operator
CHS(RM) T HS 1Z(RM 1

Mo reover, this extension has a continuous right inverse, I.e., there
exists a bounded linear operator

:HS 1:2(Rn 1) | HS(Rn)
such that v= v forv2HS 13(R" 1)

19



For any subset S R" we write
D(S) = fu:u= Ujg for some U 2 D(R") g:
We dene the trace operator for |,
:D() ! D()
by putting

u= uj :

2.2 Theo rem. If is a CKk 1’1 domain (k 0), then its trace
operato r has a unique extension to a bounded linear operator
_ 1
T HS() ' HS 172() for ><'s k.

Mo reover, this extension has a continuous right inverse.

20



2.3 Theo rem. (Martin Costab el) If is a Lipschitz (i.e., C91)
domain, then its trace operator is bounded for %< S < %

2.4 Theo rem. If is a CK L1 domain then

HS() :nquS() . (@u) = 0forjj<s %0

for 0 s k. In particula r,

H§() = HS() for0 s 3

Recall the sesquilinear form
Z

XX
(wv)y= (uv)= (AjkQu) Qv

j=1 k=1 I

+ g (Aj@Qu) v (Aju) @Qv + (Au) v dx
J=1
21



Easy to see that

iC uv)j Ckukyiy mkvkyiy m o foru, v2 H3() ™.

If u2 H1() ™ then its restriction uj , or rather the trace u, makes
sense as an element of H1¥%() m,

The next result allows us to de ne the generalized conormal deriva-
tive B u= g in such a way that the rst Green identit y is valid for
H1 functions.

2.5 Lemma. Assume that is a Lipschitz domain. Ifu2 H1() m
and f 2 H 1() ™ satisfy

Pu=f on |,
then there exists a unique g2 H 1¥2() ™ such that

(uv)= (f;v) + (g0 v) foralv2HI() ™

22



Abstract V ariational Problems

Let V be a complex Hilbert space with inner product (u;v)y and

consider a sesquilinear form

'V VI C:

Assume that Is bounded , i.e.,
j( u;v)] Ckukykvky for all u, v2 V.
We can dene a bounded linear operator A:V ! V by
(Au; v) = ( u;v) forall u, v2Vv,

where (f;v) is the dual pairing on V V.

23



Note: (; ) may dier from (; )y, SO we cannot identify V with V,

although we will freely takeV =V sothat A V! V

by

(A uv) = (U AV) = (Av;u) = ( V;U):

Given f 2V , we seek u 2 V satisfying the linear equation
Au = f;
or equivalently , the variational problem

( uyv) = (f;v) forall v2V.

The dual problem
Av=g

IS equivalent to

( u;v) = (g;u) forall u2Vv.

IS given

24



W e say that and A are positive and bounded below (PBB) If

Re ( v;v) ckvkg forall v2 V.

Obviously , A is PBB i A is PBB.

2.6 Lemma. (Lax{Milgram) If IS positive and bounded below
then A:V ! V has a bounded inverse A 1:v 1 V.

Constructive proof due to Hildeb randt and Wienholtz (1964) uses
Galerkin's  metho d: take any increasing sequence of nite dimen-
sional subspaces

Vi Vo Vs Vv
S : . C .
such that ~1_, Vnis dense in V and nd un 2 Vp satisfying
( un;v) = (f;v) for all v2 Vp,

then up! U.
25



2.7 Theo rem. (Fredholm Alternative) Assume that A = Ap+ K,
where Ag:V! V isPBB and K : V! V s compact. Either

the homogeneous equation Au = 0 has only the trivial solution
u= 0, in which case A:V ! V has a bounded inverse A 1:
V. 1 Vand A : V! V has a bounded inverse (A ) 1
(A v 1 v,

or else

the homogeneous equation Au = 0 has p linearly indep endent
solutions ujp, ..., up for some (nite) p 1, in which case

the homogeneous adjoint equation A v = 0 has the same
numb er of linearly indep endent solutions viq, ..., vp;

for each f 2 V , the inhomogeneous equation Au = f is
solvable i (f;vj) = Oforj =1, ...,0p;

for each g 2 V , the Inhomogeneous adjoint equation
A v= gis solvable i (g;uj) = 0 forj=1,...,p.

26



Compatibilit y conditions: if Au = f then
(f;vi) = (Au;vj) = (LA vj) = (u;0) = 0
and likewise If A v = g then

(g;uj) = (A viuj) = (v;Auj) = (v;0) = O:

27



Strong Ellipticit vy

Principal part of P:

X1 X0
Pou = @(AjkQu);

j=1 k=1
o)

Pu= Pgpu+ lower-order terms :

If U2 Cdomp () ™ then
Z .
Pou(x)  _ Po(x )o()e? *d

where the principal symb ol of P is given by

XX
Po(x; ) = (2 )2 Ajk(X) j ki X2

j=1 k=1

2 R":

28



We say that P is strongly elliptic if

Re Po(x; ) g j?%j j°
for all x 2 2 R"Yand 2 CM,
2.8 Example. If Pu= r2u ( + )r (div u) then
Po( )= (2 )% jjél+(+ ) T
SO
Po( ) = ()% Ji% P+ )] P

for 2 R3 and 2 C3. Hence, P is strongly elliptic i the Lame
coecients satisfy

>0 and 2 + > 0:

29



When m = 1, strong ellipticit y reduces to

RePo(x: ) ¢ j

2.9 Example. IfPu= r 2uthen Po( )= (2 )? j% so P is strongly
elliptic.

We say that P (or ) is coercive on a subspace V. H1() ™ if

Re ( V;V) ckvkal() . Ckkaz() n forall v2V.

2.10 Theo rem. P is strongly elliptic i it is coercive on H%() m,
In the scalar case m = 1, if P is strongly elliptic then it is coercive
on all of H() ™.

For linear elasticit y, Korn's inequalit y implies that P is coercive on

all of H1() m.
30



Dirichlet Problem

Assume that is a bounded, Lipschitz domain in R with boundary
=@ andlet f2H () Mand g2 H12() ™ be given.

We seek u2 H1() ™ satisfying

Pu=f in and u on . (1)

[
(@]

To formulate the Fredholm alternative, we consider also the homo-
geneous problem ,

Pu= 0 in and u= 0 on . (2)
and the homogeneous adjoint problem ,

Pv=0 In and v=0 on . (3)

31



2.11 Theo rem. |If P is strongly elliptic, then either

the Dirichlet problem (1) has a unique soluton u2 Hi() ™ for
each f 2 H () M and g2 H1¥2() M and the homogeneous
adjoint problem (3) has only the trivial solution v = 0,

or else
the homogeneous Dirichlet problem (2) has p linearly indep en-

dent solutions in H3() ™;

the homogeneous adjoint problem (3) has the same numb er of
linearly indep endent solutions vq, ..., Vp?2 H%() m-

the inhomogeneous Dirichlet problem (1) is solvable i f and g
satisfy the compatibilit y conditions

(f;vj) =(gByvy) forl | p
32



Sketch of proof: by the Rellich theorem we have a compact imb ed-
ding
HSO L0 ™

and by coercivity, + C is PBB on H&() M so we can apply the
abstract Fredholm alternative In H&() M  This proves the result
In the special case g = 0 because then, by the rst Green identit v,
u2 H3() ™ satises ( u;v) = (f;v) foral v2H3() ™.

If g6 0, then u= ug+ u; where uqg 2 H(%() M is a solution of

Pug=f P g In and up= 0 on |,
and uy = gwith :H12() ™1 HI() ™ acontinuous right inverse
of . By the rst Green identit vy,
(g:Bv)) = ( gv)=(P gv) ;

so(f P gyvy) =01 (f;vy) = (gB V)
33



Neumann Problem

Assume that is a bounded, Lipschitz domain in R with boundary
=@ andlet f2H () Mand g2 H 172() M pe given.
We seek u2 H1() ™ satisfying

Pu=f in and Bu=g9g on . (4)

To formulate the Fredholm alternative, we consider also the homo-
geneous problem,

Pu= 0 in and Bu=0 on . (5)
and the homogeneous adjoint problem,

Pv=0 In and Bv=0 on . (6)

34



2.12 Theo rem. |If is coercive on H1() ™M then either

the Neumann problem (4) has a unique soluton u2 H1() ™ for
each f 2 H () Mand g2 H 1¥2() ™ and the homogeneous
adjoint problem (3) has only the trivial solution v = 0,

or else

the homogeneous Neumann problem (5) has p linearly indep en-
dent solutions in H3() ™;

the homogeneous adjoint problem (6) has the same numb er of
linearly indep endent solutions vq, ..., Vp?2 H%() m-

the inhomogeneous Neumann problem (4) is solvable i f and
g satisfy the compatibilit y conditions

(f;vi) + (g vj) =0 forl | p.
35



2.13 Example. In linear elasticit v,

Pu = r 2y ( + )r(divu)=Pu
and, for a connected Lipschitz domain R3,
Pv=0 In

| Vv Is an innitesimal rigid motion, i.e.,
V(X) = a+ b X
for some constant vectors a, b2 R3. For v of this form,
v=0 on only if a= b= 0,
but
Bv=0 on for all a, b2 RS,

36



3. Surface P otentials
F undamental Solutions

Assume that P is a strongly elliptic, second-o rder partial dierential
operator on R".

A volume potential for PZ IS an integral operator
Gu(x) = o G(x;y)u(y)dy; x2 R":
satisfying
PGu= u= GPu on R",

for all distributions u with compact support. The kernel G(X;y) is
said to be a fundamental solution for P.

If P has constant coecients then P is translation Invariant so it Is
natural to seek G in the form

G(xy) = G(x vy):
37



3.1 Theo rem. Assume that P has constant coecients and no
lower-order terms, so that its symb ol is a homogeneous polynomial

XX
P() = Ajk j k:
=1 k=1

1. If n= 2 then a fundamental solution for P Is given by
Z h i

G(2)= W g jt z) P(1) td:
it j=

2. If n= 3 then a fundamental solution for P Is given by
Z

1

2)z] §]

where S = f1, 2 S%:1, z= 0gis the unit circle in the plane

normal to z and d! » is the element of arc length along S .

G(z) = P(!5) 1dl,;

38



3.2 Example. In the case of the Laplacian P = r 2 we have
1 1
G(z) = —log — if n= 2,
2 1Z]
and
G(z) = if n= 3.
(2) = 4 7
In fact,
1 .
G(z) = : —— if n 3.
(n 2)js" tjjzjn 2
3.3 Example. For linear elasticit y in R3,
Pu= r“u ( + )r (divu);
we have
!
1 i k Zj Z
Gjk(2) = B + )+ (+ )l
’ 8 (2 + ) jz] jzj®

39



Third Green Identit vy

Notation:

= bounded, Lipschitz domain,
"= R"n = complementa ry, unbounded domain,
=@ = @ " = common boundary:

One-sided trace operato rs

. S m s 1= m. 1 3.
:HS( )Y™I H O™ 3<s<3

One-sided (generalized) conormal derivatives B and B .

For u dened on R", write u = uj but use T u in preference to
+ +
u" .

40



Jumps accross  denoted by

[uy = *u uu [Bu] =B'u B u [Bul =B"u

May drop + or  superscript when jump vanishes, e.g.,

u= u= u If fJul = 0.

Adjoint of two-sided trace:

( 3 ))rn=0(5 ) ; 2D() ; 2ct(RMM:

Clear that

Supp sSupp

Adjoint of two-sided conormal derivative:

(B ; )rn=(:B ) and (B ; )rn=( ;B ) :

B u:

41



34 Lemma. Letf 2H 1( )YMandputf=f*+f 2H HRN.
Suppose that u2 Lo(RM)™ with u 2 HI( )™M If

Pu = f on ,
then

Pu= f + B [u] [B u] on R".

Pro of: the denition of Pu as a distribution on R"™ means that
(Pu; Jrn= (P )gn= (U";P ) ++ (u ;P ) ;

and by the rst Green identit v,

(f ;) (B u, ) = (u; )= (u; ;P ) ( u,B ) ;

SO

(Pu; J)rn= " (u )+ (u; )+ (fu] ;B )
(f; )rn (B U] ; ) + (u] ;B ) :
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We de ne the single-la yer potential SL and the double-la yer poten-
tial DL by

SL =G and DL = GB ;
so that
Z
SL 5 J)rn=(; G ) = (y) G (y)dy
Z Z
=, Gy) (0dxdy
z Z |
= o Gy (y)dy o (x)dx
and simila rly,
Z
(DL ;)R”:(Z;BG); (y) BG (y)dy
= (y) By an G(x;y) (x)dxdy
z Z |

o ByGlay) - (ndy  (x)dx
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Thus,
Z

SL (x) = G(x;y) (y)d y:

and
Z

DL (x) = B yG(Xy) (y)dy;, x2

3.5 Theo rem. (Third Green Identity) Let f 2 H 1( )™ and
put f = f* +f 2 H YR"). Suppose that u 2 Lo(R™M™ with
u 2HIC Ym f

Pu = f on ,

and if u has compact support, then

u= Gf + DL[u] SL[B u] on R"

Proof: u= GPu= Gf + B [u] [B U]
44



Jump Relations

Since PSL = PG and PDL = B we have

PSL = 0= PDL on R"n .

W e describ e some results of Nedelec and Plancha rd (1973), Le Roux
(1974), Hsiao and Wendland (1977) and Costab el (1988).

3.6 Theo rem. Fix a cuto function 2 Clomp (R™). The single-
layer potential gives rise to bounded linear operato rs

SL:H 22() ™M1 HYRMM,
SL:H =) M1 HIzZ() M
B SL:H 22() M1 H =2() ™
satisfying the jump relations

[SL ] =0 and [B SL ] = for 2H () M

45



Sketch of Proof: Fix a second cuto function 1 2 Céomp(R”) sat-

isfying 1 = 1 on a neighb ourho od of . We have
( SL ; )rpn=( G 1 ; )rn=(: 16 )pn
and
H 1(Rn)m 1G! Hl(Rn)m ! H1:2() m-.
Thus,
( SL . )Rn Ck kH 1:2() mk 1G kH1:2() m

Ck kH 1:2() mk kH 1(Rn)m

which gives k SL kHl(Rn)m Ck ki 1=2() m proving the mapping
property for SL. The mapping property for SL follo ws at once,
and since (SL 2 HY(RMM

h i
[ SL ] = ( 1SL ) = 0:

46



Let u= 1SL . We have

Pu =f on ,

with f = 0and f* 2 Ciymp( )™. By the denition of B u,
(u;v) = (f ;v) B u v forall v2 HI( )™M,

and given 2 H172() M we put v = to obtain

(B U, ) CkUkHl( )mk kH1:2() m Ck kH 1:2() mk kH1:2() m:

Hence, kB SL uk Ck k

H 1:2() m H 1:2() m -
The denition of SL gives Pu= P 1SL = + f* on R", so
+f" = Pu=f + B [u] [Bu] = f7 [B u] ;
and hence + [Bul] = 0on R" ie,

+[Bul; ,=0 foral 2 Cgmp(RH™

47



3.7 Theo rem. Fix acuto function 2 Cdymp (R™). The double-
layer potential gives rise to bounded linear operato rs

DL : H1Z2()y m1 wic Hym.
DL : H1Z2() M1 1=y m.
B DL :H1Z2() M1 H 172y m.
satisfying the jump relations

DL ] = and [B DL ] =0 for 2HI?() M

Pro of: Choose > 0 such that the interio r Dirichlet problem

(P+ )Ju= 0 in : u= g on

is uniquely solvable for all g 2 H1¥2() M and denote the solution
operator by U:g7! u.
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Let 2 H12() M and dene u2 Ly(RMM by

8
J = SU in ,
0 in T
Since Pu = u on , the third Green identit y gives
u= Gu + DL[ u] SL[B u] = Gu DL + SLB U
SO
DL =SLB U u Gu onR"

Mapping prop erties for DL follo w from those for SL and U.

Since Gu 2 H2(R")™ we have [Gu] = [B Gu] = 0, and the jump
relations for SL give [SLB U ] = 0and [B SLB U] = B U ,
SO

DL ] = [u] = and [BDL ] =B U +B u= 0:

49



Fundamental solution for P is just G .

Single- and double-la yer potentials for P denoted by

8L = G and BL = GB

3.8 Theo rem. Let = u for some u2 Hi(RM™M,

1. Foral 2H 172 m

DL = u 8L = B 8L

2. Foral 2HF0 m

B DL ; = u; BL = B BDL

50



4. Bounda ry Integral Equations
Op erato rs on the Bounda ry

For simplicit y, we assume from now on that P = P , i.e,,
Aki = Ajks Aj = Ajr A = A
Note that consequenty B = B , G = G and

G(y;x) = G(xY):

Recall that
Z

SL (x) = ] G(x;y) (y)dy= 8L (x);
DL (x) = B yG(y;x) (y)dy= BL (x):

51



De ne boundary integral operato rs

R= B DL:H'™() M1 H =)™

S= sL:H ') m™r HiT() ™

T= *DL+ DL:H'7() M1 HPZ() ™
and note that

R = R; S = S

but

T =B SL+BY*sSL:H 220 M1 H =2 m

The jump relations imply that

SL =S ; DL o+ T,

B SL =3( +T ) BDL = R ;
since, for example,

T DL o+ DL
T DL DL =

[
-



4.1 Example.
and
R (x)
S (Xx)
T (x)

Note: anywhere

f P= r 2 and n= 3, then

Z
St 0 4i jx(y)yj
17 y (X y)
DL (Xx) = i

ix yj3

dy;

(y)d y;

Z

1 Xy
= —1fp - = (y)d
4 fx yj3 y

x (y x)y (x vy
x yj°

3
a1 (y)d y;

Z
_ 1 (y)dy.
4ij yj 7
y (X )

2 x yj3

(y)d y:

is C? we have y (x y)= O(jx Yj°).
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The Dirichlet Problem

42 Theo rem. Let f 2 H 1( )YMand g2 H1=2() M

1. f u2 HY( )™ is a solution of the interio r Dirichlet problem

Pu=f In : u= g on , (7)

then the conormal derivative = B u2H 172() Mis a solution
of the boundary integral equation

S = 3(g+ Tg) Gf on , (8)
and u has the integral representation

u= Gf DL g+ SL In : (9)

2. Conversely, if 2 H 1¥2() ™ is a solution of the boundary
Integral equation (8), then the formula (9) denes a solution
u2 H( Y™ of (7).
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Pro of: Suppose that u satises (7) and dene u= 0and f = 0
on T . By the third Green identit vy,

u= Gf + DL[ u] SL[Bu] = Gt DLg+ SLB u on :
so, taking traces of both sides,
g= u= Gf %( g+ Tg)+ SB u on ,
and hence = B u satises

S = %(g+ TQ) Gf  on

Conversely , given  satisfying (8) we seethat u= Gf DL g+ SL
satis es

Pu= PG = f on
and

u= Gf %( g+ Tg)+ S = g:
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4.3 Theo rem. There exists a decomp osition S = Sg+ L such that

Re(Sp; ) ck ka 1=2() m forall 2H 1¥2() M

and L :H 172() m1 H1=2() M js 3 compact linear operato r.
Idea of proof for the case P= r 2 and n= 3.

The jump relations and the rst Green identit y give

(S;) = SL ;@ SL @ SL
= (SL ;SL )+ (SL ;r_z L )

+ T(SL ;SL )+ (SL o fgLy) o+
=0

SO
Z

: _ - 2 ..
(S; ) = anr SL jcdx:
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Hence, again using one of the jump relations,

2 Ck SL K2

2 _ :
k k = BSL 1 | 12 m 2 1 (Rmym’

H 1:2() m

Also, for P= r 2 and n= 3,

(S ;) =0 ) r SL = 0 on
) = [@SL ] = 0;

so S = 0 has only the trivial solution, and hence S has a bounded
Inverse

s L:H'P() 1t H ()

However, for n = 2,

S is invertible () logarithmic capacity of 6 1:
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The Neumann Problem

44 Theo rem. Let f 2 H 1( )Y"and g2 H 172() m,

1. fu2 HY( )M is a solution of the interio r Neumman problem

Pu=f in : B u=g on , (10)
then the trace = u2 H1¥2() Mis a solution of the boundary
iIntegral equation

R =23(g Tg BG on, (11)

and u has the integral representation

u= Gf DL + SLg In : (12)

2. Conversely , if 2 H1¥2() M is a solution of the boundary integral
equation (11) , then the formula (12) denes a solution u 2
H1( )™ of (10) .
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+ _

Notation: =
45 Theo rem. If P iscoercive on H1( )M and on H1( T)M then
R is coercive on H172() M je,
. 2 2 1=2,y m

Re(R; ) ck klez() - Ck kLz() m foral 2H () .

For P= r 2t can be shown that
Z
(R ;) = ‘ r DL r DL dx;
but, If Is connected,
(R ;) =0 ) r DL = 0 on
) = [ DL ] = const:
Conversely , if = 1 then it follo ws from the third Green identit y
that DL = 1 on and Oon *,soR = @DL = 0.
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Mixed Bounda ry Conditions

Supp ose we have a Lipschitz dissection

= pl [ N

Given f 2 H () ™ gp 2 HF( p)™ and gy 2 H 172( )™, we
seek u2 H1() ™ satisfying

Pu=f in , u= gp on p, Bu=gyon . (13)

To state the Fredholm alternative, we consider at the same time
the homogeneous problem

Pv= 0in , v=0on p, Bv=0on V. (14)
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4.6 Theo rem. If is coercive on H1() ™M, then either

the mixed problem (13) has a unique soluton u2 H1() ™ and

the homogeneous problem (14) has only the trivial solution v =
0,

or else

the homogeneous mixed problem (14) has p linearly indep endent

solutions vy, ..., Vp 2 H1() ™ and the inhomogeneous mixed
problem (13) is solvable i f, gp and gy satisfy the compatibilit vy
conditions

(fivi) + (ons Vi) = (Go:Bvy) , forl | p
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Pro of based on variational formulation. Let
HY() M= fu: u=0on pag

If u2 H1() Mis a solution of (13) and if v2 HL() ™ then the rst
Green identit y gives

( yv)= (Puv) + (Bu v) = (f;v) + (gn; V)

Intro duce restricted boundary integral operato rs

Sop = (S )], and Typ = (T )] If supp pl .

and

Rnw = (R ) and Tpy = (T )] 5, If supp N
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Thus,

Z 9
Spp (X) = G(xy) (y)dy; 2
Z for x 2 p,
Ton ()= pv B yGlxy) (v)d y3
and
Z 9
RN (X) = fp B xB yG(xy) (y)d y;Z
zN for x 2 n.
T ()= pv o B xG(xy) (dy 2

D
Mapping prop erties:

Sop : H P p)M HIT( )™,
Tpn t B2 )™ HF2( o)™,

Ran : HEZ20 )™ HO 2220 0™,
Tno (H 220 )™ H P20 )
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4.7 Theo rem. Let
f2H 1 )™ g2HY™O ™ gy2H ()M
and put
hp= 3(e+ Tep) Son G 2H( p)™
W= zon Ton) Rop BG 2H ()™

The functon u2 H1( )™ is a solution of the mixed problem (13)
| the dierences

p=Bu gy 2H 172 ™,

N=  u ogp 2AHTT(C )™
satisfy the 2 2 system of integral equations

" 1 #"  # " #

1SDD 5 TDN p - hp

7TnD RN N N

In which case u has the integral representation

u= Gt DL( N* Op)*+ SL( p+ gn) ON
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Can show that the Fredholm alternative holds for
" #

A = 1SDD 5TDON
5Tnp RN
asS an op erato r
F‘I 122( D)m "_I].:Z( N)m! Hl:2( D)m H 1:2(

by observing that
(A ), y= Sob b 3TbN Ni D
+ 2Tap D+ RNN NG N
and

(Tno b3 N) y= ( DiTobN N) b

SO

)m

Re(A 5 ) 5 v~ (Sob pi b)) ot (RN NG N)
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