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1. PDEs and Sob olev Spaces

Basic Notations

Second-o rder partial di�erential op erato r

P u = �
nX

j =1
@j

 nX

k=1
A j k@ku � A j u

!

+
nX

j =1
A j @j u + Au

with Cm� m-valued co e�cients (p ossibly functions of x)

A j k = [aj k
pq]; A j = [aj

pq]; A = [apq]; 1 � p � m; 1 � q � m:

Thus, with u = [uq], and using the summation convention,

( P u) p = � @j
�
aj k

pq@kuq � aj
pquq

�
+ aj

pq@j uq + apquq

= � @j
�
aj k

pq@kuq
�

+ @j
�
aj

pquq
�

+ aj
pq@j uq + apquq

= � @j
�
aj k

pq@kuq
�

+ 2aj
pq@j uq +

�
@j aj

pq + apq
�
uq:
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Formal adjoint :

P � u = �
nX

j =1
@j

 nX

k=1
A �

kj @ku + A �
j u

!

�
nX

j =1
A �

j @j u + A � u

satis�es
Z



( P u) � v dx =

Z



u� ( P � v) dx fo r u, v 2 C2

comp (
) m,

because if u, v vanish on � = @
 then
Z



@j ( Au ) � v dx = �

Z



( Au ) � @j v dx = �

Z



u� ( A � @j v) dx:

W e say P is fo rmally self-adjoint if P � = P , i.e., if

A �
kj = A j k; A �

j = � A j ; A � = A:

(W rongly stated in [SESBIE, p. 116].)
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Cono rmal derivative w.r.t. a Lipschitz domain 
 � Rn with out ward
unit normal � on bounda ry � = @
:

B� u = B� ;
 u =
nX

j =1
� j

 nX

k=1
A j k@ku � A j u

!

on �.

Cono rmal derivative fo r P � :

~B� u = ~B� ;
 u =
nX

j =1
� j

 nX

k=1
A �

kj @ku + A �
j u

!

on �.

Sesquilinea r fo rm determined by P and 
:

� ( u; v) = � 
 ( u; v) =
Z




 nX

j =1

nX

k=1
( A j k@ku) � @j v

+
nX

j =1

�
( A j @j u) � v � ( A j u) � @j v

�
+ ( Au ) � v

!

dx:
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First Green identit y: if u, v 2 C2
comp ( 
 ) m then

� 
 ( u; v) =
Z



( P u) � v dx +

Z

�
( B� u) � v d�

=
Z



u� ( P � v) dx +

Z

�
u� ( ~B� v) d� :

Pro of uses the divergence theo rem:
Z



div F dx =

Z

�
� � F d� ;

i.e.,
Z




nX

j =1
@j Fj dx =

Z

�

nX

j =1
� j Fj d� :

Key step:
Z



( A j k@ku) � @j v dx =

Z



@j

�
( A j k@ku) � v

�
dx �

Z



@j ( A j k@ku) � v dx

=
Z

�
( � j A j k@ku) � v d� �

Z



@j ( A j k@ku) � v dx:
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Laplace Op erato r

The Laplacian ( m = 1)

P u = �r 2u = �
nX

j =1
@2

j u = �

 
@2u

@x2
1

+ � � � +
@2u

@x2
n

!

;

is fo rmally self-adjoint ( P � = P ) with

B� u = @� u =
@u

@�
=

nX

j =1
� j @j u = � � r u;

�( u; v) =
Z




nX

j =1
( @j �u) @j v dx =

Z



r �u � r v dx;

and
Z



r �u � r v dx =

Z



( �r 2 �u) v dx +

Z

�
( @� �u) v d� :
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Linea r Elasticit y

Strain tenso r:

E j k( u) =
1

2
( @j uk + @kuj ) :

Stress tenso r, fo r a homogeneous and isotropic elastic medium:

� j k( u) = 2�E j k( u) + � (div u) � j k;

where the Lam �e co e�cients � and � are real constants. In equilib-
rium,

� @j � j k( u) = f k where f = body fo rce densit y:

Since

@j � j k( u) = �@j ( @j uk + @kuj ) + �@k(div u) = �@j @j uk + ( � + � ) @k(div u)

we have P u = f where

P u = � � r 2u � ( � + � ) r (div u) :
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Cono rmal derivative

B� u = � j � j k( u) ek = surface traction :

Bilinea r fo rm

�( u; v) =
Z



� j k( u) @j vk dx:

Since

2Ej k( u) @j vk = Ej k( u)( @j vk + @kvj ) = E j k( u) E j k( v) ;

we have

�( u; v) =
Z




�

�E j k( u) E j k( v) + � (div u)(div v)
�

dx:

Quadratic fo rm

�( u; u) = 2 � (free energy) :
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Sob olev Spaces | First De�nition

Consider scala r-valued functions u : Rn ! C.

T est functions D(
) = C1
comp (
).

Imb ed L 1;lo c(
) in space of Schw artz distributions D � (
) by writing

hu; � i 
 =
Z



u( x) � ( x) dx fo r � 2 D(
).

Also write

( u; � ) 
 = h�u; � i 
 =
Z



u( x) � ( x) dx:
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Multi-index notation

@� u( x) = @� 1
1 � � � @� n

n u( x) =
@j� ju

@x� 1
1 � � � @x� n

n

fo r

� = ( � 1; : : : ; � n) ; j� j = � 1 + � � � + � n:

Sob olev space of integer order r � 0 based on L p(
) (1 � p � 1 ):

W r
p (
) = f u 2 L p(
) : @� u 2 L p(
) fo r j� j � r g:

This is a Banach space with norm

kukW r
p (
) =

 
X

j� j� r

Z



j@� u( x) jp dx

! 1=p

; 1 � p < 1 ;

with usual mo di�cation fo r p = 1 .
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Slob odecki �� semino rm

juj�;p; 
 =

 ZZ


 � 


ju( x) � u( y) jp

jx � yjn+ p� dx dy

! 1=p

; 0 < � < 1:

Here, integrand is
�
ju( x) � u( y) j=jx � yj � + n=p

� p
so fo r p = 1 we get

a H•older inequalit y:

ju( x) � u( y) j � juj �; 1 ;
 jx � yj� :

Sob olev space of fractional order s = r + � ,

W s
p(
) = f u 2 W r

p (
) : j@� uj�;p; 
 < 1 fo r j� j = r g:

Obvious norm

kukW s
p(
) =

 

kukp
W r

p (
) +
X

j� j= r

j@� ujp�;p; 


! 1=p

:
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Negative-o rder space W � r
p (
) consists of all distributions u 2 D � (
)

of the fo rm

u =
X

j� j� r

@� f � fo r some f � 2 L p(
).

Norm

kukW � r
p (
) = inf

 
X

j� j� r

kf � kp
L p(
)

! 1=p

:

In this way,

jhu; vi 
 j � kukW � r
p� (
) kvkW r

p (
)

fo r

u 2 W � r
p� (
) ; v 2 D(
) ;

1

p
+

1

p� = 1; 1 � p < 1 :
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Sob olev Spaces | Second De�nition

Denote the Fourier transfo rm of u : Rn ! C by

û( � ) =
Z

Rn
e� i 2� � �xu( x) dx

and recall the inversion fo rmula

u( x) �
Z

Rn
û( � ) ei 2� � �x d� :

Note that

d@� u( � ) = ( i 2� � 1) � 1 � � � ( i 2� � n) � n = ( i 2� � ) � û( � ) :

Bessel potential of order s 2 R:

J su( x) =
Z

Rn
(1 + j� j2) s=2û( � ) ei 2� � �x dx; x 2 Rn:
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Notice

J s+ t = J sJ t = J tJ s; ( J s) � 1 = J � s; J 0 = identit y:

In fact,

J s =
�
1 � (2 � ) � 2r 2

� s=2
:

Space of rapidly decreasing test functions S( Rn) .

Space of temp erate distributions S� ( Rn) .

Sob olev space of order s (second de�nition):

H s( Rn) = f u 2 S� ( Rn) : J su 2 L 2( Rn) g:

This is a Hilb ert space with inner pro duct

( u; v) H s( Rn) = ( J su; J sv) :
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Parseval{Plancherel identit y,

( û; v̂) Rn = ( u; v) Rn;

easily implies that, fo r r = 0, 1, 2, . . . ,

H r ( Rn) = W r
2 ( Rn) with kukH r ( Rn) � kukW r

2 ( Rn)

Fractional-o rder case is a bit harder, but �nd H s( Rn) = W s
2( Rn) fo r

all real s � 0.

For any closed set F � Rn and any op en set 
 � Rn de�ne

H s
F = f u 2 H s( Rn) : supp u � F g;

H s(
) = f u 2 D � (
) : u = Uj
 fo r some U 2 H s( Rn) g;
fH s(
) = completion of D(
) in H s( Rn),

H s
0(
) = completion of D(
) in H s(
).
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Alw ays have

fH s(
) � H s

 and H s

0(
) � H s(
) :

1.1 Theo rem. If 
 is a Lipschitz domain then

1. H s(
) = W s
2(
) fo r all real s � 0 and all integer s < 0;

2. H s(
) � = fH � s(
) and fH s(
) � = H � s(
) fo r all s 2 R;

3. fH s(
) = H s



fo r all s 2 R;

4. fH s(
) � H s
0(
) fo r all s � 0;

5. fH s(
) = H s
0(
) fo r all real s � 0 except s = 1

2 , 3
2 , 5

2 , . . . .
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V ecto r-V alued F unctions

If u : 
 ! Cm then write

hu; � i =
Z



u( x) T � ( x) dx =

Z



u( x) � � ( x) dx =

Z



ui ( x) � i ( x) dx

and

( u; � ) =
Z



u( x) � � ( x) dx =

Z



�u( x) � � ( x) dx =

Z



�ui ( x) � i ( x) dx:

Denote vecto r function spaces by

D(
) m = C1
comp (
) m; W s

p(
) m; H s(
) m; etc.
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2. F redholm Prop ert y and Elliptic BVPs

Bounda ry V alues

2.1 Lemma. Consider the linea r op erato r 
 : D ( Rn) ! D( Rn� 1)
de�ned by


 u( x1; : : : ; xn� 1) = u( x1; : : : ; xn� 1; 0) :

If s > 1=2 then 
 has a unique extension to a bounded linea r op erato r


 : H s( Rn) ! H s� 1=2( Rn� 1) :

Mo reover, this extension has a continuous right inverse, i.e., there
exists a bounded linea r op erato r

� : H s� 1=2( Rn� 1) ! H s( Rn)

such that 
 � v = v fo r v 2 H s� 1=2( Rn� 1).
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For any subset S � Rn we write

D( S) = f u : u = UjS fo r some U 2 D( Rn) g:

W e de�ne the trace op erato r fo r 
,


 : D ( 
) ! D (�)

by putting


 u = uj� :

2.2 Theo rem. If 
 is a Ck� 1;1 domain ( k � 0), then its trace
op erato r has a unique extension to a bounded linea r op erato r


 : H s(
) ! H s� 1=2(�) fo r
1

2
< s � k.

Mo reover, this extension has a continuous right inverse.
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2.3 Theo rem. (Ma rtin Costab el) If 
 is a Lipschitz (i.e., C 0;1)
domain, then its trace op erato r is bounded fo r 1

2 < s < 3
2 .

2.4 Theo rem. If 
 is a Ck� 1;1 domain then

H s
0(
) =

n
u 2 H s(
) : 
 ( @� u) = 0 fo r j� j < s � 1

2

o

fo r 0 � s � k. In particula r,

H s
0(
) = H s(
) fo r 0 � s � 1

2

Recall the sesquilinea r fo rm

�( u; v) = � 
 ( u; v) =
Z




 nX

j =1

nX

k=1
( A j k@ku) � @j v

+
nX

j =1

�
( A j @j u) � v � ( A j u) � @j v

�
+ ( Au ) � v

!

dx:
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Easy to see that

j�( u; v) j � CkukH 1(
) m kvkH 1(
) m fo r u, v 2 H s(
) m .

If u 2 H 1(
) m then its restriction uj� , or rather the trace 
 u, mak es
sense as an element of H 1=2(�) m .

The next result allo ws us to de�ne the generalized cono rmal deriva-
tive B� u = g in such a way that the �rst Green identit y is valid fo r
H 1 functions.

2.5 Lemma. Assume that 
 is a Lipschitz domain. If u 2 H 1(
) m

and f 2 fH � 1(
) m satisfy

P u = f on 
,

then there exists a unique g 2 H � 1=2(�) m such that

�( u; v) = ( f ; v) 
 + ( g; 
 v) � fo r all v 2 H 1(
) m .
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Abstract V ariational Problems

Let V be a complex Hilb ert space with inner pro duct ( u; v) V and
consider a sesquilinea r fo rm

� : V � V ! C:

Assume that � is bounded , i.e.,

j�( u; v) j � CkukV kvkV fo r all u, v 2 V .

W e can de�ne a bounded linea r op erato r A : V ! V � by

( Au; v) = �( u; v) fo r all u, v 2 V ,

where ( f ; v) is the dual pairing on V � � V .
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Note: ( �; �) ma y di�er from ( �; �) V , so we cannot identify V � with V ,
although we will freely tak e V �� = V so that A � : V ! V � is given
by

( A � u; v) = ( u; Av ) = ( Av ; u) = �( v; u) :

Given f 2 V � , we seek u 2 V satisfying the linea r equation

Au = f ;

or equivalently , the variational problem

�( u; v) = ( f ; v) fo r all v 2 V .

The dual problem

A � v = g

is equivalent to

�( u; v) = ( g; u) fo r all u 2 V .
24



W e say that � and A are positive and bounded below (PBB) if

Re �( v; v) � ckvk2
V fo r all v 2 V .

Obviously , A is PBB i� A � is PBB.

2.6 Lemma. (Lax{Milgram) If � is positive and bounded below
then A : V ! V � has a bounded inverse A � 1 : V � ! V .

Constructive pro of due to Hildeb randt and Wienholtz (1964) uses
Galerkin's metho d: tak e any increasing sequence of �nite dimen-
sional subspaces

V1 � V2 � V3 � � � � � V

such that
S 1

n=1 Vn is dense in V and �nd un 2 Vn satisfying

�( un; v) = ( f ; v) fo r all v 2 Vn,

then un ! u.
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2.7 Theo rem. (F redholm Alternative) Assume that A = A 0 + K ,
where A 0 : V ! V � is PBB and K : V ! V � is compact. Either

the homogeneous equation Au = 0 has only the trivial solution
u = 0, in which case A : V ! V � has a bounded inverse A � 1 :
V � ! V and A � : V ! V � has a bounded inverse ( A � ) � 1 =
( A � 1) � : V � ! V .

or else

the homogeneous equation Au = 0 has p linea rly indep endent
solutions u1, . . . , up fo r some (�nite) p � 1, in which case

the homogeneous adjoint equation A � v = 0 has the same
numb er of linea rly indep endent solutions v1, . . . , vp;

fo r each f 2 V � , the inhomogeneous equation Au = f is
solvable i� ( f ; vj ) = 0 fo r j = 1, . . . , p;

fo r each g 2 V � , the inhomogeneous adjoint equation
A � v = g is solvable i� ( g; uj ) = 0 fo r j = 1, . . . , p.
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Compatibilit y conditions: if Au = f then

( f ; vj ) = ( Au; vj ) = ( u; A � vj ) = ( u; 0) = 0

and lik ewise if A � v = g then

( g; uj ) = ( A � v; uj ) = ( v; Au j ) = ( v; 0) = 0:
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Strong Ellipticit y

Principal part of P :

P0u = �
nX

j =1

nX

k=1
@j ( A j k@ku) ;

so

P u = P0u + lower-o rder terms :

If u 2 C1
comp (
) m then

P0u( x) �
Z

Rn
P0( x; � ) û( � ) ei 2� � �x d�

where the principal symb ol of P is given by

P0( x; � ) = (2 � ) 2
nX

j =1

nX

k=1
A j k( x) � j � k; x 2 
 ; � 2 Rn:
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W e say that P is strongly elliptic if

Re
�
P0( x; � ) �

� �
� � cj� j2 j� j2

fo r all x 2 
, � 2 Rn and � 2 Cm.

2.8 Example. If P u = � � r 2u � ( � + � ) r (div u) then

P0( � ) = (2 � ) 2
�
� j� j2I + ( � + � ) � � T

�

so
�
P0( � ) �

� �
� = (2 � ) 2

�
� j� j2j� j2 + ( � + � ) j� � � j2

�

fo r � 2 R3 and � 2 C3. Hence, P is strongly elliptic i� the Lam �e
co e�cients satisfy

� > 0 and 2� + � > 0:
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When m = 1, strong ellipticit y reduces to

Re P0( x; � ) � cj� j2:

2.9 Example. If P u = �r 2u then P0( � ) = (2 � ) 2j� j2 so P is strongly
elliptic.

W e say that P (o r �) is co ercive on a subspace V � H 1(
) m if

Re �( v; v) � ckvk2
H 1(
) m � Ckvk2

L 2(
) m fo r all v 2 V .

2.10 Theo rem. P is strongly elliptic i� it is co ercive on H 1
0 (
) m.

In the scala r case m = 1, if P is strongly elliptic then it is co ercive
on all of H 1(
) m .

For linea r elasticit y, Ko rn's inequalit y implies that P is co ercive on
all of H 1(
) m.
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Dirichlet Problem

Assume that 
 is a bounded, Lipschitz domain in Rn with bounda ry
� = @
, and let f 2 H � 1(
) m and g 2 H 1=2(�) m be given.

W e seek u 2 H 1(
) m satisfying

P u = f in 
 and 
 u = g on �. (1)

T o fo rmulate the Fredholm alternative, we consider also the homo-
geneous problem ,

P u = 0 in 
 and 
 u = 0 on �. (2)

and the homogeneous adjoint problem ,

P � v = 0 in 
 and 
 v = 0 on �. (3)
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2.11 Theo rem. If P is strongly elliptic, then either

the Dirichlet problem (1) has a unique solution u 2 H 1(
) m fo r
each f 2 H � 1(
) m and g 2 H 1=2(�) m and the homogeneous
adjoint problem (3) has only the trivial solution v = 0,

or else

the homogeneous Dirichlet problem (2) has p linea rly indep en-
dent solutions in H 1

0 (
) m;

the homogeneous adjoint problem (3) has the same numb er of
linea rly indep endent solutions v1, . . . , vp 2 H 1

0 (
) m;

the inhomogeneous Dirichlet problem (1) is solvable i� f and g
satisfy the compatibilit y conditions

( f ; vj ) 
 = ( g; ~B� vj ) � fo r 1 � j � p.
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Sketch of pro of: by the Rellich theo rem we have a compact imb ed-
ding

H 1
0 (
) � L 2(
) m

and by co ercivit y, � + C is PBB on H 1
0 (
) m, so we can apply the

abstract Fredholm alternative in H 1
0 (
) m. This proves the result

in the special case g = 0 because then, by the �rst Green identit y,
u 2 H 1

0 (
) m satis�es �( u; v) = ( f ; v) 
 fo r all v 2 H 1
0 (
) m.

If g 6= 0, then u = u0 + u1 where u0 2 H 1
0 (
) m is a solution of

P u0 = f � P � g in 
 and 
 u0 = 0 on �,

and u1 = � g with � : H 1=2(�) m ! H 1(
) m a continuous right inverse
of 
 . By the �rst Green identit y,

( g; ~B� vj ) � = �( � g; vj ) = ( P � g; vj ) 
 ;

so ( f � P � g; vj ) 
 = 0 i� ( f ; vj ) 
 = ( g; ~B� vj ) � .
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Neumann Problem

Assume that 
 is a bounded, Lipschitz domain in Rn with bounda ry
� = @
, and let f 2 fH � 1(
) m and g 2 H � 1=2(�) m be given.

W e seek u 2 H 1(
) m satisfying

P u = f in 
 and B� u = g on �. (4)

T o fo rmulate the Fredholm alternative, we consider also the homo-
geneous problem,

P u = 0 in 
 and B� u = 0 on �. (5)

and the homogeneous adjoint problem,

P � v = 0 in 
 and ~B� v = 0 on �. (6)
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2.12 Theo rem. If � is co ercive on H 1(
) m , then either

the Neumann problem (4) has a unique solution u 2 H 1(
) m fo r
each f 2 fH � 1(
) m and g 2 H � 1=2(�) m and the homogeneous
adjoint problem (3) has only the trivial solution v = 0,

or else

the homogeneous Neumann problem (5) has p linea rly indep en-
dent solutions in H 1

0 (
) m;

the homogeneous adjoint problem (6) has the same numb er of
linea rly indep endent solutions v1, . . . , vp 2 H 1

0 (
) m;

the inhomogeneous Neumann problem (4) is solvable i� f and
g satisfy the compatibilit y conditions

( f ; vj ) 
 + ( g; 
 vj ) � = 0 fo r 1 � j � p.
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2.13 Example. In linea r elasticit y,

P u = � � r 2u � ( � + � ) r (div u) = P � u

and, fo r a connected Lipschitz domain 
 � R3,

P v = 0 in 


i� v is an in�nitesimal rigid motion, i.e.,

v( x) = a + b � x

fo r some constant vecto rs a, b 2 R3. For v of this fo rm,


 v = 0 on � only if a = b = 0,

but

B� v = 0 on � fo r all a, b 2 R3.
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3. Surface P otentials

F undamental Solutions

Assume that P is a strongly elliptic, second-o rder partial di�erential
op erato r on Rn.

A volume potential fo r P is an integral op erato r

Gu( x) =
Z

Rn
G( x; y) u( y) dy; x 2 Rn;

satisfying

P Gu = u = GP u on Rn,

fo r all distributions u with compact supp ort. The kernel G( x; y) is
said to be a fundamental solution fo r P .

If P has constant co e�cients then P is translation inva riant so it is
natural to seek G in the fo rm

G( x; y) = G( x � y) :
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3.1 Theo rem. Assume that P has constant co e�cients and no
lower-o rder terms, so that its symb ol is a homogeneous polynomial

P ( � ) =
nX

j =1

nX

k=1
A j k� j � k:

1. If n = 2 then a fundamental solution fo r P is given by

G( z) =
Z

j! j=1

h
� 0(1) � log (2 � j! � zj)

i
P ( ! ) � 1 d! :

2. If n = 3 then a fundamental solution fo r P is given by

G( z) =
1

2jzj

Z

S?
z

P ( ! ? ) � 1 d! ? ;

where S?
z = f ! ? 2 S2 : ! ? � z = 0 g is the unit circle in the plane

normal to z and d! ? is the element of arc length along S?
z .
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3.2 Example. In the case of the Laplacian P = �r 2 we have

G( z) =
1

2�
log

1

jzj
if n = 2,

and

G( z) =
1

4� jzj
if n = 3.

In fact,

G( z) =
1

( n � 2) jSn� 1jj zjn� 2 if n � 3.

3.3 Example. For linea r elasticit y in R3,

P u = � � r 2u � ( � + � ) r (div u) ;

we have

Gj k( z) =
1

8� � (2 � + � )

 

(3 � + � )
� j k

jzj
+ ( � + � )

zj zk

jzj3

!

:
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Third Green Identit y

Notation:


 � = bounded, Lipschitz domain,


 + = Rn n 
 � = complementa ry, un bounded domain,

� = @
 � = @
 + = common bounda ry :

One-sided trace op erato rs


 � : H s(
 � ) m ! H s� 1=2(�) m; 1
2 < s < 3

2 :

One-sided (generalized) cono rmal derivatives B�
� and ~B�

� .

For u de�ned on Rn, write u� = uj
 � but use 
 + u in preference to

 + u+ .
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Jumps accross � denoted by

[u]� = 
 + u � 
 � u; [B� u]� = B+
� u � B�

� u; [ ~B� u]� = ~B+
� u � ~B�

� u:

Ma y drop + or � sup erscript when jump vanishes, e.g.,


 u = 
 + u = 
 � u if [u]� = 0.

Adjoint of two-sided trace:

( 
 �  ; � ) Rn = (  ; 
 � ) � ;  2 D(�) ; � 2 C1 ( Rn) m:

Clea r that

supp 
 �  � supp  � � :

Adjoint of two-sided cono rmal derivative:

( B�
�  ; � ) Rn = (  ; B� � ) � and ( ~B�

�  ; � ) Rn = (  ; ~B� � ) � :
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3.4 Lemma. Let f � 2 fH � 1(
 � ) m and put f = f + + f � 2 H � 1( Rn).
Supp ose that u 2 L 2( Rn) m with u� 2 H 1(
 � ) m . If

P u� = f � on 
 � ,

then

P u = f + ~B�
� [u]� � 
 � [B� u]� on Rn.

Pro of: the de�nition of P u as a distribution on Rn means that

( P u; � ) Rn = ( u; P � � ) Rn = ( u+ ; P � � ) 
 + + ( u� ; P � � ) 
 � ;

and by the �rst Green identit y,

( f � ; � ) 
 � � ( B�
� u; 
 � ) � = � � ( u� ; � ) = ( u� ; P � � ) 
 � � ( 
 � u; ~B� � ) � ;

so

( P u; � ) Rn = � + ( u; � ) + � � ( u; � ) + ([ u]� ; ~B� � ) �

= ( f ; � ) Rn � ([ B� u]� ; 
 � ) � + ([ u]� ; ~B� � ) � :
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W e de�ne the single-la yer potential SL and the double-la yer poten-
tial DL by

SL  = G
 �  and DL  = G~B�
�  ;

so that

(SL  ; � ) Rn = (  ; 
 G� � ) � =
Z

�
 ( y) � G� � ( y) d� y

=
Z

�
 ( y) �

Z

Rn
G( x; y) � � ( x) dx d� y

=
Z

Rn

 Z

�
G( x; y)  ( y) d� y

! �

� ( x) dx;

and simila rly,

(DL  ; � ) Rn = (  ; ~B� G� � ) � =
Z

�
 ( y) �

�
~B� G� �

�
( y) d� y

=
Z

�
 ( y) � ~B� ;y

Z

Rn
G( x; y) � � ( x) dx d� y

=
Z

Rn

 Z

�

�
~B� ;yG( x; y) �

� �
 ( y) d� y

! �

� ( x) dx:
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Thus,

SL  ( x) =
Z

�
G( x; y)  ( y) d� y:

and

DL  ( x) =
Z

�

�
~B� ;yG( x; y) �

� �
 ( y) d� y; x =2 � :

3.5 Theo rem. (Third Green Identit y) Let f � 2 fH � 1(
 � ) m and
put f = f + + f � 2 H � 1( Rn). Supp ose that u 2 L 2( Rn) m with
u� 2 H 1(
 � ) m . If

P u� = f � on 
 � ,

and if u has compact supp ort, then

u = Gf + DL[ u]� � SL[ B� u]� on Rn.

Pro of: u = GP u = G
�
f + ~B�

� [u]� � 
 � [B� u]�
�
:
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Jump Relations

Since P SL  = P G
 �  = 
 �  and P DL  = ~B�
�  we have

P SL  = 0 = P DL  on Rn n �.

W e describ e some results of Nedelec and Plancha rd (1973), Le Roux
(1974), Hsiao and W endland (1977) and Costab el (1988).

3.6 Theo rem. Fix a cuto� function � 2 C1
comp ( Rn). The single-

layer potential gives rise to bounded linea r op erato rs

� SL : H � 1=2(�) m ! H 1( Rn) m;


 SL : H � 1=2(�) m ! H 1=2(�) m;

B�
� SL : H � 1=2(�) m ! H � 1=2(�) m;

satisfying the jump relations

[SL  ]� = 0 and [B� SL  ]� = �  fo r  2 H � 1=2(�) m .
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Sketch of Pro of: Fix a second cuto� function � 1 2 C1
comp ( Rn) sat-

isfying � 1 = 1 on a neighb ourho od of 
 � . W e have

( � SL  ; � ) Rn = ( � G� 1
 �  ; � ) Rn = (  ; 
 � 1G� �� ) Rn

and

H � 1( Rn) m � 1G� �
� � � � ! H 1( Rn) m 


� ! H 1=2(�) m:

Thus,
�
�
�( � SL  ; � ) Rn

�
�
� � Ck kH � 1=2(�) mk
 � 1G� �� kH 1=2(�) m

� Ck kH � 1=2(�) mk� kH � 1( Rn) m

which gives k� SL  kH 1( Rn) m � Ck kH � 1=2(�) m , proving the mapping
prop ert y fo r � SL. The mapping prop ert y fo r 
 SL follo ws at once,
and since � 1 SL  2 H 1( Rn) m,

[
 SL  ]� =
h

 ( � 1 SL  )

i

�
= 0:
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Let u = � 1 SL  . W e have

P u� = f � on 
 � ,

with f � = 0 and f + 2 C1
comp (
 � ) m . By the de�nition of B� u,

� � ( u; v) = ( f � ; v) 
 � �
�
B�

� u; 
 � v
�

�
fo r all v 2 H 1(
 � ) m ,

and given � 2 H 1=2(�) m we put v = � � to obtain
�
�
�( B�

� u; � ) �

�
�
� � CkukH 1(
 � ) m k� kH 1=2(�) m � Ck kH � 1=2(�) m k� kH 1=2(�) m :

Hence, kB�
� SL ukH � 1=2(�) m � Ck kH � 1=2(�) m .

The de�nition of SL gives P u = P � 1 SL  = 
 �  + f + on Rn, so


 �  + f + = P u = f + ~B�
� [u]� � 
 � [B� u]� = f + � 
 � [B� u]� ;

and hence 
 �
�
 + [B� u]�

�
= 0 on Rn. i.e.,

�
 + [B� u]� ; �

�


 0 = 0 fo r all � 2 C1
comp ( Rn) m.
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3.7 Theo rem. Fix a cuto� function � 2 C1
comp ( Rn). The double-

layer potential gives rise to bounded linea r op erato rs

� DL : H 1=2(�) m ! H 1(
 � ) m ;


 DL : H 1=2(�) m ! H 1=2(�) m ;

B�
� DL : H 1=2(�) m ! H � 1=2(�) m;

satisfying the jump relations

[DL  ]� =  and [B� DL  ]� = 0 fo r  2 H 1=2(�) m .

Pro of: Cho ose � > 0 such that the interio r Dirichlet problem

( P + � ) u = 0 in 
 � , 
 � u = g on �,

is uniquely solvable fo r all g 2 H 1=2(�) m, and denote the solution
op erato r by U : g 7! u.
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Let  2 H 1=2(�) m and de�ne u 2 L 2( Rn) m by

u =

8
<

:
U in 
 � ,

0 in 
 + .

Since P u� = � �u � on 
 � , the third Green identit y gives

u = � � Gu + DL[ u]� � SL[ B� u]� = � � Gu � DL  + SL B�
� U 

so

DL  = SL B�
� U � u � � Gu on Rn.

Mapping prop erties fo r DL follo w from those fo r SL and U.

Since � Gu 2 H 2( Rn) m we have [Gu]� = [B� Gu]� = 0, and the jump
relations fo r SL give [SL B�

� U ]� = 0 and [B�
� SL B�

� U ]� = �B �
� U ,

so

[DL  ]� = � [u]� =  and [B� DL  ]� = �B �
� U + B�

� u = 0:
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Fundamental solution fo r P � is just G� .

Single- and double-la yer potentials fo r P � denoted by

gSL  = G� 
 �  and gDL  = G� B�
�  :

3.8 Theo rem. Let  = 
 u fo r some u 2 H 1( Rn) m.

1. For all � 2 H � 1=2(�) m ,
�

 � DL  ; �

�

�
= � � �

�
u; gSL �

�
=

�
 ; ~B�

�
gSL �

�

�
:

2. For all � 2 H 1=2(�) m,
�
B� DL  ; �

�

�
= � � �

�
u; gDL �

�
=

�
 ; ~B� gDL �

�

�
:
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4. Bounda ry Integral Equations

Op erato rs on the Bounda ry

For simplicit y, we assume from now on that P = P � , i.e.,

A kj = A �
j k; A �

j = � A j ; A � = A:

Note that consequently ~B� = B� , G� = G and

G( y; x) � = G( x; y) :

Recall that

SL  ( x) =
Z

�
G( x; y)  ( y) d� y = gSL  ( x) ;

DL  ( x) =
Z

�

�
B� ;yG( y; x)

� �
 ( y) d� y = gDL  ( x) :
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De�ne bounda ry integral op erato rs

R = �B � DL : H 1=2(�) m ! H � 1=2(�) m ;

S = 
 SL : H � 1=2(�) m ! H 1=2(�) m;

T = 
 + DL + 
 � DL : H 1=2(�) m ! H 1=2(�) m ;

and note that

R� = R; S� = S;

but

T � = B�
� SL + B+

� SL : H � 1=2(�) m ! H � 1=2(�) m:

The jump relations imply that


 SL  = S ; 
 � DL  = 1
2( �  + T  ) ;

B�
� SL  = 1

2( �  + T �  ) ; B� DL  = � R ;

since, fo r example,


 + DL  + 
 � DL  = T  ;


 + DL  � 
 � DL  =  :
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4.1 Example. If P = �r 2 and n = 3, then

SL  ( x) =
1

4�

Z

�

 ( y)

jx � yj
d� y;

DL  ( x) =
1

4�

Z

�

� y � ( x � y)

jx � yj3
 ( y) d� y;

and

R ( x) =
� 1

4�
fp

Z

�

� x � � y

jx � yj3
 ( y) d� y

�
3

4�

Z

�

� x � ( y � x) � y � ( x � y)

jx � yj5
 ( y) d� y;

S ( x) =
1

4�

Z

�

 ( y)

jx � yj
d� y;

T  ( x) =
1

2�

Z

�

� y � ( x � y)

jx � yj3
 ( y) d� y:

Note: anywhere � is C2 we have � y � ( x � y) = O( jx � yj2).
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The Dirichlet Problem

4.2 Theo rem. Let f 2 fH � 1(
 � ) m and g 2 H 1=2(�) m.

1. If u 2 H 1(
 � ) m is a solution of the interio r Dirichlet problem

P u = f in 
 � , 
 � u = g on �, (7)

then the cono rmal derivative  = B�
� u 2 H � 1=2(�) m is a solution

of the bounda ry integral equation

S = 1
2( g + T g) � 
 Gf on �, (8)

and u has the integral representation

u = Gf � DL g + SL  in 
 � . (9)

2. Conversely , if  2 H � 1=2(�) m is a solution of the bounda ry
integral equation (8) , then the fo rmula (9) de�nes a solution
u 2 H 1(
 � ) m of (7) .
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Pro of: Supp ose that u satis�es (7) and de�ne u = 0 and f = 0
on 
 + . By the third Green identit y,

u = Gf + DL[ 
 u]� � SL[ B� u]� = Gf � DL g + SL B�
� u on 
 � ,

so, taking traces of both sides,

g = 
 � u = 
 Gf � 1
2 ( � g + T g) + SB�

� u on �,

and hence  = B�
� u satis�es

S = 1
2( g + T g) � 
 Gf on �.

Conversely , given  satisfying (8) we see that u = Gf � DL g + SL  
satis�es

P u = P Gf = f on 
 �

and


 � u = 
 Gf � 1
2 ( � g + T g) + S = g:
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4.3 Theo rem. There exists a decomp osition S = S0 + L such that

Re( S0�; � ) � � ck� k2
H � 1=2(�) m fo r all � 2 H � 1=2(�) m

and L : H � 1=2(�) m ! H 1=2(�) m is a compact linea r op erato r.

Idea of pro of fo r the case P = �r 2 and n = 3.

The jump relations and the �rst Green identit y give

( S ; � ) � =
�

 SL  ; @�

� SL � � @+
� SL �

�

�

= � � (SL  ; SL � ) + (SL  ; r 2 SL �| {z }
=0

) 
 �

+ � + (SL  ; SL � ) + (SL  ; r 2 SL �| {z }
=0

) 
 + ;

so

( S�; � ) � =
Z

Rn
jr SL � j2 dx:
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Hence, again using one of the jump relations,

k� k2
H � 1=2(�) m =






 [B� SL � ]�








2

H � 1=2(�) m � Ck� SL � k2
H 1( Rn) m :

Also, fo r P = �r 2 and n = 3,

( S ;  ) � = 0 ) r SL  = 0 on 
 �

)  = � [@� SL  ]� = 0;

so S = 0 has only the trivial solution, and hence S has a bounded
inverse

S� 1 : H 1=2(�) ! H � 1=2(�) :

However, fo r n = 2,

S is invertible ( ) loga rithmic capacit y of � 6= 1:
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The Neumann Problem

4.4 Theo rem. Let f 2 fH � 1(
 � ) m and g 2 H � 1=2(�) m.

1. If u 2 H 1(
 � ) m is a solution of the interio r Neumman problem

P u = f in 
 � , B�
� u = g on �, (10)

then the trace  = 
 � u 2 H 1=2(�) m is a solution of the bounda ry
integral equation

R = 1
2( g � T � g) � B� Gf on �, (11)

and u has the integral representation

u = Gf � DL  + SL g in 
 � . (12)

2. Conversely , if  2 H 1=2(�) m is a solution of the bounda ry integral
equation (11) , then the fo rmula (12) de�nes a solution u 2
H 1(
 � ) m of (10) .
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Notation: 
 +
� = f x 2 
 + : jx j < � g fo r � su�ciently large.

4.5 Theo rem. If P is co ercive on H 1(
 � ) m and on H 1(
 +
� ) m, then

R is co ercive on H 1=2(�) m, i.e.,

Re( R�; � ) � � ck� k2
H 1=2(�) m � Ck� k2

L 2(�) m fo r all � 2 H 1=2(�) m.

For P = �r 2 it can be shown that

( R ; � ) � =
Z


 + [ 
 �
r DL � � r DL � dx;

but, if � is connected,

( R ;  ) � = 0 ) r DL  = 0 on 
 �

)  = [
 DL  ]� = const :

Conversely , if  = 1 then it follo ws from the third Green identit y
that DL  = 1 on 
 � and 0 on 
 + , so R = � @� DL  = 0.
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Mixed Bounda ry Conditions

Supp ose we have a Lipschitz dissection

� = � D [ � [ � N:

Given f 2 fH � 1(
) m, gD 2 H 1=2(� D ) m and gN 2 H � 1=2(� N) m, we
seek u 2 H 1(
) m satisfying

P u = f in 
, 
 u = gD on � D , B� u = gN on � N. (13)

T o state the Fredholm alternative, we consider at the same time
the homogeneous problem

P v = 0 in 
, 
 v = 0 on � D , B� v = 0 on � N. (14)
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4.6 Theo rem. If � is co ercive on H 1(
) m, then either

the mixed problem (13) has a unique solution u 2 H 1(
) m and
the homogeneous problem (14) has only the trivial solution v =
0,

or else

the homogeneous mixed problem (14) has p linea rly indep endent
solutions v1, . . . , vp 2 H 1(
) m and the inhomogeneous mixed
problem (13) is solvable i� f , gD and gN satisfy the compatibilit y
conditions

( f ; vj ) 
 + ( gN; 
 vj ) � N
= ( gD ; B� vj ) � D

fo r 1 � j � p.
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Pro of based on variational fo rmulation. Let

H 1
D (
) m = f u : 
 u = 0 on � D g:

If u 2 H 1(
) m is a solution of (13) and if v 2 H 1
D (
) m then the �rst

Green identit y gives

�( u; v) = ( P u; v) 
 + ( B� u; 
 v) � = ( f ; v) 
 + ( gN; 
 v) � N
:

Intro duce restricted bounda ry integral op erato rs

SDD  = ( S ) j � D
and T �

ND  = ( T �  ) j � N
if supp  � � D [ �,

and

RNN  = ( R ) j � N
and TDN  = ( T  ) j � D

if supp  � � N [ �.
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Thus,

SDD  ( x) =
Z

� D
G( x; y)  ( y) d� y;

TDN  ( x) = pv
Z

� N
B� ;yG( x; y)  ( y) d� y

9
>>>=

>>>;

fo r x 2 � D ,

and

RNN  ( x) = fp
Z

� N
B� ;xB� ;yG( x; y)  ( y) d� y;

T �
ND  ( x) = pv

Z

� D
B� ;xG( x; y)  ( y) d� y

9
>>>=

>>>;

fo r x 2 � N.

Mapping prop erties:

SDD : fH � 1=2(� D ) m ! H 1=2(� D ) m;

TDN : fH 1=2(� N) m ! H 1=2(� D ) m;

RNN : fH 1=2(� N) m ! H � 1=2(� N) m;

T �
ND : fH � 1=2(� D ) m ! H � 1=2(� N) :
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4.7 Theo rem. Let

f 2 fH � 1(
 � ) m ; gD 2 H 1=2(�) m; gN 2 H � 1=2(�) m

and put

hD =
�

1
2 ( gD + T gD ) � SgN � 
 Gf

� �
�
�
� D

2 H 1=2(� D ) m;

hN =
�

1
2 ( gN � T � gN) � RgD � B� Gf

� �
�
�
� N

2 H � 1=2(�) m;

The function u 2 H 1(
 � ) m is a solution of the mixed problem (13)
i� the di�erences

 D = B�
� u � gN 2 fH � 1=2(� D ) m;

 N = 
 � u � gD 2 fH 1=2(� N) m;

satisfy the 2 � 2 system of integral equations
"

SDD � 1
2TDN

1
2T �

ND RNN

# "
 D
 N

#

=

"
hD
hN

#

;

in which case u has the integral representation

u = Gf � DL(  N + gD ) + SL(  D + gN) on 
 � .
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Can show that the Fredholm alternative holds fo r

A =

"
SDD � 1

2TDN
1
2T �

ND RNN

#

as an op erato r

fH � 1=2(� D ) m � fH 1=2(� N) m ! H 1=2(� D ) m � H � 1=2(� N) m

by observing that

( A ;  ) � D � � N
=

�
SDD  D � 1

2TDN  N;  D

�

� D

+
�

1
2T �

ND  D + RNN  N;  N

�

� N

and

( T �
ND  D ;  N) � N

= (  D ; TDN  N) � D
;

so

Re( A ;  ) � D � � N
= ( SDD  D ;  D ) � D

+ ( RNN  N;  N) � N
:
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