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Fractional-order Evolution Equation

For 1< < 1 consider the initial value problem
Qu+ @ Au= f(t) for t> 0, with u(0)= up.
For simplicity, assume A = r 2 densely dened in L»() with

D(A):= fu2C?): u=0on @ g

Cases:
=0 classical heat equation.
1< < 0 fractional diusion equation.
O0< < 1 fractional wave equation.
For 1 < 0, the IVP models the density of diusing parti-

cles with mean-square displacement /| t1* . Case < 0 known as

anomalous sub-di usion



If 0 < < 1, we interpret @ Vv as a Riemann-Liouville fractional
Integral
GO

V= v(Ss) ds:
@ 0 ()
If 1< < 0, then we instead have a fractional derivative,
Z
. 1+ )\, _ @t (t s) .
V= V= — v(S) ds:
@ v= @@ W= o =i V()

Denoting the Laplace transform  of v(t) by
Z1
0(z) = Lfv(t)g:= , e 2ty (t) dt;
we nd that

Lf@ vg=z 9(z) for 1< < 1.



Laplace transformation of the IVP gives (formally)
z0+ z A0 = ug+ (2):

Thus, dene g(z) := ug+ f'(z) and consider the elliptic BVP for
w =\,

(z1* + A)w= z g(2):
Since spectrum( A) (0;1 ) we have a unique solution
w(z)= B(2)g(z) where B(z):= z (z'* + A) 1

provided z* 2 (1 :0]. In general, if A is a sectorial operator , so
that

M
z A) 1 for jargzj<®"
( ) 1+ iz jarg z]
then
!
M jz] M _
KE(z)k J2l for jargzj < min

1+ jzji+ jz] 1+



We assume

O0<'< (1 )— sothat —< <;
2 2

which ensures that the closed sector —:= fz:jarg zj< ¢ crosses
Into the left half-plane.

Recall the Laplace inversion formula,
Z
1
u(t)= L fa(z)g= I e“ta(z) dz;
0

where o = ! + IR, I > 0. Taking f(t) 0, and deforming 0
to a suitable contour —, Yyields a solution operator for the
homogeneous problem:
1 Z
E(t)ug = — €“'B(z)ugdz; t> O:
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Since L fB(z2)f\(z)g=( E f)(t), in the general case we have the

Duhamel formula
Z
u(t)= E(t)ug + . E(t s)f(s)ds:

The resolvent estimate for A allows one to show that

A ERtyu, cmt @) Keygk  for t> 0, 0, k O
In particular, the IVP is stable :
Z |
ku(t)k CM kugk + . kf (s)kds :
Thus, in a numerical method we may for convenience replace f(t)

by an approximation f (t) provided 5kf (s) f(s)kds is small.



Method 1

Assume%< < < 1

0 and f'(z) analytic in SECEN

De ne to have the parametric representation

z( )= 1! + 1 sin( 1), 1 < < 1;
for parameters and satisfying
> 0 and 0 < < %:

Writing z = x+ iy, we nd that
with asymptotes y= (x !

Is the left branch of the hyperbola
)cot , so
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Recall that w(z)="u(z)= E(z)g(z) and
t) = 1ZeZt dz = 1“1 ez( )t YHyd:
u()—2—i w(z) 2—2—i . w z() z{ )d:

Crucial observation:

jez( )tj — e!t e (1 sin cosh )t

so for t > 0 the integrand exhibits a double exponential decay
jjll
For a suitable quadrature step k> 0 and let
=0k oz = oz(g); zjo:: 24 j):
In Method 1, we de ne the approximate solution
Kk

21 -\

Uy (1) = ezitw(zj )zjo:

12
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To compute Uy (t) we must solve (approximately) the 2 N +1 elliptic
problems

(zj1+ + A)w(z)= z 9(z) for jjj N.

Note that these problems can be solved In parallel .

Can easily see that if ug, f(t) and the coe cients of A are real,
then

!
COS K |
Uy (1) = w(zg) +2Re —  éilw(z)z’ ;
| .
1=1

so we have to solve only N +1 (complex) elliptic problems.

Let
; 1
Slog(1 =t); O<t<e -;
(1) :==max 1:;log(l =t) = ’ ’
(1) 9t =) N el t<1;

and note that (t) "1 ast#0. s



Lemma (Lopez-Fernandez, Palencia, Scladle, 2006)

that v( ) is analytic for jIm | r and satises
iv()j Ve ©sh for = +i andjj o,
with V and positive and increasing in f
2 rN b 2
bcosh b= r. and Kk = r :
sin N log 2
then
X Z1 .
Kk v(y) v()d  CVr( e 2N
j= N :
and
X | \
kK v )] CVo ( o)

Assume
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To apply this lemma to Method 1, let Sy denote the image in the
z-plane of the strip jIm | r under the conformal mapping

z=1! + 1 sin( 1)
We assume
0 < r< +r< %
so that
S/ .
Let

kgkz :=sup kg(z)k for Zz C.
z2”Z
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Theorem  Fix a compact interval [ tg;T] (0;1 )andlet0 < < 1.
If

b = arcosh T_ ; = 2N -k = b 2 :
t g sIn bT N log 2

then, for to t T,

kUn (D) u(t)k C,Met“(erN)e N kugk + kf'k

k X | _
o f'w(z))z? C.Me' (coN)e? "N kugk+ kitk

J= N
where
2rt o . 21
c = sin ; = —(1 :
o sin( ) )
We may avoid the instability by choosing = O(1=N) at the expense

of a slower convergence rate  O(e CN=I0g Ny, )
1



Method 2

The approximation Un (1) u(t) deteriorates as t # 0. We now
describe a scheme that is accurate uniformly on [0 ; T]; cf. Gavrilyuk
and Makarov, 2005.

Since B(z)= z (zI* + A) 1z 1 we introduce
E2)= B(z) z 1= 2z 1ot + )l z 2A;

if g(z) = ug+ (z) possesses some spatial regularity then kEO(z)g(z)k
decays more rapidly than  kB(z)g(z)k asjzj!1 with z2 '. Infact,
C MKA vk

KEO(Z) vk .0 1:
jzj 1+ jzjl*
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Let
Z ¢
F(t):= Of(s) ds sothat Lfug+ F(t)g= z 1g(z2)
and thus

ut)= — etz 1+ Bz) z 1 g(2)dz
Z
= ug+ F(t)+ % e?'£0(2) g(2) dz:

In Method 2, we de ne

k X
US(D:= uo+ F(O+ = efitw(z)z
j= N

where to compute  w9%(z) := B%2)g(z) = w(z) z lg(z) we must
again solve the elliptic problem

M+ A)w(z)= z g(2):
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For an analytic integrand with single exponential decay we have the
following error bound.

Lemma Assume that v( ) is analytic for jIm | r and satises
iv()j Vve 1l for = +i andjj r.
If
SZr 2T
k= —
N log 2
then
R 21 P
k v(j) v()d GV leg 2rN
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Let
kgk.z =sup (1+ jzj) kg(z)k:
227

Theorem Fix aninterval [0 ;T], let0 < 1 and put =(1+ )
If
S
B _ = 21 21
[1  sin( T N log2
and
o+ 1+ )t o O 0;

then, for O t T,

P
kU (t) u(t)k C.,. M 1T ete 2N KA ugk+ kA ofk.

Remark: for A= r 2 wewant g< % so that "2 D(A 0) without

requiring f(t) Oon @ forall t> O. .



Method 3

What if f(z) does not have an analytic continuation to , Or IS

di cult to compute?

Recall the Duhamel formula:

Z ¢
u(t)= E(t)ug + OE(t s)f (s) ds
1 Z Zy 4 Z
=~ B(updz+ - &t B(2)f(s) dzds
21| - 021
= — 1) dz;
> w(z;t) dz

where
Z

w(z:t):= B(2)g(z;t) and g(z;t):= e lug+ Otez(t ) (s) ds:

21



Since
Z

1 :
—  z 1g(z;t) dz = res 9zt _ 9(0;t) = ug+ F(1);
2.1 z=0 V4
we have
1 Z
u(t)= ug+ F(t)+ 5T w(z;t) dz
where

w(z;t) = Eo(z)g(z;t) = w(z;t) z lg(z;t):
In Method 3, we de ne

k X 0
Gn(t) = ug+ F(H)+ — w(zj;1)z;
21 i= N

where, to compute w(z;t), we solve the elliptic problem
(1" + A)yw(z;t)= z g(z;1):

Disadvantage: the RHS, and hence the solution, now depend on

22



Theorem Fix aninterval [0 ;T], let0 < 1 and put =1+
If
S
' =0; = : : k= 20 2T :
[1 sin( N]T N log 2

and

then, for O t T,

P
kBn(t) u(t)k C.,. M 1T ete 2N kA ugk

Z

+ kA Of (0) k + ) kA of ¥s)kds :

23
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Numerical Examples

Consider rst a scalar problem

Qu+ @ u= f(t) for t> 0, with u(0)=1.

Take = 1=2; the exact solution is then expressible in terms of
the complementary error function. Choose f(t) = e tcos t, and
note that
z+1 :
(z) = has polesat z= 1 |

(z+1) 2+ 2
We also put

to=0:5; T =5 :0; =0 :1; =1 :0:
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Results for Method 1 at t =2 :0.
' =0:0, =0:1541 |! =2:0, =0 :3812
r =0 :1387 r =0 :3431

N error “(cN)e N error “(cN)e N
10 | 4.50e-02 2.88e+00 | 1.95e-01 3.03e-01
20 | 2.01e-03 8.86e-01 5.73e-05 1.24e-02
30 | 2.68e-03 2.82e-01 9.18e-05 5.29e-04
40 | 4.49e-04 9.08e-02 2.21e-06 2.29e-05
60 | 3.92e-05 9.62e-03 1.07e-09 4.42e-08
80 | 1.79e-06 1.03e-03 1.01le-13 8.68e-11
100 | 6.76e-09 1.12e-04 1.38e-15 1.73e-13
120 | 8.81e-09 1.22e-05 8.59e-16 3.45e-16
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Results for methods 2 and 3 at t=2:0.

' =1:0, =0 :2835 Il =0 :0, =0 :7854
r=0:2551 r=0:7069

N |errorin UQ IT e'te N lerorin By T ¢ TN
10 1.14e-02 1.95e+00 1.06e-02 4.02e-02
20| 5.08e-04 6.03e-01 1.25e-03 5.70e-03
40 | 3.65e-04 1.15e-01 6.01e-05 3.61e-04
60 1.42e-04 3.22e-02 5.71e-06 4.34e-05
80 1.22e-05 1.10e-02 7.93e-07 7.28e-06
100 | 2.90e-06 4.28e-03 1.36e-07 1.51e-06
120 | 2.19e-06 1.82e-03 2.86e-08 3.64e-07
160 | 6.97e-07 3.99e-04 1.71e-09 2.91e-08
200 | 9.32e-08 1.05e-04 1.48e-10 3.15e-09
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absolute error
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Now consider the 2D-problem with = (0 1 4) 2;
@ @ °r2u= f(xit) for t> O,
u(x; 0)=sin( x 1=4)sin( x >=4);

with u(x;t) = 0 for x 2 @. Triangulate by taking a uniform
100 100 grid and bisecting each square. Discretize in space
via piecewise-linear nite elements, to obtain Un:h (1), UR. (1) and

LqN;h(t)-
Let f(x;t)= e ¥4 The Laplace transform  f(x;z)=( z+ ) ! has
no singularities o the real axis, allowing us to take

Il =0 :0; =0:7854: r =0 :7069:

Choose tgp, T, as before.

Note that f (x;t) is not identically zero for X2 @.
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Discrete o errors

at t=2:0.

N

method 1

method 2

method 3

10
20
30
60
80
100

2.3995e-03
6.9963e-05
7.2634e-05
7.2623e-05
7.2623e-05
7.2623e-05

9.8575e-02
2.1067e-02
5.6638e-03
1.4630e-04
8.9950e-05
7.4365e-05

8.3087e-02
9.5705e-03
1.9222e-03
1.1144e-04
7.7738e-05
7.3500e-05
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